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PREFACE. 

The  remarkable  progress  made  in  recent  years  in  the  Theory  of 
General  Functions  has  revolutionised  the  method  of  treatment 
of  many  of  the  higher  branches  of  Pure  Mathematics ;  and  the 
brilliant  work  of  Riemann,  Weierstrass,  and  their  followers  has 
opened  out  new  paths  for  research.  The  discovery  by  Stokes 
and  Seidel  of  the  fundamental  principles  underl3dng  the  con- 
vergence of  an  infinite  series  has  been  far-reaching,  and  the 
question  of  uniformity  or  non-uniformity  of  approach  to  a 
limit  which  arises  in  dealing  with  such  series  and  of  continuity 
in  the  limiting  values  of  functions  dependent  upon  more  than 
one  variable  when  those  variables  are  made  to  approach  definitely 
assigned  values,  are  matters  which  necessitate  close  attention. 
Professor  Chrystal,  in  his  Algebra,  vol.  ii.,  discusses  such  ques- 
tions at  considerable  length  in  a  most  useful  chapter  on  *'  The 
Convergence  of  Infinite  Series  and  Products.*' 

A  general  discussion  of  Abel's  Theorem  regarding  .the  general 
integration  of  Algebraic  Functions  and  of  its  development  by 
Liouville  and  others  is  given  by  Bertrand  {Cah,  Integ,,  ii.,  ch.  v.), 
and  an  account  of  the  general  problem  of  integration  of  a  function 
of  a  single  variable,  its  possibilities  and  its  barriers,  is  to  be  found 
in  No.  2  of  the  Cambridge  Mathematical  Tracts  (2nd  ed.)  by  Mr. 
6.  H.  Hardy.  A  clear  and  careful  exposition  of  the  modem 
theory  of  Integration  from  Riemann's  point  of  view,  and  of 
the  question  of  Convergence  of  Infinite  Integrals,  is  given  in 
Professor  Carslaw's  work  on  the  Theory  of  Fourier's  Series, 

It  was  my  original  intention  to  incorporate  into  this  book  some 
account  of  the  more  recent  developments  of  the  subject,  and  a 
long  chapter  was  written  for  Volume  I.  with  that  view.  But  the 
further  I  progressed  the  stronger  was  my  conviction,  gained  from 
many  years  of  experience  of  work  with  post-graduate  students, 
that  there  is  in  these  days  far  too  great  a  tendency  on  the  part 
of  teachers  to  push  on  their  pupib  so  fast  to  the  Higher  Branches 
of  Analysis  or  to  Physical  Mathematics  that  many  have  neither 
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time  nor  opportunity  for  the  cultivation  of  real  peisonal  pro- 
ficiency, or  for  the  acquirement  of  that  individual  manipulative 
skiU  which  is  essential  to  any  real  confidence  of  the  student  in  his 
own  power  to  conduct  unaided  investigation,  and  without  the 
possession  of  which  any  temporary  interest  he  may  have  gained 
as  a  student  must  speedily  die  a  natural  death.  I  therefore  felt 
that  I  should  best  serve  the  interests  of  the  majority  of  readers 
by  endeavouring  to  help  them  to  cultivate  and  consolidate  their 
knowledge,  and  to  acquire  an  adequate  mastery  over  the  common 
processes  of  the  Calculus  rather  than  by  pointing  out  the  direc- 
tion of  the  more  modem  trends  of  thought  and  by  indicating 
further  vistas  for  research.  To  do  this,  it  has  been  necessary  to 
exhibit  a  large  number  of  worked-out  illustrative  examples,  in 
addition  to  furnishing  an  adequate  selection  for  personal  practice. 
A  great  part  of  what  I  had  prepared  with  regard  to  modem  work 
was  regretfully  withdrawn,  and  other  projected  and  partially 
completed  portions  either  abandoned  or  drastically  abridged,  as 
they  dealt  with  matters  which  would  rather  be  of  interest  to 
specialists  than  helpful  to  the  average  reader. 

The  functions  considered  are  for  the  most  part  combinations  of 
the  Elementary  Functions  of  Ordinary  Analysis,  continuous  and 
in  general  bounded,  and  for  such  the  definition  of  integration  as 
used  by  Cauchy  and  generally  adopted  in  text-books  will  suffice, 
and  form  an  adequate  instrument  for  the  treatment  of  the 
particular  classes  discussed.  The  more  elaborate  definition  by 
Riemann,  which  furnishes  a  more  powerful  and  delicate,  but  at 
the  same  time  somewhat  complex  instrument  for  the  discussion 
of  generalised  functions,  introduces  certain  difficulties  of  con- 
ception likely  to  be  an  unnecessary  source  of  trouble  to  the 
ordinary  student  in  his  earlier  studies.  It  is  therefore  postponed 
until  it  is  to  be  expected  that  he  has  arrived  at  a  thorough 
mastery  of  the  common  processes  to  be  used  in  the  various  appli- 
cations of  the  Calculus,  and  has  gained  a  riper  experience  for  its 
consideration.  And  it  does  not  appear  that  any  danger  is  to  be 
apprehended  in  such  delay,  seeing  that  Riemann's  definition  is 
specially  devised  to  meet  generalities  which  will  only  have  to  be 
dealt  with  in  a  later  stage  of  specialisation. 

JOSEPH  EDWARDS. 

Queen's  College,  London, 
Juhfy  1922. 
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CHAPTER  XXIII. 

CHANGE  OF  THE  VARIABLES  IN  A  MULTIPLE 

INTEGRAL. 

826.  A  NUMBER  of  cases  have  occurred  in  previous  chapters 
in  which  the  evaluation  of  an  area  or  a  volume  has  been  much 
facilitated  by  a  proper  choice  of  coordinates,  and  changes 
have  been  made  from  one  specific  system  of  coordinates  to 
&nother  specific  system,  such,  for  example,  as  from  Cartesians 
to  polars,  or  to  elliptic  coordinates. 

In  particular,  we  have  established  the  results,  that  in 
transforming  from  an  x,  y  system,  which  may  be  regarded  as 
Cartesian,  to  a  u,  v  system,  we  have 


ll'"^*-Il'"IM''«''"^ 


and  when  we  change  from  a  three-dimensional  Cartesian  x,  y^  z 
system  to  another  system  in  terms  of  new  variables  u,  v,  w,  we 

the  symbol  F'  representing  merely  the  value  of  F  as  expressed 
in  terms  of  the  new  coordinate  system. 

Tliese  changes  have  been  found  very  especially  useful  in 
the  case  where  the  hounding  curves  or  surfaces  of  the  regions 
under  consideration  are  themselves  members  of  the  three  families, 

u  =  const. ,    t; = const. ,    w = const. 

This  was  the  case  in  the  typical  example  of  Art.  793,  viz.  the  evalua- 
tion of  the  area  of  a  Carnot's  cycle,  bounded  by  isothernials  xy=ai, 
rysros,  and  the  adiabatics  ry^^Pi^  J^^=Ptt  ^nd  it  will  be  recalled  that 
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the  region  thus  bounded  was  divided  into  elementary  areas  bounded  by 
curves  of  the  same  types,  viz. 

Exactly  the  same  course  was  followed  in  the  three-dimension 
typical  examples  of  Articles  797,  798. 

827.  Further  Examples. 

1.  The  quadrilateral  bounded  by  the  four  parabolas 

y«sa*a:,    y«=&*a:,    j:*«e»^,    .t*=«/'y, 

revolves  round  the  axis  of  y ;  find  the  volume  generated. 

[COLLIOKS  a,  1890.] 

If  &r  ^  be  an  elementary  rectangle  of  this  area,  we  have 

7=r  /  j2irxdxd^ 


Fig.  295. 

Now,  iostead  of  taking  elements  of  rectangular  shape  such  as  &r8y,  let 
us  divide  up  the  area  by  the  families  of  parabolas 

y*  =  M«a:,     jc*=v*^,  (1) 

Then  te=a  and  u^^b^  v—e  and  v=/  are  the  bounding  parabolas  of 
the  region,  and  the  elementary  area  enclosed  by  v,  if+^  v,  v  +  5v  is 
±JSuSv. 
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From  eqaatioDS  (I)  j?=ut)*,  y^u*v^ 


r-g('g>y)_l    ^ 


2uv 


=  -  3ii  V. 


HeDce 


2uv, 
=  6ir/    I   u*v*dudv 

=?^(a«-M)(^-/»). 

2.  Evaluate  the  triple  integral  jjj — -^ —  taken  through  a  volume 

bounded  by  six  confocal  quadrics,  the  semiaxes  of  the  quadrics  being 

<'i>   ^i>  ^u  \  ^«»   ^«»  ^«»  \  **»»  ^»»  ^•»  \ 

and    O}',  &|',  e/,/   and    a%\  b^,  c^\)    and    a^\  b^\  c^.) 

[Math.  Trip.,  1889.] 

Taking  a  definite  confocal  a,  6,  c,  let  the  three  confocaU  through  any 
point  X,  y,  «  of  the  region  be 


+  +  =  1, 


+  +  =1, 


+  +  •=1, 


and  we  have     :r*=^ — /  «~&W  «--c«^ — ^'  (Art  812); 


whence 


and 


23ar 


2Bj? 


._3(jr,.y,g)     jyr 
•^  -  a(A, /i,  I')      8 


Hence 


1 


X  +  a«'     /x  +  tt"'     v+a* 


1 


1 


1  1  1 


/x  +  c"*     v  +  c* 


(fCdxdydzl  [[[^     1      /_1 l_ 

JJJ       xijz     ~'8JJj'^XT^^\uL-\-b*'v¥c* 


1 


^l^d\dl3.dv 


xtfz         o  J  J  J  ~  A  +  a'\fi  +  b*     v-^c*     /x  +  c*     v 

=  i  2  [log  (X + o«))  {[log  (f. + f)]  [log  ( V + c«)] 

-[log(M+c«)][log(v+6')]}, 
and  at  one  set  of  the  boundaries 

and  for  the  other  set, 

A  +  a«=a/«,    A+6"=6i'«,  etc. 
Hence  the  limits  for  A  are  from  a^-a^  to  rt^'^-a*, 

for  /x  from   fei«  -  6*  to  ft/*  -  6", 

for  V  from   c^-c^  to  Ci^-c^. 
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Therefore 


///^.,j^g(^,v^i;.,^v;^,^) 


log^,    log^, 


a. 


log 


«• 


1      V 
1      V 


log-f- 


log^ 


828.   Remarks  on  the  Traasfomiatlon. 

The  usefulness  of  a  change  of  variables  is  not,  however, 
confined  to  the  case  in  which  the  bounding  curves  or  surfaces 
of  the  region  considered  are  partuyular  cases  of  (he  families  of 
curves  or  suffaees  by  which  it  has  been  deemed  desirable  to  divide 
up  the  region  into  elements  and  for  which  case  the  limits  are 
constants. 

The  process  of  transformation  is  threefold : 

(a)  The  transformation  of  the  subject  of  integration  into 
terms  of  the  new  variables. 

(6)  The  determination  of  the  new  element  of  integration, 
which  resolves  itself  into  the  calculation  of  J. 

{c)  The  determination  of  the  new  limits. 

Of  these,  (a)  and  (6)  are  merely  algebraic  processes,  and  give 
no  trouble. 

The  determination  of  the  new  limits  (o)  however,  often 
presents  considerable  difficulty  to  the  student.  And  we  can- 
not lay  down  explicit  rules  to  be  followed  to  suit  all  cases. 
Generally  speaking,  it  is  best  to  proceed,  from  geometrical 
considerations,  first  forming  a  dear  idea  of  the  region  which  the 
origirud  element  of  area  or  volume  was  made  to  traverse.  This 
will  be  clearly  indicated  by  the  limits  of  the  integrals  occurring 
in  the  expression  to  be  transformed.  Then  the  new  limits 
for  the  transformed  integral  must  be  so  chosen  that  the  new 
element  of  area  or  volume,  as  the  case  may  be,  traverses  the  same 
region,  otice  and  once  only,  as  was  traversed  by  the  original 
element  in  its  march  as  defined  by  the  limits  of  the  original 
integral. 

The  student  will  require  considerable  practice  in  the  assign- 
ment of  the  new  limits,  and  therefore  a  number  of  illustrative 
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examples  are  appended  from  which  he  may  gather  an  idea  of 
the  course  to  be  adopted. 

And  before  proceeding  to  discuss  them  in  detail  the  student 
is  advised  to  note  that  at  times,  even  a  change  of  order  in  the 
iniegration,  without  any  change  in  the  variables,  may  be  useful, 
and  that  in  some  cases  an  integration  in  different  orders  may 
lead  to  important  conclusions.  Some  of  the  earlier  examples 
are  therefore  confined  to  mere  change  of  order  with  no  change 
in  the  coordinates,  and  the  necessary  change  in  the  limits 
will  be  the  subject  of  main  attention. 

820.  Change  of  Order  of  Integration. 

Ex.  1.  Consider  /  dx  I  diff{x^y\  all  the  limits  being  known  constantd. 

Here  the  sfiace  bounded  by  ^=c,  y=d^  x^a^  x^h  is  the  region 
through  which  all  productA  such  as  /(x,y)&r3y  are  to  be  added,  viz.  the 
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Fig.  296. 

rectangle  ABCD  in  Fig.  296.  In  the  integration  as  it  stands  we  integrate 
first  with  regard  to  .v,  keeping  x  constant,  thus  adding  up  all  elements 
in  such  a  strip  as  RSS'Hf  in  the  figure.    Then  all  such  strips  are  to  l>e 

added  in  the  operation  /  (  )cb:. 

If  we  wish  to  change  the  order  of  the  operation  and  express  it  as 

jdi,\dxf(x,y) 

we  have  to  assign  the  new  limits. 

Clearly  in  this  case  the  sum  of  such  elements  as  we  have  considered, 
added  up  along  such  a  strip  as  PQQ^F  parallel  to  the  or-axis,  will  be 


/  AAy)dx, 
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and  the  sum  of  all  these  strips,  from  y«c  to  y^d^  will  be 

j^  dyj^  dxf{x,y). 

Thus  j  dxj   dyf{x,y)^j  dyj  dx/(x,y). 

It  appears  therefore  that  iu  the  case  of  constant  limits  no  change  is 
entailed  by  a  change  in  the  order  of  integration. 

Ex.2.   Consider  /    /  f{x^y)dxdy, 

Jo  Jo 

Here  the  limits  for  y  are  from  yaO  to  y^x,  and  for  x  from  otbO  to 


x^a. 


These  indicate  that  the  boundaries  of  the  region  for  which  the  elements 
/(x,  y)  &r  5y  are  to  be  added  are 

the  X-axis,    the  line  y«jr,    the  line  .r«a. 
And  if  instead  of  taking  strips  parallel  to  the  y-axis,  we  add  up  the 
elements  in  strips  parallel  to  the  ir-axis,  of  which   PQQ^F  is  a  type 

y 


RR* 

Fig.  297. 

(Fig.  297),   this  summation  is  to  be  taken   from  x^y  to  x^a,  and 
I 
f{x^y)dx  will  be  the  sum  for  the  strip  PQQF, 

These  strips  are  then  to  be  added  from  y^O  to  y^^a,  giving 

Jo  J» 
as  the  transformed  result. 

•a  cot  a  f's/a'—x* 


I. 


Ex.3.  Consider  I  I  f{x,y)dtdy. 

Jo  JsUna 

The  region  of  integration  is  bounded  by  the  straight  line  y^xtano, 
the  circle  y=^a*-jr*,  and  the  y-axis. 

The  present  summation  is  that  of  strips  parallel  to  the  y-axis.  If  we 
change  the  order  of  the  integration  we  must  add  up  all  elements  in  a  strip 
parallel  to  the  x-axis  before  adding  the  strips. 
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Tlieae  atripfl  change  their  character  at  the  point  where  y«a Rin  a  ;  from 
jfsO  to  jf  at  a  sin  a,  the  length  of  a  strip  is  bounded  by  the  y-axis  and 
the  straight  line  y^xtana;  from  y^asina  to  y^a  the  strip  is  termi- 
nated by  the  circle. 

Henoe  the  integration  consists  of  two  separate  parts,  viz. 
i>«  Bin « p  oot«  pa         [iJaK^ 

Jo         Jo  JaaiamJo 


Fig.  298. 

It  is  often  useful  to  test  general  results  and  verify  our  conclusions  by 
application  to  some  simple  case.  Take,  for  instance,  /(^}y)=^l.  Then 
the  primary  integral  represents  the  area  of  the  sector  of  a  circle  of 

radius  a  and  angle  q-o.   Hence  the  result  should  be  |a'(  ^-aj. 

The  integration  of  the  transformed  result  is 

I  ycotacT^+l  y/a*-y*dy 

Jo  J  a  tins 

=  [Jcota];-^"+l[Wa-^+a'»in-|L. 

=*-5-sinaco8a  +  Ja".~-Ja'smacofla--5-a=^(5-aj, 
as  it  should  be. 

Ex.  4.   To  change  the  order  of  integration  in  the  integral 

I     I    f{x,y)dxdy. 

Jo  J'Jax—x* 
Here  the  region  of  integration  is  bounded  by 

(1)  The  parabola  y^^ax, 

(2)  The  semicircle  z*+y*»a]^   which  we  may  note  is  the  circle  of 

curvature  at  the  vertex  of  the  parabola,  and  lies  entirely  within 
the  parabola. 
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(3)  Tlie  straight  line  jr»a ;  and  this  is  a  tangent  to  the  circle. 
Instead  of  adding  up  the  quantities  /(x,  y)  &r  Sy  along  strips  such  as 
DE  {Fig.  299)  parallel  to  the  y-axis,  and  then  adding  the  strips,  we  have 
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Fig.  299. 

to  add  up  elements  in  a  strip  parallel  to  the  jr-axis,  and  then  add  up  these 

new  strips.    It  will  be  noted  that  so  long  as  y  is  less  than  ^  such  strips 

are  broken  into  two  parts  as  FQ  and  HK^  but  for  values  of  y  >  ^  they 

are  continuous  as  at  UV,  Let  Vf  be  the  point  of  contact  of  the  tangent 
BC  to  the  semicircle,  which  is  parallel  to  the  x-azis.  The  new  integration 
must  cover  the  three  portions 

{XiATBWQA',    (2)W0KNHW;    (3)  BUPCWB. 

Referring  to  the  figure  in  which  the  lines  FK  and  UV  parallel  to  the 
x-azis  meet  the  y-axis  at  L  and  M  respectively, 
In  region  (IX 

the  limits  for  x  are  from  LF  to  LO,  and  for  y  from  0  to  NO. 
In  region  (2), 

the  limits  for  x  are  from  LH  to  LK^  and  for  y  from  0  to  NC. 
In  region  (3), 

the  limits  for  x  are  from  MU  to  MV,  and  for  y  from  NC  to  NP. 
Hence  the  transformed  result  will  be 


a  ^m 


Ex.  5.     Change  the  order  of  integration  in 


(1+CO8  0) 


Jo  Jacoa0 


/(r,  e)rdedr-¥ 


a 


(l+COBtf) 


f(r,e)rdedr. 


As  the  integral  stands,  integration  is  effected  through  a  region  bounded 
by  the  upper  half  cardioide  r=::a(l  +cos  ^X  ^^^  upper  half  circle  r^acxMB 
and  the  intercepted  portion  of  the  initial  line. 
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When  the  order  of  integration  is  changed  we  are  to  add  elementa  along 
•tripe  which  are  bounded  by  circuUr  arcs  as  shown  in  Fig.  3U0,  and  then 
add  all  the  strips.  Let  BC  be  the  arc,  with  centre  0,  which  touches  the 
circle  at  B,  Let  MQ,  M'Q'  be  contiguous  arcs  with  centres  at  0  inter- 
cepted between  the  circle  and  the  cardioide,  and  NP^  N'P*  contiguous 


Fig.  800. 

arcs  with  centres  at  0  intercepted  between  the  initial  line  and  the 
cardioide.    Then  the  new  limits  of  integration  are  : 

for  e^  from  B^AOM  to  O^AOQ,  for  values  of  r  from  0  to  OR 

A 

and  for  $,  from  0^0         to  B^AOP^  for  values  of  r  from  OB  to  OA, 
The  first  of  these  accounts  for  the  region  OMBCQO. 
The  second  accounts  for  the  region  APCBA. 
And  the  transformed  integral  stands  as 


on 


rx: 


Ex.  6.    Change  the  order  of  operation  in  the  integration  system 

^         SOS 

Vsos— s*  Tft  Hi 

f{x,y)dxdy'\-\     \  f(x,y)dxdy 


gj(2«-») 

+ 


y)dxdjf. 
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Here  summation  is  effected  by  stripa  parallel  to  the  y-axis  within  a 
region  bouDded  by 

( 1 )  the  parabola    Say  ^x{2a  -  x\ 

(2)  the  semicircle     y* = 2ax  -  *■, 

(3)  the  hyperbola  5xy — 2cu:+ 3ay. 

The  coordinates  of  the  intersections  of  the  curves  are  shown  in  Fig.  301. 


Let  Cf  D  he  the  intersections  of  the  circle  and  the  hyperbola,  and  B 
the  vertex  of  the  parabola.  Let  LPQ  be  the  tangent  to  the  parabola  at 
By  and  let  MD  be  drawn  through  D  parallel  to  the  x-axis,  cutting  the 
y-axis  at  L  and  M  respectively. 

Then  in  division  by  strips  parallel  to  the  x-axis  we  have  four  regions 
to  consider,  viz. :  (i)  OPB,  (ii)  BQA,  (iii)  PRDQ,  and  (iv)  RCEDR. 

We  then  obtain  for  the  transformed  result, 


I     I         f(x,y)dydx-\- 

Jo  Ja— v^a«— jf* 


f¥  ra+Va«-F« 

^ f(x^y)dydx 


8a 


^y 


f-T"  Ca^^JQ*-^  fa    fffy-ia 

+  1  A^,y)dydx-i-\     I         /(^,y)dydx, 

Ja     Ja-Va«-y«  j9aJti^*Ja*-w' 

the  several  items  of   integration   referring  to  the  respective  regions 
enumerated. 

Ex.7.    Evaluate  the  integral   /    /   — dxdy,    .^     _       ,  ^         ,«««, 

^      hU    y         ^     [St.  JoH»*8  Coll.,  1889.] 

As  the  integral  stands,  summation  is  conducted  over  the  infinite  region 
bounded  by  the  line  y=jr,  the  y-axis,  and  an  infinite  boundary,  say 
y=a,  where  a  is  infinitely  largo,  and  along  which  the  subject  of  integra- 

tion  —  is  ultimately  zero,  the  strips  being  taken  parallel  to  the  y-axis. 

Change  the  order  of  integration,  taking  strips  parallel  to  the  x-azis. 
The  new  limits  are  :     for  j?,  from  .r=0  to  x^y 

and  for  y,  from  y  «0  to  y =<i. 
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And  tlie  integral  becomes  Lt»„m  j    j   —  dj^dx 


Heooe  the  value  of  the  iDtegral  is  unity. 


Fig.  902. 
Ex.  &     CliaDge  the  order  of  iotegration  of  the  triple  integml 

j^        f(x,y,z)dxdydz 

ia  all  poosible  peroiutations  of  dx^  dy^  dz. 

Hie  integration  referred  to  is  evidently  through  the  volume  bounded 
by  the  Uiree  coordinate  planes  and  the  plane  jt+^+z— a. 

The  integration  as  it  stands  supposes  this  region  divided  into  volume- 
dements  SxSySzhy  means  of  slices  or  laminae  parallel  to  the  plane  x^O, 
■abdiTided  into  tubes  or  prisms  parallel  to  the  ^-axis,  and  these  further 
■abdifided  into  elementary  cuboids  by  planes  parallel  to  the  plane  t=0. 
Ikt  other  modes  of  division  and  summation  are  obvious. 

And  the  transformations  are 


Jo  Jo   Jo     /(^>y>')^^^y» 

j,        f(x,y,z)dydtdx. 
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Ex.  a    Eipi«M  t1i«  integral 

J  J,  J^  /(;r,j,,,)iri,A 

as  an  integnl  of  tlie  form 

In  the  first  integral  the  region  over  which  the  aumnution  is  conducted 
is  bounded  by 

(1)  the  sphere  J!»+y'+i»=<»», 
(S)  the  plane  y  IE  0, 

(3)  the  plane  f=0, 

(4)  the  plane /-y, 


and  the  first  integration  vaa  that  of  elementarj  cubuidii  in  the  tubes  oi 
&iSy  for  baae  and  parallel  to  the  i-aiia.    The  second  with  regard  to. 


CHANQE  OF  THE  VARIABLES.  13 

added  the  lube*  in  a  ilice  pu'kllel  to  the  pbine  i=0,  and  th«  third, 
iatogTBted  with  regard  to  x,  added  up  the  alicea. 

We  are  now  to  cooBtruct  lube*  oa  Sy  S*  for  baae,  and  the  liiniU  for  the 
tmt  integration  will  be  for  *  from  0  to  ^/l(*-J(*-»'. 


Then  we  ttre  to  lum  them  tubee  which  are  hounded  on  two  iidea  bj 
plane*  parallel  to  the  plane  of  ^  =  0,  and  the  limita  for  t  are  from  «  =y  to 

Finally  the  slicea  thua  formed  are  to  be  added  from  y  —  O  taj/ai 
The  traDiformed  integral  ia  therefore 


^' 


nrir 


-'f{X,y,,)dsdMdx. 


830.  Ezunplw  of  OhAngo  of  Uu  VarUblM. 

We  shall  use  the  notation  F  for  any  function  of  the  original 
variables  and  F'  for  the  same  function  expressed  in  terms  of 
the  new  variables. 

In  the  case  of  change  from  Carteslana  to  Polars  for  two- 
dimension  problems,  the  element  of  area  Sx  Sy  is  replaced  by 
r39ir,and  for  three -dimension  problems  &i:^&  is  replaced 
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by  r^  sin  d  Sd  S<p  Sr.  In  converting  from  three-dimension  Car- 
tesians to  cylindrical  coordinates  SxSySz  is  replaced  by  the 
new  element  of  volume  rSd^Sz. 

It  is  convenient  to  remember  these,  as  the  labour  of  calcu- 
lating the  new  element  from  the  general  result,  viz. 

JSuSvSw    or    '^^LViAsuSviw 
is  in  these  cases  thereby  avoided. 
831.  JQlnstrative  Examples. 
Ex.l.    Show  that    iTy<i-<i9=fJ;y'ud,du, 

(Jacobi's  TransfomiatioD,  CrdUt  Jowmal^  vol.  zL  p.  307.^) 
Here  jr = i«(l  -  r),    y = «», 

r,       u 
Hence  J^uhv—u^hv. 

Also  V  upon  transformation  becomes  V, 
The  transformed  result  therefore  becomes 

fjv'udvdu    or    jfv'ududv, 

according  as  we  are  to  integrate  with  regard  to  u  or  with  regard  to  v  first. 


In  our  example  the  former  is  the  case.    We  now  have  to  determine  the 
proper  limits  of  integration. 

In  the  original  form  the  integration  was  for  y  from  0  to  c-x  and  for 
X  from  0  to  c 

^Qregory's  Examples,  p.  41. 
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The  region  through  which  the  integration  is  to  be  conducted  is  then 
that  bounded  by  the  axes  and  the  straight  line  x-\-y^e. 
The  transformation  formulae 

indicate  that  the  new  division  of  the  ai'ea  is  to  be  by  means  of  lines 
drawn  parallel  to  x+y»c  and  by  radial  lines  through  the  origin,  the 
lines  II,  u+^  v,  v  +  5v  bounding  the  element  whose  area  has  already 
been  formed,  viz.  u  5tt  £v. 

Let  these  lines  be  LM,  L'M\  OP,  OQ  respectively.  Then  as  we  are  to 
integrate  first  with  regard  to  u,  keeping  v  constant,  we  are  to  add  up  all 
the  elements  in  the  triangle  OPQ^  and  afterwards  add  up  the  elementary 
triangles.    In  passing  from  0  to  Pu  increases  from  u»0  to  «=c. 


Hence  the  first  integration  is     /    V'u  du. 


In  the  second  integration  y-—  changes  from  tan  0  (ie,  0)  to  tan  90* 
(i.e.  00  \  and  v  changes  from  0  to  1.    Hence  the  transformed  result  is 


fj 


V'vdvdu, 


If  we  had  elected  to  integrate  in  the  opposite  order  the  result  would 
have  been  /-«  n 

j  ]    V'ududv, 

Ex.  2.    Change  the  vaiiables  in   I  I  dxdy  to  u,  v,  where  a^+y'^Uy 

j^—y^ssv;  and  apply  the  result  to  show  that  the  area  included  between 
the  circles  j:^+y'==a*,  A''+5f*=6*,  one  branch  of  the  hyperbola  a^-y'^c^ 
and  the  axis  of  y  is 


-  (6*  -  0*)+  —  sm  *  IS  -  T  8>n^  -=+-7  loir j= 


where  c<a<b. 
Here 


and  therefore 


(R.P.) 


J'^ 


2x,        2y 
2jr,     -2y 


=  -ary, 


y=-U«-l 


8xy        4^tt«_»i' 

and  the  transformed  integral  is  -  7  /  /    .  ,  where  it  remains  to  assign 

the  proper  limits. 

The  region  over  which  summation  is  to  be  conducted  is  the  portion 
ABECDFA  of  Fig.  306. 

If  OFE  be  the  asymptote  of  the  rectangular  hyperbola,  the  area  of  the 
portion  FECD  is  plainly  JCiri*  -  ira*).  We  have  then  to  turn  our  atten- 
tion to  the  portion  ABER  And  for  this  the  line  FE  is  a  case  of 
rectangular  hyperbola,  viz.  v»0.    Hence  for  this  region  the  limits  are 
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constant,  viz.  u^d*  and  u^b^j  v^O  to  v^c^,  and  with  this  assignment  of  < 
limits  we  may  omit  the  -  sign  and  take 

'"*'    du  civ 


ArevL  A  BEF 


«7  I    sm  *— att 
ir     .  .jCn**.  1  Z"*"      c«       . 

4L  tiJ.i      4J^n  iju^-i^ 

= 2 1  **  ■*'*"*  — + c*  cosh"*  -j J 

="7  sm  *  ti  -  T  «n~*  -«+ T  log  ": f^= 

4  6*     4  a*     4     *a'+%/a*- 


r 


r 


Fig.  306. 

Hence  adding  the  portion  FECD  already  found,  we  have 
Area  of  ABECDFA 


«_(6..a.)+_«n-»p-^sm-«^,+-log-j^-^==. 

Ex.  3.    Show  by  transforming  to  polar  coordinates  that 

rtaD>/titap^       dxdy 
Jo       (j?»+y«+aV 

=  5-j  { sin  a  tan"*  (tan  j3  cos  o) + sin  j3  tan""*  (tan  a  cos  p)}. 

[COLLKGIS,  1887.] 
Putting  or^rcos^,  y^rsin^  and  remembering  that  the  element  of 

area  &r^  is  replaced  in  polars  by  rlBhr^  we  have  j//^.    »vi  *  *"^  *^ 
remains  to  assign  the  limits  for  r  and  B,  ' 
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The  region  of  intogration  !«  the  rectaugle  bounded  by  47=^0,  jrsa  tan  ol, 
3r  =3  0,  y  =1  a  tan  j3.    If  y  be  the  angle  which  the  diagonal  through  the  origin 

viiakes  with  the  jr-aKis,  tany=- — ^. 

'         '     tana 


The  whole  integration  consists  of  two  parts,  viz. 


Jo  Jo  P+^"*"iy  Jo 


00*^9  rdOdr 
(r«+a«)«' 

the  first  referring  to  the  portion  of  the  rectangle  between  the  diagonal 
and  the  jr-axis,  and  the  second  to  the  part  between  the  diagonal  and  the 
jr-axis. 

This  is  clearly 


lUn^ooMOf 


dS 


"2?X  \    "cos«e^  +  tanW*'^"^2^«./y  V'^hWTu^)^^ 

L  r  tun^a dO  1    f^  tan* fide 

Sa*.L  sec^tt  cos'fl  4- tan*a  sin'tf     2a*  Jy 


2a*  Jq  8ec5aco8«d  +  tan«asin«e^"^2a2JY  8ec«j3  sin*^  +  ten*)3  cos'^ 

1_  [y       »ec*ed6  1    /^      cosec'grf^ 

""2a* io  cosec«a  +  tan« 6    2a*Jy  coaec*fi-{-cot*0 

~9~1    «inatan"*(sinatand) J  +5-1 1  sin  j3tan"'(8in  jScot  ^) J 

=  5-^  sin  a  tan~*(co8  a  tan  fi)  4-  5-3  sin  j3  tan~*(cos  p  tan  a). 

Ex.  4.  Two  lemniscates  whose  equations  are  9**  ^^i*  cos  2d  and 
r*s6i*sin2d  respectively,  are  drawn  through  a  point  P,  and  two  others 
whose  respective  equations  are  9^=50/ cos  2d  and  r*=6^*sin  26  are  drawn 
through  Q.  P  and  Q  are  both  in  the  firat  quadrant.  The  i-emaining 
intersections  of  the  four  curves  in  the  first  quadrant  are  R  and  S,  The 
coordinates  of  these  points  are  respectively  (rj,  di),  (r,,  d,),  (r,,  d,),  (r|,  d|). 
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It  is  required  to  show  that  the  curvilinear  quadrilateral  thus  endoeed 
hasanar^i       1  f /    r,'      ,     r,«    W    V      ,     r.«    U 
2  l\8iD4e^j    8in4tf4/     VsmlSi    8in46^,/J ' 
Considering  the  two  types  r'=tt*cos2ft  r*=»«8in2d,  we  obtain 

ri/'l  +  l)^!    and    tan2^«Ap, 
H  =  — p-,    ^=itan"*-r-. 


i.tf. 


Hence 


g(r,g)_    1 
9(ti,r)     ler* 


M' 


1 


1 


(w+v)» 


16r 


(H+r)* 


Also 


The  limits  of  integration  are  a,*  to  a,*  for  tc,  and  V  ^  V  ^^^  *  taking 
a  positive  sign  before  the  integral. 


Fig.  908. 


Hence      A^ 


16^,4  A,4  (tt  +  v)* 

*•"*  \(V+»)*   (V+«)*/ 
=5[(V+«)*-(V+«)4]]^^ 

=  i  [(6.* +«.*)*  -  (V + «i*)*  -  (V + a.*)* + ( V  +  o/)*] 
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Now  the  curves  a^,  &|  intersect  at  r|,  ^t,  and 

r  *  r  *  4r* 

'***"^^**''coe«2^t'**8in«2^i"iiiD«4^i' 


Similarly, 


4r4«  .     .  ,        4r.«  ,        .     ,  .        4r,« 


«**+^*=-i^»   «.*+V-.-TS77r,   ^'-^i    «.*+V=-i^a^. 


MID' 


'4gt 


sin*  4^,' 


siiiM^t' 


Hence  ^^sl    /'.^  +  /\^  -  /\a  -  /*        ■ 

2L8in46^a    sin4^«    mn46i    sin4(/t-l 

Ejl  5.  Transform  the  integral  /    /    ^Vr-^d^idS  by  the  substitution 


'0  •'o 
j;«>sin<^coe^,     y  =  8in<^sind, 

and  show  that  its  value  is  ir.  [Oxtord  II.  P.,  1880.] 

006  <l>  cos  By    —  sin  4>  sin  $ 
cos  <f>  sin  Of       sin  ^  cos  6 

—  sin  <^  cos  4> 


Here 


and 


j  J  ^  sm  tf   ^         j  j  sin  <^  cos  <^  ^  sm  ^  ''^ 

^  J  J  Jit  J\^^~v^  ^''*^' 


The  original  limits  were  ^=0  to  ^=-  and  <^=0  to  «^  =  o. 
Now  x*+y*  =  8in*«^  and  '^^tan^. 

y 


Fig.  309. 

We  may  then  regard  the  integration  as  extending  through  the  positive 
quadrant  of  the  circle  ar'+^'^l.  Tlie  limits  for  or  will  then  be  from  ;rsO 
to  x=«Vl-y*,  and  for  y  from  y=0  to  y=  1. 
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Keeping  y  constant 


«„-.^£_ri=?rf. 


JtVyL"'"  Vr^'Jo 


ir. 


Ex.  6.   Show  that  if  x=>i<(l+v)  and  y»v(l+tfX 

and  prove  the  identity  by  finding  the  value  of  each  integral. 

[OzroRO  II.  P.,  1889.] 


Here 


1+w+v 


l+»,    I* 
»,    1+tt 

and      (a:-y)*+2(a:+y)+l=(u-r)«+2(tt+v)+4w+l  «(«+»+!)•. 
Hence  jj{{x-yy-{-2(x+y)+l}-^dxdy^jjdvdu. 


^(»^) 


Fig.  310. 

Next  consider  the  limits.  The  region  thr-ough  which  the  summation  in 
the  first  integral  is  to  be  effected  is  that  bounded  by  the  or-axis,  the  line 
y^jT,  and  the  ordinate  x—2;  i.e.  the  triangle  ONR  in  the  accompanying 
figure  (Fig.  310). 

The  loci  u^  const.,  v— const  are  respectively  the  lines 


U      1+tt        *      V      1+v 


^^MM^MMBH^Mfa 
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We  are  to  integrate  first  with  regard  to  tc,  keeping  v  constant, 
i.e.  along  a  strip  formed  by  the  lines  v,  v-{-8v.  These  lines,  represented 
by  CiAiPiQi  and  C^AfPtQt  respectively  in  the  figure,  form  a  strip  of 
gradually  widening  breadth  in  passing  from  P  to  Q,  for,  as  the  intercept 
OCi  on  the  x-azis  increases  (negatively),  the  line  rotates  counterclock- 
wise. It  begins  its  rotation,  as  far  as  our  triangle  is  concerned,  with 
coincidence  with  0^,  for  which  v—0,  and  ends  its  rotation  when  t;«l, 

when  the  line  is  f^o™^)  ^^^  passes. through  i2(2,  2),  taking  the  position 

CTK    Now  along  the  whole  length  of  ORf  i.e.  y^x^  we  have  u^v,  and 

2 
along  the  whole  length  of  NR,  i.e,  j?=2,  we  have  2»ii(l  +v),  t.e.  v^z— — . 

Hence,  in  integrating  along  the  strip  PiQxQtPtt  keeping  i;»  constant 

2 
u  changes  from  w=i;  at  Pj  to  w==— —  at  Q^. 

2 
Hence  the  limits  for  u  are  v  and  r-— -,  and  for  v,  0  and  1. 

g 

Hence       /    /  {(x-y)*+2(x+y)  +  l}-irfxd>=  /    /     Vwrfu, 

The  student  may  show  without  difficulty  that  each  side  of  the  identity 
takes  the  value  2  log  2  -  ^. 

If,  however,  the  integration  had  been  conducted  in  the  reverse  order, 
integrating  first  for  strips  along  which  u  is  constant,  it  is  to  be  noted 
that  the  character  of  such  strips  changes  when  the  line  D^D^R^  passes 
through  J^(l,  OX  the  strips  being  terminated  by  OE{v-0)  and  OR  (v=u) 

for  the  portion  OER  and  by  EN  (v=0) and  NR  f  i;  =  -- 1  j  for  the  second 
part. 


?-i 


We  then  have  /   du\   rfi>+ /   du\'*    dv. 

Ex.  7.    Obtain  the  value  of 


the  integral  being  taken  for  all  values  of  jt,  y,  t,  such  that 

a*     o*     f* 
We  shall  divide  up  the  ellipsoidal  volume  into  a  set  of  thin  honioeoidal 
shelU,  that  is  shells  bounded  by  ellipsoidal  surfaces,  concentric,  similar 
and  similarly  situated  with  the  bounding  surface.     Let  a  typical  mem- 
ber of  this  family  of  surfaces  be 


p  lying  between  0  and  1. 
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Then  the  Tolume  of  the  shell  bounded  by  p  and  p-f  5p  is 

5{Jir(ap)(6p)(cp)}=4ira*cp«5p, 

3ci^       t/^       M^ 

and  the  value  of  -\'^j^-\--j  ^^  points  between  the  boundaries  of  the 
shell  differs  from  p*  by  an  infinitesimal  only. 

Hence  /=  /   V rZ^  *  ^'"'^'^f^^P' 

Write  ps  cos  <^. 

«     

Then  /=  rVlT^^t  •  4jra6c. coe«68in  <^rf<^ 

V 

«  4rrabc  /  (1  -  cos  <^)  c<M*<f>d<f> 

==4,ra6c(if-|) 
=  giraic(3ir-8). 
Ex.  8.     If  xu-\-yv=a^  and  x»-yM«0,  prove  that 


//"■^■"-//p^ 


And  if  the  limits  in  the  former  integral  are  y=0  to  y^'Ja^-jfi  and 
07^0  to  jr»a,  investigate  the  limits  in  the  latter.  [St.  John's,  1885.] 


a' I*  a^v 


H«™  '=irj:^>   y-iTH?' 


and 


a*        I  r'-tt^  —  2iir  I  a* 


r'-tt',  -2iir  I 


V'a!^dudv 


whence  jjvdxdy^  -|J__^ 

where  F'  is  what  V  becomes  after  substitution  for  x  and  y  in  terms  of 
u  and  V.  

Next,  as  to  the  limits.    In  /    /  Vdxdy  the  integration  is  over  the 

region  bounded  by  the  positive  quadrant  of  the  circle  j:*+y*=a*. 
Eliminating  v  and  u  alternately,  we  have 

and  the  curves  u= const.,  v= const.,  are  orthogonal  circles  touching 
the  axes  at  the  origin.  Let  us  integrate  first  with  regard  to  t>,  then  with 
regard  to  u.  Whilst  integrating  with  regard  to  f ,  the  element  J  8u  hv  is 
bounded  always  by  the  two  complete  semicircles  u  and  tt  +  3ti,  so  long  as 
this  ring  lies  entirely  within  the  circle  jr'+y'=a^  and  the  limits  for  v  are 
from  the  case  where  the  v-curve  is  a  circle  of  infinite  radius  coinciding 
with  the  .r-axis,  to  the  case  where  it  is  a  point  cii'cle  at  the  origin.     The 


di^MHab 


ririu 
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a' 


radiua  is  ^.    Hence  the  limits  for  v  are  from  vsQ  to  «sco.    And  the 

CI  A 

«f-circle  hss  a  radius  ^,  and  changes  from  a  circle  of  radius  5  ^  '^  circle 

of  radius  sero,  ue,  u  changes  from  u^a  to  u  —  co. 

When  the  «•  circle  has  a  radius  in  excess  of  ^,  the  limits  for  v  will  be 

from  the  value  of  v  for  which  the  ic-circle  cuts  the  a-circle,  viz.  at  P,  in 
Fig.  311,  to  the  value  of  v  for  which  the  v-circle  becomes  a  point-circle 
at  the  origin,  i.0.  when  v»  00 . 
Now  at  P  we  have 


-y-jf^+y'' 


and     —  jr=a', 


ue.  at  that  point  x^u  aiidy«v,  whence  v'Ba'-ii'. 


Fig.  311. 


Hence  the  limits  for  v  are  from  »Ja^-u^  to  00,  and  u  now  varies 
between  the  value  which  makes  the  u-circle  a  straight  line  coincident 
with  the  y-axis,  i.e.  u^Oy  and  the  value  of  u  which  gives  a  semicircle  on 
the  radius  OA^  i.e.  u^a.  Thus  the  integration  referred  to  divides  into 
two  portions,  the  first  referring  to  the  portion  of  the  quadrant  included 
in  a  semicircle  on  OA  for  diameter,  and  the  other  to  the  remainder  of 
the  quadrant. 

Thus 

Jo  Jo  ^     u  Jo  («* + v*y»     Jo  jviirsi  («** + v^y 


a*w 


ah} 


It  may  be  observed  that  the  transformation  formulae  x «=  »_.  ^»  y  —  TZ"? 

indicate  sn  inversion  from  the  Cartesian  coordinates  x,y  of  a  point  within 
the  circle,  with  a  for  the  constant  of  inversion,  to  a  point  whose  coordi- 
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nates  are  «,  v,  which  lies  without  the  circle.  Hence  as  («,  y)  is  to  traverse 
the  interior  of  the  quadrant  of  the  circle,  (u,  v)  is  to  traverse  the  portion 
of  the  first  quadrant  of  space  which  lies  ouUide  the  quadrant  of  the  circle, 
and  therefore,  the  circle  having  equation  «' +«*»«'  in  the  new  coordinates, 

the  limits  must  be      

vsr>/a*-tf'  to  »=oo  from  u^O  to  if— a, 

and  «bO  to  va CO  from  II « a  to  teas 00, 

which  agrees  with  the  result  stated. 

Ex.  9.    Obtain  the  value  of  the  integral 


Is 


jJ4,\A3^-k-^Bxtf^Cy^)dxd%f, 


extended  to  all  values  of  Xy  y  which  satisfy  the  condition 

A  and  C  being  supposed  positive,  and  AC-B*  >  0. 

The  conditions  given  indicate  integration  within  the  area  bounded  by 
the  ellipse  iljr«+2Apy+Qr«-l. 

Divide  this  area  up  by  a  family  of  similar  and  similarly  situated  con- 
centric ellipses,  of  which  a  type  is 

Ax*-{-2Bxi/'^Cy^^t, 
t  varying  from  0  to  1. 

The  equation  to  find  the  semi-axes  of  this  ellipse  is 

p*"     t      p*"*"      fi      '   ^'  Art  171.] 

t 


i      ii-t-o   1      iii/-z>-  [Smith,  Conic  SeeiioRB, 

/         t      p*^      fi       ■""'  Art  171.1 

and  its  area  is 


y/AC-£* 

Hence  the  area  of  the  annulus  bounded  by  the  ellipses  t  and  /+&  is 

8t 

and  ifi*{Aj!^'^-2Bxy-{-Cy')  only  differs  from  ifi'(t)  by  an  infinitesimal  at 
any  point  of  this  ring. 

Hence  in  the  limit        /=  /   d>'(0 .  w  , 

_    »(l)-<^(0) 

»Jac-b^ 

Ex.  10.    Prove  that  I  jdudv  over  a  portion  of  the  surface  ir^O  is 


f  rd{u,  V,  w)  da 


UfVyW  being  functions  of  x,  y,  z. 

Let  X,  y,  the  a  point  on  the  surface  t^^o  at  which  an  element  of  the 

normal  is  ^    Then  8n™y ,  whero  A*=U7,*-|-U7,*-|-U7,*  (Art.  789). 


r  m  TM  I  ^Mi  _ 
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Also  &6f.&»  is  an  element  of  Tolume,  and  may  be  replaced  in  volume- 
integration  bj 

ll^^'^SuScSw    (Art.  794), 

Sw  1 

ie.  &6f.-|r-  may  be  replaced  by  mj  iSmSv&w 

Ex,  11.  Prove  that  Isj  j  j  j  dxdijfdidw  for  all  values  of  the  variables 
for  which  jr'+jr'+s*+te'  is  not  less  than  a'  and  not  greater  than  (*  is 

In  this  case  we  cannot  appeal  immediately  to  a  figure  to  help  in  the 
determination  of  the  limits. 

We  may  at  first  ignore  the  condition  that  jr'+^+s'+te'  is  not  less 
than  a*,  and  let  the  variables  have  full  range  of  any  values  up  to  such  as 
will  make  j^+jf^+f'+te^BC  We  shall  then  subtract  the  result  for  such 
as  make  the  variables  in  the  extreme  case  such  thato^+jf'+J^+te'^a'. 

In  the  first  integration,  keeping  Xy  y,  i  fixed,  w  ranges  through  all 
values  from  -V6'-45*-y*-f"  to  +«<i/6'-4:"-y*-«*,  and 

j  f  j  fdxdydtdw^j  j  j[w]ixdydg 
In  this  integral,  keeping  s  and  y  constant,  i  ranges  from 

and  jV6>-x»-y>-i»&= 2"^^^-+ T"^'"*    JW^^^' 

X  and  jy  being  constant  during  the  integration.    And  inserting  the  limits, 
IJjjyr:i?'Z^rz?dxd^dt^jj^{bl^-a^-^)dxdy. 

We  have  now  reduced    f  / 1  Idxdydsdfff  to  2.^  /  j (h^ - jfl - y^dxdy ; 

and  now  we  are  to  integrate  with  regard  toy,  keeping  ir constant^ and  the 
limits  for  y  are  from  -  Jl^-jfl  to  +V6*-«*. 

Also  J(6«-i:»-y«)rfy-(6«-a!*)y-^. 

and  =2H(6«-i^)*] 

when  the  limits  are  taken. 


///• 
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We  have  now  arrived  at  ^irUb^-j^ydx,  the  limits  for  r  being  from 
-6  to  -\-b.    Put  xtabsin  6,    The  integral  then  becomes 

2.|ir/    ft>co8»^6coe^d^    or    |ir6«j5|,    t.«.  ^6«. 

«5      .'o  O  4  2   2  2s 

Now,  in  exactly  the  same  way  we  may  see,  as  is  indeed  obvious  at  onoe, 
that  the  amount  included  in  excess  by  giving  the  variables  free  play  up 
to  the  case  x'+^'+x'+k''=»^  instead  of  excluding  those  values  which 

make  jr'+y'+i*+M'*<a*  is  -Q-a*. 

Hence  the  summation  of  the  cases  from 

is  Y(6*-a*). 

It  is  clear  also  that  after  the  first  integration  with  regard  to  w  had  been 
completed  we  might  for  the  remainder  have  illustrated  the  triple  integral 

<s/6*-A'*-y*-z*  dx  dy  dz 

by  integration  through  a  spherical  volume,  the  summation  being  that  of 
^6*  -  ^  - y*  -  «*  throughout  the  sphere  jt* +y* + ^ = 6*. 
Then  writing  x*+y'+z*=f*,  we  have 

l^^r{'rs'W^r^9\neded<f>dr 
h  Jo  Jo 

s=  8ir  /  f^-Jb^  -  r*  dr =Birb*j  sin*  x  co**  X  ^X»    (r^f>  «in  x) 
^^^     2^(3)    ~"2"'  **  ^^""'^ 

832.  Case  of  an  Implicit  Belation  between  Two  Sets  of  VariaUee. 

In  our  previous  work  and  in  the  typical  examples  discussed, 
we  liave  regarded  the  transformation  formulae  to  be  such 
that  each  of  the  one  set  of  variables  is  expressed,  or  easily 
expressible,  as  an  explicit  function  of  the  variables  of  the  new 
group.  If  this  be  not  so,  we  can  still  form  the  Jacobian  by 
the  rules  of  Arts.  543  and  544,  Diff,  Cdlculus. 

For  in  the  case  when 

fi{x,y,u,v)=Oy    Mx,y,u,v)=0 
are  the  connecting  equations,  we  have 

d(x,y)     3(u,  v)      d(u,  v)  ' 

and  when  /Jt,  y,  z,  u,  v,  w)=0, 

fi(x,y,z,u,  V,  tt;)=0, 


^tm^A, 


JACOBIAN& 

are  the  connecting  formulae, 

and  generally,  if  there  be  n  connecting  equations, 

/i=0,  /j=0,  /,=0,  ...A=o, 
between  2n  variables, 

Up  1^2,  ...t«M    and     Xj,  Xg,...x,„ 

Hence  for  a  double  integration 

^(».  y) 

and  for  a  triple  integration 

9(ar,  y,  2) 
and  so  on. 
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DioBEssiON  ON  Jacx)bians.    Jacobi's  and  Bebtband's 

DEFINITIONa 

833.  Jacobi's  Deflnition. 

^^fvft»f»  •••/«  ^  ^'^y  function  of  the  n  variables 

^>   ^   ^j>  •••  ^m 

the  determinant 


Js 


5/1,  §^,  ^,...^ 

3Xj  dXj  dXg'       3x„ 

^ft  ^ft  Va        ^/t 

ari'  atj'  Sir,' -at. 


3/«    §i!;^  ^-...§/k 

3x^      dXj      Bs^s'       ^ti 

is  called  the  Jacobian  of /^  /£> /g,  •  •  •  /«  with  regard  to  a;^,  oi^j*  * **  ^«* 
Jacobi  in  one  of  his  memoirs  pointed  out  the  strong  analogy 
which  the  properties  of  this  function  bears  to  those  of  a 
differential  coefficient  of  a  function  of  a  single  variable.    This 
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<*A» 


i^v 


resemblance  of  results,  rather  than  of  demonstrations,  has 
already  been  mentioned  (Diff.  Calculus,  Articles  542  onwards). 
It  was  by  starting  from  the  fonn  of  this  determinant  that 
Jacobi's  investigation  proceeded. 

834.  Bertrand's  System  of  Increments. 

A  different  standpoint  was  suggested  by  M.  J.  Bertrand  in 
a  memoir  to  the  Academic  des  Sciences  (1851),  which  has 
many  advantages,  and  Jacobi's  results  may  be  deduced  from 
M.  Bertrand's  new  definitions  almost  as  corollaries. 

Let/p/2, .../,  be  n  functions  of  the  n  independent  variables 

Let  us  give  to  these  independent  variables  the  following  n 
systems  of  increments,  viz. 

OjX^,     ^^2>     **A»  •••  ^^n 

etc., 
d,^    d^^, ...  d^, 
and  let  the  corresponding  increments  in  the  several  functions  be 

dJv       ^\U       ^/s»    '"^ifn 

dJv     dj^*     dj^  ...  dj^ 

etc, 
dnfv    dnfi,    d^f^,  ...  d„/„ 
%.e.  drfg  is  the  increment  of  /«  when  a^,  a^,  etc.,  increase  to 

X^-i-drX^,  X^+drX^,  CtC. 

These  several  increments  d^x^,  d^^,  d^^,  etc.,  though  in- 
crements of  the  same  variable,  are  arbitrary  and  independent, 
and  there  is  reserved  to  us  the  power  of  making  them  equal 
later,  or  of  assuming  any  such  relations  between  them  as  we 
may  subsequently  choase. 

It  is  clear  that  we  have  the  n*  relations  of  which 


(A) 


'nj 


'» 


(B) 


■(C) 


is  a  type,  it  being  unnecessary  in  the  partial  differential 
coefficients  occurring  to  specify  which  of  the  particular  in- 
crements we  choose  when  we  procee<l  to  the  limit  in  their 
formation. 


SSSiiL 
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835.  Bertrand'g  Deflnitioii  of  a  JacoUAn. 

M.  Bertrand's  definition  of  a  Jacobian  is  that  it  is  the  ratio 
of  the  determinant  formed  by  the  increments  of  Group  B  to 
the  determinant  formed  of  the  increments  in  Group  A. 

Now 


^3f|,     diX^,     ^^t*  •••»  ^*i 
d^Xi,     d^t.     ii»s»  •••>  <^i35f 


»i»^»      <*«^»      <*ii^»   •••>  ^n^n 

^1»        ^'l/l*       ^'l/l*    •••>   ^n 
<Vl»        *Vi»        ^» ^%fn 


dfjl*       dfjtf       dnft*    •••,  ^n/n 

by  the  rule  of  multiplication  of  determinants  and  by  virtue 
of  the  equations  of  Group  C. 

Hence  Bertrand's  definition  agrees  with  that  of  Jacob! . 
We  havey  however^  gained  command  ever  the  inorementa  of  (he 
independent  variables. 

If  we  adopt  the  notation  Df  and  Dx  for  the  determinants 


dji,    djt,  ... 
tf^/i  >      .  •  • » 


and 


dy^if    diX^,  ... 
d^i* 


....     ... 


dn^lf 


respectively,  we  have  •'=^. 

836.   Corollaries. 

1.  It  follows  at  once  that  if  Fi,  F^,  ...  1*^  be  functions  of 
/i./i.  — /i.»  »nd/i,/t,  .../^  be  functions  of  x^,  »,,  ...  x^,  then, 

"^^  DF_DF  Df 

we  have 

J  Jacobian  of  Fi,  F^,  ...\      T  Jacobian  of  Fi,  F^,  ...  | 
(with  regard  to  Xj,  x^, .../""  (with  regard  to/^,/,,  ...J 

r Jacobian  of  /i, /t.  .••) 
(with  regard  to  Xi,  Xg, .../ 
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2.  Also,  since  ^X  ri>=l.  we  have 

Dx    Vj 

fJacobian  of  /j,  f^,  ..A     JJacobian  of  a^,  fl^.  ...)     . 
(with  regard  toxj.x,.  ...J      [with  regakidiofi,/^,  ...J 

3.  Again,  if  l'i=0,  l't=0, ...  l',=0  ... ,  Fn=0  be  n  indepen- 
dent equations  connecting  n  variables  tfi,  tft»  •••  tfn.  ftod  ^ 
other  variables  x^,  x,,  ...  x^,  then,  since 


we  have 

which  may  be  abbreviated  into 

the  suffix  X  being  attached  to  indicate  those  partial  differential 
coefficients  in  which  Uj,  Ug,  ...  are  regarded  as  constant  whilst 
»!,  x^..,  vary  and  vice  versd. 

Now  Z),!*  and  DuF  are  the  respective  determinants 


»i.«-^i»  ^\,xFt, ...  di,Ff 
^xFx.  dj,zFi, ...  i,.,^, 

^n^xFu   dn,xFf,  ...  i^xJ*, 


and 


d^uFu  d^^uFf, ...  rfi.,-^, 


dn,MFi,  im«^j,  ...  i»..-^i 


and  by  virtue  of  equations  (a)  the  constituents  of  the  one  only 
differ  from  the  corresponding  constituents  of  the  other  by 
a  negative  sign,  whence 

Du 

Hence  in  the  case  of  implicit  connections  amongst  the  2n 
variables  u^,  u,,  ...  u^;  Xi,  x^,  ...  x^,  by  virtue  of  n  equations 
Fi=0,  /'t=0»  •••  Fn=0,  connecting  them, 


that  is 


2JSj^£^^ 
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JThe  Jacobian  of  u^,  u^,  ...  u^\ 
I     with  regard  to  Xj,  x„  ...  x^f 


/Jacobian  of  /\,  /*t , ...  with  regard  to  x^,  x^ 

coQstants 


— /     i\«^     treating  Ui,  t<^,  ...  as  coasi 
~~^       '   f  Jacobian  of  J^j,  /*,, ...  with  r 


} 


] 


regard  to  t«|,  u,,  .... 
I     treating  a^,  a;^,  ...  as  constants 

The  substance  of  this  and  the  immediately  preceding  articles 
on  M.  Bertrand's  treatment  of  Jacobians  was  communicated  to 
the  author  many  years  ago  by  his  former  tutor,  the  late 
Dr.  £.  J.  Routh.  The  reader  may  consult  Bertrand's  Calctd 
Diffirentid,  pages  62-70,  and  Calcfd  InUgral,  pages  465-469. 

837.  Adyantage  of  Bertrand's  DeflnitioiL 

It  will  be  seen  that  M.  Bertrand's  definition  leads  to  simpler 
proofs  of  the  fundamental  properties  of  Jacobians  than  those 
given  in  Art&  540,  544  of  the  author's  Differential  Cdlculu8y 
and  retains  a  command  of  the  several  increments  which  we 
shall  iind  useful  for  subsequent  work  in  the  transformation  of 
a  multiple  integral. 

838.  Bertrand's  Method  of  Oalcnlatiiig  the  Jacolnan  Determinant. 

Let  there  be  2n  variables,  in  two  groups,  viz.  x^,  a;,,  ...  x^ 
and  t«|,  tfs, ...  u^f  connected  by  n  independent  implicit  relations 
/\=0,  F^=0,  F^=0,  ...  Fn=0.  Then  n  of  the  2n  variables 
are  independent.  If  increments  be  given  to  each,  these  2n 
increments  are  connected  by  n  homogeneous  linear  equations, 
and  if  n  —  1  of  the  increments  be  chosen  to  be  zero,  the  ratios 
of  the  remaining  n-f-1  are  determinate  by  the  n  connecting 
equations. 

Consider  the  n  incremental  systems, 

rfjUi,  diu,,  diu,,  ...,  rfiu„' 
0,       0,     d,!*,,  ...,  rfjti, 


dj.xi, 

0, 

0,     ... 

0 

dtXi, 

d,a;„ 

0,     ... 

0 

dz^f 

» •  •  •  •  •  •  • 

dtX^,  '" 

0 

.^«^1»    ^n^t*   ^fi^>   •••    ^n^n  J 


\    0,         0,         0,      ...     d^u, 

that  is  systems  in  which 

increments  d^u^,  d^u^^  ...,  d^u^  give  rise  to  an  increment 
d,x,  in  X,,  but  make  no  change  in  x.,  x, x,. 
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and     increments  d^u^y  d^u^,  ...,  dfU^f  d^z^  give  rise  to  a  change 
<2tx,  in  x^  but  make  no  change  in  ti,,  x^,  x^, ...,  x^, 
and  so  on. 

Let  J  be  the  Jacobian  of  Xi,  Xf,  ...,  x^  with  regard  to 
Uj,  t«|, ...,  t«„.  Then  forming  J  according  to  Bertrand's  defini- 
tion, each  of  the  determinants  of  the  increments,  the  one 
formed  from  the  x-increments,  the  other  from  the  u-increments, 
reduces  to  its  diagonal  term,  and 

J _ jr^diXj.d^^.d^x^  ...  d^x^_'dx^    dx^    dx^      dx^ 

*dx 
where  ~  is  the  limit  of  the  infinitesimal  change  in  av  to 

that  in  Ur  when  t«|,  u^,  ...  Ur«,,  x^,,  av+t  •••  ^n  are  regarded 
as  constants. 

839.  It  is  necessary  for  the  use  of  this  rule  to  consider  the 
several  connecting  equations  reduced  to  such  form  that 

(1)  2^  is  a  function  of  %,  x^,  x,, ...,  x,i ;        u^  only  varying ; 

(2)  x^  is  a  function  of  Uj,  Uf,  x,, ...,  x^ ;       u,  only  varying ; 

(3)  Xi  is  a  function  of  u^,  u^,  u^,x^,...^Xn\  ^^  only  varying ; 

(n)  x^  is  a  function  of  Uj,  u,,  u,,  ...,  u^ ;      u^  only  varying. 

The  calculation  of  J  will  then  be  reduced  to  the  multipli- 
cation of  the  several  partial  differential  coefficients  derived 
therefrom. 

840.  IlliistrativB  Examples. 

Ex.  1.   If  jr=rco8^,  y—rsin^,  write 

x^'Ji*-y\  containing  one  of  the  new  variables; 

ysf  Bin  6^  containing  Uoo  and  no  x, 

f 
Then        «/«-T^==i.rco8^«r. 

El.  2.   If  j?»r8in^co8<^  y=rBin^8in<^,  i^rcos^,  write 
jr=Vr*-y*-«*,  containing  one  of  the  new  variables  ; 
z^rcosS,  containing  tvfo  and  no  x; 
yssf  sin  ^  sin  <^,  containing  three  and  no  :r  or  z. 

Then     *f^'5Z  '  ^a  '  >r7  =  -.(-rsin^)(rsin^cos<^)=  -r*sin  $. 
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Ex.  3.   If  jr+y+i=M,  y+<=uv,  «=ttttr,  we  have 

xs^u-y-if  containing  <me  new  variable, 

jfattv-^  containing  ^100  and  no  jt, 

z=uvWf  containing  three  and  no  x  or  y ; 

,  .    3j:    9v    B«     ,  , 

ou    d»    cw 

Ex.4.  If  jr^^rsin^cos^,    jr^-ssrsin^sin^, 
arasrcosOcoe^,    j*4=rco8^8iii  ^, 
we  have       Xj  =  Vr*  -  x,"  -  jr,"  -  x^\    containing    r,    j:,,    x,,    ^-4; 
Jpt  s=  Vr*  cos"  0  -  ^r^*,  containing    r,     ^,  ^4; 

jr^^rsin^sin^,  containing    r,     $j      ^; 

jr4»rcoB^8in^,  containing    r,     ^,  ^; 

and 

.    3j:i  SLTj  cXr.  'djr^       r      -  r*  sin  ^  coe  $       .    r%        j  ^        1 

"^"^^^^^T^- T, .r8in0co«*.rco.0c«i^ 

=  -  r*  Bin  ^  CO8  0. 

Ex.  5.   If  .r|Brco8^i, 

Xa  strain  ^i*co8  6^^ 
Xs^s  r  sin  61  sin  0%  cos  ^3, 
ir4=sr  sin  ^1  sin  6% sin  ^^ cos  ^4, 
X4  s r  sin  6^1  sin  6%  sin  ^^  sin  ^4  cos  ^4, 
X4 «  r  sin  ^1  sin  B^  ^in  ^i  sin  B^  sin  ^4, 
we  have  x^ = Vr*  -  j?i*  -  x^  -  x,*  -  x^  -  x^*, 

Xi^tcobBu 
j?asrsin^iCOS^a, 

Ta^srsiu  6^1  sin  ^acos^a, 

X4  s  r  sin  Bt  sin  ^a  ^in  ^a  c<>b  ^4 , 

.t'a — r  sin  ^1  sin  ^s  sin  Bt  sin  ^4  cos  Bt ; 

and    •/= — ( -  r  sin  9i)  ( -  r  sin  Bi  sin  ^3)  ( -  r  sin  Bi  sin  0^  sin  ^a) 

X  ( -  rsin  Bi  sin  ^a^")  ^a^in  ^4)(  -  rmn  ^|  sin  ^a^^in  ^a^in  Bt  sin  6/4) 
« ( - 1  )»r»  sin*  Bi  sin»  ^a  si""  Bt  sin  ^4, 
a  result  which  can  obviously  be  generalised. 

841.  Ghange  of  the  Variables  in  any  Multiple  Integral    General 
TlieoreBL 

Let  the  integral  in  (question  be 

/=  1 1 1 ...  I  FdXi  dxj ...  &;„, 

there  being  n  integration  signs,  and  V  any  function  of  the 
variables  x^,  x^  ...  x^.  Let  the  new  system  of  variables  be 
u^,  u^  ...  u^,  there  being  n  independent  connecting  relations 
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between  the  two  groups  of  variables,  either  set  forming  a 
group  in  which  there  is  no  interdependence.  That  is,  the  group 
Xp  Xj, ...  x^ forms  a  set  of  n  independent  variables,  as  also  does 
the  group  u^  u^  ...  u^.  When  a  further  relation  is  assigned, 
say  <p(x^f  x^f  ...  x^)=0,  to  be  satisfied  at  the  boundaries  of  the 
region  of  integration,  an  interdependence  of  the  a^group  is 
created,  and  one  of  the  x-group  of  variables  is  dependent  upon 
the  others.  Integration  is  then  to  be  conducted  for  the  domain 
or  region  bounded  by  the  specific  limitation  ^=0.  There  will 
then  be  a  corresponding  relation  amongst  the  u-group  of 
coordinates,  and  a  specific  limitation  will  be  implied  for  the 
new  definition  of  the  domain  of  integration  when  /  has  been 
referred  to  its  new  coordinates. 

842.  In  the  transformation  of  /three  separate  considerations 
are  to  be  attended  to.  As  has  already  been  pointed  out  in  the 
case  of  double  and  triple  integration,  we  have  to  consider 

(1)  the  determination  of  the  new  form  of  V,  which  is  merely 

an  algebraic  matter  of  substitution  or  elimination  ; 

(2)  the  assignment  of   the  new   limits  which  is  also  an 

algebraic  matter,  materially  assisted  in  the  case  of 
double  and  triple  integration  by  geometrical  con- 
siderations ; 

(•*))  the  determination  of  the  new  element  of  integration 
which  is  to  replace  dx^dx^dx^^ ...  dx^. 

As  regards  the  assignment  of  new  limits  it  is  not  possible 
to  give  a  general  rule,  but  it  must  be  such  as  udU  cause  the 
march  of  the  new  element  as  described  in  the  new  system  of  variables 
to  traverse  the  same  domain  once  and  once  only  as  was  traversed 
in  the  march  of  the  original  element,  which  domain  was  defined 
by  the  limits  of  integration  in  the  original  system  of  variables. 

Let  us  imagine  that  the  connecting  equations  have  been 
thrown  into  the  forms 

^i=/i(^p  ^2»  *3»  •••  ^n) (1)»  »•«•  <*2»  ^s»  •••  u„ eliminated; 

^=/tK»  ^  ^s»  —  ^n) (2),  ie.  x^,  1*3,  u^,  ...  u, 

*«=/t(«*i»««2»*^«4>  — ^n)  ••(3),  etc.; 

etc., 
»ii=/(Wi,  u„  Ua,  . . .  t* J (n)  etc. 


'«     »» 
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We  have  seen  in  earlier  articles  and  examples,  that  in  a 
given  multiple  integral  the  order  of  integration  may  be 
changed,  provided  a  suitable  change  be  made  in  the  limits. 

Then,  first,  suppose  we  attempt  to  replace  integration  with 
regard  to  x^  by  integration  with  regard  to  u^ 

Change  the  order  of  integration  in 


s  jjj...|F<trjia;2  •••  ^n» 


so  that  dx^  stands  last  with  the  suitable  change  in  the  limits. 
We  then  have  to  perform  the  operation 


•0-j 


Vdx^dx, 


...  dXf^  \dx^f 


and   in   this  operation  x^,  ^r,,  ...  x„  are   to   be   regarded   as 
constants,  and  equation  (1)  gives  dx^=^duy 

And  since  1^^1=1^  ^^^^t/^,  we  have  as  x^  and  u^  are  the 
only  varying  quantities 

,=J[|j...JK„ 

where    V^  is   what  V  becomes  when  /^(w,,  x^,  x^,  ...  x^)  has 
been  substituted  for  x^,  that  is,  Fj  is  the  value  of  V  expressed 
in  terms  of  u^,  x^,  x^^  ...  x^» 
We  have  now  arrived  at 


4X4(^X3...  Ar^ J ^(Zui, 


""111 'T^^^*^'*  "*  ^n^t^i- 


Let  us  repeat  the  process. 

By  change  of  order  of  integration  with  a  suitable  change  in 
the  limits,  transfer  dx^  so  that  it  stands  last. 

^""lll'^T  ^^^*'^* '"  <fan'^Wl<fo^2 


or 


IlII'J^^^"*^^^*  "*  ^^-^^ ^^1 J *^^2» 


and  in  this  operation  Xj,  x^,  ...  x^,  u^  are  to  be  regarded  as 
constants,  and  equation  (2)  gives  ^2=^  ^^r 
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Whence  again  applying  the  theorem  Il7'(£e2=sll7'^({tf2, 
and  Xj)  ^  being  the  only  varying  quantities,  we  have 

where  V^  is  what  7^  becomes  when/,(Ui,  u^*  ^>  •••  ^n)  is  sub- 
stituted for  a^,  that  is  V^  is  the  value  of  V  expressed  in  terms 
of  tip  u^t  a^,  ...x^'y  and  we  have  now  arrived  at 

Continuing  this  process  of  changing  the  order  of  integration 
so  that  dx^  is  transferred  to  the  end,  and  then  exchanging  the 
variable  3^  for  ti,,  etc.,  we  finally  arrive  at 

where  7^  is  the  value  of  7  when  all  letters  of  the  a?-group  in 
7  have  been  replaced  by  letters  of  the  u-group,  that  is 
7ns7',  say. 
Now  it  has  been  seen  that 

du^    du^   du^      dUn 
the  Jacobian  otx^tX^y...  x^  with  regard  to  tip  ii^, ...  u^ ;  and 


J=(-l)n 


dF^     dF^      


t 


ZF.     dF. 


dF. 


I    ... 


dF^      'dFj        aPj 

3^^     ^^       

BsTj       Bx^         BX| 


3x, 
dF 


s 


dF^      ^F. 


or 


SUj '     ^tl,'  '"  9u„ 


aJ. 


3x^       Bx^         3x, 


where  in  forming  the  numerator  all  letters  of  the  x-group  are 
oonriderad  eontteatb  and  in  the  denominator  all  letters  of  the 

eonstani. 


THE  VANISHING  OF  J, 


37 


Hence,  we'  have  finally, 

o(x^,  X^,  ...  Xfj 

843.  Ex.     If         xtt+yi;  =  a«,\  ,     ^, 

_  ^  _/x    f  0^  ^"^  connecting  equations, 


xu- 

XV 


J= 


„«  +  e;2-      (M«+t^)** 


Comp«re  the  process  of  Ex.  8,  Art.  831. 

844.  The  Vaaiihiiig  of  J. 

It  may  be  noted  that  the  vanishing  of  J  would  imply  that 
when  Xj,  2,, ...  x^  are  regarded  as  functions  of  u^  tig,  ti,, ...  , 
there  would  be  some  identical  relation  amongst  the  members 
of  the  x-group  of  variables ;  and  if  J  were  infinite,  we  should 
have  /'=0,  and  there  would  be  some  identical  relation  amongst 
the  values  of  u^,  Uj, ...  u^  as  expressed  in  terms  of  2^,  x^^  ...  x^^ 
(Art  547,  Differential  Calcultia),  We  have,  however,  assumed 
all  our  several  connecting  equations  jPj=0,  jP2=0,  ...  jP„=0,  to 
be  independent  relations,  so  that  no  such  identical  relation 
can  occur  amongst  either  set  of  variables. 

845.  Bemarks. 

It  may  be  useful  to  call  attention  to  the  fact  that  in  the 
geometrical  treatment  of  Arts.  792  and  794  for  double  and 
triple  integrals  respectively,  the  new  element  of  integration 
waa  formed  and  the  variables  were  changed  to  the  new  group 
aB  together.  In  the  general  proof  of  Art.  842,  the  original 
variables  were  exchanged  for  the  new  variables  one  at  a  time. 
When  a  geometrical  method  of  determining  the  new  limits 
18  not  available,  this  consideration  will  often  be  useful  for 
their  proper  assignment,  and  may  be  used  when  other  means 
m  wanting.  But  the  process  followed  out  in  detail  is 
leoeimlly  tedious,  as  every  change  in  order  of  an  integration 
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as  well  as  every  exehango  of  a  new  variable  for  an  old  one 
necessitates  in  general  a  readjustment  of  the  limits  of  each 
integration. 

846.  Examples  in  which  Multiple  Integrals  of  Order  higher  than 
the  Third  occur  in  Physics. 

Multiple  integrals  occur  frequently  in  researches  of  physical 
nature,  of  higher  degree  of  multiplicity  than  the  third.  For 
instance,  in  the  problem  of  the  illumination  of  one  surface  by 
another,  the  two  surfaces  being  such  that  every  point  of  the 
one  can  be  seen  from  each  point  of  the  other,  the  quantity  to 
be  evaluated  is  the  quadruple  integral  * 


JJJJcoay^'^^ 


where  dS,  dS'  are  the  elements  of  the  two  surfaces ;  <p,  </>'  the 
angles  which  the  outward  normals  make  with  r,  the  distance 
between  dS  and  dS\  and  the  integration  is  to  be  conducted 
over  each  surface.  In  such  case,  the  limits  form  two  separate 
groups,  the  one  referring  to  surface  S,  the  other  to  surface  S\ 
and  if  any  transformation  of  variables  be  required,  a  new 
assignment  of  limits  being  required,  they  will  be  available 
from  geometrical  conditions  for  each  group. 

Another  illustration  from  Physics  is  in  the  mutual  potential 
of  two  attracting  systems,  which  for  a  continuous  distribution 
of  matter  in  regions  P,  Q  has  for  its  expression  the  sextuple 

where  pp  is  the  volume  density  at  a  point  p  of  the  region  P ; 
pg  the  volume  density  at  a  point  q  of  the  region  Q ; 
drp,  drq  elements  of  volunie  at  p  and  q,  and  r^^  the 
distance  from  p  to  q. 

In  this  case  also  the  system  of  limits  will  be  two  separate 
systems,  the  one  ensuring  summation  through  the  region  P 
and  the  other  tlirough  the  region  Q.  And  if  any  change  of 
variable  be  required  to  facilitate  integration,  necessitating  a 
new  assignment  of  limits,  they  will  be  available  as  in  the 
former  case  from  the  geometrical  conditions  for  each  group. 


•  K 


See  Herman,  OtometriccU  Optics^  Art.  157. 
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847.  Case  of  Implicit  Belations. 

If  in  Art  839  Equations  (1),  (2), ...  (n)  had  not  been  supposed 
to  express 

Xi  explicitly  as  a  function  of  Ui,  Xf,x^, ...  x, 
Xs  explicitly  as  a  function  of  U|,  Ug,  x,, ...  x, 

etc., 

bat  had  been  given  as  implicit  relations,  viz. 

<t>i(ui,  Xi,  Xs*  -••  ^n)      =0  ...(1),  in  which  u,,  u,, ...  u^  are 

eliminated, 

^i(^i»  ^t*  ^t»  ^s>  •••  ^fi)=0  •••(2)>  >i^  which  Xi,  Ug, ...  u^  are 

eliminated, 

^t(**i.  **!»  <*t»  «,, ...  a;J=0  ...(3),  etc., 

etc., 

we   have  in  the  subsequent  work,  from  equation   (1),  con- 
sidering Xi,  x^f...x^€Ls  constants, 

and  from  equation  (2),  considering  u^,  X3,  x^, ...  x„  as  constants, 

'dXi 
and  so  on. 

And  we  finally  obtain  in  the  same  way  as  before, 


II 


...iVdxidx^...  dx. 


301    302   30»      301 


=(-i)«ff   fr^'  ^*  ^ 
^     ' JJ "J    3«.  ?^  3*. 


s       o0« 


dxi    BXf    3X3      3x,| 

848.  For  example,  taking 

0i  =  f*-jr*-y*-z*  =0  (containing  ^,  y,  jr,  r^ 
0,  =  r*8in*^-:K*-y'=O  (containing^,  jr,  r,  ^), 
0,s rain  ^008  0-4?  »0  (containing  jr,  r,  (^,  0). 
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Then  we  have 

_      ff  fir»8r.  Sr* gin  g cos  g(- rain  grin ^)j_ja.»^ 
-~j}j^  (-2«)(-2y)(-l)  **"'** 

JJJ      mB0»\n<l>,rcoa0  ^ 

=  -jjjrf»smedrdetUI>, 
as  we  should  expect ;  see  Ex.  2,  Art.  840,  and  elsewhere. 

849.  Example  of  AfHrignmant  of  Limits. 

Ex.  As  an  example  of  the  assignment  of  limits  in  a  multiple  integral, 
let  us  take  two  squares  of  sides  2a  in  parallel  planes  at  distance  c  apart, 
the  squares  being  placed  so  that  they  form  the  ends  of  a  rectangular 
parallelepiped  of  square  section,  and  let  us  find  the  mean  value  of  the 
tquaret  of  the  dietances  of  points  on  the  one  $^[uare  from  points  on  the  other. 
By  a  mean  or  average  value  we  shall  suppose  to  be  meant  that  each 
square  is  divided  up  into  equal  small  elements,  and  the  sum  of  the 
squares  of  the  distances  apart  is  to  be  divided  by  their  number,  ue,  if 
there  be  n  such  elements,  and  r^  be  the  distance  between  two  of  them  at 

P  and  at  Q  respectively,  =1J!S,  ot*,  which  is  the  same  thing,  =^^.    f     ^ 

if  &9^  and  &S«  be  the  elements  at  P  and  Q ;  and  in  the  limit,  when  n 
becomes  infinitely  large,  we  have 

/■f/7r«,rfS,dS, 
'^:•>V7 .    (S«e  Chapter  XXXVI.,  Art  1667.) 

Let  O,  O*  be  the  centres  of  the  squares,  and  take  O  for  origin  and  axes 
of  X  and  y  parallel  to  the  sides  of  the  squares. 

Divide  up  each  square  by  families  of  lines  parallel  to  the  axes,  and  let 
{x^  y,  0),  (af^  y\  c)  be  the  respective  coordinates  of  P  and  Q.  Then  the 
Mean  Value  required  is 

/j//[(^-^')'  +  (y-y')»  +  c»]dr'd/dLrdy 

jjjjdx'dy'dxdy 

Now  keeping  the  position  of  Q  fixed,  we  may  add  up  all  the  elements 
rj^&rfy  in  a  strip  between  x  and  x+&r,  by  varying  y  from  —a  to  +a, 
keeping  j/,  y,  x  constant.  Then,  still  keeping  ^,  y'  constants,  we  may 
add  up  all  the  strips  in  the  square  A  BCD  which  lies  in  the  x-y  plane,  by 
integrating  with  regai'd  to  x  from  x^s-ato  x^-\-a.  We  have  then 
completed  the  summation  of  all  such  quantities  as  r^dx'dy'  for  all 
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potitiotii  of  P  in  the  square  A  BCD.  In  the  same  way  we  may  add  up  the 
results  of  these  integrations  for  various  points  of  the  square  A'BC'D^ 
by  integrating  with  regard  toy  from  -a  to  +a,  keeping  af  constant  to 
add  up  the  elements  in  a  strip  between  x'  and  4?'+&p^  And  finally  in- 
tegrating with  regard  to  x*  from  -  a  to  +  a  will  add  up  the  results  for  all 
the  strips  in  the  square  A'BC'U  and  will  complete  the  integration. 

c  y_      D' 


8  y^, 

Fig.  312. 

And  the  same  with  the  denominator.    The  result  for  the  denominator 
is  obviously  the  product  of  the  two  areas,  t.e.  4a'  x  4a*  or  16a*. 
The  numerator  is 

and  it  will  save  some  trouble  to  observe : 

(1)  That  for  every  term  xr'&r'Sy'&rSy,  there  is  another  term 

Hence  such  a  term  contributes  nothing  to  the  value  of  the 
integral,  and  the  same  with  the  yy'  term. 

(2)  That  obviously 

Hence  it  will  be  sufficient  to  attend  to  the  value  of  one  of  them, 

and  quadruple  the  result 
Now 

( J ^  r^dx'd/dxdy^rrr^ax'dx'dy'dv 

Hence  the  value  of  the  numerator  is 

4(Va«)+c«.16a«, 
4a«+3c« 


and 


jr= 
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It  follows  that  the  mean  of  the  squares  of  the  distanoes  from  any  point 

of  a  square  to  any  other  point  of  the  same  square  is  — ,  by  putting  e^O. 
[Also  see  Art.  1657  and  Art.  1658,  Ex.  2.] 

850.  A  Oonsideration  nseftil  for  the  Simpliilcation  of  some 
Tramformation  Fonnnlme. 

Let  a  multiple   integral   II...I  Fc^u^e^Us ...  c^u^   be   trans- 
fonned  in  two  ways : 

(1)  to  a  set  of  variables  Xp  x^t  ...x^\ 

(2)  to  a  set  of  variables  fp  it* '"in* 

And  suppose  these  two  sets  are  linearly  connected  with  each 
other,  the  transformation  formulae 
for  the  linear  connections  being 
given  by  the  transformation  scheme 
in  the  margin.  And  let  the  two 
results  be 

||...|F,  Jitfairfog  "-dXn 

and  [[...[F,J,rffjrf^2...rf^n. 

Then,  the  Jacobian  is  a  co variant  of  Up  Uj. ...  u^ ;  we  have 


f. 

^t 

(z 

^l 

'. 

m, 

«i 

x^ 

k 

tiij 

»« 

«3 

h 

m. 

»» 

•  •  • 

•  •  • 

•    •    • 

■    •    • 

Jt^Jl 


^1  >       ^2  >     •  •  • 


(Dif,  Calc,  Art.  546), 


fjL  being  the  transformation  modulus.     And  that  the  above 
expressions  are  equal  may  be  seen  by  transforming  directly,  for 


dx^  . . .  dxn 


and  the  results  are  identical,  as  might  have  been  expected. 

It  follows  that  if  a  transformation  be  proposed  to  a  set 
of   variables  ^p  i^,  ^g,...,  a  transformation  to  another   set 
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x^,  x^,  x^,,..  may  be  substituted  for  the  former,  i^'here  a 
suitable  choice  of  linear  connection  between  the  former  and 
the  latter  sets  may  sometimes  be  made  to  simplify  the 
working. 

851.  For  example,  if  the  transformation  formulae  proposed  be 

«i = (A(  +  Bri)  sin  (Cf  +  DiyX 

we  shall  have  the  same  result  as  if  we  transform  with  the  easier  formulae 

«j=jr8iny,|^ 
Ujssxcosy,  j 

for  which  the  Jacobian  is  obviously  —x^  and  multiply  the  result  by  the 
modulus  ili)-BC 

Thus  |jvdu^d^l^^  -  j (Vixdxdif 

^-{AD-  BC)jj  V^(A$  +  Brj)  d$  dri, 

thus  avoiding  the  more  troublesome  evaluation  of  the  Jacobian  with 
regard  to  ^,  rf. 

852.  Speaking  of  the  result 

Lacroix*  remarks :  "Ce  resultat  a  4t4  donnee  pour  la  premiere 
fois  par  Lagrange  en  1773.  Mais  Legendre,  en  1788,  en  a 
fait  des  applications  que  Lagrange  n'avoit  point  indiqu^s." 
This  application  referred  in  part  to  the  analytical  proof  of  a 
theorem  with  regard  to  the  attraction  of  a  spheroid. 

llie  corrcvsponding  result  for  a  double  integral  had  been 
employed  by  Euler  in  1769. 

Many  references  with  regard  to  the  history  of  the  subject 
are  given  by  Todhunter,  Integral  Calculus,  Art.  251.  There  is 
a  valuable  table  of  references  in  Lacroix's  Calc,  Diff,  et  Int., 
vol.  ii.,  prefixed  to  the  volume,  which  may  be  useful  to 
students  interested  in  the  subject  and  desiring  to  consult  early 
writers. 

•  Lacroix,  Calcul.  Diff.  et  Int.,  vol.  ii.,  p.  206. 
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PROBLEICS. 

1.  If  the  reeUngaUr  eoordinatet  of  a  point  are 

2;sa  +  e^00t«,      f^P-^-^unm^ 

fhow  that  the  area  inelnded  between  the  ecmres  «,,  P^^  «,,  /S!,  is 

l(-,-S)(2ft-^-2ft+«>*). 

[liAni.  Tbip.,  1873.] 

2.  Integrate    Il2^ir</|r  orer  the  space   endoeed  by  the  four 

parabolas         ^^iax,    i/^  —  ibz,    a^^4af,    x^-idff. 

[Tuifirr  CoLU,  1882.] 

3.  The  foar  curves  tf^^az^  y^&B*,  y»<3^»  f-dafi  intersect  in  four 
points,  excluding  the  origin,  and  thus  form  a  curvilinear  quadri- 
lateral ;  prove  that  its  area  is 

12^  '\<?    d^J  [OxvoRo  U.  P.,  1901.] 

4.  An  area  is  bounded  by  those  portions  of  the  four  rectangular 
hyperbolae  xy^^^a^  xy^  a'*,  x*  -  y*  « c*,  x^~  y^-d\  which  lie  in  the 
first  quadrant.  Every  element  of  the  area  is  multiplied  by  the 
square  of  its  distance  from  the  centre.  Prove  that  the  sum  of  all 
«ich  producu  u  ^^^,_ ^„j(^, ^ ^,,j         ^j  ^  ^^ ^^^   ,^  J 

5.  If  the  surface  density  a-  of  the  area  in  the  first  quadrant 
bounded  by  j^^y-  „  a^''^    af  /  =  ft,'+^, 

be  given  by  (rxy^ky  show  that  the  mass  is 

^(m  +  »)(y  +  v)       0.         t 
mq-np         ^  a^      ^  b^ 

6.  Change  the  variables  from  x  and  y  to  u  and  v  in  the  double 
integral  «! 

faf« 

I    \i>{^yy)dxdy, 
where  xy  -  u«,  a;*  +  y^  « t;-*.  [St.  John's,  1882.] 

7.  Show  that  in  I  I  f(x,  y)  dx  dy  all  terms  in  /(«,  y)  may  be 
omitted  which  contain  an  odd  power  of  x  or  y. 

Find  11      (a?  +  y)  cos  (?ni:  +  ny)  dx  dy. 

I        r-5 9    •  ov«i  by  the  substitution 

^■li^  yiV  =  Vx^  +  y^  +  aVa, 
and  show  that  its  value  is  ir/4\/2.  [Oxford  II.  P.,  1903.] 


[Trinity  Coll.,  1881.] 
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9.  Change  the  order  of  integration  in 

Fdxdy. 


a 


[9t.  John's,  1889.] 


10.  If  ay  =  f,  x^-y*^ri  transform  I    I    l^dxdy  so  that  in  the 


result  we  integrate  first  with  regard  to  f  and  then  with  regard  to  17. 

CR.P.] 

11.  Change  the  order  of  integration  in  the  expression 

,    Vdxdy, 

also,  chan^  the  variables  to  f  and  tj  where  x'  +  y'  =  i7,  $x^ctf,  without 
assigning  the  new  limits.  (It  may  be  assumed  that  k  is  greater 
than  h.)  [St.  John's,  1888.] 

12.  Prove  that 


i\ 


the  integral  being  taken  for  all  positive  values  of  z  and  y  such  that 

a>     ^  [CoLLBOBs,  1886.] 

13    Express  1 1/(2,  y)dxdy  in  terms  of  r  and  ^,  where  x^r  cos 6^, 
y  "  r  sin  ^. 


Change  the  order  of  integration  in 

n**     f{x,y)dxdy. 


[CoLLEOKS  a,  1883.] 


14.  Change  the  order  of  integration  in 

15.  Change  the  order  of  integration  in 


/(x,  y)  dy  dx. 


[St.  Jobn>,  1892.] 


^r^]fir.e)dOdr. 

JoJaiec'J 


16.  Change  the  variables  from  2,  y  to  11^  v,   where  x'  +  y'^tt) 

xyar,  and  find  the  limits  in  the  new  integral  when  integration  is 

extended  over  the  positive  quadrant  of  the  circle  x^+y'-a^ 

[St.  Jobh'b,  1881.] 
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17.  Change  the  order  of  integration  in  the  integral 

Fdxdy, 


fi 


a 

where  c  is  less  than  a.  [Colliors  a,  1888.] 

18.  Change  the  order  of  integration  in 

\{     Udxdy, 

Jo  J  Wa«-«' 

U  being  a  function  of  x  and  y. 
Express  the  same  integral  in  polar  coordinates.    [Collkob  a,  1886.] 

1 9.  Show  that 

Jo  JV2ax-s«  imJii-ay 

when  f»^,     ^=^; 

and  change  the  order  of  integration  in  the  latter  integral. 

[Colleges  /9,  1889.] 

20.  If  the  density  of  a  plate  be    ^^  g,  show  that  the  mass  of  the 

part  enclosed  by  the  curves  x^-y^^a^  x^-y^^p,  ^"^fi  ^H^^  ^s 

tJi[^(^  dudv 

Show  whether  this  gives  the  mass  of  one  of  the  areas  between  the 
two  curves,  or  of  both.  [Colleges  a,  1883.] 

21.  Change   the  variables   from   (a:,  y)  to  (»/,  v)  in  the  double 

integral  1 1  <^(j;,  y)  <fe  dy,  where  x^  +  y^  =  u,  xy  =  v,  and  the  integration 

extends  over  the  area  bounded  by  the  straight  lines 

y^x,     ar  +  y=l,     y  =  0, 
obtaining  the  new  limits  on  the  supposition  that  the  order  of  inte- 
gration is  first  u  and  then  v.  [Colleges  a,  1870.] 
Verify  your  result  by  evaluation  of   the  integral  for  the  case 
when  <^(a;,  y)  =  1. 

22.  Change  the  variables  from  x  and  y  to  f  and  rj  in  the  expression 
llrrfj;rfy,  having  given  <<>(ir,  y,  f .  >;)  =  0  and  i^(x,y,  (,rj)^0. 

Show,  by  transforming  to  polar  coordinates,  that 

'2     *fV2     *       dxdy  ^      .sec  a -cos  a 

'  ^ — T  =  tan-i s 

(x«  +  y2  +  c*)*  2 

[Trinity,  1882.] 


r  r 

Jo  Jo 


■***'■••"'  ■   -  — 
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23.  If  r,  /  be  the  distances  of  a  point  in  the  plane  of  reference 
from  two  fixed  points  at  a  distance  2c  apart  on  the  axis  of  x,  then 
between  corresponding  limits  of  integration 


I  [2cy(ia;rfy=  fffr'rfrrfr'. 


[Oxford  II.,  1886.] 

24.  Prove  that 

r dx ['dy F(x,  y)  =  [ dx [' dy F{1  -yj-x), 
Jo     Jo  Jo     Jo 

and  hence  deduce  that 

[Sylvester.] 

25.  Prove  that 

['dx  ['dzf'{z)  4>{x-2)^  ['dz {f(z)  -/(O)}  <f>(x -  z), 

Jo      Jo  Jo 

[St.  John's,  1885.] 

26.  Transform  the  integral  I  Fdx  dy  by  the  substitution 

z^ccos^coshi?,    y  =  c  sin  {  sinh  17. 

[C0LLKGKS7,  1890.] 

27.  If  tt  +  rs/^  =4t{x  +  y^/-  1),  pi-ove  that 

when  V  is  the  result  of  substituting  for  j,  y  in  terms  of  v,  v  in  V. 

[Colleges  a,  1881.] 

28.  If  2; «  a  sin  a  cos  f  cosh  rj  and  y^a  sin  a  sin  ^  sinh  tj,  transform 

I  {{x-aB\nay-\-y^-^dxdy 

Jo  Jo 

into  an  integral  in  terms  of  £  and  17,  and  evaluate  the  new  integral. 

x'n     |/2     ;jS  cr 

29.  If  -1+12+ 3«1  and  S^^^Udxdy'Jl -^p^  +  q^,  transform  the 

variables  in  the  integral  to  6,  </>,  where 

a; ~ a  sin  ^  cos  <^,    y^b  sin  6  sin  </>. 

[Ivory,  Phil.  Trans.,  1809.] 

30.  Prove  that  the  assumptions 

r^  =  r  cos  ^1 , 

2:3  ~r  sin  djcos^j, 

fl?„.,  =  r  sin  ^j  sin  ^j . . .  sin  6^„_2  ^^^  ^n^i  1 
x^^r  sin  ^j  sin  ^j . . .  sin  ^„«2  sin  ^„_ j , 
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will  transform  the  integral  1 1 1  •  •  •  ^^i  dx^dx^.»» dx^  into 

±  f f  f ...  F'r*-i8in"-«^i  8iu"->^,...8in  O^^drdS^  "dO^.^. 


31.  Show  that 


[Clabb,  bto.,  1881 ;  Todbuntbr,  Ini,  Oalc,  p.  241.] 


48  f  f  f  (««  +  y«  + ;?«)  dc  rfy  rf?  -  5ira* 


for  positive  values  of  z,  y,  z  limited  by  oj^  +  y^  '4:az  and  >a*. 

[OxfobdII.  p.,  1889.] 

32.  Prove  that 

1 J  J  J  3    2    '^'^^^^^°2(i;r^)'^«- 

[G0LLKGIS7,  1882.] 

33.  Two  given  rectangular  hyperbolae  have  the  same  asymptotes ; 
two  other  given  rectangular  hyperbolae  have  also  common  asymp- 
totes, one  of  which  coincides  with  an  asymptote  of  the  first  pair, 
while  the  other  is  parallel  to  their  other  asymptote.  Show  that  the 
area  of  the  curvilinear  quadrangle  formed  by  the  four  hyperbolae 
is  the  same,  whatever  the  distance  between  the  pair  of  parallel 
asjrmptotes.  [Math.  Tbipos,  1895.] 

34.  Transfonn  the  double  integral 

sf^^f/^'-^dydz 

by  the  formulae  x  +  y-u,  ysur,   showing  that  the  transformed 
result  is  0  m 

I  I  nin+«-l(l  _  ^)m-l^n-l  ^u  dv. 

[Jaoobi,  OreUe's  Journal,  torn,  xi.] 

35.  If  u^x^u^v^,     W2y  =  V*P    V^'h'^a* 
prove  that  1 1 1  Fefa;  (fy  (;?0 

is  transformed  into        4  1 1 1  F^  (fu^  du^  dtt^. 


fi= 


[OXFOBD  II.  P.,  1886.] 


36.  Show  that 


J.       J.       (*»+y')*    ^     *^«^2 

and  both  from  geometrical  considerations  and  by  direct  evaluation, 
show  that  this  integral  is  equal  to  the  integral 

^a        W2a«-y«        dx 

1.  '"l     ¥^*- 


y/ 


[OXFOKD  I.  P.,  1912.] 


CHAPTER  XXIV. 

EULERIAN  INTEGRALS,  GAUSS'  H  FUNCTION,  ETC. 

853.  The  Original  Forms  of  the  Eulerian  Integrals. 
The  properties  of  the  two  important  integrals 


?-i 


were  the  subject  of  several  remarkable  memoirs  by  Euler. 
His  investigations  were  published  in  the  InstitiUiones  Calculi 
Integralis,  1768-1770,  and  are  of  great  importance  in  the 
general  theory  of  Definite  Integrals     The  notation  above,  viz. 

f ^ j  and  \^u  is  that  used  by  Euler,  and  the  above  forms  are 

those  in  which  the  integrals  were  studied  both  by  Euler 
and  Lagrange.  In  each  of  these  the  value  of  the  integral 
was  supposed  to  change  by  the  variation  of  p  and  q;  the 
It  which  occurs  in  the  first  integral  was  supposed  to  be  a 
constant. 

Legendre,  for  the  purpose  of  characterising  these  integrals 
and  honouring  their  great  discoverer,  named  them  "  Integrates 
Eul^riennea"  ♦  The  second  part  of  Legendre's  Exercices  de 
Calcul  InUgral  is  devoted  to  a  discussion  of  their  propei-ties. 

He  adheres  to  the  notation  f -j  for  the  first  integral,  but 

suggests  the  notation  rf -j  for  the  second,  regarding  r(a)  as 

a  continuous  function  of  a, 

*  Bjcerdeet  de  Calcvl  Integral,  par  A.  M.  Legendre,  1811,  p.  211. 
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854.  The  More  Convenient  Modem  Fonns. 

The  above  forms  of  the  integrals  are  not  the  most  convenient 
in  practice.  Taking  the  first  integral,  write  «*=y,  and  put 
p=td,  q=nm. 

Then 

^    n   xp-'dx     n^"    ny^^  in  .  ,,,     ^ , , 


(1-.T^) 


(1-y) 


Taking  the  second  integral  and  writing  log-=y,  that  is 
z^e-y,  and  putting  -=n, 


--1 


855.  Definition. 

We  shall  therefore  define  the  First  and  Skcond  Eulerian 
Integrals  as 


and 


B(^w)=f  a/-i(l~x)«-irfa? 
Jo 

Jo 


and  refer  to  them  respectively  as  the  Beta  and  Gamma 
Functions.  This  is  now  the  commonly  accepted  notation  and 
nomenclature. 

856.  In  Gregory's  Examples  (p.  470),  the  digamma  F(^  m) 
is  used  to  denote  what  we  have  above  defined  as  the  Beta 
function.     It  will  be  observed  that  B(Z,  m)  is  n  times  the 

integral  discussed  by  Euler,  that  is  nf^j. 

We  shall  assume  in  our  subsequent  work  that  all  the  quanti- 
ties I,  m,  n  are  positive  but  not  necessarily  integral,  and 
further  that  they  are  real  unless  the  contrary  be  expressly 
stated. 

857.  The  Beta  Function  is  Bsmunetric  in  /  and  m,  that  is, 

B(/,  m)=H(m, /). 
If  in  the  Beta  function 

B{lm)^{^  3f-'^{l-x)'^'-^dT 
Jo 
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we  write  1— y  for  z,  we  obtain 

Jo 
whence  it  appears  that  B(I,  m)  is  a  symmetric  function  of 
I  and  m,  the  I  and  m  being  interchangeable  and 

B(«,m)sB(m,  Z). 

This  property  might  be  exhibited  by  writing  B(/,  m)  as 

858.  Case  when  /  or  m  is  a  Positive  Integer. 
When  either  of  the  two  quantities  Z,  m  is  a  positive  integer, 
the  integration  is  expressible  in  finite  terms. 
Suppose  m  is  a  positive  integer, 


B(i,  m)=rx'-»(l-x)"-i(te, 
Jo 


and  by  continued  integration  by  parts 


=[^(l_a,)«-i 


aJ+t 


+ 


1(1+^ 


(m-l)(l-x)"-» 
i(H-l)a+2)('"-^>("-2)(l-x)«-»+... 

(m-1)! 


1(1+1)...  (i+m-1)* 
Similarly,  if  I  be  a  positive  integer, 

(Z-1)! 


B(I,  m)=; 


m(m+l)...(m+Z-l)* 
and  if  both  be  positive  integers, 

^<''  "*' (J+m-1)!    • 

859.  Varions  Forms  of  the  Beta  Function. 

The  Beta  function  may  be  thrown  into  many  other  forms 
by  a  change  of  the  variable,  and  therefore  many  other  integrals 
are  expressible  in  terms  of  the  Beta  function. 
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X 
^     a 


Thus:  (1)  Let 

Then  B(I,m)    ^'^y^'^l-yr'^dy 

Pa;'-Ma-a;)'»-^=a'+*'-'B(/,  m). 
Jo 


Hence 
(2)  Let 
Then 


y= 


1 


Jo 

^p     1     /  X  Y'^        dx 


dx, 


(l+a;)'+« 
and  since  I,  m  are  interchangeable  this  must  also 

'0  " 


-f 

Jc 


dx, 


which  would  have  appeared  immediately  if  we  had  made  the 

X  1 

substitution  y==^r-, —  instead  of  y=-r-, — • 

1  +  05  1+05 

Note  also  that  the  symmetry  in  I,  m  may  be  exhibited  as 


10  (i+xy-^^ 

whilst  for  all  positive  values  of  I  and  m  we  have 


r 

Jo 


dx=0. 


lo  (l+x)'+« 
So  that,  for  instance, 

(3)  Putting      ^^=~.    dy=a(a+l)     ^ 


(x+a)*' 
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Jo 
=£  (»+''>'-(if-a)'"''^"'(iT-a)""''<«+^) 
^        '  Jo     {a+xy 


dx 


(x+a) 


2 


Hence 


P  a^-i(l-a;)>^-i  B(t,  m) 


This  is  Abel's  transfonnation  ((Euvres,  Vol.  I.,  p.  93). 

(4)  Put  y=^. 

Then         B(I,  m)  s  [ '  y'->(l  -y)«-iiy 

Jo 

and  [*  (a;-6y-*(a-x)"-^<fa=(a-6)'+«»-»  B(Z,  m). 

Here  the  limits  have  been  changed  to  any  arbitrary  con- 
stants a  and  6. 

(5)  Transform  by  the  formula =a—b. 

X     y 

Here  the  limits  remain  unaltered,  for  if  y=l  we  have  a;=l, 
and  if  y=0,  x=0, 

=  r  f        feg        V"^/    a(l-a;)    y^^        a6da; 
Jo  {a+(6-a)a;y+'" 

also  obviously  £  ifc^^rffy!.  ^=^  B(/.  m) ; 
and  if  we  write  a--6=c, 


i 


>a:'-«(l-x)— '  1       „,,      . 
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(6)  In  the  last  transformation,  put  2=siu^d. 

,»,        f^     sin"-»flco8''"-»fl     ^   .    ^        .  ,^       ^    T>n      ^ 
Jo(acos*0+6sin-0/+'"  a"*©*    ^       -^ 

.        f^     Hin«-»flco8'"-^fl     ^^        1    ^^,      . 
'•*•    Jo(acos*0+6sin^0y+-'''^""2ii^t'^^^'''*^' 

/,  m,  a  and  6  being  positive  constants. 

(7)  /=|  sinP 6  con^ 6 do  is  expressible  in  the  same  way  in 
terms  of  a  Beta  function. 


Let 


sui6=Jx,     i.e.  coH  0(10= — -^dx. 

2y/x 


7-1 


0  2y/x 


=^ 


=  ^\    X 


4±i-l 

(1-x)  ^       dx 


This  also  follows  from  No.  (6)  by  putting  a =6=1. 

860.   Properties  of  the  Gamma  Function. 
Consider  next  the  Gamma  function,  viz. 

Jo 
Integrating  by  parts 

and   whatever   n   may    be,   provided   it    be    finite   and   >1, 
--x""^«~*  vanishes  at  both  limits. 

Hence  r(/i)  =  (n-l)r(7i-l). 

Similarly,  ]'(/i-l)=(;i-2)r(w~2), 

and  so  on. 

in  the  case  then,  where  n  is  a  positive  integer, 

r(n)=(7i-l)(7i-2)(7i-3)...3.2.ir(l), 

and  ^(^)=J    «"'^=|  -^'~H   =1. 

whence  r(7i)  =  (7i  — 1)!  in  that  case. 


^m      ^ 
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861.  Working  Properties. 
We  then  have  the  properties 

r(n+l)=7ir(n),     I. 

r(l)=l;    II. 

and  when  n  is  a  positive  integer, 

r(n+l)=n!    III. 

The  Gamma  functions  of  the  positive  integers  are  then 

r(i)=i. 

r(2)=i.i=i, 

r(3)=2r(2)=i.2. 

r(4)=3r(3)=1.2.3, 

r(5)=4r{4)=l. 2.3.4, 
etc., 

from  which  a  rough  idea  of  the  march  of  r{x)  as  a  continuous 
function  may  be  inferred,  viz.  a  minimum  existing  somewhere 
between  x=l  and  x=2,  and  then  after  x=2  a  quantity 
increasing  more  and  more  rapidly. 

862.  In  any  case  the  equation  T(n+l)=n  T{n)  furnishes  a 
means  of  reduction  of  the  Gamma  function  of  any  number 
greater  than  unity  to  a  Gamma  function  of  a  number  less 
than  unity. 

For  instance 

r(-y-)-yr(V-)-V-yr(y)=y-VSr(f)=v-.-vtir(S) 

That  is,  the  Gamma  function  of  any  number  greater  than 
unity  can  be  connected  with  the  Gamma  function  of  a  number 
which  is  not  greater  than  unity ;  so  that  it  is  already  obvious 
that  when  we  come  to  the  calculation  and  tabulation  of  the 
numerical  values  of  Gamma  functions  it  will  be  unnecessary 
to  tabulate  r(a:)  for  any  values  of  a;  except  those  which  lie 
between  0  and  1. 

8G3.   A  Caution. 

The  student  should  guard  against  the  idea  that  the  equations 

r(x)=  \e"'v*'^ dv    and    T(x+\)=xT(x) 

are  co-equivalent.    Tliey  are  not  so.    The  latter  is  a  conse- 
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quence  of  the  former,  not  the  former  of  the  latter.    The  latter 
is  a  functional  or  difference  equation,  viz. 

<^(x+l)=Xif>{x)    or    fi^^i^xtig, 

and  such  equations  may  have  many  solutiona     What  is  proved 

is  that  tA,=  I   er^if'^  dv  is  a  particular  solution  of  u^^=xug. 

Jo  !•• 

But  so  also  are  iil  er^tf^^dv  when  A  is  any  oonstant,  or 

Jo 
such  an  expression  as 

^+Jcos*2xxr 

where  A,  B,  G,  D  are  constants,  for  these  multipliers  are  not 
altered   when  x  is  increased  by  unity.     Nor  does  it  follow 

that  I   er^if-^dv  occurs  as  a  factor  in  all  solutions  of  the 

Jo 
difference  equation. 

The  solution  of  u^+i=xug  is  obviously 

Ax(x-'l)(X'-2)  ...(r+l)rur 
when  A  is  either  a  constant  or  some  arbitrary  periodic  function 
of  X  whose  periodicity  is  unity,  and  which  therefore  does  not 
alter  when  x  is  increased  or  decreased  by  any  integer,  and  Ur 
any  assumed  initial  value  of  u^.  We  shall  return  to  this 
matter  later. 

864.   Transfoxxnation  of  the  Oamma  Function. 
As  in  the  case  of  the  Beta  function,  transformations  of  the 
variable  will  give  rise  to  other  integrals. 

(1)  We  have  seen  that  a;=log-  or  y=e~*  produces 

r(n)=j  a:"-i6^(fa=P(logi)""'dy, 

the  form  studied  by  Euler. 

(2)  If  we  write  kx  for  a, 

e-'^'k^x^-^dx'y 

0 

whence  I   c"**ic'*-^(fa=— r^ 

provided  A;  be  a  real  constant  (see  Arta  1159  to  1162 
and  1327). 


—  —  — J 
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(3)  If  we  pat  T^^y  where  n  is  poeitive, 

I  f "     1 
r(n)=-     e-y^dy\ 

:.  \er^dy=nT{n)=T(n+l). 
Jo 

In  this  case,  if  we  pat  n—i, 

re-*'<ly=r«-'"<fa=jr(J). 

Jo  •'0 

and  this  leads  to  an  easy  calculation  of  r(}). 
For  {ir(i)}«=re-''cfex  \\'^dy, 

Jo  Jo 

and  as  x  and  y  are  independent  variables  and  the  limits 
constant^  we  may  write  this  as 

rre-(^^9^dxdy. 
Jo  Jo 

Now,  regarding  a;,  y  as  the  Cartesian  coordinates  of  a  point 

we  have  to  snm  all  such  elements  as  e'^'^^SxSy  through  an 

infinite  square  in  the  positive  quadrant,  two  of  whose  sides  are 

the  coordinate  axes. 


Fig.  313. 

Transforming  to  polars,  we  have  to  sum 

through  the  same  square.  >: 

Let  x=a,  y=a,  where  a=oo ,  be  the  other  two  sides  of  the 
square.    Then  for  the  portion  of  the  square  which  lies  inside 

the  circle  x*+y*=a^  the  limits  for  6  are  0  and  ? ,  and  for  r 
0  and  00. 
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Hence  the  portion  within  the  circular  quadrant  contributes 

At  points  of  the  square  outside  the  circle  the  elements  are 
never  greater  than  e'**rSd  Sr,  and  when  a  is  made  sufficiently 
great  this  becomes  an  infinitesimal  of  higher  degree  than  the 
second,  and  hence  in  the  double  integration  disappeara  There- 
fore the  portion  of  the  area  between  the  circle  and  the  square, 
exterior  to  the  circle,  contributes  nothing. 

Hence  the  value  of  r(})  is  ±>/ir,  and  as  all  the  Qamma 
functions  are  from  the  definition  essentially  positive  quantities, 

865.   We  may  also  regard  the  investigation  of  I   e""*dtt  as 

Jo 
the  problem  of  finding  the  volume  t  bounded  by  the  plane  of 

x-y  and  the  surface  formed  by  the  revolution  about  the  z-axis 

of  the  curve  z=e~*\  for  this  volume  may  be  regarded  as 


Fig.  314. 

being  built  up  of  cylindrical  shells  whose  axes  coincide  with 
the  2-axis.  The  volume  of  this  solid  is  then  I  2Trudu.z,  where 
u  is  the  radius  of  a  section  parallel  to  the  x-y  plane, 

=  27rl    u«"***  (Zu ='jr. 
Jo 

•  Eulor,  Tom.  V.,  (U«  ancieiM  MimoirM  cU  Piterabourg,  p.  44. 
tAiry,  ErrorB  of  Observation f  p.  12. 
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But  dividing  it  by  planes  parallel  to  the  coordinate  planes 
of  x=0  and  y=0,  the  volume  is  also  expressed  by 

whence  I    e''*dx=    -  . 

Jo  2 

This  gives  another  geometrical  interpretation  to  the  work 
of  the  preceding  article. 

866.   When  n  is  diminished  without  limit  I   e'^af'^dx  be- 

Jq 

comes  infinite.     For  the  formula  r(n+l)=Tir(n)  holds  for 
all  positive  values  of  n.    Hence 

le,     r(0)=oc. 
This   is  also  obvious  from   the   integral   itself.     For  the 

integrand  —  (for  the  case  n=0)  takes  an  oc  value  at  the 

lower  limit,  and  the  principal  value  of  the  integral  becomes 
infinite  (see  Art.  348). 

807.   Connection  of  the  Two  Functions. 

We  shall  next  prove  that  the  Beta  function  is  expressible  in 
terms  of  Gamma  functions,  the  connection  being 

^^''  ™^-  ni+m)  ■ 

Consider  the  double  integral 

/=rf    €-**{xyy-^xe-*jf^dxdy 
Jo  Jo 

[tliat  is  xy  is  written  for  x  in  the  integrand  of  r(0>  &nd  this  is 

multiplied  by  the  factors  of  the  integrand  of  r(m+l)],  i.e. 

Integrating  first  with  regard  to  x,  we  have 


=i:«'-i^ 


+y) 

=  r(i+m)B(/,7n).  by  Art.  859  <2> 
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But  changing  the  order  of  integration,  taking  y  first, 


=  r(/)r(m). 

Hence      ^il^rn)^^,^. 

868.  Dodnctiont. 

It  further  follows  that 


and  therefore  that 


'      r(6+m+n) 


B(i,  m)B(/+m,  ti)=  r(^^.,^^.^)    • 

which  is  a  symmetric  function  of  I,  in,  n.     Hence  we  have 
B(Z,  m)  B(i+m,  n)=B(m.  n)  B(m+n,  0=B(n,  Z)  B(n+i,  m). 
Hence  also 

B(i.  m)B(f+m.  n)m^v.+n.p)=^^J^^^^.  etc 

869.  It  now  follows  that  the  results  of  the  transformations 
of  the  Beta  function  given  in  Art  859  could  be  further  expressed 
as  Gamma  functions. 

Thus 

fig<-i(l--a;)m-i^_       1        ^^^  1        r(Qr(m) 

Jo      (6+ca;)'+~      ""(6+c)'6"»^^^'  '^^""  (6+c)'6"»  r(i+m)  ' 

f^  sin«->gco8«->-'e  ^^_   1   ^,,    ._  1   r(or(m) 

Jo(acos2^+68in«^)'+«^~2a'*[>'^^'^""2i?^  r(i+m)  ' 


f  smi»0cos«0d0=^B( 


_l^/7>+l    q+\\_ 


) 


etc. 


The  last  of  these  integrals  has  already  been  used  in  earlier 
chapters,  for  convenience  of  calculation,  with  a  temporary  and 
limited  definition  of  F. 


THE  INTEGRAL   C  f^dx, 

Jo    1+* 

870.   We  have  also  iu  Art.  859,  Case  2,  the  integral 
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Pat  l+m=l.    Then,  since  r(l)sl,  we  have 

r(m)r(l-m)=|^^dx, 

where  m  is  a  positive  proper  fraction. 

We  have  then  to  consider  this  integral  next. 


871.  The  Integral/ 


"Jnl+a; 


dx  where  0<ti<1. 


The  integration  I    may  be  separated  into  two  parts,  viz. 

Jo    Ji 

In  the  second  part  put  x=  - . 
Then 


Hence 
and  by  division 


y 


~Jo      l+x 


dx. 


1+x  ^      '  1+x 


Hence 


/s  f  (x*-»+a;— )(l-x+a;«-...+(-l)*x*) 

+Ti.-2^«+.-^--(-i)*ifc^+{-')*F:i+T} 

+(-i)*+'jv+'''""^y(fa. 
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Now    C08ec2= 


+ 


+ 


■f...  to  00. 


z     z+ir     z^w     z+2w     z—2ir     z+Sir     zSir 

(Hobson,  Trigonometry,  p.  335.) 
Hence 

1_     1_,_L4.     1 I ^_4.J_J-       f 

n     r+n"^l-n"^2+n     2-n     3+n"^3-n"^" 

IT 


smn^r 


and  since  in  the  limit  when  k  is  made  indefinitely  large  the 

last  term  of  the  series  for  7,  viz.  (—1)*  ? rr  becomes  zero, 

^       '  k—n+l 


the  portion  of  I  within  the  brackets  becomes  — . 

'^  sm  nir 


Also  as  to  the  remainder 


,  viz.  [ 

Jo 


^+1 


.n-l 


+x- 


dXy  we  may 


10  l  +  x 

note  that  as  x  lies  between  0  and  1  and  is  a  positive  proper 
fraction,  a;*+^  is  diminished  indefinitely  by  an  infinite  increase 
in  A;.  If  then  this  integration  be  expressed  as  a  summation 
according  to  the  definition  of  Art.  11,  each  term  of  the  sum- 
mation is  diminished  without  limit,  and  may  be  regarded  as 
an  infinitesimal  of  the  second  or  higher  order  when  k  is 
sufficiently  increased. 

Hence  X<t=«  pa;%-n^*""'+^"'''  dx=0, 

Jo  l-|-a; 

and  we  are  left  with 


I 


€Lx=  — 


ol+^ 


sinn-TT 


where    0<n<l. 


872.   An  Important  Basalt. 
It  now  follows  that 

r(n)r(l-n)  =  -^ 
^  '     ^         '     SID  nw 

As  a  particular  case  put  n= J. 


(0<n<l). 


8in^ 


and 


r(J)=\/^,  as  has  been  seen  before,  Art.  864. 
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Again,  put  n=\. 

ra)KD= 

IP 

.    w 

8in-7 

4 

=  W2; 

■■■  r(!) 

Put  71  =  J. 

KDKS- 

TT 

=  2,r; 

••■  Kl) 

2V 

etc. 
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Hence  r(x)»  r'(f),  etc.,  are  expressed  in  terms  of  Gamma 
functions  of  numbers  which  are  <^;  whence  it  will  appear 
that  if  all  Gamma  functions  were  tabulated  from  r(0)  to  r(i), 
all  others  could  be  found  by  this  theorem,  together  with  the 
theorem  Y(n+l)=nT(n). 

The  result    F  (n)  F  (1 — n)  = ,  was  temporarily  borrowed 

^  '    ^         '     sinnv.  ^  ^ 

in  an  earlier  chapter,  Art.  592,  in  the  calculation  of  a  certain 

arc  of  a  Lemniscate. 

Since     r(l+n)=nF(Ti)    and     F(n)F(l-w)=--^— ' 


this  formula  may  be  written 

F(l  +  n)F(l-ti)=-v 


nir 


8m7Jir 


(0<n<l). 


873.  To  show  that 


n-l 


rG)ra)r©...r(Sri)=e^. 

We  are  now  able  to  consider  the  continued  product 

'-Kl)^a)K!)-r("-=i). 

where  n  Jof  the  present  is  any  positive  integer. 

By  writing  it  down  again  in  the  reverse  order,  multiplying 
the  results,  and  noting  that 


r 

8in  -  IT 
n 


we  have 


P«= 


.    IT     ,    2w     ,    Sir       .    (n— Htt 

sm  -    sm  —    sm  —      sin  ^ '— 

n  p  n  n 
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and  since 
sinnd 


(Hobson,  Trigonometry,  p.  117), 
we  have  in  the  limit  when  0=0, 

n=2*~*  sin  —  sin  —  sm  —  ...  sin  ^ '—. 

f^       n        n  n 

^f»— 1 
Hence  P^= 2"-\  and  P  being  positive,  we  have 

r(l)ra)r(?)...r(--=>)-'i^. 

874.  Gkiiiss'  n  Function. 

Taking  the  original  Eulerian  form  of  the  Gamma  function,  viz. 


r<«)=r,  o^^r*^' 


l—af"  1 

and  remembering  that  Lt^^^  =log-  (Diff-  Cah.,  Art.  21) 

1  X 


we  may  write 


M 


('«4r= 


(l-a^) 


n-l 


1 


+  €, 


where  e  is  something  which  vanishes  in  the  limit  when  fi 
becomes  infinite. 

Let  us  take  /i  as  a  positive  integer. 

Then  r(n)=|  ,i«-»(l -ac^)      dx+V  e dx. 

In  the  first  integral  put  x=y*^. 

Then  r(n)=/i«»f  ^-^{l-yY-^dy+X    edx, 

Jo  Jo 

and  as  /i  is  a  positive  integer, 

Jo^  ^         ^     n(n+l)...(n+/i  — 1) 


Hence 


^  '    '^  n(n+l)...(n+/i-l)    Jo 
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Hence,  making  /x  increase  without  limit,  the  integral  ulti- 
mately vanishes,  and 

or,  which  is  the  same  thing, 
and  writing  n+1  for  n, 

This  limit  is  known  as  Gauss'  11  function,  and  is  written 

"<")=-^''-°^"(n+l^.!in+M)' 
or,  which  is  the  same  thing, 

A..    *■ 


Here  /li  is  integral,  and  n  is  essentially  positive  but  not 
necessarily  integral. 

875.  The  limiting  form  at  which  we  have  arrived  at  the 
end  of  the  last  article  plays  an  extremely  important  part  in 
the  development  of  the  general  theory  of  Gamma  functions. 
It  will  be  very  desirable  for  the  student  to  pay  considerable 
attention  to  it,  and  we  propose  therefore,  in  due  course,  to  con- 
sider at  some  length  the  general  behaviour  of  the  function 

1  .  2 .  3  ...  yu 


/    I  f\/    I  o\/    I  ox      7 — ; — \M*  for  different  values  of  u  and 
(x+  l)(x+2)(a;+3) ...  (x+ax)  ^  '^ 

for  different  values  of  x,  and  the  only  restriction  we  shall 

place  upon  it  at  present  will  be  that  /i  is  to  be  a  positive 

integer,  not  necessarily  large. 

Two  theorems,  however,  are  required  in  dealing  with  such 
expressions  as  will  arise,  viz. 

(1)  Wallis'  Theorem,  which  states  that  when  n  is  a  very 

2  4  6  ...  2n  I 

large  positive  integer,  ,      '    ' — 'j^: =-.  and  •Jnir  become  in- 

finite  in  a  ratio  of  equality,  i.e, 

Tj  2.4.6... 2n         1    ^, 
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(2)  Stirling's  Theorem,  which  states  that  when  n  is  a  very 
large  positive  integer 


1.2.d...n    and    *J2nir .  n* .  e~* 
become  infinite  in  a  ratio  of  equality,  that  is 

The  first  of  these  appears  in  most  treatises  on  Trigonometry, 
for  instance,  Hobson's  Trigonometry,  p.  331,  Ex.  1,  but  scarcely 
appears  to  receive  the  prominence  in  the  text-books  that  it 
deserves.  The  second,  Stirling's  Theorem,  is  less  available  for 
the  student;  hence  these  theorems  are  reproduced  here  for 
present  use. 

876.  Digression  on  Wallis'  and  Stirling's  Theorems. 

Wallis.     Expressing  sinfl  as  Q\\ ijfl  — or-j)  •••  ^  °o  » 

and  putting  0=^,  we  have 

h{'4)('-:^){'4)- 

1.3    3.5    5.7      (2n-l)(2n+l) 
-  22  *   4*  ■    6«  •••  (2n)« 

where  c  becomes  indefinitely  small  when  n  becomes  indefinitely 
large. 

Hence,  when  n  is  large,  we  have 

ll5'.!(2n-l)  =  Vi(^"+^)  ultimately; 
and  since  n  is  very  great,  we  have 

>       2.4...  2n        _1 

^1.3...(2n-l)V^=^' 

and  =— H-^ — '^ Y"\  "^*y  ^  replaced  by  >/nv,  these  expressions 

being  ultimately  equal.     This  is  Wallis'  Theorem. 
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877.  Stirling.    Stirling's  Theorem  states  that  for  very  large 

values  of  n,  1 . 2 . 3  ...  n  and  J2nir  e~*^*  are  ultimately  equal. 

Write  ^(n)  for  1 . 2 . 3  ...  n. 

Then  ^(2n)  =  l  .2.3 2n 

and  2*^(n)=2 . 4.6...  2n. 

Hence  Wallis'  Theorem,  which  may  be  written  as 

2«.4«.6^..(2n)»       _  /— 
1.2.3.4...(2n-l).2n    ^^'^' 

Let  ^i^^     be  called  F(n). 

n*>/2nir 

Then      2*«»[nV2ni^  F(n)]«=^/ni^(2n)«*^/4ni^  F(2n), 
t.e.  F(2n)=[F(n)p. 

To  solve  this  functional  equation,  write  2n  for  n. 

Then  F(22n) = [F(2n)P= [F(n)P^ 

Similarly  F(2^) = [F(n)]^,  etc., 

and  F(2'n)=[F(n)]2^, 

p  being  a  positive  integer. 
Now,  putting  2^n=x, 

F(x)={[F(n)]-}'. 

Let  p  increase  indefinitely  and  n  decrease  indefinitely  in 
such  way  as  to  keep  the  product  2^n  finite.     Also  let 

^n«o[F(n)f 
be  called  k. 

Then  Y(x)=k*,  which  indicates  the  form  of  F  to  be  expon- 
ential    We  have  to  determine  h 

Taking  1.2.3...  ns0(n)=nV2nirt", 

change  n  to  n+1. 

1.2.3 ...  n.  (n+l)=(n+l)'»W2n+l^ifc-+i. 

XI          X.    A'  '  '            .1     (n+l)*^^    v/n+1    , 
Hence,  by  division,    n+l=^^ -^ — 7=^-  •  A;, 


=« 
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in  the  limit  when  n  is  indefinitely  large.     Hence  k=er\  and 

therefore  1.2.d...n  and  \/2nirn"6~"  become  infinite  with  n, 
in  a  ratio  of  equality,  or,  what  is  the  same  thing. 

This  is  Stirling's  Theorem.  The  result  will  be  considered 
further  in  a  subsequent  article  (Art.  884). 

This  particular  form  of  proof  was  given  by  Dr.  K  J.  Routh 
in  lectures  at  CSambridge  (see  also  Dr.  Qlaisher  on  Stirling's 
Theorem  in  the  Messenger  of  Mathematics). 

878.  niustrations  of  the  Use  of  Stirling's  Theorem. 
Stirling's  Theorem  is  useful  in  such  cases  as  involve  factorials 
of  large  numbers. 

1.  Thus  the  middle  coefficient  of  the  expansion  of  (1  -^xf^  where  n  is 

a  poeitive  integer,  viz.  \ — p^ ,  is  ultimately  when  n  is  very  large, 

{it  mjr 

^>/4ny(2n)*'^^  2** 
Snirn***"""        n/mit 

This  is  the  limiting  form.  It  is  of  course  infinite  itself,  but  for  large 
▼alues  of  n  a  close  approximation  will  be  thus  obtained.  Thus,  for  in- 
stance, even  taking  a  case  when  n  is  not  exceedingly  large,  in  calculating 

40 !              2^ 
**t7«a— ^^^  ,Yi  and    . from  the  logarithm  tables  the  latter  only  exceeds 


(20 


100! 


the  former  by  about  0*7  per  cent. ;  and  in  calculating  ^^in^jfJTyA  ^^^ 
2100  ^      *' 

.       ,  the  latter  only  exceeds  the  former  by  about  0*25  per  cent;  and  the 

error  is  diminishing  as  the  magnitude  of  the  numbers  dealt  with  increases. 

Ultimately,  for  exceedingly  large  values  of  n,  the  middle  coefficients  of 

the  successive  expansions  (1  +ar)*',  (1  +x)*'**,  etc.,  form  what  is  nearly  a 

o.F.  with  common  ratio, 

2«"+«      7  2*'        .      ,    , 

%.e.  4:1, 


Lt 


J: 


N/(n  +  l)ir'  y/nv* 

as  is  also  directly  obvious. 

2.  The  n*^  number  of  Bernoulli,  viz.  B^_j  (see  Dif,  Ccdc.^  p.  602),  being 
given  by 

_2(2n)!/        1    .    1    .      Y 

*^"'(2ir)*»  V'*'2»*i"^P»"^-/ 

we  have,  when  n  is  large, 

P       _»>/2n.27r(2ny*»e-»«* 
^--■■"^  (2??S 

==4ir-*»+*«**»i 


»>f»-i 
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Similarly  if  -^  be  the  coefficient  of  jf  in  the  eip«Qiion  of  mcx  +  Umx, 
it  ia  knowD  that 

which  embnuM  the  cues  of  Beraoulli&a  numbera  &nd  Eulerian  numben 
together,  Tiz, 

JT^s  tbe  n"  EnlerioD  number, 


Jr^^.'-'f-''^: 


and  we  IwTe  when  it  U  very  large, 

In  thU  eipuiBioD,  viz. 
the  ratio  of  the  (n  + 1  )*  term  to  the  n"  is 


(«ee  Diff.  CaJc,  Art.  (>73,  etcX 


end  when  m  ie  Urge  this  becomes 

It ^^^ — , ? 


npiditf  ultimstelj,  and  tbe  eeriet  will  be  divergent  for  values  of  x  <(:  ^ ' 
3.  In  tbe  eeriee  which  gives  rise  to  the  Bemoullisn  numbers,  v 
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and  when  n  is  large. 


~     4iH' 
The  aeries  is  therefore  divergent  for  valoea  of  j:*  ^:  (2ir)',  and  as 

the  Bemoullian  numbers  ultimately  increase  with  great  rapidity. 

It  will  be  noted  that  coth  -  becomes  infinite  if  x  have  the  unreal  value 

2iir.    When  x  is  complex  it  is  therefore  necessary  to  limit  expansion  to 
the  case  for  which  the  modulus  of  the  complex  is  <  2ir* 

879.  A  method  of  Calculation  of  the  Numbers  of  Bernoulli  and  the 
Numbers  of  Euler  is  explained  in  the  Differential  CcUcuitUf  Art.  573. 
Both  sets  have  been  calculated  for  many  coeffictents  of  their  respective 
series  (see  Proceedings  of  the  British  AssocicUion  1877X  And  probably  far 
enough  for  all  practical  purposes  for  which  they  will  ever  be  required. 
Several  are  quoted  on  pages  106  and  501  of  the  Differential  Calculus,  A 
few  extra  results  are  put  upon  record  here  for  reference,  for  the  con- 
venience of  the  reader.     Also,  as  we  are  about  to  deal  with  such  sums  as 

r^+55+=5+...to  00  ^Spf  which  for  even  values  of  p  are  to  be  found  from 

R       _2(2n)! 

we  tabulate  a  few  of  these  results  also. 

^i.=¥iV,  ^i7=^8F,  ^i.=Hn?i1P ; 

^,=.1,  ^^  =  5,  ^.  =  61,  ^,  =  1385,  i:io= 50521  ; 

*5j-g,  'N-<jQ'  *^fl-94r,'  *^8-9450'  '^""93555' 

The  values  of  »Sp  up  to  S^  reduced  to  decimals  will  be  found  tabulated 
later  for  purposes  of  evaluation  of  integi'als  to  be  discussed  (Art.  957). 

880.  For  other  methods  of  Calculation  of  Bernoulli's  Numbers  etc., 
see  Boole,  Finite  Differences^  Chapter  VI. 

881.  We  note  that  B^>B^  >Bg<  B^<  B^<  etc.,  and  the  coefficient  B^ 
is  the  smallest  of  Bernoulli's  Numbers,  after  wliich  they  rapidly  increase. 

*See  Bertrand,  Cole.  Dif.,  Art.  412. 


^T^ 
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882.  The  Valne  of  n(i). 

Consider  next  the  case  of  Gauss'  IE  function  fom=  }. 

1 . 2 . 3  ...  /A     ^ 

"3i   2;irTi'' 


nQ=x*, 


2'2"'      2 

-Tt  2».4«.6»...(2^)«  J 

— i/t^-j   2.3.4. ..(2m)(2m+1)'' 

_  2»2My-M*^g~^  i 

-""— V(4M+2)ir(2M+l)*^+i«-<*'+»»'* 

,,  /-         1 1  M* 

= w^=-  «>/»- j-5  - — jTT     r— ^ 

_   ,-  1      !_>/;:. 

-eVx.-.1.2--2-' 

whence  11  Ts)  =  ^  • 

It  will  be  remembered  that  for  positive  values  of  n, 

n(»i)=r(7i+i); 

therefore   r(|)=n©=f    and    r(|)  =  |r©; 

.*.  r(i)=Vir. 

which  agrees  with  Art.  864. 


,-« 


883.  TheChaphof  ^=a?**6 

We  shall  next  study  the  nature  of  the  family  of  curves 

for  various  values  of  n. 

The  subject  of  integration  in  the  Qamma  Function  r(Ti+l) 
viz.  a?*«^,  has  a  maximum  value  when 

nx*~'e"*— «*«"*  =  0,     i.e,  when  a;=n     (n>0), 

and  the  maximum  ordinate  of  the  curve  y=a;*»c~*  for  positive 
values  of  x  is  n"e"". 

The  gpraphs  of  the  members  of  this  family  for  n  =  0,  n  =  0*5 
n  =  1,  n=2  are  shown  in  the  accompanying  figure  for  the  first 
quadrant,  which  is  all  we  require. 
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The  case  n  =  0,  viz.  y  = 
the  y-axxB  at  a  point  y = 1. 


e~*,  is  a  logarithmic  eurve.  and  eats 
It  has  no  maxifnqm  otdinato 


The  case  n  =  0*5  has  a  maximum  ordinate  at  as=s },  vis.  -j^, 

and  then  runs  to  the  positive  end  of  the  x-axis  asymptotacally. 

The  case  n  =  1  has  a  maximum  at  2;=  1,  viz.  - . 

e 

The  case  ti»2  has  a  maximum  at  x=2,  viz.  -=. 

All  the  curves  have  the  a^axi8  as  an  asymptote,  and  all  go 

through  the  point  fl,  -  j ,  where  they  crosa 

For  values  of  n  between  0  and  1,  the  curves  touch  the  y^ixis 
at  the  origin. 

The  case  71  =  1  touches  the  line  1/=^  at  the  origin. 

The  cases  f  or  n  >  1  touch  the  a!;-axis  at  the  origin. 

The  several  maxima,  viz.  n^e"^,  diminish  for  various  values 
of  n  from  n  =  0  to  n  =  1 ,  and  then  increase  again,  all  the  crests 
the  curves  lying  upon  y  =  af «-*  i.e. 


»-(!)■ 


the  least  of  the  maximum  ordinates  being   at   x=sl,   and 
belonging  to  the  curve  y  =  a»~'. 

The  area  bounded   by  any  of  these  curves  y =«••«-•,  the 
X-axis  and  the  ordinate  at  x  =  x ,  is 


1: 


e-'x^dx,    i.e.  r{n  +  l\ 


and  increases  without  limit  as  n  increases. 


-'=^-^"- 


rfriMalft^Hiw^ 


STIRLIKO'fi  THBOREM  EXTENDED.  7S 

884.  Brteiision  of  Stirling's  Tlieoi«iiL 

We  have  shown  (Stirling's  Theorem)  that  when  niaa  large 
positive  integer, 

1 . 2 . 3 . ...  n=»>/2nirn"e-«, 

the  meaning  of  the  equality  sign  being  that  these  quantities 
become  infinite  in  a  ratio  of  equality. 

We  proceed  to  show  that  even  when  n  is  not  integral,  but 
sttU  positive,  r(n+l)=N/2ni^n*e-, 

when  n  is  indefinitely  increased. 

We  have  r(n +1) =]«*«-•  dx. 

Let  us  transform  this  integral  by  putting 

af^er^^n*er*e  *    ,  (1) 

which  is  legitimate,  as  n*er*  has  been  shown  to  be  the 
maximum  value  of  af^er*. 

Now,      as  t  ranges  from  —  oo  through  zero  to  +  oo , 

X  ranges  from      0    through  n      to  +  QO . 

Thus  E^zLhD^r  r5"§A. 

and  we  have  to  find-?; .    Let  x=n{l  -f  t). 


dt 
Then  (n + nT)"c~"c"*^ = n^e'^e   *  ; 


-5i« 


fi 


.-.  (H-t)"6-*^=c   *''    and    log(H-T)-T=-^.  ...(2) 

Clearly  r  vanishes  with  t,  and  as  t  can  be  expressed  in 
terms  of  r  by  expanding  the  logarithm,  we  can  by  the 
ordinary  process  of  reversion  of  series  expand  r  in  terms  of  t 

Then,  difierentiating  equation  (2), 

t^=<(1+t);    (3) 

whence,    by    substituting    the    series    for    r    and    equating 
coeflBdents,  we  can  readily  obtain  the  values  of  il^,  il,*  -^s*  ®^- 


74 


CHAPTER  XXIV. 


v«     r(n+i)   r  -i^Jxj,     r  ,-;i»*-a 

and  r  t»g^df  =  ^-^|;^P-^>s/i^. 

by  writing  r<  for  x  in  the  result  of  Art.  223,  Ex.  4, 


and 


r  i^^e-^'dt^O, 


as  is  ob\aous,  for  the  negative  elements  of  the  summation 
cancel  out  the  positive  ones. 

Hence 

"--    ^  \tf  "(t)  "(?)'    I 

-^'[^.-5lf!^5l(l)*4-i+-]. 

and  it  remains  to  obtain  the  numerical  values  of  the  coefficients. 
Substituting  the  series  for  r  in  the  difTerential  equation  (3), 


whence 


i!  1!'^2!^      1!' 

1!  2!"^2!  1!'^3!^     2!* 


and  generally 
A,      A, 


^n-2      I  4.4n>l    —     ^n-1 

l!(n-l)!  '  2!(n-2)!  '  3  !  (7i-3)!'^""  ^  n  !  ^     (n-1)!' 


::j      "~n Liii  __iir:i u— 5 


K-x 


Bmr^= 


iMabriCMh^ki 
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i.e.       n^,^,4-^L^)^^,_,+"<"-y(n-2)^^ 


'n-« 


the  series  proceeding  a«  far  as  the  greatest  binomial  coefficient 
in  (l  +  z)^\  and  the  last  term  of  the  series  being  halved  if  n 
be  odd. 
Thus  ^1=1, 

6AiA^+15AtA^+lOA^*=^5A^, 
7AiA^+2lA^A^+35A^^-=eA^, 
SAiA^+2SA^A^+56A^A^+S5A^^^=1A^ 

etc., 

giving    ili=l,      ili=i,  -4,= J,    il4=-^,    il5=^, 

Hence,  finally, 

r(«+i)=v/2;i^«-e-»[i+l  1+^  1+...] 

When  n  is  indefinitely  large,  we  therefore  have 

r(n+l)=N/2n^n«6-~ 

which  removes  the  limitation   that  n  should  be  a  positive 
integer,  as  supposed  in  Art.  877.    Moreover,  it  will  be  noted  that 

expansion  of  ,^+lL  is  effected  in  powers  of  i,  viz. 

Tjn+l)   ^1111        139     1  ,  Ajp^i  1   , 

N/2nin*«-»       "^12  71"^ 288  Ti«     51840  n»    '"'^  2^p\  n^'^"' * 

the  law  of  formation  of  Aip+i  being  as  above  stated. 

885.    £x.  1.  In  calculating  10  !  in  this  way, 

\og^2v7i0. 10"  e-"  =  6*3561 451  (Chaml>er8'  seven-figure  logarithms)  ; 

/.   v2ir.l0. 10"e-"= 3598695  (the  last  figure  doubtful). 
Carrying  the  series  to  four  terms,  viz. 

1  +li^+?gfag-MflVAoo  =  1-00836537, 
we  get  10  ! »  3598695  x  1  00836537  »  3628799'  etc. 


an 
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The  true  value  is  3628800^  so  there  is  oiiljr  an  error  in  the  last  figure 
in  the  approximation. 

Ex.  2.  Calculate  100 1    Here 

log(100  l)-log{VSrT00. 100»**e-»**(l  +Y^+yj^J,^- ...» 

« 167-9700036, 

indicating   a   number   of    158    figures,    beginning    with    933262,    via. 
9-33262  X 10"'. 

[The  logarithms  from  1  to  100  add  up  to  157-9700038,  which  is  in 
agreement  with  this  result,  except  for  the  seventh  figure  of  logarithms^] 

886.  ProportiM  of  GanBs'  n  Function. 

We  may  now  proceed  to  discuss  the  nature  and  properties 
of  Qauss'  n  function. 

Let  us  start  again  with  a  consideration  of  the  expression 

°^'''  '*)%+l)(x  +  2K^43)...(a;+M)''' 
where  /a  is  a  positive  integer,  not  necessarily  large,  at  present, 
and  X  is  8L  fixed  number,  either  real  or  unreal,  positive  or 
negative,  integral  or  fractional,  but  finite.  Call  the  expression 
I[{x,  /a),  and  abbreviate  it  further  into  H{x)  when  in  the  limit 
/A  is  00 ,  so  that  11(2;)  stands  for  H{x,  ao  ). 
Consider  the  graphs  of 

_  1 . 2.3  ...  /A  jp 

'^~'(x+l)(x+2).,.(x+jjLf 

for  different  values  of  /ul. 
There  are  /a  asymptotes  parallel  to  the  i/-axis. 

dispositive   from  x=oo      to  x=  — 1, 

negative  from  x=  —  l  to  x=  —  2, 

positive   fromx=  — 2  to  «=— 3, 
and  so  on. 

And  if  /A  be  >  1 ,  the  2;-axis  is  an  asymptote  at  its  negative 

extremity  only ; 

also  when  x=0,     y=l; 


whena;=l,     i/=— r-^J 

whenx=2,     y=^-^^^^; 

etc.; 
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and  these  ordinates  approximate  to  1,  1»  2!,  3!,  ...  as  m  in- 
creases*  whilst  at  the  same  time  the  number  of  asymptotes 


The  cases  of  m=1i  2>  3  and  4  are  shown  in  the  accompanying 
figures,  which  are  intended  to  exhibit  graphically  the  general 
characteristics  of  the  functions,  but  are  not  drawn  to  scale. 

The  case  /a=1  gives  2^=— r-^, a  rectangular  hyperbola,  with 

y=0,  a;=  — 1  for  asymptotea 


Fig.  316. 


1.2 


The  case  m=2  gives  y=^^^^^^^_^_^^2\ 


Fig.  817. 
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The  case  /u= 


«  ^""^  y°(x+l)|4'2)(»+3)^ 


Fig.  3ia 


The  case  /x=4  gives  y= 


1.2.3.4 


Fig.  319. 


B3£ 
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The  lengths  of  the  ordinates  for  various  values  of  x  and  /a 
are  shown  in  the  table : 


x=5 

ar=4 

x=3 

x=2 

x  =  l 

1 

^=2 

x=0 

M=l 

0167 

0-200 

0-250 

0-333 

0-500 

0-667 

1 

M=2 

1-524 

1067 

0800 

0-667 

0-667 

0-754 

1 

M=3 

4-339 

2314 

1350 

0-900 

0-750 

0-792 

1 

M=4 

8-127 

3-657 

1-829 

1-067 

0-800 

0-813 

1 

•  •  m 

•  •  ■ 

■  •  • 

•  ■  • 

•  •  • 

•  •  • 

•  •  ■ 

•  ■  • 

/A=ao 

120 

24 

6 

2 

1 

0-886 

1 

1 

«=-! 

3 

x=-2 

5 

a:=-3 

-I 

af=-4 

M=l 

2 

00 

-2 

-1 

-0-667 

-0-500 

-0-400 

-0-333 

M=2 

1-886 

00 

-2-828 

00 

+  0-471 

0-125 

0-047 

0-021 

/i=3 

1-847 

00 

-3-079 

oo 

+  1-026 

00 

-0068 

-0  012 

M  =  4 

1-829 

00 

-3-200 

00 

+  1-333 

oo 

-0-200 

oo 

... 

*  ■  • 

•  •  • 

•  •  • 

... 

•  •  • 

•  •  ■ 

•  •  • 

•  •  • 

/ASQO 

1-772 

oo 

-3-545 

oo 

2363 

00 

-0-945 

00 

887.  General  Bemarks. 

From  these  considerations  it  will  appear  that  in  these  curves, 
viz.  /i  =  2,  /<=3,  /t4=4,  etc., 

(1)  At  05=0  all  the  ordinates  are  =1,  and  any  two  of  the 
curves  cross  each  other. 

(2)  At  x=  J,  1,  2,  3,  4, ...  the  ordinates  of  the  several  curves 
form  an  increasing  series,  so  that  the  curves  as  /a  increases 
are  such  that  of  any  two  the  one  with  the  greater  /u  has  the 
greater  ordinate. 

(3)  As  X  increases  through  zero  the  curves  are  all  initially 
approaching  the  x-axis.     The  limiting  case  of  the  hyperbola 

y=        -  continues  to  do  so,  the  others  all  ultimately  have 


w 


ID  the 


Am  It  inerettKS,  Uie  minimam  cnliiiate  begins  to  approedi 
the  Jf-Azi^  but  does  not  do  sd  wiUioiit  limit  Far  in  the 
CMe  ^=x  it  lies  aomewfaere  between  0  and  1. 

(4;  On  the  negatiTe  side  of  the  y-«xis  mt  x=  ~  \  the  soeoes- 
siire  ordinstes  of  the  corves  ^=1,  ^=2,  ^=3,  ete^  form  a 
diminishing  set 

ih)  M=  1  bss  one  asymptote  parallel  to  the  jf-aziB. 
M=2  has  two  asymptotes  parallel  to  the  y-axia^ 
M=^3  has  three  asymptotes  parallel  to  the  y-axis, 

etc 
M==  1  is  asymptotie  to  the  x-axis  at  both  ends. 
M=2,  M=3,  M=4,  etc,  are  only  asymptotic  to  the  x-azis 
at  its  negative  end,  and  alternately  from  above  and 
below  the  x-axis. 

(6)  Observe  the  behaviour  between  Uie  several  asymptotes. 
Between  x=  —  1  and  x=  —2  the  several  ordinates  at  x=  —  | 

are  all  negative  bat  namerically  increasing,  i,e.  the  more 
asymptotes  there  are  the  farther  do  these  branches  recede  from 
the  X-axis.  Similarly  between  the  asymptotes  a;=~2  and 
a:=  —3,  or  any  consecutive  pair. 

Note  also  that  for  each  given  value  of  fx,  the  branch  between 
two  consecutive  a8ymptx>tes  has  a  numerically  greater  ordinate 
midway  between  those  asymptotes  than  is  the  case  for  a  branch 
l)etween  two  consecutive  asymptotes  more  remote  from  the 
y-axis. 

(7)  The  limiting  case 

bocomeSp  when  x  is  positive,  the  curve  y=T{x+V),  as  has  been 
shown. 

The  shape  of  this  limiting  form  will  be  more  carefully 
considered  later  in  Art.  922. 


T-T  ■    ,■! 
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But  there  is  this  difTerence  between  the  functions 

1.2. ..A* 


Lt^. 


I   e-'''ifdv, 

Jo 


{x+l){x+2),„{x+^r 

that  though  they  coincide  in  value  for  all  positive  values  of  x, 
the  former  becomes  infinite  at  the  values  a;=--l,  aj=— -2, 
x=— 3,  etc.,  but  has  finite  values  for  other  negative  values  of 
Xf  whilst  the  definite  integral  is  permanently  infinite  for  all 
negative  values  of  x+1. 

888.  That  the  factor  form  has  finite  values,  "when  fj.  becomes  infinitely 
large,  for  negative  values  of  x  between  the  asymptotes  may  be  made 
clear  by  taking  a  case.    Take  x~  —  S. 


J         2.4.6...2/m         \_ 
^-    ^    -   '    .(2/1-3)^* 

2«.4«.6«...(2/x)« 


=  -X/ 


(2^-1) 


1.2.3.4...(2ft-3)(2/i-2)(2/i-l)(2/i)       „f 


j^^a.  ^^^i^'^t-'^f  (2m- 1) 
>/4uirf2ii)W->      „l 


N/4/iir(2/«)V 

2>/ir/i     ^f  1 

5  2*     /- 

Similarly  at  x^  -■=  the  coiTesponding  limit  is  -p- «  v'r, 

7  2^ 

at  4?=s  -Q  the  corresponding  limit  is  —- — «— ^>/7r, 

and  so  on. 

These  mid-ordi nates,  half  way  between  the  successive  asymptotes,  thus 
ff»rm  a  regular  descending  series 

2  p        2»     ,-  2»       ,-  2*         J-      . 

889.    It  is  worth  noticing  that  H{x,  /z)  may  be  written  as 

1  .  2  .  3  ...  ;ii 


IHX,  )u)= 


(i+l)(x+2)(x+3) ...  (x+i^r 

('+l)('+l)('+I)-(>+p 


V+1/ 
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rm,i 


where  P  indicates  that  the  product  of  all  such  fractions  as 

follow  it  is  to  be  taken  from  r=l  to  r=^i. 
And  in  the  limit,  when  /a=qo  , 


n(x)=  p  ^ 


r=l 


1+? 

r 


or,  what  is  the  same  thing,  when  x  is  real  and  positive, 


890.   Reduction  of  n(«+l). 
Again, 

n(x+l,yLt)  = 


l«^«o*«* 


M 


(a;+2)(x+3)(x+4)...  (x+yLt)(x+M+l) 

x+1 


«+i 


=M 


3?+//+  1 


n(a:,/x). 


Hence 

n(a;+l. /u)  =  (x+l)n(a:, /x)x 


1  + 


x-hl' 


/^ 


which  is  the  law  of  connexion  of  the  successive  values  of 
Il(x,  fi)  for  unit  differences  in  x. 

In  the  case  when  yu  is  indefinitely  increased,  the  factor 


O^'-f')- 


becomes  unity,  and  we  are  left  with  Il{x+\)={x+l)IJ(x) 


f U  ■  J)    I-. 


mtHM 


COBfPARISON  OF  n  AND  r.  83 

and  changing  x  to  x—  1,  H(x)=xH(x-'  1).     This  is  true  for  all 
finite  values  of  x,  positive  or  negative. 

In  the  case  of  values  of  a;>0  we  have  n(a;)=F(a;+l),  and 
therefore  r{x+\)=xr{x\  the  formula  already  established  for 
the  Gamma  function. 

891.   The  Case  when  x  iB  h  Positive  Integer. 
When  a;  is  a  positive  integer  we  may  multiply  the  numerator 
and  denominator  of 

^^^'  ^>-(F+i)(l+2i'.!!(x+;.)^'  ^y  ="■ 

obtaining  in  that  case      11  (a;,  //)=.    .^'y/x*, 
and  then  removing  /z ! , 

TT/  \  1.  •  Z  .  .  •  X  _ 

IK*.  f')-(^4:Tj(;r+2)...(^+x)'' 

1.    »    £l    m  *  »   X 


80  that  when  /x  is  indefinitely  increased,  x  remaining  finite, 
n(x)  becomes  x\,  which  is  in  accordance  with  the  result 
r(x+l)=a;!of  Art.860. 

892.   Comparison  of  the  Gkmma  Function  with  Gauss'  Function. 

It  will  now  be  clear,  from  Art.  887,  that  the  two  functions 
n(«)  and  r(a;4-l)  are  identical  for  all  real  values  of  x  greater 
than  —1 ;  but  that  11  (x)  is  a  more  general  function,  embracing 
real  or  unreal  values  of  x  quite  unrestricted  as  to  sign.  That 
n(a?)  becomes  infinite  for  all  negative  integral  values  of  x,  but 
has  finite  values  for  negative  fractional  values  of  x,  whilst  T{x) 

1*00 

defined  as  I   e~''v*^'^dv  is  infinite  for  all  negative  values  of  x. 

Graphically  this  means  that  the  curves  2/=n(x— 1)  and 
y=r(x)  absolutely  coincide  for  all  positive  values  of  x,  but  do 
not  do  so  for  negative  values  of  x.  If  we  hcwi  restricted  the 
definition  of  Gauss'  function,  viz. 

i^^=»  n(a;,  ,z)sZ^^=«  {x+l)(x+2)i%+^,)^'' 

to  real  values  of  x  greater  than  —1,  the  identity  of  Il{x)  with 
Euler's  Gamma  function  r(aj+l)  would  have  been  complete. 
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893.    We  have,  from  Uie  definition, 

1.2.3...(/x-1)m 


n(-a;,/x)s 


and  IKx— l,/u)= 


(1  -x)(2-x)(3-x) ...  (^-l-x)(/x-x) 
1.2.3...  (fi —  l)/x 


M- 


•  •-1 


'x{x+l){x+2)...{x+ijL-\r 

Hence  multiplying  them  together,  and  assuming  that  x  is 
not  an  integer, 

n(--»,/x)n(x-l,yu) 

^1    P.2«.3^..(/x-l)« ^ 

X '  (P-x2)(2«--x2)(3«-x*)...{(/x-l)«-x*}  /i-x 

°K'-S)('-§)-{'-(^)  '"^" 

and  when  ^i  increases  without  limit,  £t    _   =1,  x  heing  finite, 
and  we  have 


n(-a;)n(i-l)= 


^(^-p)0-?«)-*^* 


smiro; 


It  will  be  noticed  that  in  proving  this  result  no  assumption 
has  been  made  with  regard  to  x  except  that  it  is  not  to  be  an 
integer,  either  positive  or  negative.  For  such  values  one  or 
other  of  the  11  functions  would  be  infinite,  as  also  of  course 

would . 

smxir 

Taking  positive  values  of  x  less  than  unity,  and  remembering 

that  in  that  case  n(x)=r(x+l),  we  have 

r(l-a;)r(x)=^^!— , 

'     ^   '      SinXTT 

as  previously  found. 

894.  If  we  were  to  base  the  discussion  of  the  properties  of 
r{x)  on  this  method  of  procedure,  we  could  therefore  infer  the 

value  of  the  definite  integral  I  t-; —  dv  of  Art.  870  to  be  — , 

^       J  0  1  +  V  sin  xir 

where  0<x<  1,  instead  of  investigating  the  integral  first  and 
then  deducing  the  result  r(l—x)r(x)=— 


SmXTT 
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895.  An  Unreal  Valne  of  x. 

We  note  also  that  if  a;;  be  unreal  and  ==<^, 

.n(-.y)nOy-l)=^-j^; 

but  that  r,  as  defined  in  the  Eulerian  manner,  loses  its  meaning. 
See,  however,  Art.  900  for  an  extension  of  the  definition  of  F. 

896.  Both  functions,  viz.  11  (a;)  and  r(a;+l),  have  been 
shown  to  satisfy  the  equation  of  differences 

Let  us  see  from  this  point  of  view  what  can  be  ascertained 
as  to  the  nature  of  the  function  u^. 

It  has  already  been  stated  that  this  equation  necessitates 
one  form  of  the  result  to  be 

u^=^Ax{x—  \)(x— 2) . . .  (r  4-  l)f  Ur, 

where  ^  is  a  constant  or  some  arbitrary  periodic  function  of  x 
of  unit  periodicity,  and  Uy  is  some  initial  value  of  u^^  to  be 
chosen  at  pleasure. 

Following  Laplace's  mode  of  procedure  in  such  cases,  assume 
as  a  trial  solution,  r 

where   the  form  of  F(i)  and  the  limits  of  integration  are 
reserved  for  future  choice. 
Tlien,  since  u,+i=(a;+l)tt„ 

[t'^^F(t)di=(x+\)\i*F(i)dt 
^\F(t)(x+\)V'dt 

=^[F{t)i^^]-\i'^^F{t)dt, 

the  integration  being  by  parts,  and  the  square  brackets  de- 
noting as  usual  that  the  term  integrated  is  to  be  taken  between 
the  limits  ultimately  chosen. 
Hence  the  choice  must  be  such  as  to  satisfy  the  equation 

^  See  Boole,  Finilt  Diferenees,  p.  257. 
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Let  us  then  take  F(t)  so  that  F'(t)+F(t)=0,  and  the  limits 
such  that  [F(0<**-^]=0. 

Our  choice  is  now  complete,  and  there  is  no  further  latitude. 

The  first  equation  gives  j^=~^y  ^•^-  F{t)=Ce-\  where  C 

is  an  arbitrary  constant  as  regards  t 

This  determines  the  form  of  the  function  F  in  our  trial 
solution. 

The  limits  must  then  be  such  as  will  satisfy  the  equation 

Supposing  aj-|-l  to  be  positive,  this  will  be  effected  by  taking 
t=0  and  ^=00,  for  in  each  case  Lt—r=0, 

Hence  a  solution  of  the  equation  for  positive  values  of  x+ 1  is 

e-H'dt 


Jo 


=cr(x+i). 

So  Ux=Gr(z+])  is  a  solution,  provided  x+l  be  positive 
where  C  is  any  arbitrary  constant  as  regards  t. 

To  put  the  possible  dependence  upon  x  in  evidence  call 

Then  7t,=i;,r.(a;+l), 

but  u,+i=(a;+l)u,; 

whence  it  is  clear  that  ?;,  is  either  an  absolute  constant  or 
some   arbitrary  periodic  function  of  x  whose  periodicity  is 

unity,  such  as  cos*»27rx  or  7:  .   p,  . '    ^ —  where  A,  B,  0,  D  are 

absolute  constants,  such  functions  returning  to  their  original 
values  when  x  is  increased  by  unity. 

Thus  ng=^f(x)T{x+\)  satisfies  the  difference  equation  con- 
sidered when  f(x)  is  such  a  periodic  function  as  described. 

It  appears,  therefore,  that  the  equation  u^^^  =  (x-\-\)u^ 
is  not  co-equivalent  with  xi^=T(x+\)y  i.e.  Euler's  Gamma 
function,  or  with  Ux=n(x),  i.e.  Gauss'  11  function,  but  that 
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these  are  particular  forms  of  the  solution,  as  has  been  pre- 
viously pointed  out 

897.  Baler  8  Gonstant. 

The  limiting  value  when  n  is  made  infinitely  great  of 

J+|+i+...+~log« 

is  finite,  positive  and  less  than  unity.  This  limit  plays  an 
important  part  in  our  subsequent  work.  It  is  called  Euler's 
constant  and  denoted  by  y.  Its  value  has  been  computed  to 
over  100  places  of  decimals  (Proc.  Royal  Society,  vol.  xix. 
and  vol  xx.,  p.  29). 
The  first  twenty  figures  are* 

y  =  0-577  215  664  901  532  860  60... . 

We  shall  presently  show  how  it  is  to  be  computed.     For  the 
present  it  is  sufiicient  to  show  that  it  is  a  positive  proper 
fraction,  and  this  admits  of  elementary  proof. 
For 


l+'-S^l=l-'og{l+l) 


1 


^...,    a  convergent  series  if 
r^l, 


2r2     3f3  '  4f*     5r* 

r*V2     3r;^r*U     5rJ^'" 
= positive,  since  r  ^  1,  for  every  bracket  is  positive ; 

.-.  (l+log^)+G+^^gi)+-  +  G+l^g;^)  «  positive; 


l"^2"^3"^"*"^n"^^^^2*3'4.*"n+l 


is  positive ; 


and  as 


••  i  +  2'''3"^'""^n"'^^^^**"'"^^^®  positive; 
log(n+l)>logn, 

T+o  +  5+-«-H ^^K^  is  positive. 

i     z     o  n 


*8ee  Todhunter,  ItUegral  Calcidwi,  p.  256;  Serret.  Calc,  InUgral,  p.  183 ; 
Legendre,  Exercices,  p.  295 ;  I>e  Morgan,  D.  and  I.  CaXcvlvBy  p.  578. 
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1 

r 


-  * 
r-1 


— >3^  ; — 

r       ^*  r 


4*  T        **    r 


ifr>l; 


an 


IjCl  5^'o^i"^  — ^^  ***  negmave  quantity, 

mud  .'.  1-rs-^s-r ... loe«  b  less  tlun  1, 

2     3  «      ^* 

and  it  has  been  shown  to  be  positiTeL 

Hence,  making  n  increase  indednitely,  y  is  a  positive  proper 

fraction. 

898.  Gkaer  Lonti  Ibr  y. 

Lei  i«.=ii-»-»og(ii  +  U     r.=ir-»-lof  «     («  >  U 

1  I 

Then  fu-«.=log(l  +-)=pcsitm,  if  ■  be  finite,  and  olumatelj  Tmnish- 

ing  when  n  =s x ,     t.«.  v^  =  v.  =y. 

Now  K,- M^,  =  -  + log  ^^  =  poMti re ;  r.  -  r^,  =  -  + log -j^  =^  negative; 

therefore,  as  n  increaBea,  v,  incraeee  and  r.  decreases  towards  the  common 
limit  y  ;  and  ii«<y<v.,  whilst  ii  remains  finite. 

Taking  Bottomle/s  Ubles  of  Reciprocals  and  Napierian  Logarithms,  we 
readily  find 

iH  =  -30«9,       «,=  4014,...if,«=-5311,     ii»=  5532,     Hjj^  5610,  etc. 

rj^l-OOOO,     t;,  =  '8069,...t;,o="€2<>4,     r«  =  -6020,     i»„=  5938,  etc 
We  thus  have  an  approaching  set  of  inferior  and  superior  limits  for  y,  and 
note  that  it  must  He  between  0*56  and  0*60.     It  will  be  seen  later  that 
y  =0-5772.. .(Art.  917). 

899.  Except  for  negative  integral  yalnes  of  z,  U(z)  i>  Finite 
whatever  z  may  be,  Beal  or  Complex. 

If  Mj,  U2,  U3, ...  u„...  be  any  series  of  real  positive  quantities, 

each  of  which  is  less  than  unity,  the  infinite  products  II  (l+**r). 


fa  40 


f=l 


n  (1  —  ttr)  are  convergent  or  divergent  according  as  the  infinite 
f"i 
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series  ^Ur  is  coRvergent  or  divergent  (see  Smith's  Algebra, 
p.  423,*  and  Hobson's  Trigonometty,  p.  319),  and  if  the  quantities 
^it  t^y'U^'^'he  complex  quantities,  the  modulus  of  each  being 

less  than  unity,  the  product  11  (l+^r)  converges  if  the  series 

ZmodUr  converges.    (See  Hobson's  Triganometfy,  p.  320.) 
It  can  be  shown  that  though  the  infinite  product 

P(l+f).    .-..  (,+£)(l  +  ?)(n-|)(l  +  f)...toinfinity. 

which  occurs  frequently  in  the  present  chapter,  is  obviously 
divergent,  yet  if  we  multiply  the  several  factors  by 


t 


e  ^,    c  *,    c  ',  etc.,  respectively,! 
we  arrive  at  a  product 

f[('+3«--]' 

which  is  absolutely  convergent  for  all  values  of  z  positive  or 
negative,  real  or  complex. 

For  ,og(l  +  ?)=^_^+^,_... 

is  a  series  absolutely  convergent  if  mod  ^  <  n  for  some  finite 
value  of  n ;  whence 


e 


1      -— +-^ 


'+1 


g    8li«^8fl» 


t.6. 


(l+f)e-i=e-^'^^""^ 


z^ 


=  1-2^(1+0,  say. 

where  Cn  is  a  series  absolutely  convergent  which  for  finite 
values  of  z  ultimately  vanishes  when  n  is  infinitely  large ; 

*  Abo  aee  Amdt,  Orvnert,  xxi.  78. 

fWeientrufl,  AhhantUunffen  Acad,  of  Berlin,  1876.     See  also  Hobson,  Trigo- 
nometrp,  p.  327. 
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Suppose  E  the  greatest  of  the  moduli  of  !+€,»  for  all  values 
of  z  within  a  range  for  which  the  greatest  modulus  of  t 

does  not  exceed  a  given  finite  quantity,  then   ^  mod  5-, 

is    an    absolutely    convergent    series,    and    therefore    also 

2^^(l+6j   is  an  absolutely  convergent  series,  and  since 


1 

00 


P(l +uj  is  absolutely  convergent  when  2  mod  u,»  is  convergent, 

is  an  absolutely  convergent  product,  as  is  also 

1  N       n/ 
Now  Gauss'  n  function  being  defined  as 

1 . 2 . 3  ...  /Li  , 


n(z)=K, 


fits  70 


can  be  written      =Lt^= 


|t  =  ao 


=K«= 


(z+l)(z+2){z+3)  ...(2+^)'' 

0+f){'+l)('+D-('+3 

/,      111      i\ 


lt.  =  to 


CD     / 

P 


1   ^         )u/ 


e  ** 


e-y 


1  \      /// 
where  y  is  Euler's  constant,  which  shows  that  for  all  values 
of  2,  real  or  complex,  positive  or  negative,  excepting  negative 
integral  values, 

a  finite  function  of  2* 
and  is  therefore  finite. 

900.   ISxtension  of  Meaning  of  F  (2). 

So  far  it  has  been  convenient  to  adhere  to  the  Legendrian 
definition  of  the  symbol  r(x),  viz. 


Jo 
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and  to  regard  x  iii  this  Eulerian  integral  as  representing  a  real 
variable.  It  has  been  shown  to  be  identical  with  Gauss' 
n  function,  !!(«— 1),  for  all  real  positive  values  of  x.  Having 
drawn  attention  to  the  difference  of  behaviour  of  the  function 
defined  as  an  integral  and  the  factor-function  of  Gauss  for 
negative  values  of  x,  it  is  scarcely  worth  while  observing  the 
distinction  further,  and  we  propose  to  extend  the  use  of  the 
symbol  T(z)  to  negative  and  unreal  values  of  z,  which  means 
that»  when  z  is  negative  or  unreal,  T  is  defined  by 

1.2.3...^  ^ 

(2+l)(2+-J)    ...   (2+m)''' 

and  that  when  z  is  positive  it  is  defined  either  in  this  way 

or  as  I   c'^v'dt;,  and  therefore  we  shall  in  general  regard  11(2) 

as  identical  with  r(«+l)  or  zT{z)  for  all  values  of  z. 

901.  Thus  a  meaning  will  be  given  to  such  an  expression 
as  Tia+sT^h),  viz. 

„a+tft 


r(2+i)=n(«)=K^=<a 


7+^ 


a+iF 


(«+.6)(l+^*)(l+«-±i^)...(l+^ 


^-Y(a+tfr) 


(Art.  899). 


a  finite  function  of  (a+th) 
902.    Ex.  1.  The  modulus  of  r(i+ia)  is  'jT(\-\-ia)T(\-ia) 

=  >/(r(i  +  .a)r(l-i+7^)}  =  V.in(i+.a)x    <^^  «»*> 

^  cosh  air 

Ex,  2.  If  1,  a,  a*,...  a*~*  be  the  n*^  roots  of  1  (n  odd),  we  have 
(l+j:)(l+ax)(l+a'x)...(l+o»-»x)  =  l+J7«, 
and  l  +  a  +  a*+...  +  a«»-»=0. 

Hence     li(x)Tl(ax)Tl(a}x) ...  n(o'»-*x)=''p 'n(a'x),  say, 

r=0 


^  r-K) 


.tar 


(■-T')(>-¥)-('-f) 

1 

n>\  ; 


(i+S)(i+S)(i+3-to«' 
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•••   (l+f«)(l+2s)(l+|i)-.toinf.  =  j^j^^^ 

^  1  ^  1  ^  1         . 

"P  {n(o'ar)}     "P  r( I  +  a'x)     ^  P^IXa'jr) 

0  0  0 

thu.    ^(l  +g)(l  +g)(l  +g) ...  =  l^(^)l^(^) r(k)... r(a->x)' 

where  1,  a,  o*, ...  are  the  n***  roots  of  unity. 

903.  Gauss'  Theorem. 

This  theorem  is  a  generalization  of  that  of  Art  872,  and 
includes  it.    It  states  that  for  any  value  of  z 

n».n(.)n(.-l)n(.-g)...n(.-"-=l)       . . 

n(tw)  ^    ' 

or,  what  is  the  same  thing,  as  will  be  seen, 

n«r(.)r(.+l)r(.+g)...r(.+!^) 

TM =(2»)  •  »*• 

Let  the  left-hand  member  of  the  fii-st  equality  be  called 
^(z).     Then,  first,  we  shall  show  that  0(z)  is  independent  of  z. 
By  definition, 

r 
c~  — 

__  n**^    ''.1.2.../i 

~    ''"•(n+n2-f)(2n+n«-f)...(Mn+tw-r)' 

/.  n-n(2)n(.-J...n(.--;pj=z/ ^ — ^^^ 

where  D  is  the  product  of  the  factors 

n-^nz,  2n+nz,  3n+n«,  fin+nz, 

n+n«— 1,  2n+nz—l,  Sn+na;— 1,     imn+nz—l, 

n+nz— 2,  2n+m—2,  Sn+nz—2,     iuLn+nz—2, 

...  • 

.  •  •  • 

n+nz— (n-1),  2n+n2;— (n-1),  Sn+nz— (n-1),  ...^un+nz— (n-1) 

%.e. 
[(nz+l){nz+2)..,{nz+n)][{nz+n-^\)...{nz+2n)],.,[.,.(nz+^n)] 

=  (nz+l){nz+2)...(nz+fxn). 
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Hence 


R-l 


int 


^  '     \      n/         V         n   /         (»2+l)(n;e+2)...(n2;+Mw) 
Again,  writing  njj,  for  /i  in  Qauss'  expression  for  Il(nz), 

(ny,i)"(nM!) 


n(nz)=-Lt 


(n«+ l)(tw+2) ...  (nz+fi/i)' 

H-I 


Hence  0(2)=// ,  ^.  J: — jr^^^^^ 


=2/ 


'/A  BOO 


from  which  the  z  has  disappeared. 

Hence,  ^(z)  is  independent  of  z.  It  remains  to  find  its 
value.  To  do  this  we  may  either  obtain  the  limit  of  the  right- 
hand  side  directly,  or  avoid  this  by  comparison  with  a  known 
case,  for  a  particular  value  of  z,  which  will  be  a  legitimate 
process,  inasmuch  as  its  value,  not  containing  z  at  all,  is  an 
absolute  numerical  constant  containing  n. 

Adopting  the  direct  method  and  employing  Stirling's  result. 


M-l 


n-1     ti 


11-1 


^y.  n^^M    '  (^^)  '  MV^g'^^^C^y)  ' 


Hence,  finally, 

nn^n(z)n(z-l)n(z-?)...n(z-^)   ^^^^-^ 


^(Z)s 


n(nz) 


n 


\ 


904.  If  we  adopt  the  plan  of  comparison  with  a  known 
case,  take  the  case  of  a  real  value  of  z,  viz.  z=0. 
Then,  remembering  that  n(a;)=r(l+^). 

^(z)=^(0)-r(i)r(i-i)r(i-^)...r(i-'^yr(i); 

or,  reversing  the  order. 


n-l 


-■-©■•©KS-K"-^)-^-.  ^  -'-«"• 
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Writing  ll(z)=r(z+l),  etc.,  we  have 

n-.r(.+i)r(.+"-^)r(^+^^)...r(z+^)   ^,^p^ 

t.6.  reversing  the  order  of  the  factors  in  the  numerator,  with 
the  exception  of  r(z+l),  and  writing  r(z+l)=^zr{z)  and 
r{nz+l)=mr{nz), 

n«zr(z)r(.+l)r(.+g)...r(z+'^)  ^,^^y 

mr{m)  n^ 


which  may  be  written  as 


r(2^)r(2+i)r(2;+?)...r(2+*^)=r(n«)(2xp'n*--'. 


905.  Cases  of  Gauss*  Theorem. 
1 


Putting  «  =  -  we  have  the  result  of  Art.  873,  viz. 

Ki)'-©K!)-K"-^)-<^')-"-'- 

Particular  cases  are 

n=2,     r(x)r(a;+i)  =  r(2z).(2ir)42*-*'. 

r(x)r(x+^)=2^*^,r(2«). 

i.e.  putting  ^T^    for  a?, 

r(^)''('-^)-^r(,+i,. 

n=3  gives   r(x)r(x+i)r(x+|)=^r(3a;).  etc. 


906.  The  case  7i=>2  may  be  deduced  directly  from 

r(4I)r(41) 


1> 


8in'0cos«0d0= 


2r 


W^ 
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For  putting  q=p,  we  have 

I 


1-^ 


sinP0cotifd  d9= 


2r(p+i)  ' 

and  writing  2d=<p, 

J   8ini»20dO=jr  8in*»0ci0  =  [  sin^^^i^ 

r(2±^)r(i) 


2r 


(^^) 


.-.  2" 


2ro>+i)      2r  (£±?) 


t.«.  2^r(£+l)r('42)=x*r(p+i). 

907.  An  interesting  proof  of  this  result  is  due  to  M.  Serret, 
{Cole,  InUg.,  p.  174). 

Since  B(p,  q)=  I  a^-^(l— a;)*-*(fa  we  have 

Jo 

Jo  Jo 

And  since  the  integrand  assumes  equal   values,  whether 
we  put  x=\+h  or  A— A,  its  values  are  symmetric  about  x=  J. 

Hence 

B(p,j>)=2Jjl-(i-x)«]'>-»dx.     Writing  4-a:=^, 

B(P'^)=2j;2t.(l-^K-(-i7->^ 
.     T{p)T(v)_    1     r(i)r(p)       g.,.ip.^.p.^  .  n-  /-p/g^x 
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or  writing  2p=g+l, 

2T(«^)r(2±?)=V?r(,+i). 

908.  Another  form  of  the  general  theorem  is  (writing  —  for  zj 

'•©K^)r(^')...re-±^i)-rw,M-^..-, 
*-  --©re-ii)  ■■■  re-±=)-r,.,r(.+|)(M-.-. 

909.  ToproTe  I      \ogr(x)dx=x\ogx~-x+^log2'w. 
Taking  Gauss'  Theorem  for  a  real  variable  z, 

r(x)r(z+|)r(x+|) ...  r(x+'^)=r(nx)(2x)"-rn»— . 

we  have,  upon  taking  logarithms, 
ilog|r(»ii)(2x)V„j-«l 

=  2^-logrfxH — \  from  r=0  to  r==n— 1, 

=  I  logr(x4-y)(iy,  when  n  is  indefinitely  increased, 
Jo 

fx+l 

=  I       logr(i;)civ,  if  V  be  put  for  x+y. 
Thus,  by  Art.  884, 

J^     logr(v)dT;=Z^n=«-log[ )^ (2^)  *  ti*-"*] 

=1  log  27r +a;  log  a*— a;= log  a:*C"*(2'7r)'. 

910.  This  expresses  the  area  bounded  by  the  or-axis,  the 
curve  y=logr(x),  and  two  ordinates  at  unit  distance. 

Changing  x  to  x+l,  and  adding  to  the  former, 

J      log  r(x)dx=\og{xf^(x+\Y+^e-'e'^'+^\2'7ry}, 


drii 
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and  so  on,  and  more  generally, 
\ogr{x)dx 


«    (2x)5 


-"■—-   -}. 


i; 

=log{a:«(aj+l)*+H»+2)'^^..(x+n-l)*+'^ic 
where  n  is  a  positive  integer. 

911.  Exinressioiui  for  the  Differential  Goei&cients  of  the  Function 
^(^).  loff  r(a;+l),  and  Exiiansion  of  log  r(a;+l). 

Let  us  write  V^(a?)  for  ^  log  r(x),  t.«.  j^j . 

Then  taking  the  logarithmic  differential  of  Gauss'  Theorem, 

r(naj)=n-r(x)r(x+i) ...  r(x+^)|(2x)^n*, 

n^(na5)=nlogn+^(»)+V^(x+-j+...+^faj+5^^^j, 
and  differentiating  again, 

7iVM='/''(«)+V''(a'+^)+-+V''(*+^). 
Hence 

7i^'(tia;)=2  -  >/^'( aJ+-),  from  r=0  to  r=n—  1, 
le,Lu«^n\lr\nx)=\\lr\x+y)dy=\  \lr{x+y) 

Jo  L  Jv-O 


y-0 


=^(a,+  i)-^(x)=^logr(x+l)-^logr(x) 


c2x 


(2x 


d  ,     r(a:+l)     d  ,  1 


1  . 


t.6.  Lt^»ai{nx)\l/'(nx)=l ;  or  writing  v  for  vx,  V^'(v)=-,  in  the 
limit    when    t;    is    infinite,   and   therefore  yl/(v)  ultimately 


vanishea 


d^ 


That  is  ^  log  r(x)  vanishes  when  x  is  indefinitely  increased. 
Now  r(x)-  r(x+n+l) 

Hence,  taking  the  logarithmic  differential, 

1 


,f.        1 1 1_ 

'rW='     -    j.^1    j.^2    ••'     x+n 


\-ylr(x+n+l), 
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mud  diffierentiating  again, 

and  it  has  just  been  proTcd  thai  ^'(x+n+l)  ultimately 
vaniahes  when  n  has  been  indefinitely  inereased. 

••  ^^^^^^^^'^'^^^^^+JiJ^f+^^+2f+''^  00. ...(1) 

The  series  (1 )  is  obvioosly  convergent  for  all  values  of  x  >  0 
becoming  in6nite  at  x=0. 

Integrating  this  equation  between  limits  1  and  x;  we  have 

*<"-*"'-[-ji+[-.-iT]>[-ii5T;+- 
=(}-^)+a-iii)+a-.-i-.)+ « 

which  is  a  convergent  series ;  for  the  test  expression,  vis. 

^        ti^/         (n-M)(aj+7i) 

and  is  greater  than  unity.    (See  Smith  s  Algebra,  Art  342.) 
Again,  we  have  seen  that 

7i>/r(nx)=nlogn+>A'(x)+^(x+-)+...+V^(x+^^), 

and  putting  x=l, 

>/r(n)=logn+5^->/rf  IH — Y  from  r=0  to  r=n— 1. 

Hence  when  n  increases  indefinitely, 

Zf„.,[V^(n)--logn]=J  yfr{l+x)dx 

=  [logr(l+x)J=log^J=logl=0. 

That  is,  Ltn^^(p^^--\ogn)=0 (3) 

Putting  x=  »  in  equation  (2), 

Vr(flo)-V^(l)=J+|+|+...toao. 
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i.e.  by  equation  (3), 

-  V'(l)=X<,..(j+^+  ...  +  l_logn) 

=Euler's  Constant  y, 

t.e.  V(l).  or  {^Jogr(»+l)|^_^=-y. (4) 

Hence,  by  equation  (2), 

^lo(rr(x)^ir(x)=-y+{\-l)+{l-^-^)+...  to  00 

,1«— l.lx— 1,        ,1     x—l      ,        .  ,_. 

=  -y+i^-+2i+T+-+,ii+^ii:T+-*°* <-^) 

which  may  also  be  written  as 

Again,  differentiating  e4uation  (1)  n— 2  times,  we  have 

|,logr(x)=(-l).(n-l)![l+^,+^-^+...  to  cc], 

(6) 
U     V^-"(l),    or  {^logr(x)}^^^=(-l)-(n-l)!5,. 

where  ^•=ii+^+^+  —  > 

which  is  convergent  if  n>  1 ;  or,  what  is  the  same  thing, 

Also  {logr(x+l)|      =logr(l)=0; 

we  thus  have 

{log r(x+l)}^_^=0 ;   {^log r(x+l)}^^^=  - V ; 

and  {^logr(x+l)|      =(-l)-(n-l)!/S„,  where  n  is  ^  2. 

Maclaurin's  Theorem  then  gives 

logr(x+l)=-yx+S,J-S3^+S,~...+(-l)«S,J+..., 

a  result  otherwise  established  in  a  subsequent  article,  and  which 
will  be  thrown  into  a  more  convergent  form,  by  the  addition 
of  other  known  series,  for  working  purposes.  This  series  is 
convergent  if  x  be  numerically  <  1. 


I'M 


Ki  Co 


of  the 


T«. 


^.^-sjrc^  -r  = 


•      3 


1        1 


m 


ix^lj^    (x+V 


+...  to», 


r  » 

r  % 


=  J."^«    '■^•fC  «» 


'     ■  ^ '^  r  r-  :  •      =  - y.  »i>i  A  U-iog  r(x)}     =  -y. 

~*S^  ».|  ^«»  -'••I 

,     i.      «         ,  11  1        1    \^       ^ 

f    S::>:«  ^^^ '.  V  F .  r  is  ccciiniKwsiir  pontiTe  for  all  positive 

Tslu-fts  ::  r.  ^'^:<:  F  x':  i<  An  incpoftsiig  fonctioii  ass 

iDcreAses  fr:=s  •>  :o  x  .  starting  from  the  value  —  oo 
i:  r=0:  >r.  pi::c::v^  ihis  peomecricallv,  the  tangent 
V  :hr  irrarr.  of  %  =  *.ogr(x)  is  continaoasly  rotating 
in  a  cv.^an:rr-clvvkwi<«  dir^^rtion  as  x  passes  from  aero 
to  indniiv :  and  the  cane  is  alwavs  convex  to  the 

m  m 

f'XX  of  the  ordinate. 
91-S.  The  student  may  note  the  following  particular  valaes 
of  ^lo^r(x).  U  y!/{x\.  viz.  taking  x==0-869e044011, 

^tO)  -X, 


f'/,v         111  -" 


V.-(l-.',)=4(^+i.+  ...)=4(J4.)  =  ^*-4 


^'^2>=^+i+i+-=?-» 


f(2.,=  .(.i.l.....)=.(^-,^-^)=^'_.. 


1.1.1 


v^     1      1 


V^W=,-,+-i+^.+...=^- '-'    ^-1^ 


3»  '  4*  "  6* 


etc. 
f(oo) 


6     1«    2«     6 


=  1-6449341, 
=  -9348022, 
»  -6449341, 
=  -4903678, 

»  3949341, 
-0, 


lAtikii;;;^ 
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which  indicate  how  T-jlogFCx)  is  decreasing  as  x  increases, 
but  always  remaining  positive. 

914.  Since  logr(a:+l)=-ya:+S,^-S3j+S,J-....   we 
may  write  r(x+l)a8 

r(x+l)=e->'6^^e'^»e***... 

=  l-yx+(y,«+S,)^-(/+3yS,+2S3)^  +  .... 

which  expands  r(x+l)  as  far  as  cubes  of  x,  and  which  might 
be  useful  for  very  small  values  of  x,  but  the  presence  of 
powers  of  y  renders  calculation  troublesome,  and  less  incon- 
venient methods  of  calculation  will  be  given  later. 

915.  It  is  noticeable,  too,  that 

logr(g+l)  ,^X       a^,a^ 

and  that  the  several  differential  coefficients  of  this  expression 
are  therefore  free  from  Euler's  Constant  y,  viz. 

(Mogr(g+l) 


-y     ^1     "In+l        1    n+2'''''      1.2      n+3^      ")• 
And,  similarly,  if  m  be  any  poeitive  integer, 

^:C-logr(x+l)=(^y[-ya^-i+^(~ir|^a:«+'] 


r^, 


=  ~(in+l)^ya:^+»-"+;^(-l)''y'(in+r)na^+'-^ 

where  (m+l)^  denotes   (m+l)(m)(m  — 1) ...  to  r  factors,  if 
«  ^  W+ 1,  and  is  free  from  y  if  n  >  fn+ 1 ;  also  that 

[^(af  logr(x+l)]  _  =-(m+l)!y. 
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916.  Expansion  of  log  r(l+a;)  deduced  from  the  11  Fnnetion. 

The  series 

logr{l+x)=-YX+S^~S,j+8,~... 

may  be  arrived  at  at  once  by  taking  the  logarithm  of  the 
Oauss  formula  in  the  form 


r(l +x)=Lt, 


^saOO 


(>+!)('+i)-('+':y 


VIZ. 


logr(l+x)=a;logM-log(l+|)-log(l+|)-log(l+?)-...; 
and  expanding  the  logarithms,  supposing  —  1  <«<  1, 

logr(l+a;)=Z;<[a5(logM-*S,)+S,|'-S,^  +  ...]. 

where  S^=_+^+^^+..., 

and  Lt  (S^ — log  //) = Euler's  Constant  y,  and  the  series  iSr  (r  >  1 ) 
are  all  convergent. 
Hence, 


x^ 


05*  .    «  X* 


x* 


\ogr(i+x)=-^yx+8^^^s,^+s,~...+{-ir8n-+.>>; 

(-i<x<n       0) 

Now,  the  even  terms  may  be  removed  by  the  addition  of 


sinxTT 


For 


sinxir 
Xtt 


(i-p)(i-5)(i-j2)-«^»V-; 


and  taking  logarithms  and  expanding, 


xir 


x" 


X* 


0=Jlog-^^-S,^-S,X- 


(2) 


sin  Xtt 
Adding  to  equation  (1). 

logr(l+x)=ilog^T^-yx-S3^-/S6-g- (3) 

The  coefficients  ^3,  /S^,  ...  all  begin  with  a  unit.  This  may 
be  removed  and  the  series  reduced  to  a  much  more  convergent 
form  by  the  addition  of  the  series  for  tanh~*x  to  each  side, 

viz.  J  x^    a^ 

tanh^*x=Jlogj— ^=x+^+-+.... 
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And  we  then  obtain 

logr(l+a:)=}  log-j--— -  tanh-ia;+(l— y)aj 

The  values  of  y,  £•„  8^^ ...  /S^s  are  all  calculated,  and  the 
tabulated  results  are  given  in  Art  957.  Eoler  calculated 
^t  ^  S^'  Legendre*  gave  the  values  £>,  to  /S35  to  sixteen 
decimal  placea  The  list  in  Art  957  is  taken  from  Lcgendre's 
list  as  given  by  De  Morgan,  Diff.  Cole.,  p.  554.  The  series  (4) 
converges  rapidly  and  is  used  for  the  calculation  of  the  values 
of  logr(x).  Legendre  gives  a  table  of  values  of  Lr{x)^  i.e. 
10+logr(aE;),  from  £r(l*000)  to  £r(2'000)  to  seven  decimal 
places,  in  his  Exeroices  du  Cahul  Intigral,  pages  301  to  306. 
A  table  is  also  given  by  Bertrand,  Cole,  Int,  p.  285. 

917.  Calculation  of  Eoler's  Constant  y. 

These  series  may  be  used  for  the  calculation  of  Euler's 
Constant  y  by  taking  a  value  of  x,  for  which  r{x)  is  otherwise 
known,  viz.  a;=J,  for  which  r(x)=^ir. 

Equation  (1)  gives 

y llogr(a:+l)+S,|-S,^+S«^-...; 

aud  putting  a;=}, 

y=log.-+2Sf2-3%+4«4^- W 

Equation  (3)  gives,  by  changing  the  sign  of  x, 

log  r(l-x)= J  log  gj^+y*+5,  J+S.^+ ... ; 
and  putting  x= }  in  this, 

y=log2-gS,g5— gSjgj-ySygj-..., (6) 

which  is  more  rapidly  convergent  than  the  former. 
Formula  (4)  gives 

log^=2^og^-^log3+-2^ 3~2"3 5-  2-»— •• 

_,      2e    5,-11     5.-11     S,-ll_  ... 

t.e  y— iog.g-        3~  2*        6~  2*        7      2«     ^' 

*  Traiti  dea  fonetioma  tUipiufve$t  Legendre. 
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This  is  the  best  of  the  three  series  to  employ  to  find  y. 

And  with  the  aid  of  the  tables  of  values  of  Sp  the  calcula- 
tion to  seven  places,  which  is  all  that  is  likely  to  be  wanted 
for  ordinary  purposes,  may  be  readily  performed. 

The  value  of  y  is 

y =-57721  5664901532  8606... , 
and  l-y=-42278  43350  98467  1394... . 

The  value  of  log«lO  is  of  course  required.    It  is 

log.  10 =2-30258  50929  94045  68401  79914  ... , 
and  the  modulus  logio€=-43429  44819  .... 

918.  The  numerical  calculation  of  values  of  logr(l+2r),  and 
therefore  of  r(x)  itself,  will  now  present  no  diflSculty.     With 

the  values  of  -^ — ,  -^= — ,  etc,  inserted,  the  working  formula 
stands*  as 

loger(l+x)=l  log.  £^^l  log.  l±5+-4227843:r 

--06735230X* 
-•0073855X* 
-•00ll927ic' 
- -00022312^ 
—etc, 

and  is  rapidly  convergent  for  the  small  values  of  x  less  than 
a;=J,  2^^  being  1024.  Hence  the  last  term  -0002231jr*  in 
the  case  x=J  becomes  0000004,  whilst  for  z=i,  which  is  the 
largest  value  of  x  for  whicli  it  will  be  necessary  to  use  the 
series  (see  Art.  921),  the  error  in  omitting  all  the  remaining 
terms  of  the  series  will  not  affect  the  seventh  decimal  place. 
Hence  we  have  here  all  that  is  necessary  for  the  construction 
of  seven-figure  tables  for  logr(x). 

919.  It  is  worth  noting  that  the  addition  of  log(l+«) 
and  log(l— x)  respectively  to  r(l+x)  and  r(l— x),  viz. 

\ogr(i+x)=-yx+s,^-s,'^+s/ 


2      ~»  3    '     *  4 
and  logr(l-x)=     ya;+.Sr,J-+^3^+«,^+ 

•  Bertrand,  Cole.  IntiyraJ,  p.  250. 
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give    logr(H-x)=-log(l+x)+(l-y)a; 

+  {ii,-l)Y-^S,-l)^+(S,-l)~... 
and     logTU— x)=— log(l— x)-(l— y)x 

+(«,-i)^+('S,-i)y+('S4-i)t+-  : 

whence 

—  (iSj  — l)-g-— .... 
But    ilogr(l+a5)r(l-a;)=Jlog-^,   i.e.  adding, 


sinirx 


irx 


logr(l+x)=i  log-5^-tanh-«x+(l-y)x 

the  same  series  as  before,  which  may  be  written 
logr(l+x)=ilog(^-j^J^^)+(l-y)x-|:(S^.,-l)|^^; 


and  putting  x=l,  since  Lt^^i  -. 


l-x         -1 


1 


8in  irx     IT  cos  tt     tt 
l-y=ilog2+|;%^-': 

and  patting  a:=J,  since  T(i)^\jTr, 

l-y=logl-5+|;^-|^,  (cf.  Art.  917). 

These  series  are  given  both  by  Serret  and  Bertrand  for  the 
calculation  of  r(l+a5)  and  y. 
The  formulae 

logr(l+x)=llog^^-yx-^S.x.-b.a^-... . 
logr(l-x)=i  log -jl|-+yx+ W  J-S.x»+... . 


and 


y— iog,^     3  2*     5  2*     7  2«~"'"' 
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were  given  by  Legendre  {Exerdoes,  p.  299).    But  the  addition  of 
the  series  for  tanh^^x  adds  to  the  rapidity  of  the  convergence. 

IT 

920.  Since  r(m)r(l— m)=-: ,  we  have,  on  pnttinir 

"2^  for  m, 

<^H^)~T^"hi « 

sin— g— X    coe-q- 
But  r(x)=2^-*'^    ^f^)       (Art. 905). 

r{l+x) 

X 

Hence,  writing  =  in  place  of  z, 

Kl)-«--/^-7^- <»' 

^  \2"^2/ 

(l'\-x\ 
—K^jf  we  have 

r(-) 

r{x)=-^— ^ <'"^ 

2.-.cosfr(li-0 

921.  By  means  of  the  four  formulae 

r(x)=(x-i)r(x-i),...(i);  r(x)r(i-i)=^-j^. (2); 

it  may  be  shown  that  r(x)  can  be  calculated  for  all  values  of 
X  when  those  between  r(J)  and  r(i)  have  been  calculated. 

(a)  For    1  <  X  <  00 ,  reduce    by   continued  application  of 
formula  (I)  to  a  case  0  <  y  <  1. 

(6)  For  |<  05  <  1,  reduce  by  formula  (2)  to  a  case  0  <  y  <  i- 
(c)  For  i  <  x  <  I,  reduce  by  formula  (4)  to  a  case  i  <  y  <  i- 

T^.-^l  2C^1  ,1—05^1 

Forifx>3,       2>6     """^     -r<s'' 
andif      x<3.        2<3     "^"^     -g- >  y- 


Bs: 


r(8a;) 
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(d)  It  J  <  ar  <  ^,  the  case  needs  no  reduction. 

(6)  If  0<a;<^,  use  formula  (8).  This  involves  r(J+x), 
and  ^+x  lies  between  }  and  J,  and  therefore  falls  under  case 
(c),  and  an  application  of  formula  (4)  reduces  r(x+})  to  cases 
in  which  the  arguments  lie  as  before,  viz.  i  <y  <i. 

In  r(2x),  which  occurs  in  the  numerator  of  formula  (3),  if 
0  <  a:  <  ^,  we  have  0  <  2x  <  J,  and  if  2x  >  J,  no  further 
reduction  is  necessary. 

But  if  0  <  »  <  ^^,  we  have 

0  <  2a;  <  i^    and     0  <  4®  <  i- 

We  then  use  formula  (3)  with  2x  written  for  x, 

r(2x)=7^2-.j^. 

Similarly  if  0  <  a;  <  yV»  ^^^ 

and  so  on. 

Hence  it  follows  that  the  use  of  series  will  be  only 
necessary  in  the  case  of  r(a;),  where  x  lies  from  ^  to  -^,  and 
that  when  this  group  is  calculated  by  the  series,  all  others 
follow  by  the  above  rules. 

922.  Graph  of  y=r(a;)=l   e-^'z—^dz. 

Jq 

Regarded  as  defined  by  the  integral,  it  is  plain  that  so  long 
as  a;  is  real  and  positive  r(a;)  is  a  positive  function,  and  that  it 
becomes  infinite  if  x  =  0,  as  may  also  be  seen  from  the  fact 

that  r(x)  =  -r(x+l),  and  therefore  r(0)  =  ^^=  x . 
We  have  seen  that 

j^2iogr(x)=-,+^^q-jp+^^-p^,+  ... , 

and  therefore  is  infinite  when  a;  =  0,  but  for  all  values  of  x 
from  0  to  00  it  remains  positive  and  finite.     Hence 

|logr(x).     i.e.^y 

is  an  increasing   function   of  x,   and   its   value   at  x  =  0   is 
obvioasly  —  oo  ,  for 

,f,logr(x)=-y+(J-I)  +  Q-^-J  +  ...    (Art.  911). 


1« 


x»  — 


— == =  — 7— ♦— j— ...  to  X  =+: 


Henoe  = —  iscreBaes  iron  — x  liirowli  aeio  to  4*®  m  s 


fromOtoz  azid  wr(r}i«Baa»paHtiT€  throngiioot, 
P(x)  efaft&ges  from  De^isdve  to  poatrne  obw,  and  onee  only, 
9BX  increAses  from  0  to  z  . 

Thereiore  r(r)  has  out.  and  onlj  one.  sttcianary  value,  and 
tha;!  is  a  minimimi,  and  F^xi  decpeaaes  tram  x  when  x^O  to 
r(l}==l  wbenx=l.aiMlaDcer(2)=l  and  r(l)==l.  the  oidi- 
Dal«B  at  x=l  and  r^^  are  equal,  and  the  minimum  lies 
aomewhere  between  x=l  and  x=2.  and  is  numerically  less 
than  nnitv.  From  x=rS  to  x~x  the  valoe  of  Ffs)  is  con- 
tinually increasing. 

The  corre  then 

(a)  lies  entirely  on  the  upper  side  of  the  s-axis ; 
(6)  it  is  asjrmpcotic  to  the  y-axis ; 
(e)  it  has  a  minimom  between  x=l  and  x=2; 
(d)  it  recedes  from  the  x-axis  from  x s 2  to  x=  x . 

The  equation  to  find  the  exact  position  of  the  minimum 
ordinate  is  -^^  =  0,  or  writing  x=  1+/,  ^r(l+0=0. 

Ako  rflogr(l-fO_r(l-hO 

di        "Fu+T)' 

Hence  J^r(l+O=r(l  +  0[-j^+(l-y)+(S2-O^ 

and  ^  is  to  be  found  by  trial  from 

^-L  =0-422784... +  (5.-1)^-- (iS,---l)i«+...; 

and  subHfcituting  for  S^  and  S^  their  values  in  decimals  to  a  few 
places,  an  approximate  value  for  t  may  be  obtained,  and  by 
the  usual  approximation  methods  the  result  may  be  found  as 
nearly  as  desired.     Serret  gives  the  result  to  seven  places,  viz. 

^  =  0-4616321... 
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ie.  the  abodasa  of  the  minimum  ordinate  is 
:c-l+(  =  l-4616321..., 
and  the  value  of  the  corresponding  ordinate  is  found  to  be 
y=0-8856032....* 
Id  the  tables  for  LTix),  i.e.  10+logr(a!),  we  find  in  the 
vionity  of  the  minimum 

X  irw  X  LVlx) 

1-45  9-9*72677 

1-46  9-9472397 

1-461  9-9472393 

1-4G2  9-9472392 


1-463 
1-47 
1-48  9-9473079 


|::::| 


Flg.3S0. 

So  we  see  from  the  tables  that  the  minimum  ordinate  is  in 
the  vicinity  of  1462,  and  the   value  of  the  corresponding 

*  B«rtnnd  girM  0-SS56032,  pogs  283,  and  agftin  page  284,  line  3,  and  tbfl 
re»qlt  i«  given  elnvhere.  Thi<  is  etidenlly  *n  error.  The  re»ult  i<  given 
tometiy  in  Serret,  CWe.  Inlig.,  p.  186. 
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logarithm,  1-^733^  indntes  an  oidiiiafee  O^S5M3  approzi- 
mateljr.  Tbe  minimaiii  ocdmale  is  rgached,  tlierefore,  a  littie 
earlier  in  the  mardi  of  x  from  1  to  2  than  the  half-way  1'5, 
whidi  might  have  been  expeded  from  the  Tery  rapid  fall  of 
Taloe  in  r(x)  between  r(^«x  and  rG)=^l  •^  the  much 
slower  rise  on  passing  x^X  r(2)=l,  r(3)=r2,  r(4)»6, 
r(5)=24.  etc 

For  large  .ah«  of  x.?i^^ap|«ximaU^ 


and  the  graph  of  y^FCx)  to  the  corre  9^ \ —  \- 

We  hare  now  seen  u>  what  shape  the  several  corves  in 
the  graphs  in  Art.  8S6  are  gradoallT  tending,  and  com- 
parison should  be  made  between  the  figures  given  there  and 
the  graph  of  the  limiting  form  jr  =  r(x)  in  Kg.  320  <^  this 


It  will  be  noted  that  ante  r(x)  is  deer  easing  from 
x=0  to  x=l'461$321...  and  increasing  from  x=l 4616321... 
to  x=ac  moch  more  slowlv,  the  dilferentes  are  n^adve  for 
the  first  part  of  the  mardi  of  r(x)  and  positaTe  for  the  second. 
Smilaiiv  for  the  differences  in  the  tables  which  give  log  r(x) 
or  L  r{x\  The  tabulation  is  only  edRected  from  x=l  to  x=2, 
for  by  virtoe  of  the  reduction  formnla  r(x-^l)=xr(x)  this 
is  all  that  b  necessary.  In  using  the  tables  care  should  be 
observed  with  regard  to  the  change  of  sign  of  the  differences, 
and  thoee  who  wish  to  make  close  calculations  should  observe 
the  remarks  made  by  Bertrand,  i\i/<\  Imt^^  p  284,  wiUi 
regard  to  the  behaviour  of  the  difff»encei$  both  of  the  first 
and  second  orders. 

S'24.  The  rule  of  interpolaticm  commonly  osied  is 

%        x^x— n .. 

(Rxile,  Finiie  Z>if«vno»,  Art.  2), 

rather  than  the  ooiinary  rule  of  piV!f>c«tional  parts,  which 
stops  at  the  second  term. 
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925.   EzpraflsioiiB  for 

^lo«r(ar).    ^loBTix).    ^,lo«r(x),    etc.. 

M  doflnite  integrals. 

d  (P 

The  expressions  for  -i-logr(a;),  -f-ilogr(x)y  etc.,  viz. 

^ogr(x)=It...{logn-(l+^-lj+^2+-+x-+^)}'<') 
^l"gr(x)=i+^-^,+  ^,+  ...tocc (2) 

|^logr(x)=(-l).r(n)[l+^+^-^-^,+  ...  to  «].  (3) 

can  readily  be  cooverted  into  definite  integrals  by  aid  of  the 

results  f*  r(n\ 

J^«-'»'^-»rf^=^'   (a) 

and  I    d«=logfc (6) 

(a)  has  been  proved  in  Art  864. 

(b)  can  be  established  thus : 

Jo  L       k  X      ^ 

Integrating  with  regard  to  k  between  limits  1  and  A;, 

To  convert 

T-logr(x)=Z<,»«oollogn 1-^ To"---- i rr 

the  right  side  may  be  written,  by  aid  of  (a)  and  (h), 

for  the  second  integral  disappears  when  n  is  made  infinite. 


x:^ 


AxHTfae 


22 


A_i      ■> 


■=^  icn: 


%  s 


:£tbe 


-kji 


:r  r — 


«dl 


▼TlHt    ;   » 


I  fsni  f  S.'e^  sot 


S  10 


•    -i^sai-«  yriiSOL   %  » 


made 


I.-  :'.s---r  n.-?   "l.*»->    i.  z 


-  -    !•:!!  '  -ET 


'^-^:,-jfn-"*'^} 


-:   '       ;.-af^n-:_,-r-    f^n^:_,-    -rj^-x.   ..T,f3; 


I 
■ 


•         '» 


^-11^  :c?      -,  <2».  ...(B) 


*^'l  •,:..»  i.v;!  idt*  ir.^  ca^e 


j!^.'"gT(z,=j;j-^_^..,'i. 


.(C) 


'»Z8.  Tf,.,  wrn<;  method  of  treatment  will  apply  in  many 
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Thus  the  sum 


^*=p+^+3?+—     (P>1) 


=rL|"i8'-'(«-'+«-*^+e-''+  ...)rf/8 


Tip). 

_  1  r^-'e-f. 


{CO  ^  /••  ^ 


.(D) 


939.  Again, 


^=li+^+5?+7?+"-     (P>^) 


=r(F)Jo  r:r^'^^=2r(^Jo8iiM'^^' <^) 


Similarly 


(F) 


^""1J»     Sp'^oP    ip'^'" 

"'r(p)Joi+e-^^""2r(p)Joco8h/8^^ 

And  whenever  such  series  occur  the  conversion  to  a  definite 
integral  form  follows  at  once.  For  instance,  in  the  expansion 
(Diff.  Caic,,  Art.  574) 


(■+(-r+(r+(-r+-}^ 


.-.  4,=2(|)"*J   /8-[e-<'+e-»'+e-»'+e-''+...]<ii8.    n  odd. 
and    =2(-)     ]    ^[«-'»-e-'^+e-»'-'-"'  +  ...]d)8.    neven; 
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Thus  the  n^  BemoolliaD  number 

2ii 


—A       ^^    r  ^'  dB- 


p 

and  the  n^  Ehilerian  number 

If  we  write  B^_i  as 


(H) 


di9. 


(I) 


^•"-»~(2x"»-L^+2Si"*"3S+"J-2<2»)!^(2;q;^ 

Jo 
we  have 

a  result  due  to  Plana.    {Mem.  de  VAcad,  de  Turin,  1820.)* 

930.   Another  Method  of  obtaining  Ezprassiona  for  log  r(x), 
^logr(a?),  ^logr(a?), ...  ^l^^rCa?)  as  Definite  Integrals  is 

as  follows: 

Differentiating  the  equation  r(x)=|    e'^tx'^^da,  we  have 

Jo 

^=j%-a-Mogarfa (1) 

But  re-«cfe=r-— 1"=-, 

Jo  L        a  Jq      a 

and  integrating  this  between  limits  1  and  a  with  regard  to  a, 


loga=      — 
•'o 


—  e 


— ai 


dz. 


(2) 


•See  Boole,  Fin.  Dif.,  p.  110. 


ik 


M^yiBiHiUfa 
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and  chan^ng  the  order  of  integration, 

-n"°-''"'"'""'""''^'^-'''"0('--(TRi)'^' 

Integrating  this  with  regard  to  x  between  limits  a;=land 

Putting  x=2, 

Multiply  this  by  z—  1  and  subtract  from  equation  (4) ; 

iogr(x)=j^  {(s-m+zr*-' — L_i — '-jj^^uj^y 

Now  put  l+2=e^, 

logr(x)=j;{(x-I)e-l,^}f (6) 

Differentiating  this  with  regard  to  x, 

^logr(x)=f;5^-^,)i^;  (7) 

and  a  further  differentiation  with  regard  to  x  gives 

Siogr(.)=f;-,^> (8) 

Differentiating  (8)  n  — 2  times  with  regard  to  a;,  we  get 

^logr(x)=(-l)»J^^-J:^(i^    (n<2) (0) 

Results  (6),  (7),  (8),  (9)  give  log  r(a;),  and  its  differential 
coefficients  expressed  as  definite  integrals. 
From  (9),  expanding  (1— e'^)"\  we  have 

^logr(x)  =  (-l)'»ri8*'-Me''^+e-<'-^^>''+e"<'+*>''+...)<^i8 

-(-'r^(-)[^n  +  (^^  to  OO], 

the  formula  of  Art.  911  (6). 
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And  80  far  as  formulae  (7),  (8)  and  (9)  are  concerned,  these 
definite  integral  forms  are  the  same  as  those  obtained  in 
Arts.  925  to  927  from  the  result  of  Art  911  (6). 

931.  Approximate  Summation,    liadanrin's  Formula. 
As  we  are  dealing  with  many  series  of  the  form 

and  other  forms  in  which  in  some  cases  an  exact  summation 
has  not  been  effected,  it  is  desirable  to  explain  the  method 
usually  adopted  for  approximate  evaluation  of  such  summation& 
Defining  the  symbols  ^,  A  as  in  Differential  Calculus, 
Art.  550,  viz.  such  that 

Eu^=Ujg^i  and  Au,=Wj,+i— Uj,=JFttj,— tt,  or  (^— l)u,; 
and  also  remembering  the  symbolical  form  of  Taylor's  theorem, 

e*^Ua;=Ujr+A,    whcrC    ^=j-» 

we  have  the  following  identity  of  operators : 

i;=e^=A+l, 

and  it  was  pointed  out  in  the  Differential  Calculus  that  these 
operative  symbols  obey  the  same  elementary  rules  of  algebra 
as  quantities,  viz.  the  three  fundamental  rules : 

(a)  the  associative  law, 

{h)  the  commutative  law, 

(o)  the  index  law  for  positive  integral  exponents, 

with  the  exception  that  they  are  not  commutative  with  regard 
to  variables.  Hence,  bearing  this  exception  in  mind,  there  is 
an  algebra  of  operators  bearing  formal  analogy  with  the 
ordinary  algebra  of  (quantities,  and  such  theorems  as  the 
binomial,  multinomial  or  exponential  expansions  hold. 
Let  us  define  another  symbol,  2,  to  be  such  that 

where  u^  is  some  fixed  term  of  the  series. 

Then  2Ux+i — 2u. = it,, 

i.e.  2Au»=Ujp, 

and  therefore  2  represents  the  inverse  of  the  operation  A, 
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which  may  be  written  as  -r  or  A~^;  and  since  A{f(x)  +C],  where 

(7  is  a  constant  and  f(x)  is  any  function  of  x,  is  equal  to 
[/(*  + 1) +(J]-[f(x)+G]=nx+  l)-/(xX 

so  that  the  constant  disappears,  so  in  reversing  the  process,  if 
such  reversal  be  possible,  we  must  restore  the  constant,  so  that 
we  shall  regard  Ztt«  as  A'^u^+C  where  C  is  an  arbitrary 
constant  to  be  determined  in  each  special  case. 

In  this  respect  the  symbol  of  finite  summation,  or  integration, 

£  behaves  exactly  as  the  sign  \dx  of  the  integral  calculus. 

Thus  Su^sC+^tt^sC+^gi^ti,. 

Now  it  has  been  shown  that 

^^=l-|+^«*-§^+^f <•-...      (Diff^  Gale.,  Art  US); 

whence  dividing  out  by  t  and  writing  D  in  place  of  t,  we  have 
the  following  equivalence  of  operators,  viz. 

in  which  all  the  operations  on  the  right  side  represent  direct 
differentiations  except  the  first,  which  represents  an  integration. 
Applying  this  to  any  function  of  x,  viz.  v,, 

^^=^+h*^-2^+2!   &-4!-^+6f^-      • 

For  this  and  many  other  formulae  derived  from  the  same 
principles,  the  student  may  consult  Boole,  Finite  Differenees, 
p.  89,  etc. 

932.   Apply  this  theorem  to  the  case  of  the  series 

Here  «.=^,    2«,=l+l+l+„.+-i^. 

Hence 

=o+w».+±-|.Ufl-f.U... 
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The  cQDflt&nt  C  moat  be  detennined  in  such  examples,  either 
by  reference  to  aome  known  case  of  the  sommaiion,  or  by 
absolute  calculation  of  the  result  for  a  particular  valae  of  z, 
and  when  once  found,  the  formnla  can  be  used  with  the  deter- 
mined constant  for  snmmation  for  other  values  of  x. 

In  the  present  case,  patting  x=  x  , 

C=Z^,=.(l+^+|-f...H-~loKx)=Eoler8Con8tant=y. 

If  this  be  available  (see  Art  897)  the  series  can  be  used  for 
the  calculation  of  the  harmonic  series  to  any  degree  of  approxi- 
mation required.  If  C  be  not  available  take  the  case  2=10, 
and  insert  the  values  of  fiemoulli*8  coefficients,  viz. 

Bi=i.    ^,=5V.    ^5=i*J.    ^7=3V.    B,=A.  etc  (see  Art  879). 
Now 

l+i+i+H-i+i+l+l  +  i  +  TV  =  2*928  968  254... 

Also  log,  10=2-302  585  00 ; 

/.  2  928  968  25... -2-302  585  09... 


-C4.  ^  -1    i-  + 
'20     ^'^ '  ^'^'^ 


1        1 


1        1 


+ 


12  '  lO*^  120  '  10*     252  '  10*^240    10«     *" 
•626  383  16...  =  C+-049  167  496; 

/.  (7= -577  215  66...     (Euler's  constant), 

which  is  correct  to  eight  places  of  dccimala 

Hence  to  the  same  degree  of  approximation  we  may  now 
proceed  to  sum  the  series  to  any  other  number  of  terms  by  the 


result 


1  +  oH-... +-=-57721566. ..+log,x-f 


2z 


Ai+^3l_etc 


It  will  be  noted  that  to  obtain  eight  decimal  places  of  Euler  s 
constant  only  three  of  the  terms  on  the  right-hand  side  affected 
the  result. 


933.  Take  the  case 


7n  +  IJn  +  3ii  +  :^+--+j.n     («>»)• 


Here 


1 


«n  =  >. 


CdBfa 
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^1   ,r        1        1 


1       n     1       n(n4-l)(n>f2)     1 


720 


^♦t 


except  iu  the  case  Hal,  when  logx  replaces -^—. . 

Hence  -.  +  _  +  _.  +  ...  +  __    (n>l) 

1        1    ^1   1      n     1    ^n(ii+l)(n+2)     1 


=e- 


*'q   -r*       lO   -•♦l''' 


w-lx*-*    2x*     12  J?" 


720 


jJH^ 


-  etc, 


and  thia  series  can  be  calculated  to  any  degree  of  approximation  when  C 
has  been  found. 

In  the  case  when  n  is  even,  the  exact  sums  for  an  infinite  number  of 
terms  are  known  for  the  earlier  values  of  n.  The  values  for  »= 2, 4, 6, 8, 10 
are  given  in  Art  879. 

When  this  is  the  case  the  exact  value  of  C  is  known,  e.g,  if  iia2, 


C^^  (Euler),  and 
o 

I  .  1 


1.1       11.11       11 


If  i»s4,  C»T-Tr  (EuIer),  and  for  even  values  of  n  higher  than  10, 
C  c»n  be  found  from  ^^^o/g  \  t  ^2n-i-     (See  Art.  879.) 

934.  For  odd  indices  we  proceed  as  in  Art.  932,  and  the 
value  of  the  constant  is  to  \ye  calculated,  as  it  is  not  available 
otherwise. 

Thus,  if  ns3, 

Take  the  case  x»10.  It  will  be  found  to  give  (7=»  1*202056903...  to 
the  first  nine  places  of  decimals,  and  to  that  approximation  with  this 
value  of  C  the  formula  can  be  used  for  finding  the  sum  of  any  other 
nomber  of  terms. 

The  value  of  C  is  the  sum   to   infinity,  in  all  these  examples,  viz. 

S  -^,  except  when  ii=l,  a  case  which  has  been  considered. 

935.  Consider  finally  the  case 

logl+log2  +  log3  +  ...  +  logjr. 


■>  -f  J 
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/.  log(jrl)-C+loflr«+|log«<i»-2log«+gjujlogj: 

=  C+log*+*(log*-l)-2log*+j2--3g5;^+55g5ji-... 

li  1111.11 

and  when  «  is  made  very  large 

log  (-VSpt  j:*r-*)  asC+JT  log  JT  +  3  log  JT -X ; 

.-.   C=log^/21^; 

.      .,    «  «        .     1,     «  /       1\.  1111.11 

/.  log(1.2.3...*)-2log2r.«+(^«+2Jlog«+j2--^^+Y5ggji-..., 

1     _    1         1 

•.e.        i.2.3....x=>/2S*'^l+^+2^-5jJ^...] 
as  a  cloee  approximation.    (Cf.  Arts.  877,  884.) 
936.   It  will  be  seen  that  the  formula 

will  be  of  the  greatest  service  when  methods  of  exact  summa- 
tion fail.  The  student  should,  however,  test  the  formula  for 
himself  in  cases  with  known  results,  such  as 

to  gain  familiarity  with  it. 

Enough  has  been  said  to  show  that  the  summations  we 
require  in  the  present  chapter,  such  as 

,111  1 

can  be  readily  calculated,  when  wanted,  to  any  degree  of 
approximation  which  may  be  required,  without  the  labour  of 
calculating  out  each  term  separately,  except  for  a  few  terms  to 
determine  the  value  of  the  constant.  We  have,  for  finding  (7, 
chosen  10  terms  for  the  obvious  reason  that  the  arithmetical 
calculations  of  the  right-hand  member  of  the  equality  are 
thereby  much  simpliiied. 

♦See  l)e  Morgan,  Dijfftreutial  CvJcvduA,  p.  312. 


rr- 


— :      ■  '       W 
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937.  A  Thaoram  dne  to  Oaiicliy. 

It  is  a  well-kDown  theorem  in  trigonometry  that 

where  Rm  ^  &  quantity  which  may  be  made  as  small  as  we 
please  by  taking  m  large  enough  (see  Hobson,  Trigonometry, 
Art  293).  This  is  so  whether  z  is  real  or  complex.  Also, 
when  m  is  indefinitely  increased  the  series  is  absolutely  con- 
vergent for  all  values  of  z,  with  the  exception  of  such  as  are 
expressed  by  z=^r7r  for  integral  values  of  n 


%z 


Writing  -^  in  place  of  z,  we  have 

icoth|=l+|;^^5^+i<'.. 

where  B^wu  like  R^,  can  be  made  indefinitely  email  by  increas- 
ing m  wiihoat  limit,  and 


2~*2 
and  can  be  written  either  as 

1.1  «* 


g_l/g'+l\ 
2    2W-I/' 


e'-1^2 


or  as 


«»-l 


1 
2' 


■^^  n  »  W.C 


1-6-'      2 


Hence 


«»-l  ^2     z 


or 


1 


Now,  by  division, 


1 
2 


1 
z 


=2 


2z 


r'^T^+z 


i+H^m. 


!""/.«      r.4+^e       •••  +  (       1) 


—  1^*-1 


rln-t 


a*H-2;*    a*    a*  *  a*     '"  '  ^     ^'        a** 


f(-i)' 


a 


tiH>t 


€f 


a' 


where  e=  ,  ,    ,  and  is  a  positive  proper  fraction  for  all  real 

values  of  z,  and  the  series  would  be  convergent,  and  could  be 
continued  to  infinity,  provided  z<iaii  real,  or  mod.  ^^a  if  z 
be  complex. 

Write  in  this  identity  a=2x,  4x,  6x...2mx  successively, 
and  indicate  by  suffixes  1,  2,  3, ... ,  the  corresponding  values  of 
€,  and  let  8r^  denote 

i+L+L+    +± 

l*"       2^       3*'       •'*    '   **»r* 


rrv 
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Then  we  arrive  at  m  equations  of  the  type 


1  I  Z*  2*"-S  ^ 

and,  adding  these  equations  together, 


^ir^TT^+z*     (2x)2     (2x) 


(2x)*» 


(2ir)> 


where 


€^+f— 2i5ii+i' 


and  if  1}  be  the  greatest  of  the  quantities  e|,  €2,  •••  > 

and  therefore  e'  is  also,  like  e^,  ej,  €3,  etc.,  a  positive  proper 
fraction. 

We  thus  have,  taking  e*  to  have  its  principal  value, 


1     1\     25«        2&« 


2Sr 


V-1+2     J~(i^^"(iii.V^"^(2^^^        "' 

and  if  we  increase  m  without  limit,  the  series  Sj^,  S^*,  S^*, 
being  all  convergent, 

Mh=,5,'»=J;+1+...  to  x=S„    and    LtR^=iy 

Hence 

/J_     1__1\     _2^        25,  2& 


(27r)*         (29r)*       '  (27r) 


%r  •  •  • 


where  0  is  a  positive  proper  fraction ;  or,  what  is  the  same 
thing,  (z =i~9 — j  =  the  same  expression. 


And  if  we  write 
1     1\^ 


fe  ^^^  J^)^'  ^^'^  ^^^^^ 


1/    1 
z 

or 


Ve'-l   ^2     5/ 


^  =  2!      4!^  ^6!^     -^^     ^       (2n)! 


r2n-t 


5\l-e-'     2     zJ 

where  O<0<1  for  all  real  values  of  z. 


^^     ^^  (271  +  2)!      ^' 
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938.  Now  Cauchy  has  shown  that  Maclaurin's  Theorem 
for  the  expansion  of  a  continuous  function  of  x,  viz.  F{x),  for 
the  case  of  a  real  variable,  still  holds  for  a  complex  variable 
which  is  such  that  its  modulus  has  a  value  lower  than  that 
for  which  F{x)  ceases  to  be  finite  or  continuous  (see  Art.  1299). 

The  fiuction  — — ;+^ —  only  becomes  infinite  for  values 

of  z  which  are  given  by  z=2Xiir,  where  X  is  a  positive  or 
negative  integer  other  than  zero.  This  function  is  therefore 
capable  of  expansion  by  Maclaurin  s  Theorem  in  a  convergent 
series  within  the  circle  of  convergence  of  radius  27r  for  any  real 
or  complex  value  of  z,  whose  modulus  is  •<27r,  and  the  form  of 
that  expansion  has  been  given  in  Diff.  GcdCy  Art.  148,  as 

lt^+|-i)=f!-r^*+l!^-  •••  ^  •"'^"''y 

Z      -        Z      B^    2       -^S  ^_L      6  *« 

and  the  various  coefficients  were  defined  as  Bernoulli's  numbers. 

This  series  then  is  convergent  when  2;  is  a  real  variable 
which  lies  between  —  27r  and  +  27r,  exclusive.  It  is  also  true 
and  convergent  when  2;  is  a  complex  variable  and  z  lies  within 
a  circle  of  convergence  of  radius  2ir. 

And  when  the  infinite  series  is  not  convergent,  i.e.  when  z  does 
not  lie  between  the  limits  specified,  the  series  may  be  stopped  at 

any  term  (—  l)'*"*-;^^^.^  «*'*"*»  and  the  error  is  then  numerically 
^  ^       '      (2ti)!  ^  ^ 

less  than  the  next  term,  (—1)",^  ^I'^^v.^^"- 

^       '  (2nH-2)! 

This  theorem  is  due  to  Cauchy. 

939.  Lemma.     As  a  preliminary  to  what  follows  we  may 

remark  that  such  an  integral  as  I   —  cte,  where  O'<0<1,  lies 

f '  1  f  "^  1 

intermediate  between  Q^  I   —zdx  and  6^  I  —^dx,  where  0^  and  Q^ 

are  the  greatest  and  least  values  of  0  between  x=a  and  x=x. 

C  6  f ' dx 

Therefore  I  —dx=Q\  —  for  some  value  of  0  between  6^ 

Ja-^  Jo  '^ 

and  0,,  and  therefore,  if  0^  and  6^  are  positive  proper  fractions, 
80  also  must  G  be  a  positive  proper  fraction. 
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940.  Now  we  have  established  the  equation 

^'(x)s^log r(x)=f " ^^d)8    (Art  930.  8) ; 
or,  what  is  the  same  thing, 


/8 


e»-l 


dp. 


0 


Hence,  substitating  for        -,  the  finite  series  established  by 
Caachy  (Art.  937),  ~ 

+(-i)-^|^+(-i)-(^,^*e]d^. 

(o<e<i). 
_i_i  r(2)  fl.r(3)  B,r(5)       ,,   ,w-.g>.-ir(2H+i) 

~x    2"    *»  "^2!    X'       4!   a;»  "^""^^     ^'      (2i»)!     a*»+» 


t.e. 


V''(*+i)-Siogr(a;+i)=i-li+§-|r+... 

+(-i)"-*^'+(-i)"§^ie,  (o<e<i). 

Integrating  this  result, 
V.(a:+l)^^logr(x+l)=^+loga:+i-|^+g,-... 


B, 


ifi-i-i 


^     ^      2na*»    ^     ^  (2n+2)x»*+* 


et. 


where  0  <  O^  <  1,  by  the  lemma  of  the  last  article,  A  being  a 
constant  to  be  determined. 
Let  X  become  infinite.    Then 

+K.=-  log  A  +^) =0.    by  Art.  9 11  (3). 
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Hence 

V^(x+i)=^iogr(x+i)=iogx+l-^+^-... 

(0<ei<l). 
Again  int^rating, 


-^ln-l 


1 


B 


^^       '      (2n-  l)2fi  x**-*^^     ^^  (2n+l)(2n+2)  x»*+i'^** 

(0<Ot<l),  by  the  lemma,  where  A'  is  a  constant  to  be 
determined. 
Let  X  become  an  infinite  integer. 

i4'=Z<,,.[logr(x+l)-x(logx-l)-ilogx] 

=Z(,..  [log(-v^;^a;*e-«)-(x+i)  logx+x] 

=log>^x. 
Hence 

logr(x+l)=ilog2x+(x+i)logx-x+^^-^^+... 


B 


■^^     ^      (2n-l)2nx»«-»"^^       M2n+l)(2n+2)a:»'H.i^t, 

(0<e,<l). 
This  resalt  is  also  due  to  Cauchy. 

941.  The  series,  if  carried  to  infinity,  is  known  as  Stirling's 
Series.  It  is  divergent,  however  great  x  may  be.  For  the 
general  term 

g«n-i         1    ^        1  1     2(2n)! 

(2n- l)2n  a;««-i     (2n-- l)2n '  x*»-i  (2x)««'^*"* 

And  the  ratio  of  this  term  to  the  preceding  term  is 

(2n-3)(2n-2)^  S,. 


n' 


«A  ultimately   -^,  and    however    great   x   may    be,   will 

ultimately  be  >  1  when  n  is  large  enough.  The  formula  can, 
nevertheless,  be  made  useful  for  approximative  purposes  for 
calculating  r(x+l).    For,  as  in  the  series  of  Art.  938,  the 
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error  in  stopping  at  the  term  involving  -^pr^  has  been  shown 

*^  ^  Q(2n+lH2U2)^  (0<e<l).  ..e.  the  error  is  le«. 
than  the  succeeding  tenn.     And  as  the  ratio  of  two  con- 

secutive  terms,  viz.  ^ ,'^  .^ o       ,  ^  less  than  unity 

(2xx)*        S^^t 

until  (2ii— 3)(2»— 2)  «^^  exceeds  4x«x*,  the  absolute  values 

of  the  several  terms  go  on  diminishing  until  this  happens,  and 
then  increase  again.  Hence  the  closest  approximation  will 
be  obtained  by  continuing  the  series  until  that  term  is  reached 
which  precedes  the  smallest  term. 

942.  We  have  as  successive  approximations 
log  r(x+l)  >  I  log2x+(x+ J)  logx-x, 
logr(x+l)<Jlog2x+(x+i)logx-x+Al, 

logr(x+l)>Jlog2x+(a;+i)logx-x+Al._A^, 

logr(x+l)<Jlog2x+(x+i)logx-a; 

Bi  1      B,    1      B»    1 

"^r2i~3T4x»"*"5.6x»'  "^^ 

And  since  ^i=g,  ^«^30'  ^•'^42*  ^^' 
r(x+l) 

>  N/2iix*e-* 

j_ 

J i_ 

>j2Trxx*e'*e^^  =«^,  etc., 

i.e. 

r(x+i) 

>  sf2Trxx*e-', 

<V2-^x-e-'.(l  +  jL+_^...), 

_  /         1  1  139_  571  \ 

>V2xxx*c     V^  +  i2a;+2(12x)«     30(12x)3     i20(12x)*"V* 
etc. 
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943.   In  order  to  facilitate  calculation  from  the  series 
logr(a:+l)=|log2x+(x+|)logx-x 

"*"1.2«     3.4x»"^5.6a:*     *•' 

it  is  desirable  to  arrange  so  that  x  shall  not  be  small. 
For  this  purpose  Legendre  puts  a:=4+a;  whence 

logr{x+l)=\ogx+\ogr{x)=\ogx 

+logr(a)+loga(«  +  l)(«+2)(a  +  3) 
and 

logi.r(a)=^log,,2ir+(x~^) logw«-A*x+ ^^ --|-|  •  ^ 

+^*.^-...-log,,a(a+l)(a+2)(a+3). 

where  fi  is  the  modulus  of  the  logarithm  tables,  viz. 

A£=log„6=-4342944819... . 
Thus,  if  log,0r(l*25)  be  required,  a=5*25,  and 

log,.r(l-25)=ilog,o2x+475  logio5-25-;.5-25+^  ^-  etc 

-logio[(l-25)(2-25)(3-25)(4-25)], 

and  by  this  artifice  it  is  possible  to  avoid  the  calculation  of 
all  but  the  earlier  terms  of  the  series.  We  could  make 
a5=5+tt,  6+a, ....  equally  well,  and  the  choice  is  in  the 
hands  of  the  calculator. 

Legendre  remarks  as  to  his  calculations  of  the  seven-figure 
tables  of  log  r(x)  with  regard  to  the  above :  "  de  cette  mani^re 
on  n'a  jamais  eu  besoin  de  calculer  plus  de  deux  ou  trois  termes 

de  la  s^rie    ^-^-.g-^+^-^-ete.,   pour   avoir  logr(a) 

approch^  juf  qu'k  sept  d^cimales,  dans  tout  I'intervalle  depuis 
a=l  jusqu'k  a=2  "  (Exercicea,  p.  300). 

Legendre's  m,  k,  A\  R,  C  are  what  we  have  called  /i,  ar, 
fij,  5j,  B^  respectively. 

94  k   The  Case  when  ;r  is  a  Commensurable  Number. 
We  have  established  the  result 

^log  r(x)=jj  {^-  j^) dp.    (Art.  930  (7).) 
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And  we  have  seen  that  Euler's  constant  y  is  the  value  of 
-~logr(x)     when     x=l     (Art.  911  (4).) 


that  is  y=  — f   r 

Hence,  adding 


e-^ 


P 


i^.)*- 


In  the  case  when  a;  is  a  commensurable  number*  this 
integral  can  be  reduced  to  the  integration  of  a  rational 
integral  algebraic  expression,  and  the  integration  effected  in 
finite  terms  in  terms  of  the  ordinary  algebraic,  logarithmic 
and  inverse  circular  functions. 

Let  x=  - ,  where  p  and  q  are  positive  integers,  and  let  e  ~^=t». 

Then  ^logr(x)+y=,£^d«. 

and  the  integrand  is  a  rational  integral  algebraic  function  of  t 

If  ^^=1,  t.«.  if  X  be  an  integer,  the  value  of  ■^logr(a?)  is 
given  by 


d  f  1 1  __/i«-i 


Jo 
'"l"^2"^3"^'""^ 


as  might  be  expected  from  Art.  911  (2). 

945.   Expansion  of  r(a;+l)  derived  from  the  Integral  Definition 
(De  Morgan). 

The  expansion  of  log  r(l +x)  in  powers  of  x  may  be  obtained 

directly  from  the  definition  of  r(l+a;)  as  I    c-'v'rfv. 
For  we  have  Lta^o\ )  ='^''' 

Jo  ^ 

*  See  Serret,  Cole,  Integral,  p.  1S4. 
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Let  e— =y.    Then  adv=^—^,  and 

y 

=^  ^i^-fi(- ,  x+ 1  j    f  Let  - =6,  a  poeitive  integer. j 

.    r,      (g+6)(g+6~l)...(x+l)r(g+l)_, 
..  ^6—  (6-l)(6-2)...  1.6-+*  "■  ' 


le. 


Iogr(l+»)=Z<[xlog5-log(l+?)-log(l+|)-...adin/.], 
or,  expanding  the  logarithms,  assuming  2<  1, 

iogr(i+x)=Le[-({+^+l+...+J-iog6)x 

and  when  b  is  indefinitely  increased 

l0gr(l  +  x)=-yX+5,J~S,J+S,J-... 

for  values  of  x,  0 <x<  1. 

This  investigation  is  due  to  De  Morgan.* 

It  was  felt  desirable  to  deduce  this  series  directly  from  the 
int^pral,  rather  than  to  base  it  upon  results  deduced  from  the 
property  r(x+  l)=xr(x),  i,e.  the  difference  equation  Ux+i=xit,, 
inasmuch  as  Legendre  s  tables  of  the  values  of  the  Gamma 
function  are  derived  from  this  series  and  others  obtained  from 
it  And  in  default  of  direct  derivation  of  the  scries  from 
the  integral  itself,  some  doubt  might  be  felt  as  to  whether 
Legendre's  tabulated  results  were  the  values  of  the  integral 
itself  or  the  values  of  the  integral  multiplied  by  some  periodic 
function  of  x  whose  period  is  unity,  which,  as  explained  in 
Art  863,  would  equally  be  a  solution  of  the  difference  equation. 

*  De  Morgan,  Diff.  Cole,,  p.  5S4. 
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946.  From  De  Morgan's  investigation  given  above,  the 
formal  identification  of  r(x+l)  with  11  (x)  for  all  positive 
values  of  x,  may  proceed  as  follows : 

n(x)=£«,„.M'/(i+f)(i+|)...(i+;); 

.-.  log n(x)=i<^-.[a5logM-log(l+|)-log(l+|)-... 

-log(l+p]. 

s      s 

and  if  x<l,     =-yx+^*«*-^x*+... ; 


^^^^^  jand  m)  =  r(l+i)  (0<f  <1), 


.'.  U(x)=r{x+l)  if  x<l  and  positive. 
If  a;  lies  between  I  and  2,  say  x=l+^,  then,  since 

n(i+i)=(i+i)m) 

andr(2+f)=(l+f)r( 

it  follows  that  n(l+f)=r(2+f ), 

i.e.  n  (x) = r  ( I + x)  when  x  lies  between  1  and  2. 

Similarly  if  x  lies  between  2  and  3,  etc. 

Hence,  for  all  positive  values  of  x,  n(x)  and  r(l+x)  ai*e 
identical. 

947.  The  Integration  of  I  e'^v'^dv,  (a  not  infinite,  n>  —  1). 

Jo 

In  considering  the  integration  of  e~^v*^dv  between  limits 
0  and  a,  where  a  is  not  infinite,  we  must  have  recourse  to  either 

(1)  an  expression  in  series 

or     (2)  a  continued  fraction. 

~  n  +  l   "^n+l   -+*• 
and  by  the  continued  use  of  this  rule, 


"       n  +  1    L      n+2"^'(n-h2)(n 


+ 


a' 


+  3)  •  (n+2)(n  +  3)(n+4) 
+  ,.,ad  inf.  , 
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a  series  which  is  always  convergent  for  any  finite  value  of  a, 
but  only  slowly  so  if  a  be  >•  1.  A  little  consideration  will 
show  that  the  integral  remainder  is  ultimately  infinitely  small. 
Or  we  may  proceed  thus : 

Let  /,sr«-'v»(ii'=[-«"'vT+nJ,.i 

whence 

-fn(7i-l)...(H--r)J,.^_i. 

If  n  be  a  positive  integer,  the  integration  can  be  effected  in 
finite  terms.  But  if  n  be  negative  or  fractional,  the  series  on 
the  right-hand  side  is  divergent  if  continued  to  infinity  what- 
ever a  may  be.  The  terms  however  ultimately  take  alternate 
signs,  and  when  such  is  the  case,  and  when  there  is  convergence 
for  a  certain  number  of  terms,  and  then  ultimate  divergence, 
we  can  apply  the  principle  adopted  in  Arts.  938,  941,  the 
convergent  part  making  a  continual  approximation  to  the 
arithmetical  value  of  the  function  under  consideration,  and 
the  error  being  leas  than  the  first  term  omitted.* 

If  then  J^  be  thus  approximated  to, 

7^  =  1  e""'t"di;=M    —I    je-'y*»dv, 

and  /^=r(n+l)-Jn. 

d48.  (2)  De  Morgan  has  sliown  how  such  an  integral  as  /  e-^tf*dv  can 
be  converted  into  a  continued  fraction. 

When  this  is  done  /    e-*tf*dv=  r(n+ 1)  -  /    t-*vrdv,  as  before. 

Let  /   e~'v*dv=e~'if*  F,  where  F  is  some  function  of  v. 

Then  differentiating  with  regard  to  r, 

-.e-'v"=e-»i;"F'  +  7i€— tr-'  F-e-»t;"F; 
.-.   t;F'+nF-t;F=-r, 
or  vV'^(v-n)V-v. 

Consider  tlie  equation 

vF'=:(t;-ai)F-i;  +  6iF-» (1) 

♦De  Morgan,  Differential  Caleulus,  p.  226  and  p.  690. 


132 


GHAFTEB  XXIV. 


Patting  V=  w  ,  we  derive  an  equation 


»r/=(r-ajri-»+6,r,«,  

where  ^i-^^i^*!.    6j=li=fri-ai,    a,=  -(ai+l). 

Putting  Fi=— ^*-  in  equation  (2),  we  derive  an  equation 


W 


where 
and  80  on. 

Then 

In  our  case 


i;r;=(r-a,)r,-i;+6,r,«,  ... 

V     ^    l^tr^  lyr*  l^tr> 
1+    1+     1+     1+  etc. 


(3) 


whence 


etc  ; 


J.  «-t^^^=«    ^Lrr  TT  i^       1+       1^  ~r+~  etci 

The  expression  converges  rapidly  for  large  values  of  v. 
The  process  above  employed  by  De  Morgan  is  similar  to  that  employed 
by  Boole,  DiffereiUidl  XquaiunUj  p.  92,  in  the  solution  of  Riccati's  equation 

4? -g  -  ay + ftjr*  =*  c**. 
The  equation  we  have  just  solved  is  a  very  similar  equation,  viz. 

949.   More  generally,  consider  the  differential  equation 

where  PjQ,  Ry  8  are  functions  of  x  alone. 
Let  X^^AjT,    X,=JR«^,     X,=C7ar>   etc. 

Take  yn  ytf  yt* ...  successive  new  dependent  variables,  such  that 


y«=i-r  -»  etc. 

^'    1  +yt 


Then  when  il,  B,  C7, ...  a,  /3,  y, ...  have  been  properly  determined,  we  have 

Aj^  Bx^  Cx* 
^■"1+   1+  1  +  ...' 

viz.  a  solution  in  the  form  of  a  continued  fraction.    [Lacrotx,  t.  II.,  p.  288.] 
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ia3 


To  bflgin  with,  using  aooente  for  differenti&tioDs, 

^,,-t'.(i+y.)--y.y.- 

^         (i+y.)» 
i+y>      (i+yi)*  (i+yt)' 

U.     (P+gX,+JlXi»+flZ',)+(2i>+0X,+fli',)if,+Py,»-SXiy',=O, 

or  Pi+eiyi+«iyi*+aiyi=o. 

where  P,=  P+QX,  +  JIX,«+5Z'„ 

a\  s  —  aX^. 


At  the  second  subetitation,  viz.  jr^ 
becomes 


,  the  differential  equation 


vhere  P^,  Q|,  i{|,  i9t  are  formed  from  P|,  Qi,  i^i,  8i  in  the  same  way  as 
the  Utter  were  formed  from  P,  Q,  12,  i9,  and  so  on. 

Again  assuming  the  expansion  of  y  in  powers  of  x  to  be  of  the  form 
i«*4-ilt'*'*'^  +  -*-  '^^  ^^®  expansion  of  jfi  to  be  Bx^+BtJ7^-*-^4-...,and 
»  on,  we  can  by  substitution  in  the  several  differential  equations  they 
mJtuiy  obtain  the  values  of  A  and  a,  B  and  /3,  etc.,  by  an  examination  of 
the  lowest  order  terms  occurring,  and  thus  express  y  in  the  form  of  a 
oontinoed  frsction. 

d 
950.   Development  of  ylr(a+x)^^\ogr{a+x)  in  a  Factorial 

Series. 

Since 

Af(a+x)«^(a+«+l)-^(a+x)-^[Iogr(a+j?+l)-logr(a+x)] 


we  have 


=  J- log  (a +x)  =  — -— , 


AV(a+*)-A^^^         a+x+1     a  +  x    (a+x)(a+x+l)' 
AV(«+*)  =  ^*^^:f7    "(a+x)(a+x+l)(a+x+2)' 


ud  generally 


Let 


-i_L- 


(_l)-i(n-l)! 


a+x    (a+x)(a+x+l)...(a+a:+«-l)' 


Vr(a+x)=i4.+  i4i|-j+i4,2j  +  i4,3-,  +  ...+i4,,^'+ 
where  a^sx(x- 1) ...  («-«+l). 


i 


tmrna^mM,     »i»i         
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Then  A^(fl+Jr)=i4i  +  i4,  y1  +  -^82T+- » 

2(1)  VO) 

etc. 
Hence 

i4,=  ^(a+0),    ili=A^(o+0),    il,=AV(«+OX ...  etc, 
where  A*^(a+0)  means  the  value  of  A**V^(a+a;)  when  a;  is  put  =0. 
Hence 

1  g(x-l)(ag-2)(ag-3) 

4  a(a+l)(a  +  2)(a  +  3) ■*■•••' 

a  series  which  will  terminate  in  the  case  when  a;  is  a  positive  integer 
and  is  in  any  case  convergent  for  real  and  positive  values  of  x  and  a. 

The  value  of  V^(a),  t.e.  ;T-log«r(a),  can  be  found  for  any  particular 

value  of  a  hy  means  of  the  series 

^log.r(x+I)  =  log.x+l-§+A_  etc 

of  Art.  940. 

951.  In  the  case  when  a  =  1,  we  have 

YTvi-r*;     Y\^)-r^^     ^       2!       ^3  3! 

1  g(a;-l)(g-2)(a;-3) 

4  4!  "*■••• 

and  -^(l)  =  y  (Euler's  constant). 

Since  Aa:*'**^!!**"-*',  this  may  be  written  symbolically  as 

i.e.  ^logr(l+x)=-y  +  Alog(|)z. 

952.  Other  properties  of  the  ^  function  aie  : 

Since  r(x+l)=a?r(x),  we  have  by  logarithmic  differentiation 

^(a;+l)-^(z)=l (a) 

Since  Ffa:)  r(l  -x)  =  ~. ,  we  have  similarly 

^(ar)-^(l  -X)=  -TTCOtXTT (6) 

Since  22'r(a:)r(i+a;)  =  2V^r(2x),  we  have  similarly 

^(•«^)  +  ^(i+^)  =  2^(2A')-21og2 (c) 


-■    - 
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Since  2  r(.r)  r(l^)«.21^r  (I),  we  have  similarly 

^W-i^(^^)-i^(|)+log2+|tanf id) 

Since  r(x)r(«+i) r(«  +  ?) ... r (a:+^)=n—+*(2i-)^r(iiajX 
we  have  similarly 

^W  +  ^(«+^)+^(ie+|)  +  ...  +  ^(«+^)=n^(n«)-iilogii.   (e) 

963.  The  equation    A^(a+x)»— -7-    is    of    considerable    service    in 
nimniation  of  series. 

1.  A  sum  of  the  form 

rasll         "I 

iSf=«  2  — T-T  can  be  written 
r-i  a+ro 


2.  A  sum  of  the  form 


8  = 


1 


'  +  ' 


1 


a  +  6    a+26    a  +  36    a  +  46 


+  ...  to  2n  terms 


__  1  y_l__iy_L- 

«*  (a)  i+i+J+t+ •■+2jrrT 
(6)t-J+i-H«*<»/ 

•       1  *       1 


136 


GHAPTSR  XXIV. 


But  by  (6)  (x^i\       V^(})-^«)-ir ; 

.*.  the  series  iss^, 
which  is  well  known  otherwise,  being  Gregory's  series  for  tan"^  1. 
3.  Sam  the  series 


Here 


•     1  •     1 


-j[*(i  +  r)I-i[^(l+r)J 

-i[*0)-*(i)]. 

Now  by  (c)  (ir=  JX  ^(l)+^(J)-2^(l)-2log2  ; 

••   *0)-*(J)=2log2; 

.*.  iSfalogS,  which  is  well  known  otherwise. 
We  may  note  that  it  follows  that 

^(l)«^(l)-21og2=  -y-2log2 

=  -0-6772157  - 1*3862944 

-- 1-9636101.... 

By(c),  ^(i)+^(})=2^(l)-2log2-2{^(l)-2log2}-2log2 

— -2y-6log2 

and  ^(f)-^(i)=ir. 

Hence  ^(i)=    |-y-31og2, 


and 


*(i)--|-y-3iog2 

*(J)=-y-2log2. 


964.  Qauss  has  established  a  remarkable  result,  giving  for  the  function 
\lf{x)  the  value  of  ^(1  -j?)  +  ^(jr)  in  a  series  of  trigonometric  terms  in  the 
case  when  .r  is  any  commensurable  proper  fraction.    This  result  taken  with 

^(1  -jr)-^(jr)««rcotj?ir 

will  enable  us  to  calculate  the  value  of  ^(x)  iu  all  such  cases. 
The  theorem  is  given  by  Bertrand  in  Art  307  of  his  Caleul  IntSgral, 
For  shortness  we  shall  denote 

log  X  by  Ix,    ^(  -  j  by  V^^,    cos  rO  by  c,,     log  4  sin*  -^  by  Z^. 

2(g-l)s- 


Then  when 


^     2ir  4ir  6ir 

^= —     or     —     or     — 

9  9  9 


or 


^^■■Cjj— <^— ... «*  1 J    Cf^f — ^^-fr — ••• — *V  »     Ci+Cj+ ... +<^s  j^Cy^O. 
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the  fandamental  ^oaiton 

4f(x)^Llmmm\  loan -: TS-'- 1 •       »• 

«.,.{a-l).(,f-,-i,).....(,.4,-.-^,)H'^-.-?i)-- 

•ad  patting  x»-,  whare  r  :^  ^  and  both  are  positive  integers,  we  have 

Taking  fs-l,  8,  3,  ...9  iu  this  equation,  multiplying  by  00s  ^,  00s  80, 
cos  3^, ...  ctomqS  respectively,  and  adding,  we  get 

Now  the  coeflScients  of  log  1,  log  f ,  log  },  etc,  all  vanish  and  since  c^^e^^^f 
elc,  the  remaining  terms  form  a  continuous  series  to  infinity,  viz. 

vis.  an  equation  connecting  ^i,  ^,,  ^s>  •••  ^f-i>  ^#1  the  last  of  which  terms 
is  "^f  ^  j»^(l)»  —  y,  where  y  is  Euler's  constant.    That  is 

So  far  0  has  stood  for  any  of  the  quantities  — ,  — , ...  or  2 ^^— ir.    Say 

the  first.    Then  similar  results  will  hold  for  the  rest,  i.e,  if  we  take  2^, 
3^, ...(9-1)^  in  place  of  6,     We  thus  get  9-I  linear  equations  from 


which  we  can  find  ^\-\  ^\~\  •••  ^(^ — \  ^''• 


and  in  addition  we  have 

which  is  merely  a  case  of  the  identity  (0)  of  Art.  952,  for  the  coefficients 
COS  q$i  cos  2g^,  etc.,  each  » 1. 

To  solve  these  equations  we  multiply  them,  and  the  identity,  respec- 
tively by  (^,  c^i  f»i  •••  <^* 
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Now  note  that  Cj^c^'{-c^c.2^-{-c^c^'{-..,'\-c^j^c^^  for  any  integral  values 
of  A,  fx  (the  last  term  being  unity,  since  g^^a  multiple  of  2a') 

and  that  each  of  these  sums  is  zero,  except  in  the  two  cases  k±fM,^tk 
multiple  of  q,  and  that  in  the  cases  we  have  to  consider  X  and  fi,  each  range 
in  value  from  0  to  9  —  1.  Hence  the  only  cases  of  this  kind  are  when  Ab/a 
or  k  —  q- fly  and  both  would  happen  if  k^fi  —  q-fif  i.e.  if  g  be  even,  and 

and  when  q  is  even  and  A=/i=|,  i  2f(A+M)r  +  i  ^<Vx_u)r'=3'• 
The  latter  case  will  occur  when,  9  being  even  and  therefore  q—l  odd, 
there  is  a  middle  term  in  the  system  of  unknowns,  viz.  ^^s^^_^=^|), 
and  the  case  need  not  be  distinguished  from  the  others.  Thus,  after  multi- 
plication by  Cp,  Csp, ...  Tfp  and  addition,  the  coefficients  of  all  the  unknowns 
vanish  except  those  of  jpp  and  ^f_^,  and  the  coefficients  of  these  terms  are 

each  I ;  and  if  g-  1  be  odd  and  /?=s|,  all  vanish  except  that  of  ^^),  which 

is  the  middle  unknown  of  the  series,  and  the  coefficient  of  this  term  will 
l>e  q. 

And  on  the  right-hand  side  we  have 

|(CpL,  +  c,pZ,  +  ...+C(,_„pZ,_,)  +  y(Cp+o,p+...  +  c,,)-g7C,^-glogg.c^ 

=  I  (<?p  ^1 + <^tP  ^«  +    •  +  <?(»-i)P  Vi)  -  ^y  -  « Jog  «• 

In  the  bracket,  terms  equidistant  from  the  ends  pair,  but  if  g  be  even 
there  will  be  an  unpaired  term  left  in  the  middle  of  the  series.    This  term 

is  I Cits^pd log 4 sin' ^  which  i-educes,  since  q6—2rrj  to  g( - 1)* log 2. 

Hence  the  right-hand  side  becomes 

g(c,Z,+CjtpZ,  +  ...+<V:l^Z»-2J-gy-glogg    (g  odd), 

or    g(cp^i  +  c„,Zj  +  ...  +  c^  Z,^)-g7-glogg+g(-l)''log2    (g  even). 
We  thus  have 

^(1  -f)+^©=2  {"2;"%,^r-  y-  log?}     (?  odd), 

2  c„L^-y-\ogq-¥{-\y\og2j    (g  even), 
and  this,  as  pointed  out  above  with 
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18 


.  ^iogr(x)=iu-[iog»-^-^-^-...-^^] 
=-v+(i-i)+G-x-Tl)+ ••  -'^  -/•  (^  on  (5» 

20.  Lt,.^{^-\ogn)=0.  (Art  911  (3X) 

2L  \ogr{l+x)=-yx+8X-sX-\-8,~.... 


19 


(Arta.  911.916.) 


(Art.  925.) 


[    22.1ogr(l+»)=Jlog^j^-tanh-i»+(l-y)* 

-(«.- 1)  ^-is,r  ^ )  ?-  ••  •  (^^  »i») 

2a  MuLordinateof  y=r(x)isatz=l-4(!16....  (Art  922X 
24  log  r(x)=£[(x-  l)erfi-^^^^  ^ .      (Art.  930  (6» 

I    ^•|><^r(.)=j;(^'-^).^; 

''~=J."{'^-(-Tw)f-  (Art  930  (3» 

^  ^>o«r(x)=(-l)-£^^^i/8  («<t2).  (Art.  930  (9).) 

^-  ^'=p+2?+3»+-  =  2r(^)J,r^**^' 

_i  ,1, 1 ,    _  1  r  i8>-'  jQ 

^-l^+S"  ■'"S' "•■•••  ~2r(p)Jo  sinh /3^" 
V=f.-i+i-=2-TOJl^''^-  (Arta  928. 929.) 

JosinhiS  ^~     Jo  ail 


t&  5^.,= 


(2«"-l)ir«"Jo8inh^ 

_/2y-+»r  (8»- 

-*••"  Wy       Jo  ^^^ 


sinh  vj8 


d)8. 


dfi. 


(Art  929.) 
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r(^)r(^) 


(Aria.  859. 869.) 


J«  2r(P+2+i) 

^-  j!(a^+^^^«'^°2^^(^'  "^)-    (Arte.  859. 869.) 
7.  r(n)=|"a^»<r-dbf,    l^=rx-»«-*»(fa, 


r(i+x)=P-T — TT.  n(x)=i<^.« 


1.2... 


'  ('+;) 


M*. 


'(n+l)(n+2)...(n+M) 
(Arts.  854,  8G4,  874,  889.) 

8.  r(n+l)=nr(n)=n(n). 

n(n+  l)=(n+  l)n(n).  (Arta  860. 890.) 

9.  r  (J)  =>/i^= n (-  J).  ( Ai-ta  864, 882.) 

10.  r(a;)r(l-x)=xco8ec«x=n(-x)n(x-l). 

r(l+»)  r(l-x)=a;ir  coeeca^ir.  (Arts.  872,  893.) 

^dx=-^     (0<i<l). 


(Art.  871.) 


'^ '■©••©'■©•••■■(^)-¥''   <^"»-> 


M  —  I 

13.  n«r(«)r(»+^r(»+?) ... r(i+'^^)=r(ni)(2x)'5-„». 
r(x)r(x+j)=2-^r(2x).  r(H+i)r(P-±-2)=^r(p+i). 

(Arts.  903, 905.) 
(Art.  877). 

1 


1 . 2 . 3  ...  ti     - 


r(n+l)   _^A„^, 


(Art.  884.) 


16.  y=0-57721666...=Zen=oo(j+2+.-+^-log*»)- 

(Arts.  897.917.) 


17.  I       logr(a;)<fa=log 


g«(g  +  l)'^^ ...  (a;+n-l)'^»-H2y 

(n-l)« 


nx+ 


(Art.  910.) 
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18.|logr(x)=Xe...[logn-l-^-^-^-l-2-...-^] 
'''  ^'°^'^'^=^^<^^<^^-'-'^(^911(l» 


20.  M...(Og_iog«)=0. 


(Art  911  (3X) 


21.  log r(l+»)=-y!r+S,^-S,-=^+S«  =--.... 


(Aria.  911. 916.) 


anr 


22.  logr(l+i)=Jlog^j^^-tiuih-»«+(l-y)« 

-(5,-l)J-(S,-l)?-....    (Art  919.) 

23.  Min.  ordinate  of  y=r(x)i8  at  x=l'4()16....  (Art  922). 

24.  logr(x)=£[(x-l)e-^-?^!^^^.      (Art  930  (6» 

(Art.  926.) 


(Art  930  (3).) 


25.  |,ogr(.)=j;(9'-j^>^; 

26.  ^logr(x)=(-l)-£"^^d/8  (n<t2).  (Art  930  (9).) 


28.  5^-1  = 


2w 


(2»"-l)ir«". 


i."^'^=2"rs5''^' 


(Art  929.) 


t 


931.) 


Iff 

1 


^_^ 


-I'* 


•  r«— n 


e  io<e<i). 

(Art  940.) 


IZ  -jicr.x^l*=i*<«2x^ix^iik>gx-x^j-^--^^+ 


1 


(2n+l)(2n  +  2)x«*n® 
(0<e<l).     (Art.  940.) 

139  571 


I     •  •  •  • 


nx^i)  _1.JL4._J 

^  ^^^rt??*'"       1*^     2(12x)*    30(12x)»     120(12x)* 

See  also  No.  15.       (Art.  942.) 

956.  II.  Oaoup  OF  >/r  Formulae. 

Since    the    >/r-function,   viz.   >/^(a:)=^  logr(x),  is  a  very 

interesting  function,  and  very  useful  in  itself,  we  gather 
together  the  principal  results  which  refer  to  this  function 
in  particular. 

'•  ^^  ^     I  (x)         ^   ^L    o       X    x+1  x-fn— U 

(Art  911.) 

2.  \t^{0)         X,     x/'(l)=-y,     >/r(l-4G16...)=0,     >/r(x)=oo. 

(Arts.  911  (3),  922,  923.) 

(Art  911.) 


4<  \*  ix^     ^.  i 


1   .        I       .        1 


X      V-r  *  n*  '  ix-f  ^^»' 


(Art  911.) 


^  r  ^  *   ^  '  ^J^_^^ -s     1  \^^ 

vArt*.  925,  930  v3)  and  (7).) 


mSSmLM 


i^mJiii 
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9.  V'(*)+y=J^*-j-^rf/8. 

10.  >/r(aj)+y=l    -^j — T—(fe  (x  integral). 

11.  ^(l+a)-V^(l  +  6)=£^-^rf«. 


12.  A>/r(a+x)= 


a+x 


1 


13.  ,/.(x+l)-V^(x)=-. 


14.   >/r(l— X)  — >/r(x)  =  VCOtXV. 

15.  ^(J  +  x)— ^(J  — x)='»rtanxx. 
W.  ^(x)+V^(i+a;)=2Vr(2x)-21og2. 

1-x 


(Art  930  (8).) 
(Art  940.) 


(Art  940.) 


(Art.  944.) 


(Art  944.) 


(From  10.) 


(Art  950.) 

(Art  952.) 

(Art  952.) 
(From  14.) 


(Art  952.) 

17.  ^(x)-JV^(^^)  =  iV^g)+log2+|tan^.    (Art  952.) 

18.  ^(x)+V^(x+^)+V^(x+?)  +  ...  +  V^(x+^) 

=n>/r(nx)—n  log  n.  (Art  952.) 

la    1/     .     X      f/\,^     1  x(x— 1)  ,  1  x(x— l)(x— 2)        . 
^^    '    ^     ^^  ^    a     2  a(a+ 1)     3  a(a+ l)(a+2) 

'  (Art  950.) 


«.  *(!-«)+*© 


izl 


=2r^(l)-logg  +  yjco8-^2![log48iii'—       (q  odd) 
^  1  ^  ^  -J  (Art.  953.) 


2 


=2rV'(l)-log  g+ V  COS  ^  log  4  sin*  ^1 +(- l)'21og2 


(g  even). 


CBAFTRR  ZXIV. 


1,1,1,1, 


957.  T4bla  of  T«taM  of  Sf  =  i>+2>+y+4?+-  «*  «^ 
ap  to  p=35,  which  ia  the  last  in  which  the  tenth  decinu 
place  is  affected ;  all  rem&iniDg  ones  to  this  approzinutioD  nui 
be  regarded  as  =  1.       De  Morgan,  B.C.,  p.  654.) 


,U0ia38  0...-t-log<i:(E:tiier'aCaiut.-l-n) 
II  69SH4  3      tj  3 


103698  77651  4.1370  D 
1-01734  30619  84449  1 
1-00634  9S773  81988  7 
100407  73961  97944  3 
1'OOSOO  839S8  S60fiS  I 
1-00099  4S7S1  37618  0 
16  04119  4 
la  A3308  0 
13  47578  B 


1-0D0S4 
1-00018 
MHKHW 
1-00003 
l-OOOOI 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 
1-00000 

i-ooooo 

1-00000' 
l-OOOOO' 
1-00000 
1-00000 
1-00000 
IflOOOO 
1-00000 


50408  6 
97637  9 
938650 
18716  6 
6S033  9 


04769  38986  8 


06189  t 
03503  6 
01354  8 
50711  8 
25334  0 
68659  7 
31327  4 


OOOOi  38831  2 
00001  16415  5 
00000  58207  7 
00000  89103  8 
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2'    III 

g  1 1 1 1  9 

^■^  go  !-l 

Ifl  I 


2.  Show  that  3*ir(j)}«=xia*r(t). 

3.  Show  that  r{-i)r(-2)  r(-3)...r(-9)- 


•Jio' 


■  -'  ■• 
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4.  Show  that  2^r(n  +  i)  =  1 .  3 .  5  . . .  (2»  -  1  js/ir,  where  n  is  a  posi- 
tive integer.  [Oxfobd  II.  P.,  1888.] 

5.  Show  that  r( J  -  x)  T (f  +  x)  =  ( J  -  x^)  ir  sec  rx,  provided 

-l<2x<l. 

6.  Show  by  means  of  the  transformation  xyatf,  ysu  +  r,  that 

[Coll.  7,  1901.] 

7.  By  means  of  the  integral  I  a;**~^(l  -ofiy^dx^  prove  that 

Jo 


(m)n\     (in  +  a)(n- 1)!1!     (m  +  2a)(n-2)!  2!     '"^{m  +  m)n\ 

a« 

~m(m  +  a)(m  +  2a) ...  (m-k-na)' 

[St.  Joun's,  1884.] 

«!r(^) 

Show  that  this  integral  may  be  expressed  as  - 


e--^' )■ 


aV 

8.  Show  that  the  product  of  the  series 

,11      1.3     1      1.3.5     1 

I  J —  . 1 . 1 . (_  etc 

^2    17^2.4    33^2.4.6    49^  ^^^' 
J  1     1      1      1.3     1      1.3.5     1         ,        ,    IT 

""^       9-^r25-^2-:4-4r-^2TT:6-5-7"^'^-  '^16- 

[CoLUEOES  a,  1883.] 

9.  Prove  by  the  siil)stitution  x*  =  f  that 

vbere  n  is  a  positive  integer. 
[See  also  Art.  223  (5).]  [Colleobs  o,  1890.] 

10.  Show  that  if  /T  be  any  positive  constant, 

I    I      'er*-y^-^ tf^^ dxdy^\  (I  -  v)^-^ v"^'^ dv .  |    er» li^+'w-i dv, 
Jo  Jo  Jo  Jo 

and  by  proceeding  to  a  limit  express  B{1,  m)  in  terms  of  Qamma 
functions.  [Oxf.  II.  P.,  1902.] 

11.  Show  that  the  sum  of  the  series 

1  1        m(m-hl)     1        m(m-^l)(m  +  2)     1 

iiT\'^^n  +  '2'^       2!       n  +  S"*"  3!  n-k-i'^'" 

i«  r(n+l)r(l-m)/r(n-m  +  2), 

where  n  >  -  1,  and  m  <  1.  [Coll.  7,  1899.] 


146 


CHAPTER  XXIV. 


l;ions  of  I  si 


nr^eootftOdS, 


12.  From   the  value  in  Gamma  functions 
show  that  ,  ^  ^ . 

2.r(£±l)r(£±^).vxr(p+i) 

for  all  real  values  of  p.  [Trikity,  1886.  J 

13.  Prove  that  [   e-"^dx^er^^x009Sl\  nearly.     [Trikitt,  180«.] 

14.  Prove  that 


rw=z 


...to  00 

[OxroRD  II.  p.,  1888.] 


1\'» 


and       r(/i+l)=n'^       *^ 


~'('n) 

15.  Show  that,  when  x  is  positive, 

2'->5(x.  x)  =  J^,f^^=  I      2n!         1 
^*    ^  r(x-\-^)    ,=o2^'»n!n!x4-n 


[Oxford  II.  P.,  1903] 


16.  Prove  that,  if  x  be  positive, 
'l+a;\*/2 


l.S 


i.a.R 


[Matii.  Trip.,  1897.] 


«  r(x) 


y-f*  r 


[Math.  Tripos,  1897.] 

17.  Show  that,  when  x  is  a  real  positive  quantity  not  greater 
than  unity,  »  1 

cm=Ar)+Z^^  l)-(.T2-)->V«) 

where  f(x)  is  a  function  of  x  not  greater  than  unity. 

[Math.  Tripos,  1897.] 

18.  If  n  lie  between  zero  and  unity,  prove  that 


f 

Jo 


TT 


(tan  xY'  dx  =  \ ^ 

0  -    .    w  +  1 


sni- 


[Ck>LL.  a,  1890.] 
19.  Show  that  the  perimeter  of  a  loop  of  the  curve  »-"  =  a"cos«^  is 


(SatStiSim 
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20.  Show  that  if  2;,  ^  be  a  point  on  the  ellipse  x^/d^  +  yyb'^ «  1 , 
and  2r  be  the  conjugate  diameter,  and  the  integral  be  taken  round 
the  whole  perimeter,  then 


[Ck>LLlGR8,  1802.] 


21.  Express  in  Gamma  functions 


j; 


(1  -x'^ydx. 


[Trinity,  1890.] 


22.  Express  in  Gamma  functions  the  area  of  the  curve  y(?^^<u^ 
(c  >  0)  for  positive  values  of  a:  (0  to  00 ),  also  the  volume  generated 
by  its  revolution  round  the  axis  of  x,  [St.  John's,  1883.] 

23.  If  2sinMjrr(n)</»(n)  =  (2ir)»»</»(l-n){(-i)'»-i  +  i»»-i}  where 
4«>/-  1  and  <^(n)  is  some  function  of  n,  prove  that 

remains  unaltered  when  1  -  n  is  written  for  n.         [Collxges  a,  1881.] 

24.  Prove  that 

r^rf/  =  ?r:r-L-?--2Li2-i?_        l     where    (7  =  -L 
J.       "*'      2aLl+  1+  1+  1+  1+  etc.i    ^^^^"^    ^    2a2- 

[Db  Morgan,  Diff,  Col.,  p.  591.] 

25.  Prove  that 

f       ,         ,  r  tri  tri  tri  2tr^  2f-i  3tri  3tri        "l 

J^  r-log.rf.«e-^[logt;  +  ^  _____  __^-  _  ^^  J. 

[Dk  Morgan,  p.  591.] 


26.  Prove  that 
d 


,      T./1       X                     \x(X'\)     la;(a;-l)(x-2) 
logr(l+a;)= -y  +  aj-2-Tr2^"^3~       ^^^^^^ 


1.2.3 
[Dx  Morgan,  p.  593.] 


27 


.  It  ^(a;) «  T-  log  r(l  +  a;)  and  a;  be  a  positive  integer,  show  that 


</»(a;)  =  </»(0)  +  l4-2  +  3  +  ...  +  -. 


Prove  further  that 


has  a  finite  value. 


</,(0)=r«-«loga;rfa;, 


[I.  C.  S.,  1898.] 
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28.  If    (l+a;)'»=l  4--r^ia;  +  -<^5a;^  +  ...,   where    n    is  any  positiTe 
quantity,  prove  that 


29.  Prove  that  if 


[Math.  Turoa,  1895.] 


a?» 


/(.r)  =/(0)  +  x/'(0)  +  ^,r  (0)  + ...  +^/n(fe), 

Jo      ^  r(n  +  r)     Jo     a?-    "*» 

r  being  any  positive  quantity. 

[If  r  >  I  both  integrals  generally  =  »  .] 

[WoLSTBMHOLMB,  Educ.  TimtM.] 

30.  Prove  by  changing  the  order  of  integration   or  otherwise 

[Math.  T&ipos,  18^5.] 

31.  Show  that 

dx 


I 


^   X    n-t-1  (n4-l)(2n-t-l)(2n+l)(3n-Hl) 

i+a-^T-h    1+  1+  1  + 


(2n)V 


(2n  + 1  )«a^ 


(3n-l-  l)(4n+  1)  (4n-H  l)(5n4- 1) 

1+  1  +  etc. 

[Lacboix,  Calc.  Diff,^  vol.  ii.,  p.  292.] 


Deduce  expressions  for  log  \-k-x  and  tan'^o;  as  continued  fractions. 

32.  Prove  that 

7>  A  +  ?]^  =  arVr  (a;)  T  (x(u)  T  (aj<i)«),  where  w  =  c~8~. 

[St.  John*8,  1891.] 

33.  Evaluate  the  modulus  of  Td  +  s/^a).     [Smithes  Puzs,  1876.] 

34.  Show  that  for  very  large  integral  values  of  n,  r(n  +  J)  is 
very  nearly  the  geometric  mean  between  F  (n)  and  F  («  +  1 ). 

[Oxford,  1892.] 

35.  If  h  be  a  large  whole  number,  show  that,  provided  x  >  -  1, 

(a;  +  l)(x  +  2)..Jx  +  ^»)  =  />^p|^---^|,  very  nearly. 

[De  Morgan,  Diff,  Cak.^  p.  686.] 
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36.  Writing  il>{x)^eP'.x\/y/2ia^+^,  prove  by  the  aid  of  Wallis* 
theorem  that  +(2ic)  =  [^(a:)]*  when  z  is  large. 
Then  show  that  for  any  value  of  x, 


(«) 


<t>(x)        _-i+(i+Wiog(j+i) 


*(x+l) 


{b)  log 


<t>(x+l)     12i«     Vi3**40x*    •"■^2n(n+l)     a*    ■^"•' 


W 


<^W 


<« 


•is 


, .   ,        il>(x)  1 


*{x+l) 

where  0,,  0,,  0j, ...  are  numbers  between  0  and  -^f. 

and  finally  deduce  Stirling's  theorem, 

1 .  2 .  3  ...  a:-N/2ir«ir'+*(l +€,), 

wbere  €x  denotes  a  positive  quantity  which  vanishes  when  a;«  oo . 

[Sebbxt,  Cak.  InUg.,  p.  207.] 

37.  Show  that,  if  2  be  a  whole  number, 
logr(a:+l)  =  Jlog2ir-x  +  (fl;  +  ^)logx 


38.  Show  that 


-x4 


[GUDKBMAITH.] 
1 


vhen  X  is  large.  [Ssebxt,  Cak,  Intfy.,  p.  213.] 

39.  Writing 

(mn) !  m  •  ^^  \      ' 

prove  that 


n-l 


m^j^ 


tt-  =  V"*.   "*« " T/2' " ^^"^^    ''^^'^^ " ^* ^^'^^"'  • 


Hence  deduce  Gauss'  theorem, 

n»** r  (a;)  r  («  +  ^)  . . .  r  («  +  ^)  =  (2 jr)^ n*  r (tu;). 

[Sbbrkt,  Cak.  InUgral,  p.  100.] 


150 


CHAPTER  XXIV. 


40.  Prove  that 


H<dF,-^}-^V-^^>^-^'^ 


[Cf.  Da  HoBOAH.  Diff.  C,  p.  SM.] 


r(iVr)='"5.[0n)-'} 


41.  Prove  that 

d 
dx 

and  that 

where  C  is  a  certain  constant.  [ICath.  Tbipos,  Pt.  II.,  1915.] 

42.  If  the  binomial  expansion  for  a  positive  index  be  written 

(a  +  ir^sQa'^—, 

show  that  sT   j/^(M-r  +  l,  r+l)  =  l. 

Prove  also  that 

3v/3""  3!    ■*■   5!    "^   7!    ^   9!    ■*"*••• 

43.  Show  that  (1000)!  lies  between 

402387  X  102M7     and     402388  x  lO^^^. 
and  is  a  number  with   2568  figures  in   the   ordinary   system  of 

numeration,  its  logarithm  being  2567*6046442 

[CouRNOT,  Thiorie  des  Foneiions,  voL  ii.,  p.  472.] 

44.  Show  that  if 

logr(i+l)«logN/2T+.(j  +  ^)log:c-x  +  — L-g-^+... 

x(_  l)n-l :?2fLzl +/_  lY ?. , 


then 


/;=re-*'a«»*/"+2(^^)(;a, 


where  /(a)  == and  6^  is  a  positive  proper  fraction. 

[LiouviLLE,  Journal  de  Mathimatigues,  Tom.  iv.,  p.  317.] 

If  ^on+i  ^®  ^^6  maximum  numerical  value  of  /-""'"^(a)  between  the 
limits  tt  =  0,  a  =  X  ,  show  that 


It 


vr.  < 


A.. 


'2n+2 


1 


('2n  +  2) !      (2/1  +  1  )(2n  +  2)  x-'»+i ' 

and  examine  the  nature  of   the   approximution   attained   by   the 
omission  of  all  the  terms  which  contain  Bernoulli's  coefiicients. 

[LiouviLLE,  J.  de  M. ;  also  Cournot,  Thiorit  des  FonctiofU,  p.  474.] 


mmm^ 


AiHBai&i 
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45.  Starting  with 


iogr(x)-J^[(.-i),-.-«:f^] 


dp 
P 


i 


(P'¥Qe"fi)dp,  say, 


and  putting  B  for  the  two  terms  with  negative  indices  in  the 
development  of  Q  in  ascending  powers  of  P,  namely  m-^Kot  ^^^ 

F{z)^r{P  +  IU-'fi)dp    and    ts{x)^r  {Q-B)e''fidp. 

Then  show  that 

(1)  o(J)  -  i  log  I .  (2)  F(\)  -  i  log  ^ . 

(3)  F(x)-/'(J)-i-x  +  (a;-i)loga^     (4)  r(«)  =  «-»a:*-*v^e«W. 

(5)  That  when  z  is  large  0*(')  differs  but  little  from  unity. 

(6)  logr(a;+l)  =  Jlog2r  +  (a;  +  J)loga;-a; 


^r(nW-r5)'-f-  - 


(7)  Deduce  the  equation, 
logr(*+l)-Jlog(2r)  +  (z  +  J)loga;-x  +  A.i-3?^l  + 


J?»«-1 


1 


B, 


1 


+  ^-l^«-i -^^ -— +^- 1^",— — — ^-* -—8 

^     ^      (2n-l)2wx2'^i^^     ^(2n4-l)(2w  +  2)x2"+»    ' 

0  <  6  <  I.  [BsBTBAND^  Cak.  InUgnd,  p.  205.] 

46.  Show  that 

(2)iogr(.+i)-jJ5^'{.-\^}d^. 

[ToDHUMTSB,  /»<.  Cafe.,  p.  392.] 

47.  If  A^  be  the  acute  angle  whose  tangent  is  the  n^  power  of 
tile  reciprocal  of  the  r^  of  the  prime  numbers  2,  3,  5, ... ,  show  that 

co«2^iCO«2^,cos2^3COs2^^...tOQo  -^j^^^i^^^T' 
^bere  B^  is  the  n^  number  of  Bernoulli.  [Math.  Tripos,  1897.] 

.  If  /■■  I     .  ,  show  that 

Jo>/l-«" 

r(W  =•  ir*2*3*i*        r  (i)  =  ir*2*3*/*, 

i"(i)-'*2*3-^r^  r(|)o.,r*2t3-*r* 


48 
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49.  If  /=  r  -^=  and  J^  P-^^i  •kow  that 

where     .Sj^smYQ,     iS^-smy^,     i5,-8myjg,     ^^-siiiyq, 

and   write  down  the  values  of  r(yV),    ^(h)y    ^(\z)^    ^(t^),  in 
similar  form. 

50.  Show  that     ^^^^©^(l +^)-']<'^-|^• 

[0xlOBD  L  P.,  1914.] 

51.  Prove  that  the  volume  in  the  positive  octant  bounded  bj  the 
planes  j:=»0,  y  =  0,  ^-A  and  the  surface  ar/r - a**/a**  +  }f^]\f^  is  equal  to 

^''  2(«+2)rQ) 

[Math.  Trip.,  Pabt  II.,  1913.] 

52.  Prove  that    f  '^ {</»(ar)}  -  -i=        e-yV(^+  2yVA)<v, 

V  IT  J  -  ao 

and  apply  the  result  to  prove  that  if  I  +  4^1*  be  positive, 

(l  +  4Aifc)* 

[Math.  Tbip.,  1870  (WouBTDiHOUfB)-] 

53.  When  n  is  a  positive  integer,  we  have  evidently 

1.2.3...2w-22'».  1.2...n.^.|...(n-J); 

prove  that  this  equation,  when  expressed  by  means  of  the  function 
r,  is  true  for  any  positive  value  of  w.     [Sir  G.  G.  Stokes,  a  P.,  187a] 

54.  Prove  that  the  limiting  value  of 

O.I     oi  (2n+l)« 

■^^^^-^^"gl.3.5...(2.^ir 
when  n  is  indefinitely  increased,  is  log  2. 


[R.P.] 
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LEJEUNE-DIBICHLET  INTEGRALS,  LIOUVILLE 

INTEGRALS.  ETC. 

958.  We  have  seen  that  the  formula  (i,  and  i,  both  +^') 

leads  at  once,  by  putting  y  for  ax,  to 

Jo         ^        ^  r(h+ij 

Now,  consider  the  double  integral 

for  all  positive  values  of  x^  and  x^,  which  are  such  that  their 
sum  cannot  be  greater  than  unity. 


Then  the  limits  for  x^must  be  from  0  to  1— X|,X]i  remaining 
constant  in  the  integration  with  regard  to  x^,  and  the  limits 
for  Xj  will  be  from  0  to  1. 
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The  geometrical  interpretation  is  that  we  are  adding  up  all 
such  products  as  Xi^^'^x^^-^SxiSx^  as  lie  within  the  triangle 
formed  by  the  axes  Oxi,  Oz^,  and  the  straight  line  x^+x^^h 
We  use  this  notation  rather  than  the  ordinary  7>-y  notation 
for  Cartesians,  because  we  propose  to  generalise  the  theorem 
for  any  number  of  variables.  The  limits  must  then  be  such 
as  to  add  up  all  elements  in  a  strip  JYQ  parallel  to  the  OBs-axia, 
i.e,  Xf  increases  from  0  to  1  —  Xi,  and  in  summing  the  strips,  a^ 
increases  from  Xj=0  to  2i=l. 

Then      /=ra:i<t-T??^T"'*(fci  =  i(V'"Ml-«i)*'&i 
Jo  L  tj  Jo  *t J 0 

_i  r(H)r(i,+i)_  r(h)r(H) 
it  r(»i+»,+i)    r(»x+i,+i)- 

939.  Take  next  the  cue  of  the  triple  integnl 
for  positive  values  of  x^,  x^,  x^,  such  that  Xi+x^+x^  :^  1. 


Fig.  322. 


The  geometrical  interpretation  is  that  we  are  to  add  up  all 
elements  such  as  Xi^-^x^**-^x^^*-^  Sx^Sx^Sx^  which  lie  within 
the  tetrahedron  bounded  by  the  coordinate  planes  xfix^,  x^Ox^, 
xfixx  and  the  plaue  ari4-X2+ar3=l. 
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Then  dividing  by  planes  parallel  to  the  coordinate  planes 
in  the  same  way  as  explained  in  previous  chapters,  we  have 
first  to  integrate  with  regard  to  x^,  keeping  X|  and  x^  con- 
stant, that  is,  for  all  values  of  x,  which  lie  between  a:,=0  and 
aj^=  1  — irj— 35,,  which,  interpreted  geometrically,  means  the 
addition  of  all  elements  which  lie  in  an  elementary  prism 
parallel  to  the  x,-axis  and  whose  ends  lie  respectively  in  the 
plane  of  0^=0  and  the  plane  x^+t^+x^^X,  Then,  keeping 
z^  constant,  we  have  to  integrate  for  all  values  of  x^  from 
Xs=0  to  the  value  of  x,  which  makes  1— x^— x^  vanish; 
which  means  that  we  are  to  add  up  all  the  prisms  which  lie 
in  a  thin  slice  parallel  to  the  plane  of  Xi=0.  Finally,  we  are 
to  integrate  from  Xj=0  to  Xi=l,  which  means  that  we  are 
to  add  up  all  the  slices  within  the  tetrahedron. 

0  Jo     •'o 
Jo  Jo  *1 

Jo  ♦» 

[by  applying  the  result  I    x*»"'^(Ar— x)*«~^(fa=i'»+*«"^B(ti,  ij]. 

Jo 

Hence    /=?lhiil±L) .  B(%^,  t,+f,+l) 

r(h+i,+i)  r(h+i,+t,+i)    r(h+i,+f,+i)- 

960.  Similarly,  in  the  case  of  four  or  more  variables;  but 
geometrical  interpretation  fails.  It  is,  however,  clear  that  if 
we  are  to  integrate 

for  positive  values  of  x^,  x^,  x,,  X4,  which  are  such  that 

Xi+x,+X3+X4  :>>  1, 

(1)  when  X|,  x^,  x,  are  kept  constant,  X4  will  range  from 
X4=0  to  such  value  of  X4  as  will  make 

J.  "^  Xj  ^~  Xm'~'  Xj"""  X4 

zero,  i.e.  from  X4=0  to  X4=l— x^— x, -x,. 
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(2)  Having  integrated  with  regard  to  X4,  we  now  keep 

X],  Xj  constant,  and  in  integration  with  regard  to  x,, 
x^  must  vary  from  x,=0  to  such  value  as  will 
make  l—Xi—Xt—x^  vanish,  i,e.  x^  must  not  exceed 
1— Xj—a:,,  i.e.  the  limits  are  0  and  1— x,— Xg. 

(3)  Integration  with  regard  to  X4  and  x^  having  now  been 

completed,  Xj  is  to  be  kept  constant  whilst  integra- 
tion with  regard  to  x^  is  effected,  and  x^  must  range 
from  x,=()  to  such  a  value  as  will  not  make  1— afj— Xj 
negative,  i.e.  x^  must  not  exceed  I— Xj.  The  limits 
are  therefore  0  and  1— Xj. 

(4)  Finally,  the  limits  for  X|  are  0  to  I. 
Hence 

7=1    I       I  I  Xi*»"*x,*«"'^x,^"^X4*«~^dxidx,cfejttX4 

Jo  •'0      ^0  Jo 

Jo  Jo        Jo  *4 

Jo  Jo  *« 

*4  Jo 

*4 

_  r(H)r(f4)    r(h)r(t,+t4+i)  r(h)r(h+H+*4+i) 
r(*.+t4+i)'  r(i,+f3+»4+i) '  r(ii+h+H+n+i) 

_r(H)r(u)r(u)r{u) 
~r(h+f2+f,+t4+i)' 

and  the  rule  indicated  obviously  holds  for  any  number  of 
integrations,  viz. 

for  positive  values  of  the  variables  such  that  their  sum  does  not 
exceed  unity  =    ^  ^  p^  *j!'''       ** ,  where  <r=ii+i,+  ...+v 
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1)61.   An  Extension. 

Similarly,  if  the  limiting  equation  had  been 

a^+x,+  ...+a?^:^c    (instead  of  :^  1), 
the  limits  would  have  been, 

ior  x^,     from  0  to  c— Xj— x,— ...— «„„i; 
for  a?„_i,  from  0  to  c— Xj— x,— ...— aj«_2, 

etc.; 
but  we  may  deduce  the  result  from  that  already  obtained  by 

putting  Xi=cxi',    x,=cx/,  etc., 

80  that  x/+x,'+...:>>l. 

Thus  we  obtain 

/=c'[[...[(xi')«i-i(x;)*«-^..  (xj*"-idxi'dx,'...  dx,', 

=c-'^^'^^r(a+l)'^^'''^-  where  <r=h+i,+  ...+in. 

962.  Dirichlkt's  Theorem. 

We  are  now  in  a  position  to  establish  a  remarkable  theorem 
due  to  Gustav  Peter  Lejeune-Dirichlet,*  who  was  successor  to 
Gau&s  at  Gottingen  in  1855.t 

The  theorem  is  known  as  Dirichlet  s  Theorem,  and  is  of 
great  use  in  analysis. 

'llie  theorem  is  that  when  there  are  any  number  of  variables 
X],  Xj, ...  X,,,  and  integration  is  conducted  for  all  positive  values 
limited  by  the  condition 

then 
/s  |jj...jxj*'"^x,^-*x,'»-^...x^*«-*dxidx,(ix^  ...  dXn 


PiPt 


'*'^"    r(^+^+...+^+i)    r(i+ij) 


the  several  quantities  ij,  ij,  i^, ...  ?'„;  a^,  ag, ...  ««;  Pi»P2t  •••  7>n» 
being  all  positive,  and  11  denoting  the  product  of  the  factors 
indicated. 

^Liouville's  Journal,  vol.  iv.,  p.  168. 

tOtjori,  ffiM.  of  Math.,  p.  367  ;  Kummer,  Oeddchuvuredeau/0.  P,  Lejeunt- 
Dirifhlei, 
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The  limiting  equation  (-^)   +(— )   +...>!  may  be  made 
linear  by  the  change  of  variables  ^i=(— )  ,  6~(     )  »  ®^» 
which  give  j-  ^=^,    j-  ^*=^S  etc., 


and 


7' „  „  ^    Vl     it     M       *•> 


^1     ^2     ^       ^* 


The  transformed  integral  is  then 
with  the  limiting  equation     ^j + ^2+ . . . + ^„  :^  1 ; 

^  ^       ,  r(h)rh)...r(^)    n{^^r(i^)} 
PiP.-Pn  r(h+h+,„+i3+A     r(i+i^) 

^Pl      Pt  Pn        '  ^  iPrf 

as  stated. 

963.   As  before,  if  our  limiting  condition  had  been 

we  should  have,  after  transformation  as  above, 

and  making  the  further  transformation 

f  1 = ^^i'»     f 2 = ^f 2'*  •  •  •  ^^^'* 

and  the  result  would  be 


PlPt^"'Pn 


where 


t.e. 


Pi    P* 


r(<T+i) 

Jin 
Pn 


=-m'^M'^^-' 


^v.r 
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964.   Ex.  Find  the  centroid  of  an  octant  of  tlie  solid  bounded  by 

the  volume-density  at  any  point  being  given  by  p—\ufy^f*, 

{[[fMdxdydz     j  (  [j^^^tTz^dj-dydz 
jjjpdxdydz        j  I  jji^y'^z^dxdydz 

'^K  2k^   2k    ^   2k  ^V 


Here 


The  Numerator  =  -;r-. 


2k. 2k. 2k 


The  Denominator = 


a'+^6 


//+1\     /,MJ\    /H+2\ 
.-♦»c"*>  ^  \  2i:  /*\    2k  J^\  2k  J 

y 


2k.  2k.  2k      p//4-l     m+1  .  w  +  1 


■^2^"^^ 


Hence 


.r=«' 


'(¥)  ^{ 


2k 


+  1 


) 


W)^ 


2k 


+  1 


)■ 


In  the  case  of  an  octant  of  a  unifonn  elli|»Roid  /=^m  =  7t  =  0, 1==  1, 

Similarly  for  y  and  z. 

965.  A  Partienlar  Case. 

In  the  caae  when      p^=p^=  ,,,=p^=l 


and 


:fl2=  ...  =fl«  =  fl, 


the  theorem  reduces  back  to 

^d  the  limiting  equation  is 

^  the  fundamental  case  of  Art.  961  assumed. 

960.  Extennon. 

If  the  lower  limits  had  not  been  zero  in  each  case,  but  such 
that  Xj+Xj+...  +x„  is  to  be  not  less  than  6  nor  greater  than  a. 
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%,e,  b  <  Sxr  <  a ;  then  plainly  we  must  Bubtraci  from  the 

result  obtained,  the  integral  found  by  making 

and  the  result  will  be 

967.  If  the  difference  between  a  and  6  be  an  infinitesimal 
difference  Sb,  then  to  the  first  order 

and  the  result  will  be 

r(t\+H+. ..+»«) 

For  example,  to  verify  tliia  iu  a  simple  case,  consider  the  volume  of  a 
triangular  plate  bounded  by  the  coordinate  planes,  and  the  planes 

-a^+y+«=6    and    .r4-y+«=6  +  S6. 
Here  i,«t^==t,=  l,    p^=p^^p^^\, 

i.e,  the  change  in  the  volume  of  the  tetrahedron  bounded  by  the  co- 
ordinate planes,  and  the  plane  which  makes  intercepts  b  on  the  axes, 
when  b  increases  to  6  +  86. 

968.  Lionville's  Extension. 

If  we  require  to  find  the  value  of 

subject  to  the  conditions  that  a^j,  Xj, ...  ^n  are  all  positive,  but 

x^+x^+  ...+x^> a  and  <  6, 
we  may  then  take  the  case  when 

lies  between  v  and  v+Sv^  for  which 

x^-\-  x^-\- . . .  -j-  ir„ 

differs  from  v  by  an  infinitesimal  e. 

Then  for  this  limitation  the  integral  takes  the  value 
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to  the  first  order  of  infinitesimals.    And  therefore,  for  the 
whole  range  of  values  from  t;=6  to  t;=a, 

969.  Exactly  in  the  same  way,  if  we  require 

/= jj...jx,'.- ...  ...•.-v{(5)V...+(^f }  d., ...  d., 

for  all  positive  values  of  the  variables  such  that 

lie  between  v  and  v+^v,  =t;+c,  say,  where  e  is  an  infinitesimal. 
Then  for  this  limitation, 

L   J.  PlPi'Pn  •'^  IW 

•  •  • 

where  ifc=^+^  +  ...+-^, 

I'l      I'a  Pn 

and  ^v/(t;+c)  differs  from  f(v)Sv  by  a  second-order  infini- 
tesimal at  most,  supposing /(v)  and/'(r)  finite  and  continuous 
for  the  range.  Hence  in  the  limit,  when  we  integrate  with 
regard  to  v  from  v=h^  to  v=h^ , 

r(h)r(h\    r(^) 

PlPt"'Pn         pfil.ii.  ih)      J** 

^Pl       P2       '"       PJ 

•  •  • 

where  ifc=i  +  -^+...+~- 

Pi       Pi  Pn 

This  extension  of  Dirichlet's  theorem  is  due  to  Liouville.* 

970.  An  Application. 

Afl  an  example  of  this  theorem,  consider 

C  C      C        c/jT]  dx^  . . .  dx^ 
J  J      J  Va*  - ^Tj*  - .r^* - ...  - Xn* 
for  positive  values  of  the  variables  witli  the  condition 

jr,*  4-  Xj*  + . . .  +  J?„*  =  tw^  >  (iK 

•  Liouville's  Journal^  vol.  iv.,  p.  231. 
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Here 


Then     /= 
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<{* 


Thus,  for  example,  in  the  case  n=s2, 


ff      dxidxx       _a  w^  _ira  « 


Hence  the  area  of  the  portion  of  a  sphere  jr'+y*+ie'=>a'  which  lies  in 
the  first  octant,  and  which  is 

and  the  area  of  the  surface  of  the  whole  sphere =4ira*. 

(Gregory's  ExampUg,  p.  474). 
and  („  =  4,,  jjjj-^=^=L=^^=^,=_  j^^=_. 

etc. 
971.  Boole's  Theorest 

Consider  l==\y.AF(a^x^+a^^+,,.+a^x^dx^dai^..,dx^  for 
all  real  values  of  XpXg, ...  aj„  negative  or  positive,  such  that 

Change  the  variables  by  the  ortho- 
gonal transformation  in  the  margin. 
Then  J=\  and  the  relations  of 
the  transformation  system  are 
2P=1,  etc., 
2Jm=0,  etc.. 


and  S^r*=S<'r*J 


«1 

«« 

«» 

2=1 

i. 

'. 

z. 

a^ 

m, 

m^ 

»»» 

^» 

«! 

nj 

«» 

... 

•  •  • 

... 

•  •  • 

•  Gregory's  Examples^  p.  474. 
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and  suppose  the  transformation  to  have  been  so  chosen  that 

n 

ajX^+a^+...+a^^=kUi,    where  l^=y^ar\ 
Then  /=  1 1 ...  lF(ifcUi)dUi  rftij ...  du^. 

(naiSBs) 

Now  for  the  first  n—l  integrations,  u^  remains  constant,  and 

(n-laigiia) 

where  u^^+u^*+,..+Un^  >  c*--Wi*t 

2"-»        „/n+l\' 


r 


{"¥) 


the  first  factor  2**"^  occurring  because  at  each  of  the  ti— 1 
integrations  the  result  is  to  be  doubled  to  take  into  account 
the  possible  negative  signs  of  the  respective  variables.  Hence, 
dropping  the  suffix,  we  have 


»-i 


(See  "Catalan's  Theorem,"  Liouville's  Journal,  vol.  vi.,  p.  81, 
and  Boole's  remarks  upon  it,  Cambridge  Math,  Journal,  vol.  iii., 
p.  277.) 

972.  Consider  next  the  integration 

(naignii) 

where  x^*+x^^+.„+x^^  >c*, 

for  real  values  of  x^,  x^,..,  x^. 

Changing  the  variables  by  the  same  orthogonal  transforma- 
tion as  before, 

(waigiii) 

Now  for  the  first  n—  1  integrations,  u^  remains  a  constant,  and 

n    .  n 


1« 


by  An.  1>7*>  zhit  ^trx  acocr  i 
9eT»r&Z  7 unties  %r<t  mrc  m^w 
uiLft  <siae  fn  Atl  dC»>.  si:  lus  as 
the  reaals  n^x&c  be  '^iiibi^L     ALao 
Ifaits  niasc  '•:«^  — ^  5.>  ~c  t-3r  die 


the 


of 


as  to 
(.-1) 


the 
drop- 


rm    J  -s 
'  5' 


&7a 


We  next  eoosider  the  sdll  mere  general  integral 
for  all  real  values  of  x^,s^«  —  ^*  "''^  ^^^ 


X 


[ 


ire  expand  /'(i)  in  powers  of  1— r,  aay  2-^(1— v)' 

be  possible  to  expand  in  podtiTe  integral  powers  of 

1— r,  we  may  write  1  — r=tr;  then  /'(r)=/'(l— tp),  and  by 
Maclaurin  s  theorem,  we  may  put 

Flv)=F{l)-v;F{l)+*^F'{\)-...+{-iy^f^(l)+-.] 
Then  we  consider  tlie  int^ration  of 

If  Ip  be  the  result  of  this  integration,  the  whole  result  will  be 

IBpIp 

for      /,F(l)~/,r(l)+|?ni)-..  +  (-l)^^';^»(l)+.... 
OS  the  case  may  be  . 

To  obtain  Ip,  first  put 
Then  J=a^a^ ...  an  and 


C4C4  •••  (in 

•8co  Todhuntor,  D.C.y  Art.  281 ;  Gregory,  D,  mid  I.C.,  p.  474, 


■■■J-     t'     -■ 
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Now  make  a  further  transforma- 
tion to  variables  u^^Ug, ...  ttn  by 
the  orthogonal  transformation  for- 
mulae in  the  margin.  The  Jacobian 
of  this  system  is  unity,  and 

and  further  choose  u^  to  be 

where     1^=A^(i^+  „.+A^a^, 

Then     Ip=o,\  •••  anH...|(l— tt^*— ...— tt,j*)'/(^i)<^^i'--^^- 

In  the  integration  with  regard  to  u^,  u,,  ...  ttn,  the  remain- 
ing variable  U|  remains  constant,  and 

||...|(1— Ui*— Uj*— ...— ttn*)''cZa£dtt3  ...  dunt 


«i 

tt„ 

ix 

h 

In 

L 

•  •  • 

«i. 

Win 

•  •  • 

•  •  • 

•  •  • 

^» 

•  •  • 

•  •  • 

•  •  • 

(ii-l  aign*) 


.  [■■©]- f.- 


fl* 


n-1 


(\-u^^-zYdz, 


if  restricted  to  positive  values  of  u^  u^  etc. ;  and  if  the  several 
variables  may  have  full  scope  as  to  sign  between  the  specified 
Hmits,  each  of  these  n~  1  integrations  must  be  doubled. 
The  result  of  the  7i—  1  integrations  is  in  that  case 


Kr 


r(^)r(;,+i) 


••-1 


«■(¥)  <^*^) 


(i-V)  ^ 


+p 


»-i 


•-t 


n> 


Therefore,  as  the  limits  of  the  final  integration  with  regard 
to  Uj  are  from  —  1  to  + 1, 

n-\ 

r(^+p)J-' 
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it  being  now  unnecessary  to  retain  the  suffix  of  the  u.     Hence 

r(^+;>)J- 

where  A;*=i4i*ai*+il,*a,*+...+^«^* 

This  result,  of  course,  includes  former  cases  discussed. 

974.  Extension. 

If  the  limits  had  been  defined  so  that 

*iVai*+V/«i*+  ••  +  ^n/(^n  >  a*    (instead  of  >  I), 
we  could  deduce  the  new  result  from  the  former  by  writing 

a^a  in  place  of  a^,     o^a  in  place  of  o^,    and  so  on, 
and  therefore  ka  in  place  of  k ; 

and,  finally,  if  the  scope  of  the  range  of  the  variables  is  still 
further  limited  by 

a;iVai«+...+a:^V»«*>«*    and     <  p^ 
we  must  subtract  all  cases  for  which  x^jii^+.^+x^la^  is  >)8*, 
and  we  shall  have  n-i 


r{=±i+,)J- 


*»-l+„ 


1"""  [a^J(kau)-p^f(lpu)]du, 


975.  DeductionB. 

Compare  witli  the  foregoing  results  the  series  of  integrals 

I  x^^  -  ^x^*-  *  (ixp  where    Xj + Xg  =  1 , 

1 1  ajj' » - ^Xj'*  -  ^Xj's -^  (ixi  dxo,  where    x^ + Xj + Xj  =  1 , 

etc., 

JJJ...jV^  •••-n'-~^^a:i--^n-i.   where   a:i+...+iCn-i+2^=l, 

for  positive  values  of  the  several  variables. 

Take  for  instance  the  second.     Here  x^=\—Xi—x^  and  tlie 
integration 


EXTENSION  OF  DIRtOHLET  INTEGRAU3. 
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Then 


18  to  be  conducted  for  all  positive  valuea  of  Xj,  x^,  such  that 

^iH+h)  Jo  ^        ^ 

_r(H)r(i,)  r(H+i,)r(i,)_r{i,)r{i,)r(i,) 

976.  Similarly,  in  the  general  case, 

(n— 1  tAgu») 

for  positive  values  of  Xp  a^ ...  x^,  such  that  Xi+  ^"+x^^^+Xf^=^  1, 
where  a5i+a:8+...+a;«_i>l 

_r(i,)r(i,) ...  r(i,..,)  r(t,+i,+  ...+i„or(ij 
r(ii+i2+...+i„-i)  r(ii+i2+...+t„-i+ij 

r(i,)r(i,)...r(ij 

Thus,     if  ilsll...JXi't-i...  a:^*»-icZxi...(Zxn,  for  Vav>l, 


(nsign«) 


and 


^=11  ...|xi*»"*...a;n*""^ctei ...  <^n-i»  f^^  2^~^ 


(«— 1  algns) 

we  have    (i,+i,+  ...+i,)4  =  B=^'ig%^^. 

977.  In  the  same  way,  if  we  require  the  value  of 
/=  I  f ...  I  Xl'»-^X2•«-^..ai^:{"^a:„'"-P••  dx^  dx^,„  dx^.j . 

(«— 1  slKna) 

for  positive  values  of  the  variables,  such  that 
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w.h.ve         ...».{,-(a)"_..._(5=..)'-}^ 
and     ^=11  •••J  V-ix^'«-i ...  a-;"^l"^a„»'«-»»- 


(«—  I  HitfUfl) 

X 


where 


»*'l  \^'»  "n— 1 


where 


(I    •'•""Pm 


r(ii)...ri^> 


V'l         r»-i/ 


tn-l\  Jo 


.   .       ^  r(^)r(^)...rfM 

^n^"      VlVf'Vn  r('^+-^+      .  +  M 

978.  Ex.  Find  the  value  of  /  /  .i'^-iyM~ir»'-l</a-cty  for  all  points  of  the 

ellipsoidal  auvface  X'la^-\-i/^ll/^  +  z-ic*  =  \  which  lie  in  the  positive  octant. 
Here  »i  =  A,  »2  =  /^  '3=^  +  1,    ;'i=/'a=P3=2,     »i==o>  ^2=6,  ffs=*c, 


i?  "2T2T2 


■■■■«)  ■■a)r(T') 

p/A+/i4-v4-l\ 


Thus,  for  instance, 

If^^       2    ^/>r'    ,rr(:{)     ,      ;       t    4       7 
j  j  z  d.r(ft/  = -i  ^-^-    J,  ^^,y  =  J^a6c  =  l .  J  irrt6r. 

979.  Relation  of  the  Integral  Forms  discussed. 
We  note  tlien  that  tlie  two  integrals 


-((...(./.- 


■  w^ 


>h 


(n  signs) 

B=jj...ja;,'.-»x,'^-i  ...xi,"_r'x„--''"rfx,rfx,...(/x,._,,  for  S(j)'"* 


(h  - 1  signs) 
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for  positive  values  of  the  variables  in  each  case,  are  so  related 

iPr  Pn  PlPt"'Pn        p/^ll  ,    H   ,  ,    M    * 

^Pl      P2       '"      PJ 

9S0.  A  Lemma. 

In  order  to  abbreviate  the  work  of  the  articles  which  follow, 
let  us  note  that  the  Binomial  expansion 

may  be  written  as      >")  JT^Wzr,    where  JT/") = ^^^^  -, , 

u  r(n)    f!' 

and  that,  writing  ii+ij=jj,  *i+ti+t»=i».  etc.,  we  have 

R-.^>r(h)r(»,+f)_ro-,+f)  r(t.)r(H+f) 
'    r(»,+t.+f)  -  r(j.)r!  ■    ro',+r) 

_r(h)r(H)  r(H+f)_r(h)r(i,)y,., 
ro,)    ■  r(».)f!-r(n+t,)*'  • 

ir(»r(h)r(H)r(t,+f)_ro,+f)  r(t,)r(i,)r(t,+f) 
'    r(h+»,+t,+f)     ro",)r!-       ro-,+f) 

_r(h)r(h)r(t,)  r(t,+f)_r(h)r(»,)r(t,)   ^^, 
ro',)      ■  r(»,)f!     r(»,+H+t,)  ""'  • 

etc., 
and 

go,.rtr(t.)r(H+p)r(i,+f)^ro3+r+p)  r(i,)r(H+p)r(u+r) 
'     r(t,+t,+p+t3+f)     ro-3+r)p!  ■       ro,+p+r) 

,r(t,)r(«,)r(t,+r)  r(t,+p)_r(«\)r(«,)r(«,+r) ^  ,^, 
ro3+r)       •  r(t,)p!     r(ti+t,+t,+r)  '''  ' 

etc. 
981.  We  propose  now  to  consider  integrals  of  the  class 

f  f  f         f^^**""'^^*'"'  -  ^n''-'f(^^rXr)  dx^dx^  ...(fa„ 

^«=JJJ  -J       (X+a,x,4-a2X24-...VanX„)<»+<.+  -+^ 
for  all  positive  values  of  the  variables,  such  that 

all  the  letters  involved  representing  positive  quantities. 
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Putting 


A,    -'•  A, 


Consider  first  the  case  of  a  double  integral, 

a  particular  case  of  which  is  discussed  by  Todhunter  {Int  Cole., 
p.  263).  Of  the  two  quantities  6^ ,  ft, ,  let  b^  be  the  one  which 
is  not  less  than  the  other.     Then 

^+^^i+^,^«^(A  +  ^(^i+^2)}-(^-6«)fr     =tt-t;,  say, 
where  v=^(b^'-b^)(^.    Then  as  X  +  6j^^+6,^2  is  a  positive  quan- 
tity, we  have  t;  <  tt,  and 

a  convergent  binomial  expansion.  Hence  the  integral  becomes 
and  tt  being  a  function  of  ^i+^j,  we  have,  by  Art  968, 

/  -_!_y  A-('.+«r6  -b  yr(^)r(t,+r)f».(i.^<.^-'/(o 
...    1    f.  r(t,)r(i,)    ,  f*.  <^-H«.;^- V(o 


r( 


.    1    r(ii)r(i,)  f*.     <'.H-'.-'/(o 
-^iM,<.  r(i,+i,)  J».(x+V)"(x+V)*' 
_r(ii)r(t,)  f»«      <<.^-<.-i/(<)dt 

r(ii+i»)J».(^iX+OiO*-(^X+a2<)*'' 


Miamm 


as 


aanrsi 
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982.  Next  take  the  case  of  the  triple  integral 

Of  these  three  quantities  bi,  62,  6,,  let  6^  be  that  which  is 
not  less  than  either  of  the  other  two.     Then 

^+biii+b,i^+b,i,={\+b,(i,+i,)+b,i^ 

— (fci-fc8)^8»    =t«-t;,  say, 

where  v=(b^—b^)(^,  and  is  < u and  positive.    Let  h+H+H^is- 
Then 

(X+6xf i+6,f ,+63^ s)-^=t.-i. (1 -3"''=u-i. i:  ii:,c«(6 -6,)r (^^ 
a  convergent  binomial  expansion. 

where  u  is,  however,  X+ 61(^1+^2)+ ^2^2*  ^^^  ^^  ^^^  ^^^s  time 
a  function  of  the  sum  of  the  variables.     Hence  a  further  trans- 
formation is  neceasary. 
We  may  write 

u^\+b,(i,+(,)+b,i,=[\+b,((,+^,+i,)]-(b,-b,)i, 

=  U-V,8&y. 

where  Fs(6,— 6j)f,  is  <  U,  and  17  is  a  function  of 

Aliio,  wnting  ii  +  h  +  ij+r^^Y  where  necessary  to  shorten 


t  convergent  binomial  expansion. 
Hence 


/// 


gi g% gs_ 

t|-l^i,-l*<,+  r-l 


rf^,  rff  2  f/f  3 


:j^Lj£ 


0.x 


/(5:f)'2  K,^'\b,  - 6,)'(|)'rf^. rf^jrfl, 


,=0 


•  i,-l.i,+p-l.<,+r-l 
Z,""  '(6.  -  A/  S'       g'  ..^.^  g' 


A.  p=o  r(i,+-t,+p  +  «j  +  r)       '  (A  +  6,<y'"^' 


l+p-1 
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^r(i)r(^r(^+r) 


t^'~^At)dt 


^'~^f(t)dt 


1       r(i,)r(.,)r(;,)r».  r^-Vw 


ilj  if]  ilj 


^^>  rr 


)i(':?)i:(»3)  /^ 

«l  +  »S  +  '3)     J*. 


(i/ 


n(x+6^)" 
1 


r(t,)r(t,)r(i,)/'*«  e*-\f(t)dt 


r(i,+t,+i,)  A,  8 


1 

983.  Exactly  the  same   process  will  hold  for  a  multiple 
integral  of  higher  order,  so  that  in  general  we  have 

r(»,+H+...+»J  I      n(^,x4-a.t)" 

984.  Extension. 

The  result  may  obviously  be  extended  to  the  integral 


=11-J 


(X  +  «,a:i->  +  agXg-t-i- . . . + a„x„-)^- , 


where 


all   the   letters   involved   being   positive  quantities   and  the 
conditions  of  the  limits  being 


kiart-w«^aAiBBs= 
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For  putting  iljXi*i=fi,  A^'^^i^^etc,,  2^=61,  -^=6„etc., 

we  have  * 

»i         »• 


2 


-     .Jr  JJ  •••  J   (X+6,fi+ ...  +6,^„)*      fif, ...  f . 


Howl; 
I 


Thus  in  all  such  cases  the  multiple  integral  is  reduced  to  a 
single  integration. 

985.  Differentiation  with  regard  to  a  parameter  contained  in 
the  integrand. 
In  a  multiple  integral 

which  contains  a  constant  c,  differentiation  with  regard  to  c 
may  be  effected  by  the  same  rule  as  for  a  single  integral, 
provided  that  the  limits  of  the  several  integrals  are  all  inde- 
pendent of  c.     That  is 

•6ir*i      r^-3^ 


dc 


dx^dx^"*  dx^. 


The  proof  of  this  is  the  same  as  in  the  case  of  a  single 
integral. 

986.   Lionville's  Integral 
Consider  the  case 

Jo  Jo  "Jo  ^V    ^2*     -^"-i     dx^dx^...dai^,^,^ 


where  t^x^+x^+  ,,.+x^^^+ 


a' 


XyC^   ...   X^^l 


&D  integral  discussed  by  Liouville. 
Differentiating  with  respect  to  o^ 

dl 


da 


=  — 7ia 


n- 


Jo  "Jo*    ^^"    ^2"     •••a:„_i      a:iX2...x„_i 


•  Bertrand,  Cede.  Intitjral,  p.  476. 
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Now  introduce  another  variable  x^  defined  by 


^1^2  •  •  •  ^n-l'^n — ^  > 


i.e,  change  to  a  system 


»,= 


Then       J=^iy  "*'  •••  ''"~?^=(- 1)-' ^. 


Then  isXj+a;2+...+aj„.j+ 


a« 


2^«  +  «8+  —  +««  + 


a* 


is  replaced  by 


^2^8  •  •  •  ^« 


,  —tf  Bay, 


and  a!i*~ V  '  •••  *.-i  '<^'^-<^-^  ig  replaced  by 

--1 

r_a»     "I"      |-i   ^-1       V-idxeCtg,...da;, 


i.c.     (-l)'»-io*-«X2»    X 


1  1    «_i    !-i         -1 


-1 


'8        ••'4         . . .  *i 


cisr^cZa^...  dx^^, 


and  in  the  transformation  of  the  multiple  integral  the  sign 
is  adjusted  by  a  proper  assignment  of  the  limita 

Hence,  as  x„  is  oo  when  x^  is  zero  and  vice  veraOf  we  have 

^=_Tia«-iJ    ...J   a^-'^e-^x^    a?,*    ...a?«  *      dx^dx^,..dx^ 

=  —nI  (for  if  a  is  increased  /  is  decreased). 
Hence  -y-  =  — nda,    log /=—na+ const.,    I==Cer^, 

To  find  C,  take  the  case  a=0. 
Then  /  becomes 

Jo  Jo       Jo 

and  as  the  variables  are  independent  and  the  limits  constants, 
this  may  be  written 


tattHnbtittatti^ 
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n-l       1 
2  _"§. 


'-"»  '■©''©■'©•••'■(=^)  <«  <^"""" 


n-l       1 
C=(27r)  2  w"l 


Hence 

Hence  the  value  of  the  integral  is 

n-l    _i 

I=(2Tr)  '  n  *e-~». 


987.  Lionville's  Method  of  proving  Qanss'  Theorem. 
Consider  the  product 

r(.)r(x+l)r(x+?)...r(.+!^). 

This  may  be  written 

Now  change  the  variables  according  to  the  scheme 


x+— -1 
•"»«'      "    '    ^n 


n-l 


«1= 


^2^8  •  •  •  ^n 


»    aSj — ajg,    Xj — x^..,Xf^ — x^. 


Then  J= 


nz 


n-l 


^2^  •  •  •  ^n 


,  and  the  integral  may  be  written 


hJQ      Jo  XoX«...i 


2*'8  •  •  •  ^n 


2    3  n 


that  is 
n 


n-l 


I    I    ...I    t'^i^^^^x^     x^     ...x„  "      dzdx^dx^...dXn 
=nl    (27r)  2  f^-h^m^nx-i  ^^    by  the  preceding  article, 

n^J  r*  n^l 

=n*(27r)  2        e-~2'^-^ife=n*"'*'(27r)  2  r(na;), 

J  0 


VIZ. 


n-l 


n«*r(x)r(a:+^)...r(a;+5_d)=n*(27r)  2  r(nx), 
which  is  Gauss'  result. 
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PROBLEMS. 

1.  Find  the  mass  of  the  triangular  lamina  bounded  by  the  axes  of 
coordinates  and  the  line  2  +  y  ^^  a  f or  a  law  of  surface  density  fo^y*. 

2.  Find  the  mass  of  the  tetrahedron  bounded  by  the  coordinate 
planes  and  the  plane  a~^a;  +  6~^y +  c~i^=^  1,  the  volume  density  being 

3.  Find  the  centroid  of  the  area  in  the  first  quadrant  bounded  by 
the  lines  a;  +  y«Ap  x-\-y^h^^  for  a  law  of  surface  density  a-^fixPy^, 

4.  Find  the  centroid  of  the  volume  in  the  first  octant  bounded  by 
the  coordinate  planes  and  the  two  planes 

a~ia;  +  6"*y  +  c"i««5j,     a-^x  +  b~^y-{'€-h  =  S^, 

for  the  following  laws  of  volume-density  : 

(i)  p^fi(a'^x  +  b-^y  +  <rh),     (ii)  p  =  fixPyisf,    (iii)  /» = /:i(x' +  y' +  2*). 

5.  Apply  Dirichlet's  theorem  to  find  the  mass  of  an  octant  of  an 
ellipsoid  in  which  the  density  at  any  point  varies  as  the  square  of 
the  product  of  the  distances  of  the  point  from  the  principal  sections 
of  the  ellipsoid. 

6.  Find  the  moment  of  inertia  about  the  x-axis  of  the  portion  of 
the  sphere  x^ -k- y* -k- z^  ^-  a^,  which  lies  in  the  positive  octant,  supposing 
the  law  of  volume  density  to  be  p^fixyz.  Obtain  the  corresponding 
result  for  an  octant  of  the  ellipsoid  x^/a'^  +  y^/b^  -k- z'^/e'^ - 1. 

7.  Find  the  mass  of  the  positive  octant  of  a  sphere  of  radius  R, 
whose  centre  is  the  origin,  for  a  law  of  volume  density 

^  =  ^(0,  6,  c,  f,  g,  h)(x,  y,  zy, 

8.  Find  the  mass,  centroid  and  moments  of  inertia  about  the  axes, 
of  the  positive  octunt  of  the  ellipsoid  xyd^-k-yyb'^-^z^/c^^l,  for  a  law 
of  volume  density  /»  =  /*(«*  +  y^  +  z^), 

9.  Show  that  the  volume  of  the  solid,  the  equation  of  whose 
surface  is  a-*x*  +  6-*y*  +  <r*;j*  =  l,  is  ^^  {r(\)]\ 

10.  A  homogeneous  solid  is  bounded  by  the  sui-face 

(i/a)* +  (#)*  + (.'/«)»  =  !. 
Show  that  the  centroid  of  the  portion  of  it  in  the  positive  octant 
is  the  point  /2ia  2U    21c\ 

U 28'  128*  128/'  [Oxp.  II.  Pub.,  1901.] 
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11.  Find  the  position  of  the  centroid  of  the  portion  of  the  solid 
bounded  by  (a;/a)«  +  (y/6)2«  +  (zjcfn  ^  i  ^ 

which  lies  in  the  positive  octant,  the  volume  density  being  itxPy^z^, 

12.  Show  that  Ila;2'-iy2in-i(^(/y  for  positive  values  of  x  and  y, 
wch  that  x*  +  y*>c2,  is 

i,.i.^.  r(/)r(m) 

*  r(/  +  m  +  l)  [I.  C.  S.,  1803.] 

13.  Obtain  an  expression  for  the  value  of 


W' 


for  all  positive  values  of  x  and  y,  such  that  ax^  +  hy^:^<?. 

[I.  C.  S.,  1803.] 
14.  Prove  that  the  value  of  the  volume  integral 


ijj 


( Ax  +  ^y  +  vzY^dz  dy  dzy 


taken  through  the  volume  of  the  ellipsoid  «'/«'  + y*/^*  +  «V^  =  li 
Kf^*^  being  constants  and  n  a  positive  integer,  is 

4irabc(k^a^  +  fi%^  +  v^c^T/{'2n  +  1  )(2n  +  3). 

[I.  C.  &,  1912.] 
15.  Find  the  value  for  positive  values  of  a^  y, ;?  of 


ffj' 


xf/z  sin  (x^y-\-z)dx  dy  dz 
with  condition  x -h  y  ■{- z  <  ^jt,  [L  a  S.,  1899.] 

J 00  /•CO 
I    ^{x-\-y)xf^dxdy 
0  Jo 

r(a  +  i)r()a+i)  r  w  ^^ . -+1^, 

uid  extend  the  theorem  to  ajiy  number  of  variables.     [Coll.  7,  1887.] 

17.  Prove  that  the  area  of  the  curve 

((ix  +  6y)«*  +  (te-ay)««=l     is     [r(^)J/n(a2  +  6«)rQ. 

[Coll.  7,  1891.] 

18.  Find  the  volume  enclosed  by  the  surface 

(x/a)^  +  (y/^»)*"  +  (z/c)»«  =  1 , 
where  n  is  an  integer.  [Math.  Trip.,  Pabt  II.,  1919. 

Show  that  the  distance  of  the  centroid  of  the  portion  for  which  x 
u  positive  from  the  plane  x  —  0  is 
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19.  Prove  that  || A -^-0' /(cuc  +  i3y)(/xrfy 

where  it  =  (a V  +  ^^jS^)*,  the  double   integral  being  taken  for  all 
values  of  x  and  y,  such  that 

a:-/a2  +  y762<l.  [7.  1899.] 

20.  Show  that,  xyzv.  being  equal  to  a*, 

Jo  Jo  Jo  y  y         32>/2(5*«* 

[St.  Johh'8,  1882.] 

21.  Show  that 

dx  dy  dz  v 


\\\ 


ahc 


where  jr,  y,  ^  have  all  positive  values  such  that 

zya^-  +  f/b'^  +  zyc^<  1. 


[COLLBGBS  7,  1891.] 


22.  Prove  that 

(1  -ir-y)*'-ix''*-i//"-i 


_  r  (k)  r  (m)  r(n)  r it    _w?_      n  ^ i 

the  integral  extending  to  all  positive  values  of  x  and  y  such  that 

X-¥y<  1 .  [COLLEOKS  7,  1891.] 

23.  Show  that 


WI 


(/.Tj  rfic^ . . .  dx, 


tjij  ...i,i  V (7l)  ^ (aj  - rtg) (til  - <'3)  •  •  •  ("1  - ''")  J 0  ^  +  «i'    ' 
the  summation  referring  to  a  cyclical  change  of  letters  from  «,  to  a„, 
and  the  integration  being  effected  for  all  [X)sitivc  values  of  the 
variables  for  which  y  u  +  j  4  +  . . .  :^  1. 

24.  Prove  that,  w,  r  being  positive  whole  numbers, 

pr      r     r/a--!  c/a^j . . .  rf/j,  TT"       (n  +  r-1)!    (2r)! 

Jo  Jo      Jo 


/         sn      s?!i+'''!:±l     2a2''+i  (2/14-27- 1)!    r!    ' 


[Math.  Trip.,  1870,  Wolstkn^olms.] 
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25.  Prove  that 


^ 


0    /'r.-T.\  n         Jo    t 


(«8  -  «4) 


{r©}V(^)-/(0)}. 

[Math.  Tbipos,  1875.] 


(See  Ex.  30,  Ch.  XXIV.) 
26.  Prove  that 


^1     ^2 


[LlOU  VILLI.] 


27.  If  n  be  a  positive  integer,  show  that  for  an   integration 
conducted  over  a  triangle  of  area  A  in  the  x-y  plane 


w 


y^dxdy^LHn, 


where  Hn  is  the  arithmetic  mean  of  the  homogeneous  products  of 
the  ordinates  of  the  corners,  and  find  the  corresponding  result  for 
any  plane  polygon.  [Rodth,  Rigid  Dyn.,  p.  425.] 

28.  Show  that  if  the  integration  be  conducted  for  all  positive 
values  of  x^^  x,,  x^^  x^  such  that  x^-vx^1^\  and  aij  +  x^  >  1,  then 

I  \'^~^^''^^z*~^^^^^dx^dx2dx^dx^ 

= r(»j)r(gr(i3)r(t,)/r(t\ + i, + i)r(»3 + i,  + 1), 

29.  If       /sa:j»  +  a;2'*+... +«w**    and    7^x^..,Xn  =  a\ 
evaluate  the  integral 


Jo  Jo     Jo*''''''*'**'''    ""-^ 


nnn  n  ill  - 

30.  If  <  s  af^'"^  +  «2*  +  aig'  +  . . .  Xn"  and  x^x^x^  . . .  a:,i*»  =*  a,  show  that 


n-l 


rrio"'"''^''''''^  -  "^"-^'i^  ^ 


CHAPTER   XXVI. 
DEFINITE   INTEGRALS   (I.). 

988.  It  has  been  stated  that  when  l^(a;)  <fo  can  be  integrated, 
and  the  result  of  the  indefinite  integration  is  yj^ix),  then  the 
quantity  \lr(b)—\fr(a)  is  denoted  by  I  <p{x)dx;  and  it  has  been 

Ja 

shown  that  \p^(b)—\lr{a)  is  the  result  of  obtaining  the  limit 
when  h  is  indefinitely  small  of 

A[^(a)+0(a+/O+0(a+2/i)+...  +  0{(a+(n-l)A}]. 

where  b=a+nh;  and  the  process  of  obtaining  the  value  of 

10  {x)  dx  has  been  termed  a  Definite  Integration. 
a 

We  have  performed  this  definite  integration  in  many  cases, 
first  of  all  obtaining  the  indefinite  integral  by  the  rules  of 
the  early  chapters  and  so  finding  \lr(x),  and  then  inserting  the 
values  of  the  limits  to  obtain  the  expression  >/^(fc)— "^(a);  and 
in  doing  this  our  chief  attention  has  been  centred  upon  the 
discovery  of  the  function  ^(x),  whoee  differential  coefficient 
is  <l>(x) ;  i.e.  upon  the  reversal  of  the  general  problem  of 
differentiation. 

It  will  have  been  gathered  from  the  last  two  chapters  that 
the  value  of  the  definite  integral  between  certain  specific  limits 
can  be  obtained  in  many  instances  by  some  artifice,  even  in 
cases  where  it  is  not  possible  to  perform  the  indefinite  integra- 
tion ;  i.e.  that  it  is  possible  sometimes  to  arrive  at  the  value  of 
^(6)—^ (a)  without  finding  the  form  of  \l/(x)  at  all.     Such  a 

e^'^dx  discussed  in  Art.  864,  where  the 

0 
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indefinite  integration  of  er^  could  not  be  expressed  in  finite 
terms,  bat  for  which  the  definite  integral  from  0  to  oo  was 

discovered  to  be  -^.    It  is  to  this  class  of  definite  integral  in 

particular  that  we  now  turn  our  attention,  and  it  is  to  this 
class — viz.  where  the  integrand  does  not  admit  of  indefinite 
integration  in  finite  terms — that  the  term  Definite  Integral  is 
by  convention  mainly  confined. 

A  very  large  number  of  such  results  have  been  found.  A 
collection  of  such  definite  integrals  was  made  by  Bierens  de 
Haan,  and  published  under  the  title  Tables  d^InUgralea 
Denies  (Amsterdam). 

989.  The  artifices  employed  are  numerous  and  of  great 
tariety  and  ingenuity.  It  is  impossible  to  give  an  exliaustive 
list,  but  some  of  the  more  common  devices  are  as  follow  : 

(a)  The  use  of  a  reduction  formula  connecting  the  integral 

sought  with  one  or  more  other  integrals  already 
found,  or  more  capable  of  investigation,  or  with  some 
multiple  of  itself. 

(b)  The  integral  I  <f>{x)dx  may  be  regarded 

in  which  the  notation  will  explain  itself.  That  is, 
the  summation  from  a  to  d  may  be  broken  up  into 
sections,  (a  to  b),  (b  to  c),  etc.,  and  each  part  may  be 
considered  separately. 

(c)  The  expansion  of  the  function  to  be  integrated,  or  of 

some  factor  of  it  in  a  convergent  series,  or  in  partial 
fractions,  with  the  integration  of  the  several  terms 
and  a  final  summation  of  the  result& 

(d)  Change  of  the  variable  with  the  corresponding  change 

in  the  limits. 

(e)  Differentiation  or  integration  of  a  known  integral  with 

regard  to  some  constant  which  it  may  contain. 

if)  A  factor  of  the  function  to  be  integrated  may  itself  be 
the  result  of  a  known  integration  between  certain 


as 
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constant  limits.  Upon  substituting  this  integral  for 
the  factor  a  double  integral  may  be  formed,  and  a 
change  in  the  order  of  integration  or  a  transformation 
to  a  system  of  new  variables  may  succeed  in  obtaining 
the  value  of  the  integral  under  consideration. 

(g)  Investigation  of  the  integral  from  the  original  summa- 
tion definition  of  an  integral. 

(A)  The  application  of  some  general  theorem  such  as  those 
already  considered  in  the  Eulerian  integrals  or 
Dirichlet's  integrals,  or  the  theorems  of  Frullani, 
Cauchy,  Kummer,  Poisson  or  Abel,  which  will  be 
severally  discussed  in  their  proper  places. 

(i)  Several  of  these  methods  may  be  combined. 

(j)  The  application  of  Cauchy  s  theorem  in  integrating  round 
some  closed  contour.  Contour  integration  will  be 
reserved  for  a  special  chapter. 

(k)  The  substitution  of  a  complex  quantity  for  a  constant 
involved  in  a  known  integral,  and  in  its  result,  fol- 
lowed by  equating  real  and  unreal  parts,  frequently 
suggests  new  integrals;  but  the  method  requires 
great  caution  if  it  is  to  be  regarded  as  rigidly  estab- 
lishing the  values  of  the  resulting  definite  integrals 
without  further  investigation.  But  it  frequently 
happens  that  such  suggested  results  can  be  established 
by  other  means. 

These  are  the  principal  devices  used.  There  are  many  others 
applicable  to  particular  forms.  A  general  statement  such  as 
the  above  is  necessarily  vague  on  account  of  its  generality. 
The  student  should  examine  the  mode  of  procedure  in  the 
numerous  cases  w^hich  we  shall  have  to  discuss,  and  note  for 
himself  the  method  adopted. 

990.  niustrations  of  Definite  Integrals  deduced  by  Change  of 
the  Variable. 

V 

1.  /=l    logsinflrffl     [E\i\ev,  Acta  Petrop.,  \o].  i.,  p.  2]. 
Jo 

Writing  0 = ^t  —  0,     ^—  ~  I  ^^g  cos  0  rf 0  =  I   log  cos  6  dS. 


iigmi 
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Adding,  we  have 

w  w 

2/=  I   (Iog8in0+logcos0)de=f  (Iog8in20-log2)rf0 
Jo  Jo 

V 

=  1   log  sin  20  dd—^  log  2,  and  writing  x  ^or  2ft 

I   Iug8in20c2d=^  I  logsinxc^X'^'l   ^og6in0dd=I\ 
Jo  ^Jo  Jo 

.-.  2/=/-^ log 2,    giving  /=|'log2. 

Hence       I   Iog8in0(20=l   Iogco8  0d0=;^  log^ (1) 

It  also  follows  that 

W  9 

r(log8in0-logco8e)d0=O,    i.e.  f  log  tan  6^0=0,  ...(2) 
Jo  Jo 

and  J   log8ecede=[  Iogco8ec0d0=~log2 (3) 

If  we  write  sin  6^3  x  we  have  another  form  of  the  same  integral,  viz. 

rJ^d^v^lXogl;     (4) 

Jo  >/l-x*  2*2*  '  ' 

or  again,  putting  x^e'", 

r  i  ^       rfy«^log2    or     T-^lJL  rfar=ilog2  ; (5) 

;•   ^/^ZTi    ^     2    »  Jo  ^/8inhJ^         i^    *  ' 

or  again,  integrating  (1)  by  parts, 

[^logsin^]   -j[  BcotSde^^logl; 

:.  j^ecotede=^\og2;  (6) 

or  integrating  again, 

[f  cot^]  +j[^^co8ec«^rf^=^log2: 

'•  l!^'^^-'^''^^'*    <') 

or,  which  is  the  aame  thing,  putting  cot0=r, 

r  {cot-^x)^dx'^ir\og2 (8) 
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eainede 


2.  /«  /    "**^"^  ,^,  a  and  b  both  positive  (Poiaron,  Jtmnal  ie  VEcoU 
Jo  a-hocoard  "^ 

Pdyteehnique,  xvii.,  p.  624,  case  whei*e  a— 6=1). 

Writing  7r-<f>  for  ^, 

Jw    a-k-bco6^<f>     ^       Jo  a-hbco»*<f>^ 


I 

:.  2/= 


Jo     T  +  C08'<^  *-  ^ 


.JL2Un-»\/-;      ••   /=-^tan-»V-- 
The  case  a»6srl  ffives  /    r— -     y.,, 

®  Jo    1+C08*^ 


^  sin  ^    ,^        ^     _. ,     IT* 

4 


001.  In  illustration  of  the  method  of  expansion  we  may,  for  the 
same  exuinpio  in  the  case  a  >  6,  expand  ( 1  +  -  cos'  $  j    .    Then 

/=!  r  r^Hin  ^--dsin  ^0(>8«d+-!^sin  Scoa^O-  ...IdS, 
aJo   La  a-  J      * 

a  convergent  expansion  if  6  <a. 
Hut 

f  OMnecos^Od$^[-^^^^l  +3-i-:  fcos'^^'^d^^^-^+O  ; 
.'o  L        2ii+l    Jo     2n  +  l./o  2n+l 

all     3a^6a*     "•J 

=  — —  tan~*  \/-   by  Gregory's  Series. 

If,  however,  a<b  the  expansion   used  would  be  divergent,  and  the 
method  would  fail. 

1)92.   Illnstrations  of  a  Combination  of  Methods. 
Let  7  =  1  xsin^^xdx.     Write  x  =  Tr—y. 

I=\  {'7r—y)ain^^ydy  =  Tr\  8in^ydy—I] 
Jo  Jo 

.*.   /=  .  I  8in"a:dr  =  7rl   sin'^xda:, 
^  Jo  Jo 

and  the  result  can  be  written  down. 

This  integral  is  useful,  in  cases  where  F(x)  is  capable  of 

expansion  in  powers  of  sin  x,  for  finding  I  x  F{x)  dx. 
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Ex.  1.  l^f  ^^\og(\-^nB\ux)dx    (»<!) 

Jo    81110?      ®^  '  ^  ' 

s=  /   jFrn--5-wn.r+-;r-8in*jr--.,.  Ufa: 

"2       2"'"'"3'^22      4  "■3''"6  "'422      6''53"**" 

"'2"V*^2  3  ■'■2.4  6'*^-7     '^Ls^^S  4^*'3.6"e-J 
«^*8iii-'n-ir(^^^y^y.    (See  Z>i#.  Caic,,  p.  90,  Ex.  3,  Part  3.) 

Ex.  2.  l^f  r^  """^  . 

Jo   1+C08a8in.r 

=  /   jp(l -C08a8injr+co8*a8iu*j?- ...)<fa: 

r*"  .       «!«•  s2,        ,31ir        ^42.      1 

=  rL^-co8a  +  C08«a2  2-C08»a3  +  C08*a-2--C08»a-^  +  ...J 

=  -rl  coBa  +  ;^co8'a  +  «-^co8*a+... 

+  -2Ll+2C08«a  +  2-^co8*a  +  2-^coe-a+...J 
=  _ ^8in-'co8a^^«^^  _  coa»tt)"*  (See  Difl^  Cofc.,  Ex.  3,  p.  85.) 


Vl  -COS* a      3J 

IT 


—  a 


=  -r 


=air 


8in  a     2  sin  a        sin  a 


(WOLSTBNHOLMB.) 


This  integral  might  be  treated  thus  : 
Write  v-x  for  x. 


r     r     lv-.v)dx  r  dx  . 

Jo   l+cosasinr        Jo    l+cosasino: 

-  ,  I  sec'fdlr 

/— -  /  — ^  I  2 

^  2Jo   1+cosasinx""  2  1-.-.  .      x  ,  ^     ,ar 

I    1  +  2  cos  a  tan  -^  +  tan'  - 
Jo  2  2 

/tan|  +  co8a\l 

Un-A 4 J(    -  ."^r^-Un-icotal 

\       sin  a       /]  Q     sin  a  L2  J 


=  -  —  tan""*  (tan  a) = r  -: — . 
sin  a  sma 
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EXAMPLES. 


1.  Prove  that  >/^n  <iaj  -  ill  +  i  log  f 


[Br.  Josh's.  1884.] 


1'  1      1 

8ec»6>  rf^  = -T=  +  ^  log  (72  + 1). 

[Mats.  Tkipos,  1889.] 

3.  Prove  that 

[St.  Jomr's,  1882  and  1887.] 

4.  Show  that,  n  being  a  positive  integer, 

u    i\f  ^Qg^   ^^-    1  1.1. 

1 1  ,     __« logg 

■•■^^2  (1  +«)*-«  "*'^®^  1  +«"  (1  +«)«-i* 

and  that 

/  ^  r    logx     ,  1/111  .      1    \ 


[St.  Jomr's.  188S.] 


[St.  Jomr's*  188S.] 


5.  Prove  that 


I   (8ind-co8d)log(sind  +  cosd)(^^«0. 

Jo  [St.  Johx*8,  1884] 

6.  Prove  that 

r  ^  log  sin  edS^  y  r  ^  log  (V2  sin  ^)  rf^. 

[St.  Jomr's,  1884.] 

7.  Prove  that 

..    r     dx ^^       1 

[Oollbobs  7,  1881.] 


^^iatuM 


DEFINITE   INTEGRALS   (I.). 


187 


8.  Show  that 

9.  Show  that 


I-^(/a;  =  Jlog2. 
0  tana;         2     ^ 


[Oxford  II.  P.,  1888.] 


•'^  [Math.  Tripo8.  1887.] 

10.  Show  that 

8inh;?aj8in — dx^ o T  m  2 — -- 

[Clare,  Caius  and  Kino's,  1886.] 

11.  Prove  that 


sin^o;  dx 


e*«*(cos  ar  -  in  si  11  x)^     2 w ( 

cos^a;  dx  _ 

c*'"*(8in  x  +  w  cos  x)'^  ~  2f»  (1 


l+w2)|_l_tH  J 

1 ri-wi  -»»^   -1 

T^Lr+Vi'    "^  J* 


12.  Prove  that 

13.  Show  that 


Jo  1  +sin*a; 


rfz=s 


2v/2' 


[St.  John's,  1886.] 
[OxF.  II.  P..  1886.] 


w 

I       log  (sin  X -\' C09  x)  dx  =^  -j  log  2. 


U.  Show  that 
15.  Prove  that 


i: 


dx 


IT 


tf'v/sinh  2x    2v/2  * 


[COLLEOSS,  1886.] 


[St.  John's,  1890.] 


\\xf{x(\-x)}dx=i\'     f{x{\-x)}dx. 


[Colleges,  1882.] 


16.  Prove  that  I    sin''2^1ogtan  ddd  =  0,  where  n  is  any  positive 

I  A 

^^^^^  [Colleges,  1882.] 


17.  Prove  that 


f«  ar--^{(n  -  2)x^  +  (n  -  1  )(o  +  6)a;  +  rm^}  ,      g'^i  -  ^>*-i 
J6  (a;  +  a)*(a;  +  i)2  '^^  2(a  +  6)    * 


18.  Establish  the  result 

x^  sin  2x  sin  ( ^  cos  xj 


[St.  John's,  1890.] 


2a; -IT 


dx=- . 

IT 


[Math.  Tripos,  1882  ] 
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19.  Prove  that 

[OOLLMV  fi,  180a] 

20.  Prove  that     riog(l +ton^)rf6>-^J^.         ^  ,^,, 

J  0    ^  ^  8  {TauKm,  18M.] 

21.  If  a  be  any  angle  between  ^  and  -  ^ ,  show  that 

Ilog(l  4>tanatana;)<22;aalog8eca.  ,    ,^. . 

22.  Prove  that,  in  general, 

(V(log.^.log.— ^1  #4t,c&-0, 

where  o  =  -f=-  -r  f    ^ 


and  /*  is  any  function.  [e,  1881.] 

23.  Prove  that 


i; 


log(sin«d  +  ib«cos»6>)(id  =  «-log^'    (ib^O). 

[OxF.  I.  p.,  191&] 
24.  Prove  that 

I   Bin"*  Tos 
— -^j — dx,  {m<n),  etc 

rain  M*2^ 
dx,  r  being  a  real  constant. 

If  we  write  rx=y,   7=1    — ?^dy=l    dx,   which  is 

Jo    y        Jo    ^ 

independent  of  r.     But  it  is  obvious  upon  changing  the  sign 
of  r  in  the  original  integral  that  the  sign  of  the  result  must  be 

changed,  for  all  elements  of  the  integrand  change  sign. 

Farther,  when  r=0  the  value  of  /  is  zero.     Here  then  is  a 
curious  discontinuity  which  must  be  examined. 

The  integral  is  of  groat  importance  in  the  theory  of  definite 
integrals,  and  we  propose  to  illustrate  by  means  of  it  several 
methods  of  procedure  as  mentioned  above. 


ttU^BlBftdUfeii 


— *^ 
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994.   Method  I.    By  breaking  up  the  Integration  into  Sections. 

+(r"'+r  )+-V¥^' 

a  notation  which  will  need  no  explanation. 

In  these  pairs  of  successive  integrals  put  x^ir—y,  ir+y] 
3t— y,  Sir+y;  ...  (2n— l)9r— t/,  (2n-'l)ir+y;  etc 

Then 

f<^-0'sinx,  fo sin^ r        siny         , 


and 


f**»'      sinx  ,  _      f*        siny         , 
J(2n-i)»~»  Jo(2n-l)9r+y    ^* 


X  Jor^n-l)9r+y 

Thus,  putting  n=l,  2,  3  ...  successively,  the  integral  becomes 

/=1  siny r-+o o — r-  +—  M^ 

Jo       ^L^r-y     TT^y     Sir-y     Sw-^y         J 

=  1  siny^tan^dy     {Hohoon,  Trigonometry,^,  S35.) 
=J  8>n*|dy=2  Ml-cos y)dy=|. 

995.  If  we  put  a;=— y  it  is  clear  that 

Henc« 

996.  If  r  be  positive  we  have,  by  putting  rx=y, 

i„      X  Jo     V       "^     2 


< 


sinx 


dx. 


_*    X 


__rfa;=2.^=x. 


If  r  be  negative  we  have,  by  putting  rx=y, 

r«IL??dx=r?y^dy=-r    ^^dy 

Jo    a;         Jo     y  J—  y 


J*8my^^  _ 
0  ~V 
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If  r  be  zero  the  integnod  is  seio,  and 

einrx 


i: 


d»=a 


997.   If  the  integrand  be  r^arded  as  a  function  ci  r  ibe 
disoHitinaity  may  be  exhibited  geometrically  by  tracing  the 

graph  of  y=  I    —3 — dd,  which  will  consist  of 

the  straight  line  y=— 5-,  from  x=— 00  to  x=0 ; 

the  point  x=(),  y=0,  when  x=0; 

the  straight  line  y=^,  from  x=0  to  x=ao ; 
and  is  shown  in  Fig.  323. 


r 
2 


2 


Fig.  323. 


sinj; 


998.   The  graph  of  the  integrand^  viz. ,  is  shown  in  Fig.  324. 


The 


.   .        ,    r'sinjr 
integral   I    

Jo     ^ 


dx  is  the  difference  of  the  areas  between  the 


r-azis  and  the  saocessive  portions  of  the  carve  which  lie  above  the  j?-azi0 


Fig.  324. 

in  the  first  quadrant  and  below  it  in  the  fourth  quadrant.  The  successive 
maxima  rapidly  diminish.  The  positions  of  these  maxima  are  given  by 
the  equation  tanx^x,  and  can  be  determined  graphically  as  the  inter- 
sections of  the  graphs  of  y  « tan  x  and  y  «  x.    They  occur  in  each  case  a  little 
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8IUJI: 


X 


e4rlier  than  midway  between  two  successive  cuts  of  the  curve  y=^ 
by  the  x-axis,  but  rapidly  approximate  to  the  midway  as  x  increases. 

999.  Method  II.  A  Further  Illustration  of  breaking  np  the 
Integration  into  Sections. 

Since  the  ^-axis  is  an  axis  of  syraraetry  for  the  graph  of 
sinx 


we  may  take 


-     f  *  sin  x  J       1  P    sin  x  , 


.-.  2/ 


fr+r+r+r 

_|J0        Jir  J2ir  J3 

1  -ia:a- 


+  \      +.. 


+  ... 


/sin  a; 
\    X 


dx\ 


In  the  integrals  in  the  first  row  put 

35=2/,     'T+y,    2x+2/,     37r+t/,  etc., 

and  in  the  second  row 

x=— x-fi/.     — 27r+?/,     - 3x4- y,  etc. 
Then 

2/=|   sinv ; h-5 — ; s — ; h-- 


1 


.+ 


1 


1 


+ 


(Hobson,  Trigonometry y  Art.  296) 


-ir-^y  '  -2x  +  y     -3x+2/  '  *"  J    ^ 

=  1  siny  .cosecyd2/=|    ldy= 

giving  /=-  as  before. 

Art 

This  proof  is  similar  to  that  of  Method  I.,  but  makes  use  of 
the  expression  for  cosec  y  in  partial  fractions  instead  of  that 

for  tan |. 

1000.  Method  III.    Illiistrating  Differentiation  under  an  Integra- 
tion Sign. 

6~** dxy  where  r  is  positive  and 

X 

i'any  finite  positive  quantity,  which  we  shall  ultimately  diminish  without 
limit. 
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Then  so  long  as  k  lies  between  0  and  +  oo , 
S/ 


f_.  sin (r+ fir )x- sin rxc/x     r*^_^       .    .  /le  \    j      /n^ii^^\ 
tr^ — ^ TT =/    r^coe(r+^5r)jfajr,   {O<0<ih 


and  proceeding  to  the  limit  when  6r  is  indefinitely  small, 


dl 


whence  /s  /.  «~** rfx=tan~*T> 


dr    k^-^-f^' 

no  constant  being  needed  since  each  side  vanishes  with  r. 
If  in  this  result  we  diminish  k  indefinitely  towards  zero,  the  integral 

tends  to  the  limit  /   5 — -dx.  and  tan~*T  tends  to  the  limit  5-  or  -« 

Jo      X  '  k  z  X 

according  as  r  is  positive  or  negative.    But  if  r»0  the  integral  is 

obviously  zero. 

Hence  /    ^~o»  ^  ®^  ~^  according  as  r>,  =  or  <0. 

(2)  As  a  further  illustration  of  this  method,  let 

""•Jo  (aco8»d+)88in*^»' 

a  and  fi  being  of  the  same  sign,  so  that  the  subject  of  integration  has  no 
infinity  between  the  limits. 

7s       7) 

Hence 

A.,=^A/.  =  ,-^jAV,.,=.etc.  =<-^"a-A. 

Also      /,4f-lM.-^[un-(V?tan^)]^ 


i3 


+  Un*d 


2>^' 


Hence 


^'=(-^>^^vb°^^G"'y- 


Similarly 


,      IT     W3  .2    ,3\         , 


And  since 


(ITd)'""'*"'  -<-^'<'  • » ■■•  ^)"  • » •■•  ^>5^  J^ 


^.  -...  «.i>^^.---  ■       ■  .^- 
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the  general  result  is 

""2     /i!     r      "    2»-         p\q\       J^^' 

,  IT        1     "(2»)!(2^)!     1  , 

^-i  =  2i^i  :j^^-  (^).(7i^  S^,     where  ;,+9  =  n. 

Also,  since 

3/.___    /•'  co8«6>c.g  2>/,__    /•'  Bin*  Ode 

ST         U  (acoe»^+)»8in«6>)"*»'    B//""     U  (acoe»^+/38in«d)"*»' 

lU  integrals  of  the  forms 

^  dp  /■?  co9^  edS  p  sin«grfg 

J»  (acos«^+)8sin*e^)-     Jo  (aco8»<^+)88in»^)"'    Jo  (aco8«d+)tf  sin*^)"' 

cm  be  computed,  n  being  a  positive  integer  and  a,  )3  of  the  same  sign. 
lOOl.   Since 

/tf~"cos  bx  dx = «"•' 5— -7= H  const 
a'+o* 

ttd  /«~^sin6a:dU:= -r"^ r — rz +  const., 

J  a*  4- 6' 

we  We    p^r^coBbxdx^^^^ (l),l 

'^  V a  being  supposed  positive. 

jr*-rinfcr<ir=^i-p (2),J 

Integrating  the  first  of  these  equations  with  regard  to  b  from  0  to  6, 

r^«iii6£^^^^^^_,6 

.'0  X  a 

tnd  integrating  the  second  from  c  to  6  (both  positive)  and 

r_„  cos  6a?  -  cos  cr  ,       1,      a*4-c*  ,.. 

'^ X '^=2'°«?+l^ (^> 

When  a  diminishes  indefinitely  the  limiting  form  of  (3)  is 

rsinitr  ,      ir             -ir  ,.. 

— -rfx=2     or    -g-, (6) 

according  as  6  is  positive  or  negative. 
If  in  equation  (4)  we  make  a  diminish  indefinitely, 

rcos  6j:  -  cos  GT  ,      ,     c  ,^. 
X '''=l"«fr (6) 

If  we  differentiate  (1)  and  (2)  n-  1  times  with  regard  to  a, 

fx^^r-^codbxdx-i-lY-^-r-^r-s    .?  t«=     7>  ^co8n^sin*6>, 
^      '      att"~*  a*-\-b*        0* 


where  tan  ^=-, 
a 


and  p x^>^— sin  6rd:r=( - 1)*^*^^  ^'+P"^'^4^^ *"^ ndsin"^. 


E.I.C.  n.  N 
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Here  n  is  a  positive  integer  and  a  is  positive. 

The  case  when  n  is  not  a  positive  integer  is  considered  later. 

1002.  Mkthod  IV.    Deduction  of  a  Definite  Integral  from  the 
Summation  Definition. 

We  may  employ  either  of  the  well-known  trigonometrical  series 
J-f=8in^+Lin2^+Uin3d+...arfin/.    (ir>^>-rX 


2     2 

IT 


^=:8in  ^-f  osin  3^+  -sin  5^  +  ...  ad  inf,     (ir>$>  -ir), 
4  o  5 


to  obtain  the  value  of  /    dv. 

Jo       X 

(1)  ^^""^dx^U^^hi 


sin  A  .  sin  2A  .  sin  3A 


4 


2A 


3A 


=  /-^=c 


=  ^^=( 


/sin  A  .  sin  2A  .  sin  3A 


ir-A    IT 


f 


(2)  jr^rfx=i(»^2A( 


sin  A  .  sin  3A  .  sin  5A 


+ 


3A 


6A" 


...) 


-       a(wti  A  ,  sin  3A  ,  nin  6A  ,      \ 


=  2x-=^. 

[For  the  first  series  see  Dijf,  Cede,  p.  108,  Ex.  21  (2). 

Q  \  \ 

For   the    second    add    to    the    first    5=8in  d-58in2^+;5sin3^-...> 

2  2  tS 

or  otherwise.    (Hobson,  Trigonometrjf,  p.  288.) 

See  Bertrand,  Calcul.  Diff.  et  Int.,  vol.  i.,  pages  304,  383.] 

1003.  Method  V.    Again  illustrating  DeriTation  from  the  Defioi* 
tion  of  an  Integral  as  a  Summation. 

Consider  the  series 

^    (j-'^^in  e  .  e-^*sin  26  .  «"^sin  3^  .  ,  .   - 

*J  = : 1 ^ 1 s + ...  oa  fit/. 


1 


2 


Let 


^    «-'^*co8  6  .  «~^«*co8  26  .  e'^'^cos  3^  . 


1         '  2  ■  3 

Tliese  series  ai*e  convergent  so  long  as  ^  is  positive. 

CO  ^—  nq9  niB 

C^-iS^^^Z f— =-log(l-«-«*e*0 

1        w 

=  -  logv/l-2«-«*cos^+«"'^*4- 1  tan-i  -^-**"  ^ 


l-«~^cos^' 


.*.  5=tan-» 


sin  6 

««*-C08d* 


bMOU 
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cos  0  .       _,  1      IT 
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Now 


= tan-i  Z^^^o -^;p— ^- « tan-*  >  -  ~  -  Un-^. 


>"-«*8inA  .  «"^*8in2A  .  tf"*'*8in3A 


r  «-»'sin  JT  ,       .       .  re-^'sin  h  .  tf-'^'sin  2A  .  tf-^^^sin  3A  .      T 


f 


-"-R 


«-«*8in  h  .  tf-*«*8in  2A  .  «-'«*sin  3A 


...J, 


tf"^'8injr  ,      IT     .       . 
^^ £ir=-  -  tan-*g. 


Now  let  q  diminish  indefinitely  to  zero,  the  limit  towards  which  the 
nmilt  tends  without  limit  is 


f 


sin  X  ,      IT 


0         X 

^'"••Bin  rx 


10O4.  The  integral   I^T^^^^^^dx^rUn-^-  may   be   established 
for  the  case  q>r  thus ;  expanding  sin  rx,  we  have 

n! 


But 


f 


jd^iT^dx^ 


iM-i 


•    7-!:_l!:*+l!l_     =tan-»- 
9-    3  y*    5  g*  q 

This  series,  however,  is  divergent  if  q  <r.    See  Art.  1000  (1^ 

1005.  Mbthod  VI.    niastration  of  Use  of  Change  of  Order  of 
Integration. 
Consider  the  double  integral 

/^  /    /    er*'  %\nrxdx  dy. 
Integrating  first  with  respect  to  y, 

jo    L  X     Jjf=0  Jo        X 

Changing  the  order  of  integration,  integrate  first  with  regard  to  jt, 


-re- 


«-^ 


y  sin  rjT-fr  co«  rjr"]*" 


r»+y 


J^-'y 


=f  HTP«''y=[*"°"'rI=l    "'•  -f' 


according  as  r  is  positive  or  negative  ; 


f 


sin  rx  J      V  IT 


icoording  as  r  is  positive  or  negative. 
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1006.   Method  VIL    Tbe  iDtognl  mat  mbo  be 
method  of  eontour  intcgntion.    (See  Ait.  130S.) 


hj  Un 


1007.  The  expression  for  oots  in  partial  bmetioBB  (HOI0OII, 
Tru/onomelry,  p.  334)  is 

.11. 


.        1        1 


'    ^-L-+J^+... 


2     z-r-K-     z-'w     2-h2x  ■  z—2r  '  2+3T     z— 8' 


If  0  (z)  be  any  periodic  function  of  z  with  periodicity  w,  ie, 
such  that  ^(2) =^(2+1^)  for  all  positive  or  negative  int^nl 
values  of  r,  we  have 

In  these  integrals,  put 

2=y,       ^+y,      2x+y...  in  the  first  row, 
and  — "T+y,  — 2x+y ...  in  the  second  row. 

Jnr  a  Jo    rx+y      ^     Jo  rx+y   ^' 

J-rw         «  Jo     y— rx       ^     Joy— rw    ^ 


Hence 


f-:-^+-4-+^^-...]<Jy 


l"/l'-'^-  =  f;«^y)C+^,  ■  y-x  ■  y+2x  ■  y 

=  1  ^(y)cotydy, 

Jo 

i.r    I      ^-    — =1  ^(x)cotxc2x,     where  0(»)=^(x+nr). 
Thus,  if  0(x)=iana;,      I      (fx=|  tanxcotx(2x=T. 

J—*       3/  Jq 

Also  Ih  not  afTected  by  a  change  of  sign  of  x,  and  its 


graj))!  is  Hyininetncal  about  the  y-axis. 

»,                    f*tana:,       ,  f *   tana; 
Hence  I    ax=il 


«    x  2 
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and  writing  rx  for  x, 


dx=^,  —jr  or  0  as  ri8  +^*,  — ^*  or  zero. 

X  L  ^ 


1008.  We  now  proceed  to  consider  some  consequences  of  the 

'^fi^t  rsint^,      IT 

U     X  2 

By  the  ordinary  method  of  summation,  we  have 

'C^ain  2px+''C^  sin(2^-2)a;+  ...+pCj^^  sin  2a;=2i'cos''a;sinpa; ; 

1009.  In  the  same  way 

t 
= ( - 1  )*  2'  8in*'jr  sin  px,    {p  even) 

or  =(-!)«  2''8in''xcoe^,    (p  odd). 
Heoce     f«nr:£f^«H*'=<Z^.|[(,-l)«-l]-(-ir'^.. 

1010.  Again, 


+(-l)"«'^»C'n8inar] 


(ir 


=  ^ I  X  coeff.  of  .-  in  (1  +«)-*»  x  (1  +^)-^  =  ^^  -C, 

irl.3.5...(2n~l) 
~2      2.4.6...2»      • 

1011.  Let  a  and  h  be  any  two  positive  quantities  (a  >  6). 
Jo  2?  2  Jo  2^  2 


Hence,  adding  and  subtracting, 


i- 


sm  ax  cos  bx  ,      ir         , 
ax=  —    and 
X  2  JO 


i: 


cos  ox  sin  &2 


<fa=0. 
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We  may  then  state  that 

I    — ^-  «*=  o  ^^  ^»  according  as p^q  or  <7 

both  being  considered  positive. 

r'sinpgcosyc  J  _1  f*sin2«j!  ,      1  *_» 
Jo  X  *'-2  Jo  ^^  '^-2-  2-4  • 


1012.  Onphical  ninstntions. 


— 


sin  x6  cos  0 


T 


de. 


We  may  write  thw  »  y-if  »!?(£±I)f+!»H(£zl)f.rfft 
If*<land>-1,    y-gd-l)    =0. 

If*<-1,  y=l(_|_|)=_- 

Hence  the  graph  is  discontinuous  and  as  shown  in  Fig.  325. 


s. 

4 

jr 


Fig.  326. 


1013.  Graph  of  y^j 


sin  OcoBxd 
6 


dO 


1  r8in(l+a)^+sin(l-x)^  ,^ 
^2  Jo 6 '^^' 


SiAtiiB^^mri^tm 


mUOi 


DEFINITE  INTEQRALS. 


Here, 


,  _  1  /ir  .  ir\         IT 


Md  the  graph  is  as  shown  in  Fig.  326. 


y 

Fig.  326. 
being  again  discontinuous  at  x=  I  and  x—  -l. 
1014.  Consider  the  integral 

'*  cos  2—1 

lo       z 


dz, 


and  pat  z=az  and  z=&x  therein  alternately. 


Then 


f: 


«  COS  OX 
0  X 


U=£ 


^cosftx— 1 


(£r, 


%.€. 


f 

Jo 
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cosox— cosftx  ,       f^ caste 


,       (f>coHbx  ,       r»l  7       1      & 

(^_i  dx=\  -(te=log-. 

Ja     a;  Jao;  ^'a 


Now 


f^cosbx  ,  _r8in6a;    1~|^  ,  1  f ^  sin  bx  , 
J*     a;  ~~L     6       aj*     5j*     x*         ' 


1  f*si 
and   when  A  is  increased  indefinitely,  becomes  r  1   — 


sin&x  J 
-o—  ox, 


liTi  iiipiifciliafcihh 
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and  this  must  lie  in  numerical  magnitude  intermediate  between 
the  results  obtained  by  replacing  Binbx  by  —1  and  by  +1 


respectively,   i.€.   between    =fc  t    — 


or 


a'-^b 


bh 


,  t.e. 


0. 


a 


Therefore  the  second  integral,  for  the  infinite  interval  between 

-  and  T  vanishes,  and  we  have 
a         b 


[ 


cos  ax—  cos  bx  y      ,     6 

ax=loff-. 

0  X  ^a 


This  is  a  special  case  of  a  theorem  due  to  Frullani  to  be 
proved  later  (Art.  1183). 


1015.  It  follows  that 


I 


.    h-a      .   6+a 
8in  —3-  X  sin  — ^—  X  , 

7 '^=2'°8  5' 


I.e. 


— ^— - —  '    dx  =  -  log^-— ^    {P>Q  and  »>oth  positive). 


X  2     "p-q 

We  have  now  considered 


.'«  jr  2     *j»-g' 

^^^  jT  "" f«co» g»^,^o,.0,  as  y>    or  <q    (Art.  1011). 

Also  jT  ^2?^??4,  is  infinite    (Art.  348). 


1016 


,  Taking     y=\    - 

Jo 


sin  rO  j/i     TT  x 


as  f  is  positive  or  negative,  or  0  if  r =0,  integrate  with  regard 
to  r  from  r =0  to  r=r, 


Jc 


1  — cosfO,^     xf  xr 


(1) 


as  f  is  positive  or  negative,  or  0  if  r =0 ;  i.e.  putting  2r  for  r, 

f*sinV0,^        TTf  TTf 


as  f  is  positive  or  negative,  or  0  if  r  be  zero. 


tLMammakii'im'^  li 
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1017.  To  illustrate  this  geometrically,  consider  the  graph  of 


Fig.  327. 

vhicb  consists  of  the  parts  of  the  lines  y=  ±x  which  lie  in  the  first  and 
iNond  quadrants. 

1018.  Integrate  equation  (1)  with  respect  to  r  between  limits  0  and  r. 
Then  /    ^ rf^=:-  r*  or  -j  ^i  as  r  is  positive  or  negative. 

Thus  the  graph  of  y=-  /    — ^^^7;; dO  consists  of  the  parts  of  the 

two  parabolas  y^a^  and  y=  -jr*,  as  x  is  positive  or  negative,  which  lie 
ID  U)e  first  and  third  quadrants. 


Similarly  we  might  proceed  to  further  integrations. 


.  2J' Bin' (g  sing 


1019.  Grap] 


Since  a  change  of  sign  of  x  evidently  does  not  afiect  the  value  of  the 
integral,  the  y-axis  is  an  axis  of  symmetry. 
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Also 

yaa  sin  -  if  sin  -  be  positive  and  ys-asin-  if  sin-be  VMff&n 

Hence  the  graph  is  that  shown  in  Fig.  329. 

y 


Fig.  329. 


— -^  d6=  +g  with  regard  to  r  between  lii 
q  and  p  (both  positive  and  p  >  q)^  we  obtain 


t.e. 


f- 


r  coe  qO  -  C09  pO  ,/.    v,        . 


2    2 


dtf=j(p-«), 


or  putting  p +g= 2a,  |>-g= 26, 

sin  ad  Bin  6^ 

^0 


f 


«-!». 


where  6  is  the  smaller  of  the  two  quantities  a  and  b. 


1021.  Trace  the  gi*aph  of  y=  / 


sin^dcosjrd 


c2d. 


In  the  firnt  place  a  change  of  sign  of  x  does  not  affect  y.    Hence 
y-axis  is  an  axis  of  symmetry. 
Also  we  have 

y=ijf^{8in(ar+l)d-Hin(x-l)«rfd 

1  r8indjBin(.r+l)6>  ,^    1  r  sin  d8in(jr-l)  ^  .^ 
=  2 Jo    "^  '*^"2Jo   gi ^^• 

If  j:>2, 

If  .1  =  2,  .V  =  ^  •  ^1-^  •  '^  =0. 


1       TT     _        1       IT     , 


2     2 

_-     "1     1    '^ 
y-o-  o'^~2'  2 


1       IT 

2*  2 


If  2>x>i,  .y=^^.l-^^(•^-l)-^(2-^•). 


2     2 


2     2 


If  a:=l. 


IT 

'4' 


If  l>ar>0,    y=^|'l+J-|(l-^)  =  f(2-A). 


If  a:=0. 


1 


1 


^"2*2      "•"2*2 


IT 

r 


ili 
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The  graph  therefore  consists  of : 

(a)  the  portion  of  the  jr-axis  from  x=2  to  jrasoo, 
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(6)  the  portion  of  the  liney=3  — -j-  from  dr=0  to  4?=2, 

(c)  the  portion  of  y*=  g+"7"  ^rora  jr=»  -  2  to  4?*s0, 
(cQ  the  portion  of  the  x-axis  from  x^—^  to  x—  -2. 


Fig.  330. 
And  the  discontinuous  nature  is  shown  in  the  illustration  (Fig.  330). 

I02i  Trace  the  graph  of  y=j["  ^"'*^^'"^^rf^.     (Math.  Tripos,  1896.) 

We  note  in  the  first  place  that  a  change  of  sign  of  x  gives  a  change  of 
>ign  of  y.    That  is,  the  origin  is  a  centre  of  symmetry. 


.,       dy     psin^6>co6x^^^     fir(2~.r)/4  from  ar=0  to  ar=2. 


fi4  +  ir(4ir-:r«)/8 


from  j?=2  to  .r=oo  ; 

from  X— 0  to  j?=2,    * 
from  .r=2  to  a?=oo, 

where  A  and  B  are  constants. 
Moreover,  the  difference  of  adjacent  ordinates  at  j;-c,  :r+c,  being  to 

the  first  order  2c/     -^ rf^,  ultimately  vanishes  with  c,  and  there- 
fore there  is  no  abrupt  change  of  ordinate  at  any  point  on  the  graph. 
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Again,  y^sQ  if  x—0 ; 


.-.   il  =  0; 


and  at  «= 2, 


ii+r(4.2-2«)/8=i?; 


B-l 


Therefore  the  graph  in  the  first  quadrant  oontista  of  a  portion  of  the 
parabola  y= IT  (4r-j:*)/8  from  x—0  to  ir=2,  the  vertex  being  at  (2,r/S)^ 
and  a  line,  2y=ir,  parallel  to  the  x-hx'ia  from  jr«2  to  x^boo. 

And  remembering  that  there  is  symmetry  with  regard  to  the  origin, 
the  gpraph  is  as  shown  in  Fig.  331 . 

It  appears  that  the  points  P,  P',  where  two  of  the  discontiDaities  oecor, 
are  the  vertices  of  the  two  parabolic  arcs,  and  that  at  the  third  diaeoo- 
tinuity  which  occurs  at  the  origin  the  parabolas  have  the  same  tangent 

The  discontinuities  occur  in  the  ieeand  differential  coefficient. 


Let 


\.  Oases  of  I    — --  ax. 
Jo     a?" 

Jo 


0 

8in"»x 


dx,  where  m  is  not  less  than  n,  and  m,  n 


are  either  both  odd  or  both  even  positive  integers  >  2.    Ve 
have  proved   in   Art.   265  a  reduction  formula  connecting 

^m,n*  t*m.n-t  ^^^  t*m-l.»-i»  viz. 


«i,i=|,   «i.«»|  (Art  loiex 


Now  we  have 

,  /*sin'ar  ,       1  r"  3  sin  x  -  sin  3jr  ,       !,«     ,iir    v 

^^     Jq       X  4  Jo  X  4"-         •'2     4 

and  from  the  rekluction  formula, 

n=3  }     2.1ui,.+9ii^t-3.2ii..,=0; 


-   IT     -.    IT    3ir 


__3ir 


A,  f*B\n^Xj       1    Psi 

Also       u,,^l   ^-.dx=^,l   - 


4      4 

sin  5:r  -  5  sin  3^+ 10  sin  x 


dx 


Then  the  reduction  formula, 

nia  }  ^^"^^  2.1f«».,  +  25tt».,-5.4fi|^i=0, 
and  m^ 


m=5  \ 

»=5  ;«• 


gives  4.3t«j,,+25ii,,,-6.4fi|^,=0  ; 


whence 


5ir 


115 


*^'=i'    ^•=^''»  ®^- 


^^UiJB 


,aiakMSfiai&M.-.a^-F.-  --'-*■ 
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am*"*'** 


X 


^      (fo=^(4+B+C+...) 


1024.  In  order  to  generalise  these  results  it  will  be  plain 
that  it  is  necessary  to  express  sin'^'x  in  the  form 

^sinx+£sin32+C7si;i5x+*** , 
and  then  we  shall  have 

rsii 

(see  Art.  1010). 

And  similarly  if  we  can  obtain 

Mn*"-'*  cos  X  in  the  form  A^  sin  2a5+  Bj  sin  4«+ 0^  sin  6x+ . . . , 
we  shall  have 

f^sin*"*  ,      r    sin*^x"l"  ,  „  f*  sin  *^-'x  cos  a? , 

'^•'=J.  -w^=l—iri  +2^  — i — ^ 

'xcosx 


Jo  a 


dx 


and  the  sums  A+B+C+... ,  and  4i+Bi+Ci+...  are  easy  to 
find.    (Art.  1026.) 

1025.  It  has  been  shown  in  Art.  1010  that 

_?r  1.3.5...  (2f~l) 
**^*'*""2      2.4.6...2f     ' 
and  this  with  the  reduction  formula  will  enable  us  to  obtain 
the  value3  of  all  integrals  of  form  Us^+i.^p+i  (n  <  p)- 

Thua,  if  r=3, 


__  1 . 3 . 5    IT     6ir 
**'*~2.4.6'  2^'¥' 


iDd 


2.1tt,.,+49ti,.,-42fi^,=0, 
4.3i«,.,+49tt,.,-42fi|„=0, 
e.5tt,.,+49iiT.,-42t«^,=0, 


ginng 


7fl- 


77ir 


6887ir 


%••     ^41     «r.»     YQQ,     **''^^23040' 


and  80  on. 


Collecting  the  results,  we  have 


IT 

3ir 

3jr 

Stt 

%1 


16' 
6ir 


_  _1157r 

^'•'•'*32'     **^*""  384  ' 


7ir 


77ir 


5887ir 


«r.i     32*     ^.»     g^i     **'.»=y68*     ^'^     23040 

etc. 

ii»H'i.i='     aV,   o — a —  •  01    tli6  same  result  as  /   sin*" Odd, 

2  .  4  .  O  . . .  Zf  2  /O 


206 


CHAPTER  XXVL 


1026.  Again  by  differentiating  the  formula 

2»'(- 1)*- 8in*^x=2*V*  (- !)•  "^C.coe  (2r-2«)a;+(- 1)'' *^C„ 
we  obtain 

2r  8in*--»x  cos  x=^^=^^  *2 "  (-■  ^)*  (2r-2«)  *^C.  sin  (2f-2«)a;, 
and  the  sum  of  the  coefficients  required  (Art  1024)  is 
^-fi?^'{2r>'C,-(2r-2rC,+(2r-4)*-C,-...+(-l)'-'2*C,.,} 

=2*^77  r<7,.,-2*-a.,+3»'C,.,-...+(-ir-'f*<7,} 
=o5^  X  coef.  of  €-  •  in  (1  +«)'•  x  (1  +«)-* 


Hence      i^ 


r  811 


sin*^  ,  _1 .3.5  ...  (2r~3)  y  . 


<ix= 


2.4.6...(2f-2)  2 


^if  f<l:2. 


TT   . 


T-v 


and  =,v  if  r=l,  and  =T'if  «'=2. 
12  4f 


1027.  ThuB 


tr 
4* 


1.3    V     3t 


Wi.i~2;    ^ij^:^ ;    ^t=5~~i  •  o~T5i   *^«— o  ^  /» •  s*=o5 1   '^i 


1.3.5    «;     5t 
2.4.6"  2*^32 


2.4     2     16 

the  firHt  of  these  having  been  found  before. 
And  now  the  reduction  formula  can  be  used, 

(n-l)(n-2)u,n.».+m«u^.,_a-m(m-l)u«.a.,_8=0    {m^n\ 


n  =  4  }  3.2t«^,+  16uo-4.3U|,,=0; 

^^  I  3.2fi^4  +  36i^,-6.5w,.,=0; 

n=6  }  5.4ii^.+36ti^4-6.5u^,=0; 


m  = 
n 

v^  — 


etc., 


giving 


lltr 


^14  — "o*     ^«~Q»     ^•~'77%~»   ®^» 


8 


40 


and  collecting  the  results, 


IT 


IT 


^«-4»       "••<~3' 


Fifi-m>"iTTt- 
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3ir  IT 


16'     "^'"S'     "*•      40' 


5jr      , 
ind  generallj, 

1028.  A  result  due  to  Wolstenholme  follows  at  once,  viz. 

r  ^F(sin^x)dx=rF(8m^x)dx, 

provided  F{z)  be  any  function  of  z  which  can  be  expanded  in 
a  convergent  series  of  positive  integral  powers  of  z.    For  let 

F{z)^Aq+A^z+A^*+...  . 
Then 

I    ^^ jP(8in*a5)(fa=2l    ^^^ (A^+A^ sin^x+A^ 8m*x+...)dx 

w 

=21  (AQ+A.8in^x+A^8in*x+...)dx 
Jo 

=2  [  F(8in^x)  dx=  T  JP(8in«x)  etc. 

1029.  It  is  also  plain  that  if  jP(sin  6,  cos  0)  can  be  expressed 
in  the  form      4sinpe+jB8in5fe+Csinre+... , 

where  p,q,r..,  are  all  positive ;  then 

or  if  /'(sin  6,  cos  6)  can  be  expressed  as 

Acoapd+Bco8qd+Cco8r6+.,. , 
where  p,  q,  r  are  all  positive,  and  if  A+B+C+ ...  =0,  then 
r  /'(sin  e,  cosg)  ,Q^r  A  cos  pd+B  cos  qe+..,  ,g 
Jo  ^  Jo  ^ 

r  A(coape'-l)+B{coQqe-l)+...  ^Q 
Jo  ^ 

and   evidently  other  propositions  of  similar  kind   may   be 
enunciated. 
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1030.  Ex.  1.  Since  u^,,,:^h^:^^i^^^  .  E,  we  have 


f 


,     l+nsinorcfr     ,     .,      ^^. 


0      -l-nBinoj?  4: 

3  «6 

iS  o 


nam  ama  ami 

■r  sin  cw?+-s-  sin'ajr  +t  8in*a«+ 


. ..  I  ^"~ 


=2[i  i+f  li+Foi+"]-'""-*<^-^'P-": 


tanli"*  (n  sin  ox) — «  s  8in~*n ; 
0  X     2 


and  if  n=i, 
Ex.  2.  Since 


j    tonh-»(j8inax)— =j^. 


_1.3.5...(2r-3)    IT     . 
'^•»-2.4.6...(2r-2)-2     ('^>^^' 

,     l+nsin'oxdx     .    ^-      ^-.^ 
'ogi^,;^*ga?^     (n<l,  a>0) 


1  -  n  sin^ 


r 

=2/    (■TS\n*ax+-^aia*ax+-^idtt}''ax+ 

-  it/    ^»M.3^ii'  1.3.6.7^     \. 
=*'ir+ 3  2:4+6- 07678+- j' 

■■■[ 


dx 


\dx 


^  tanh->(llsin*fl^r)p==Y{^/l+»^-^^l-«}• 


Ex.3.  /=/      -^- tanh-Uco8|sin*a:jrfa5. 

By  Wolstenholme's  principle  given  above,  this  integral 
=2/   tanh-M  co8|sin*jrjd!« 

=2  /    I  co858in*x+=coe'|8in*a:+^co8*58in*®a:+... Jd!« 

„irr       al  .1       ,a631.l       .a  9  7  5  3  1  .      1 
=  22L^2  2  +  3^2  6  4  2  +  6^2i08  64  2  +  -i 

^""^  2z  -2^2.4.6'  +2. 4.6.8. lO^^-' 

1  /•'  r      1  1      Idz     I       1.3.5g>      1.3.5.7.9  i* 

"   2J0  L(i_^);~(i^^jiJ  «     2*'*"2.4.6  3"*"2.4.6.8.10  S"*"***  ' 

and  writing  2= cos  2d,  this  integral 


l_r»/    1    _    1    \48in6 
2J^J%  Vain  6    cob  6/       cos 


sin  d  cos  d 


2>/2-'f 


w 


dS 


=^r__^_^=iogcot(f+f). 

y,  cosd+smd       ^       \2     8/ 


Hence  putting  4d  »  a,  /=  ir  log  cot  — ^ . 
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1031.  If  p  and  q  be  poaitive  integers  and  p^q,  the  integral 

/=l  dx  may  be  investigated  by  a  method  which  does 

not  entail  the  eucceeaive  calcvZation  of  previous  reaiUta  of  the 
eame  form  leading  up  to  this  integral,  as  was  done  in 
Art  1023. 

Since  ["  z^'^-^dz-^^^, 

Jo  «* 

f*  sin'^x              1       f *  f * 
we  have     I    -— ;-  cfaj=; rn  I    I    z^^e'-^ainPxdzdx. 

Jo   x«         (g-i)iJoJo 

Now,  p  being  taken  greater  than  unity,  and  a  positive 

Te^sirfic  dx=^^^  f  *  c-^'sinJ'-^x  dx    (Art.  104) 
Jo  p^'rU    Jq 

p\ 1  .^     , 

p\ 
^"^  '"(a»+p»){aH(p-2)«}  ...  (a»+l«)  '^^  ^  ^^' 

Hence 

I'sin'x  ,  p\     f*  zi^-^dz  ..    , 

,  _     pi      P 2^-^c^^ ..     v^^j 

-"(g-l)!Jo  (3»+l»)(z«+3«)(2»+5«)...(z»+i>2)'^^^'^'*' 

The  integrand  can  then  be  put  into  partial  fractions  of  the 
form:  i        a  i      a 

(g  even)  (7  odd) ; 

P^<i'      4.2.+  (2Jfc-l)«     ^"^      4'2«+(2ifc-l)* 

(g  odd)  (g  even) ; 

and  their  coefficients  have  been  found  in  Arts.  162  to  165. 
In  the  two  cases  p  even,^  p  odd,^  the  integrals  are  of  the 

q  even,/  q  odd,/ 
inverse  tangent  species,  viz. 

Jq  z*+n*    Ln  tiJq      n  2 

but  in  the  remaining  cases  the  integrals  are  logarithmic. 
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1032.  Particular  cases  are  simple. 

h     X*  llJt  (»»+l')(^+3»)'"'j.  V8?+P    8»»+W 

3  ir,    *»+in"  3,    -,  3,    - 

1033.  The  general  result  is  not  difficult  to  obtain ;  the  int^Kratiom 
have  already  been  performed  in  Arts.  162,  etc 


Jo   "ifl  (q-\)\h  (^+2*)(«»+4«)...(««+j[>0  Vyeven 

and  by  writing  ^  -2  for  2^|  j^  ^^j^  ^^j  ^^  ^^  ^^ 
and  0  for  2n  j 


'jandp^yjj 


And  if  p  be  odd\       ,      . 
and  9  be  odd)  *"^^^^' 

rsinTr  .  jp!      f° if-'cb 

Jo      ;r«    '*^""(7-l)!Jo   (««  +  l«)(««+3«)...(*«+p«)' 

If  p  be  even  \       ,      . 
andybeodd/*"^''^^' 

rsinrr  ,  p!      T ffi-^tdi 

Jo      J^    '^'(q-\)\k  (2«f2«)(j*  +  4«)...(f«+p«)' 

"^  ^d"    f^*^  2^  I  *"  ''®®"*^  (^)  ®^  '^'*^*  ^^»  ^^*  indefinite  integral  it 


(9-1)! 


P 

2''        L 


'•CoP»->log(^+pS)-'C»(p-2)-»log{««+(p-2)«}+... 

+(-l)^"''C      2»-*log(««+2«)1. 


Now  in  the  expansion  of  (**-«-•)'' =  (2x+...)''=2'jr'+...  there  are  no 
terms  of  lower  degree  than  x^.  Hence,  if  9  be  :j»p,  the  coefficient  of 
*•"*  is  zero  ;  i,t.  the  coefficient  of  j-»-*  in 


-1 


♦  1 


+(-1)^    'C,.     e-*+...+^C,«-^ 
^♦1 


m       I'i  'ilM 
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is  zero  ;  and  p  being  even  and  q  odd, 

'^oi^*-'^i(p-2)r-»+^(7^p-4)»-»-...+(-l)*"^C'      2t-» 

▼anishes  identically.  Henoe,  multiplying  this  expression  by  logs',  and 
sabtracting  it  from  the  portion  of  the  indefinite  integral  in  square 
brackets,  we  have 

'CiiP^log(l+^-'C,(/)-2)'"'Iog{l+<^^}  +  ... 


+(-l)*"^C,^^2t-Mog(l+^'), 


whidi  vanishes  when  s  is  infinitely  large. 
Henoe 


^=^7^3Tyr  2^['^oP^*logp-'(7,0,-2)r-ilog{p-2) 


;^'^.tiu 


+'C|(p-4)r-»log(p-4)-...+(-l)*"''(7,  ^2^->log2l (C) 

^-i  -J 

Finally,  if  p  be  odd )      j      j^ 
and  q  be  even  J         ^  ^  »» 

rsin^i?  ,  p\      r  tr^tdt 

**  (^-1)1  Jo  .(««+  !«)(«» +3«)(««  + 6*) ...  (^-¥f^ ' 

and  writing  g-l  ^orJ^+l|  .^  result  (D)  of  Art  165,  the  indefinite 


P 
integral  is 


n — r— 1  Y" 

(TTi)!  ^'^y'     L'^o;^'log(f«+;>»)-'C7,(p-2)r-'log{f«+0,-2)«}  +  ... 

+(- l)'^'C5^l«-Mog(««+l«)l; 
tad  in  this  case  (p  odd,  ^  even)  we  have,  in  the  same  way  as  before, 

in  identity.    Multiplying  by  logx*  and  subtracting  from  the  portion  of 
the  indefinite  integral  in  square  brackets,  we  get 

'Co;^Mog(l+^)-'(7,(p-2)-Mog{l+<-^^}+... 

+( -  l)^Wp^,l»-»log(l  +  i), 


which  vanishes  when  »  is  infinitely  large. 
Hence  we  get 

t-lM-l 


j^'^dxJ^^l^^^    ^[^(7oyt-'logp~^C,(y-2r'log(p~2)+... 

+(-l)'"^'(7,-,l^Mogl], (D) 


the  last  term  vanishing. 
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Hence,  somming  up,  the  four  results  may  be  written  as 


!»-• 


f'^^'^-'c^l  ,^[^-.(p-8)--H£fel^0>-4)--...] 


£+1 


***  s  or  *^^  terms,  if  |>-5  be  even,  or  as 


-(-UlLJ-  ^[p'-'logp-pO'-2)«-Mog(p-2) 


(q-l)l    2'-' 


+2^^^  0>  -  4)-  log  0)  -  4)  - ...] 


to  ^  or  ^-3—  terms,  if  |)  -  y  be  odd  ;  p  being  -^  q. 

This  generalisation  is  due  to  the  late  Prof.  Wolstenholme. 

It   will    be    noticed    that    more    is    effected    by    the    treatment   of 

<ix  in  this  article  than  in  Art.  1023,  as  the  limitation  p^  9,  both 

even  or  both  odd,  is  now  avoided. 

1034.  Thus,  for  instance, 


r 


y-^«f«'-^-^'+^^-2']'-^<-^>='^"^' 


jr«^d:^=|j  ^^{5'log5-5.3Mog3}. 


3.2^' 


IT       IT 


EXAMPLES. 


1.  Show  that 

[Math.  Tbipos,  1884.] 

,,,   r8in«"+»a;  .       1.3...(2n-l)  «• 
^^Mo~^^'^'^      2.4...2n      '2- 

,„.    r8in«"+»a;,       1  .  3  ...  (2n- 3)(2n+ 1)  ir 
^^^  Jo  ■"^^^''^ 2.4...2n -i- 


2.  Prove  that 


[Trdhty,  1^.] 


3.  Prove  that 


sin  X  J       {"  tan  x  ,      it 


4.  Find  the  value 


r  sin  X  ^  ^r 

Jo     a;      ^"Jc 


sinx  +  sm- )  — . 

X/  X 


2 '    [Math.  Tripos,  1887.] 


[CoLLaon  /9,  1888.] 


6.  Trace  the  locus     y=  I    ^ dd. 


err 
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6.  Describe  the  diiBcontiDuoas  surface  -5-  -  I    -^ — ^  d$. 


7.  Show  that 


[Tbhtity,  1888.] 


i 


{<^  -  aj8^1  +  «*^2  -  etc  }  da?  =  Jir<^(  -  J), 


ind  apply  this  theorem  to  find  I    dx, 

Jo      * 


[G; 


8.  Discofls  the  locus 

y 


""  2 


Odd 


£„„. 2— -sin^cosec^^ 


where  n  is  a  positive  integer. 
9.  If  0  <  a  <  a-,  prove  that 


«)  j.'^}^ 


1  +  sin  a  sin  z  dx 


sin  asm  a;  x 


—  =  ira; 


....   f*,      l+sin*asin*a;6tc       .  /,  .    .  »  v 

10.  Prove  that  T    -«B!^^^dx  =  ,r(V2-l). 


1035.  Let  l^=\€r^co%hxix,     /,=Jc-«*8in6a;(fa,     (a  H-^"). 

— acoafcx+fcsinio?  j     rrH*         « 

6 


Then     I^=€r^ 


I^=e^ 


a*+b* 
— a  ain  bx—b  cos  bx 


and 


Wo  =a^ 


Integrating  each  with  regard  to  a,  from  a=p  to  a=g, 

...(1) 


Jo         x  2    ^  g'+o' 


I    sin  6aj(tc=tan~*  T  —  tan"*  f . 

Jo        a?  00 


(2) 


The  casep=ao,\  .    ,„,    . 


I 


8in  6a;  J        .  v       »  •     1  »«  «• 

ax=  ±  rt  as  6  18  +^'  or  — ^•. 

0      a?  2 


2U 
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1036.  Again  starting  with  the  same  integrals,  integrate 
with  regard  to  b ;  then 

r  ^  8iDp»-«ny»  ^^t^_iP_t^-i  3, (3) 

Jo  X  a  a  ^  ^ 


i:-5«Hz2M*..iu«^^. 


(*) 


vers 


ffir-il«,(l+g). 


Then 

Jo  2;  a     Jo 

1037.  Gonsider  the  Integral  /=  I    e'~^  cos  €uc  dx, 

(Laplace,  Mimoires  de  VlndUvi,  1809,  p.  367.) 
Differentiating  with  regard  to  a, 

—-=  —  1    e~*'x8inax(fa=   -^sino*  I   —  ^  I    er^cosdxdx 

/.  I=Ae   *  where  il  is  independent  of  a.     Putting  a=0, 

/a-o=J    e-**(fa=-^;    .'.  A=-^.    Hence  7=-^ e   *. 

The  proof  is  that  of  Legendre  (Exercices,  p.  362). 

1038.  Laplace  established  the  result  by  aid  of  the  integral 

^v^/,_a^l     a*   1_^__     \ 
72V       2!2"*"4!*2.2      ") 

"  2  \       4"^1.24«     1.2. 34* "^•"•/      2   '      ' 

1039.  Differentiating  /  n  times  with   respect  to  a  {D,C., 
Art.  106), 

/    ,v.^--r/W    n(n-l)(2a)-'  ,  »(»-l)(H-2)(w-3)(2a)-'         I 
-t-IJ  -|-        (.   4.   -      1!       -F^+  2!  4-»       •••/ 

•(-irj.?!*    x" fi     "     +  2I  •••/■ 


ttm 
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r 


1040.  Integrating  /  with  regard  to  a,  from  0  to  a, 


a" 


2r     4.3"^2!4».o 


1     a^  \ 


a  rapidly  converging  series  for  small  values  of  a,  but  not 
ei^ble  of  summation  by  means  of  the  known  algebraic  or 
trigonometric  functions. 

1041.  Laplnce's  integral /—/   e~*'*'co«26«cte=— «  ••  follows  immedi- 

ately  from  the  form  of  Art.  1037  by  writing  therein  —  for  a  and  x^ay. 

It  should  be  noted  that  the />foceM  of  differentiation  in  Art.  1037  i$  legiti- 
maU  tAauffh  the  upper  limit  it  infinite,    (See  remarks  in  Art  366.) 

For,  taking  the  present  form,  the  integrand  e~**^  cos  2bx  remains  finite 
for  all  values  of  x.    Change  6  to  6+36.    Then 


/+ 57=  r  e--*^  cos  2(6  +  86)x  rfr. 


Hence 


where  c  is  a  finite  quantity  which  vanishes  in  the  limit  when  36  is  made 
infiDitesimally  small, 


I.C 


^^  -2r xe-'*^sm2bxdx'\-  r €.e-^*^dx. 


If  Cj  be  the  greatest  numerical  value  of  c  in  the  range  of  values  of  x 
from  0  to  00,  the  second  term  is  numerically  <e,  |    «"•■*' dor,  i.e.  <<i  «t-» 

and  therefore  vanishes  in  the  limit  when  c  is  infinitesimally  small. 
The  process  of  differentiation  is  therefore  justifiable. 


Proceeding  as  before, 
and  patting  6=0,  /=  /   «"* 


56"     a«^'     ^""^^      ' 


"•(ir= 


V  IT  ^ 

2a  ' 


A  = 


2^' 


and 


2  — T; —  e 

2a 
*  Mhnoirta  dt  VInalitut,  1810,  p.  290. 
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EXAMPLES. 


1.  Show  that 


j: 


xt"*^ 8in azdx  ^—.-e   *  a, 

4 


r  «  ^      ^   ^  -tV,  a*\ 

I    x^e-^Go^axdx^  —  e   *\\--r^u 
I    «*«-**  sin  ox  6tc«=-Q-«   *f3(i-^j, 

I    3^e-'^ mi  az  dx  ^^  e    *  n5a-5a3  + jV 

and  show  that  we  can  calculate 

I     [<^  (x*)  cos  ax  +  ^ (x2)x  sin  oarje-*'  rfx 

when  ^(x^)  and  ^(x^)  are  rational  integral  functions  of  x^ 

[Lboxndbs,  Bztrcku,  p.  8^.] 

2.  Show  that  if  /=  I    e~*' sin  ax rf.r,  then 

[Lbobndbs,  Und.] 

3.  If  /=  j^  e    *  I    «*  rfa,  prove  that 

f*  11 

I    e"*"  X  cos  axdz^^--  al, 

Jo  ^     -5 

I    «-*'x2sinaxrfx  =  -a  +  -/n --^  J , 

I    e-*Vsinaxrfx=  ^«- r^  +  T-^  (3-  ^a^  +  ^j, 

etc.  [LlOEHDBS,  i6M{.] 

4.  Show  that 

(i)   I    «~*'(i  fl8inaj:  +  xco8ax)(/x  =  ^  ; 

(ii)   [    e-*'(l  -  Ja2  _  2^2)  sin  ox  (/x  =  -  Ja. 

[LlOKNDBS,  tfrtd.] 
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1042.  The   Integral   /s  I  -_--—---—_—_===  J  ^-- — -— -    is 

Jo  (a*+a?^)(6  +ar)    2  ab(a+b) 

useful  in  a  certain  class  of  De6nite  Integrab,  (a  and  6  both  +^'). 

rftt  r  dx IT  1  IT    /      1  1\ 

c/a^     Jo  (a«+j:»)(6«4.x«)     "  2  a6(a+6)"26«  \a+6    a/* 

IT  I      a  +  6  .    , 

where  il  is  independent  of  a.    But  when  a=  ao ,  ii=0 ;  .*.   A  ^0 ; 

tan-*  -  /      h\ 

0  ;^!rpp)^-^»og(i+-^) (1) 

f*tan-»(-Un^)  .       ,. 

Putting  jc=6ton^,  we  have    J   jj2_ irf^=|logf  1+^j, 

or  writing  c  for  -,    j   cot  ^tenT^ctan  6)de^^  log(l  +c) (2) 

The  particular  case  c=  1  gives     /    ^cot  ^c£^-^log2 (3) 

Int^rrating  by  parts,    [$  log  sin  ^  -  j    log  sin  ^rf^-|  log  2, 

or  j[  logsin^rf^=|logJ,    (4) 

as  in  Art.  d90. 

f  tan-*-:^ 

1043.  The  Integral  /=      — ==2- do;,  (6:^a),  is  of  simiUr  fonu, 

but  best  evaluated  by  expansion.     Put  ir^^sin  $. 

/=!    tan-' (g ring)         ^  ,f .      5«rin»fl    6«rin«tf        \„ 

w.  rco8eceton-'(c8ing)de=|8inh-'c-|log(c+">/r+^ 
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EXAMPLES. 


1.  Show  that 


i; 


iw-**  Binaxdz  ^-^e   *  a, 


I    a^e-**  sin  ojc  da;  = -Q- «   *(3(i-^j, 
a:*«-«'co8 aa;(£a;  =  ^  TM  3  -  3a2  + 


i 


T  •''('-*■•  4)  • 


ic^e-**  sin  axdx  =  -nr  e    *  flSa  -  Sa'  +  j  j , 


fo  16 

and  show  that  we  can  calculate 


i; 


[<^  (a;*)  cos  ax  +  ^f{x^)x  sin  ax]e-*'  dx 


when  i>(x^)  and  ^(x^)  are  rational  integral  functions  of  x^. 

[Lboxndrs,  Bxereices,  p.  363.] 

2.  Show  that  if  /=  I    e~**6maxdXf  then 

Jo 

[Lbobndrs,  ilnd.] 

3.  If  /=  ^e   *  I    « *  rfa,  prove  that 

e-**x  cosaxdx==^-  -  al. 


*'x2sinacrfx  =  -a  +  -/n  -  — j , 

1     a2     1 


4.  Show  that 


8        16     4 
etc. 


[Leoendrs,  f6«J.] 


(i)   I    e-^*{\amiax-\-XQ,o%ax)dx-\\ 

(ii)   [    «-*•(! ->2.  2^2)  sin  ax (/j  = -|a. 

^  [Leokndbx,  t6ii.] 


itoimet^ 
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1042.  ne   Integnl  /s  I  7  ,  ,    «wj>«  ■  ^%=?  "tt — rxx    ^ 

Jo  (a*+ar)(6*+a:*)    2  a&(a+6) 

useful  in  a  certain  class  of  Definite  Integrals,  (a  and  6  both  +^')* 

Q.  1  _     1     /     1 l\         t, 

™*  (a*+a;*)(6*+«*)""6*-a«W««    p+?>/' ^® '^•^^ 

,        in.      i«    1.      i«T        1     f^     l^'^    "^       1 
Tbo.,  if  u^]^  ^CSf+TJ^'    <^  *  ^^^  +'•>' 

dm         r  dx  y        1  IT  /    1        1\ 

«ra""Jo  (a«+j:«)(6«+x«)*"     2  a6(a+6}    29\a+6    i/ ' 

wbere  il  is  independent  of  a.    But  vheD  a-  ao ,  ii«0 ;  /.   ^1  s^O ; 

tan-*  -                     /      ;i\ 
.  JF?^^-^^^«0+a) (^) 

f*tan-»(-tan^)  .       .. 

Putting  x=6Un  ft  we  have    J   jjij ^^^=|*^8V^'*"ay' 

or  writing  c  for  -,    j   cot  ^tanT^ctan  ^)rf^=|  log(l  +c) (2) 

Tbe  particular  case  c=  1  gives     /    ^cot  d(£^=s^log2 (3) 

Jo  2 

Integrating  by  parts,    [6Hog8in  6/]J- jlogsin  ^rf^=|log2, 

or  jT  logBindrf^=|logJ,    (4) 

as  in  Art.  d90. 

f  tan--:^ 
1043.  The  Integral  /=  I    —       "  dx,  (6:^a),  is  of  similar  foriu, 

bat  best  evaluated  by  expansion.     Put  i:==6  sin  6. 

ir/6llJ»,1.3    16»        \«-u  ,/6\ 
Ce.  j^  co8eceton-'(c8intf)dS=|ginh-'c-|log(c  +  ">/r+^, 


riMriUWi 


^cji^^i^gaiil 
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^^  f  An-l 


'«»K^+«") 


dx 


''^  ^      «'  ^        {a,h  each  being  Uken  +'*X 

Hence  /s-  log(l+a&)+^,  where  il  is  independent  of  a.    Also  /»0 
ifa«0;   .*.   A^0\ 


It  follows  that 


f^^i^-r^--r^- 


(6,  c  each  +••). 
And  writing  x— h  tan  6^, 

j    log(c«+6«Un«^rf^«irlog(6+c);  and  addingj    logcoe*^rf^=ir  log  J, 


r 


log(6»8iii«^+c*coB«^)d^=«-log^,    (6,c+-). 


1045.  Again,  taking  the  expression   for   in  partial 

X 

fractions  (logarithmic  differential  of  cos  x  expressed  in  factors), 


VIZ. 


tang^  *  2.22 


put  x=irkzi]  then 


V(2r-J)'x*-2«a^' 


X  tanh  ^^  ^  V ^ '  ^^ 


kz 


^(2f-l)«+2*ifc«2«' 


and 


y  rtanhxJb&_  *  r* 2& 


•  2 

=2f 


2a. 


2r-l 
2k 


2r-l\' 


("+¥) 


and 


L 


rtanhyfc  ^^4*  •  1 
.   (a«+2*)   «      a  2^(2r-l)(-2 


^(2r-l)(-2ita+2r-l)* 
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l^oi,  in  the  ease  a-i^l, 

rUahwzdz    T  1 


11  -1 

+ ^-^  +  T—i,  + ...  ad.  in/.\ 


3    3.6    6.7 

or  taking  as  1  and  k  anj  poaitire  integer, 

rUsakkwzdz    .|.r       1        .1.1.     "1 
JU     (l+«0     «  Ll .  (2i+ 1)'*"3(2^+3)"^&(^+6)"^  ••  J 

"*L(i"s+iy"*"U"2FF3;"*"  ••(s+T~4rny"*"'J 

ud  a  a,  k  he  anj  two  positive  integera,  the  series  will  terminate  as  in 
tbelast 


rimhfcygdg    ^   1   v/_J 1        \ 

"a*L\T"2ita+l/"^l3"2itt  +  3/"*"'  •■^\2Jfca+l"4Jo+l/"^'-'^ 

«n     1     1  .       1      1 

"J?LT"^3"*"5"*"-"^2i^^lJ* 


+ 
If  it » I  and  a  an  even  number,  the  series  will  also  terminate. 

J.  7S»+- 


^^  2   dg     2  «/_l 1       \ 

7I?+?J  z      a*     \2r-l     a  +  2r-l/ 

If  a^2n^  this  becomes 


I 


tanh^ 


0    {(2n)»+z*}   «  "4ii«Lu     2»+l/"*"\3     2>i  +  3/"^-J 

■"2^«\l"*"3"*""*""*"2^^j" 
Bat  if  a  be  odd,  —  2ii  +  l,  the  series  does  not  terminate. 

r        ^*°^T       dz  2        f/1 ^V/l l_\^     \ 

J.    {(2n+l)»+z»)   z"(2w  +  iy«\Vl     2w+2/"*"\3     27i  +  4;"*"-J 

Similarlj  if  2it  be  any  odd  number  «2/}+l,  i.e.  k^  ^^   , 

^^      2     '^^dz     2^/_J 1  \ 

z  "'o^'^Ur-l     (2«  +  l)a  +  2r-l/' 


I 


(0*+^ 
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and  this  will  terminate,  or  will  not  terminate,  according  as  a  is  eren 
or  odd. 
If  a  be  even,  ^2n,  the  result  is 

°'2n«L\r"2n(2p  +  l)+iy"^\3"2n(2p+l)+3J"^'"J 

"2i?ll"^3"^-"^2ii(2p+l)-l}' 
If  a  be  odd,  »2n+ 1,  the  result  is 

"(lSTl)i^«^+^+i+S  +  --+(2n+I)(2;>+l)-l] 

1046.  Let  I^'^  i'^^^'^^^^dx.    (a+^). 

Jo 

[Laplace,  MSm.  de  VInat,  1820,  for  the  case  c=l.] 
The  integrand  is  finite  for  the  whole  range  of  integration. 
Change  a  to  a+^- 


Then 


Hence 


/+.i=r 


_r---i-+^f 


ix. 


oM 


s-r'-"{''*(-T;+- 


2^a\ 


}<fa. 


where  e  becomes  infinitesimally  small  and  ultimately  vanishes 
when  Sa  is  indefinitely  diminished. 

Let  Ci  be  the  greatest  numerical  value  of  e  in  the  range  of  x, 

f*  'Jir 

Then  the  second  term  is  <€i|   e"*'*'<fa;  i.e,  <€i.-5-»  *^^ 

ultimately  vanishes  with  Sa,         ^ 

Hence  the  process  of  differentiation  with  regard  to  a  under 
the  integration  sign  with  an  infinite  limit  is  justifiable. 

In  the  first  put  x=aly. 

Then 

^=2021"  e"'*^^"*"'') dy=^-2cU ;     :.  I=Ae'^', 

where  A  is  independent  of  a. 
But  when  a=0, 

/a-o=]  e"****  <fa= -5^ ;    /.  il  =  -^,  c  being  supposed +^*. 
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EesDce 

/aij"e"^("^^')dr=:^e-«^«(or  -^e^^'  if  c  be  --). 
Imfiaee's  form,  viz.  the  case  c=l,  gives 

p-'-^dir=^e-^    (a+-). 

If  we  replace  a'  by  6*a*  and  c*  by  -j,  we  have  the  form 

j;,-(^»^=^5,.-^ <') 

wliere  a,  b,  k  are  positive. 
This  result  may  be  written 

f'-*«-'-)'^=lVf <^) 

1<M7.  Cob.  1.    If  t^l  und  a°>6,  we  have 

It=£A''*'''^dx=^ar^.   (3) 

Odb.  8.     If  we  differentiate  /^  with  respect  to  a,  we  have 

r(5-?>"'^*'^'"-i-^'-- i« 

DiifareDtiating  (I)  with  regard  to  t,  and  then  putting  t^l  and  a«6, 

(4)  and  (6)  give 

(^ ^e'^*'*^' dx^i^a^.  ...(6)       [  ^,~^^*'^hx~yi^a«^,.-.  0) 
Cor.  3.    We  also  have 

f,-s(,-'S-.-'^)^.^/.-«J-.-n 

and  making  a  indefinitely  large, 

i  {»~'^-t''^)dx~^.ii(b,-b,)~^THbt-b,y   (8) 


mam 
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r  cos  fic 

1048.  Let        7=1     ^      odx  (a  positive). 

r2«e-<*'+'*)''cfe=-rT^. 
Jo  a*+a? 


We  have 
Then 
/ 


cos  rz  2ze-<»'+*">''  dx  dz 


Jo  Jo 
=  r  22e-«'*"ff  «-••«"  cos  fx  (fa)  cfe 

=>/ir.^— er«*'  or  n/tt  ^  e+**',  as  r  is  positive  or  negative. 

,    *     r'cosra,      IT    _«r         "T   --        •         •!.•  L* 

"         I     t  .  ^<to=o-g       or  ^€f^,asf  IS  positive  or  negative. 

This  integral  is  more  commonly  written  as 

,  ■  ^  ^~o  ^"'^  ^'   9  ^''j  as  ^^  is  positive  or  negative. 
This  result  is  due  to  Laplace  {Bulletin  delaSoc.  Phil.  181 1). 
1049.  Both  resulU  maj  be  expressed  in  one  as 


l+:r*  2  tl+0-'"^ 


+O-'"*"l+0'j' 

for  0^  is  zero  or  infinite  according  as  r  is  positive  or  negative. 

This  form  was  given  in  Crone's  Journal^  vol.  z.,  and  is  due  to  LtbrL 
(See  Gregory's  ExampleSy  p.  486.) 

1050.  Differentiating  with  regard  to  r,  we  obtain  the  integral 

2  ,  ^  dx=^€~^^  or   —  ^ 6*^  as  r  is  positive  or  negative. 

This  integral  vanishes  if  r=0. 

The  differentiation  under  the  integral  sign  may  be  shown 
to  be  justifiable,  although  the  upper  limit  is  infinite,  in  the 
same  manner  as  in  previous  cases. 

1051.  If  we  integrate  with  respect  to  r  between  limits  r^ 
and  fg  (both  positive), 


r 
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If  f|^0,  we  have 
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r 


.  ^rCSq^)"^""^^^"^^^' 


I  resolt  given  by  Laplace  {Mtmoires  de  tAcad6mie,  1782). 

If  we  write  xstan  0  in  the  integral 


f 


cos  rx  J      X  _,        IT  . 


■ebare 


j  C0B(rton^)rf^=|«-'  or  ^tT, 


aomvding  as  r  ii  positive  or  negative. 

1052.  Gmphiealllliistratioiui. 

cosxd 


Graph  of 


2rcc 


do. 


0  *  +  0« 

We  have  y=e'~'  or  y=^,  according  as  a;  iu  poRitive  or 
negative,  the  y-azis  being  an  axis  of  symmetry. 

The  logarithmic  curve  is  traced  in  Diff,  Cole.,  Art  442. 

The  graph  now  required  consists  of  the  two  portions  of  tlie 
above  carves  which  run  asymptotically  to  the  x-axis  from  their 
point  of  intersection  upon  the  y-axis  (Fig.  332). 


Fig.  332. 

1053.  Graph  of  y^-j^         i  +  g.       ''»■ 

The  y-Axis  is  again  an  axis  of  symmetry, 

If  a  be  regarded  as  a  positive  constant  and  x  >  a,  we  have 

If  a  >  jr  >  0,  we  have 

y=^ [I «-•«+•>+ 1  e<'-«']=coshx.«-. 
Tht  graph  therefore  consists  of  a  portion  of  a  catenary  from  x—OU>x^a 
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and  a  portion  of  the  logarithmic  curve  from  x^a  to  4;a>ao ,  with  the  imag< 
with  regard  to  the  y-azis  of  these  portions  (Fig.  333X 


-a         O         a 
Fig.  333. 


cos 


1054.  Graph  of 
Here,  if  jr  <  a, 

if  J?  >  a, 


a.j[-^>^... 


2a 


l+tf« 


2a     2  2 

je'sa^,  a  parabola ; 

i^__ir   *^i^__T  a' 
2i"2*        "2«»' 


2^ 


and  the  y-axis  is  obviously  an  axis  of  symmetry  (Fig.  334). 


^  cos  I  e^  log  s 
1066.  Graph  of         ^= j^         \^^ 


(glogsi«»«f) 


<2^. 


,Jr. 


log  sin*  -  is  negative.    Hence 


^=|«''*'*"'««|8in«-    and    y=asiii«- (Fig.  836). 
2a     2  2a  ^  a^®' 


l-lg-E-JBl- Z.- 
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1056.  Another  mode  of  difleaaBiDg  the  integrmb  of  Altai  1M8 
to  1051  is  as  follows : 


Let 


Then 


IP 


^^Ei^^)^'    (a positive). 

-i: 


coerr  ,       dru 


sio  rr 


ix 


2* 

mnrx 


■■■  ^-»-=-j:('+?)5!3'-j:^' 

^—irl%  0  or  +ir.2,  as  r  is  +••,  zero  or  — '•; 
/.  u^wftcf+Aer^+B^  for  any  positiTe  value  of  r 

{I.e.  far  Beginmen,  p.  250), 

where  A  and  B  are  constants  as  regards  r. 
Bat  u  is  finite  when  r  is  infinite ;    /.  B=0.    Also  there  is 

obviously  no  discontinuity  in  the  value  of  -i- ,  which  is  also 

finite  for  all  values  of  r,  as  r  diminishes  through  the  value 
aero  and  becomes  negative ;  for  a  small  negative  value  of  r 

gives  the  aame  value  to  I    -^, — ^  dx  as  an  equal  small  positive 

Jo  a  -r^  C*     dx       .       IT 

value,  and  when  r  is  zero  the  value  is   I    —5-: — 3» ,  t.^   5-  • 

Jo  a^TX-  2a 

Tlierefore  —  ila = x/2a  and  il  =  -  x  2a* ;    .-.  m  =  ^^  ( 1  -  c"*'). 


2a^ 


"  ^'    Jo  a?(a* 
^»    Jo  a» 


rj? 


cosnr   ,       'T    _^ 

+ar         2a 


•  CP 


The  collected  resalto  are  for  the  varioas  sigiiA  of  a  and  \ 

r : 

a  + 

a+            '           a- 

r-                        r+ 

a  — 

r  - 

A 

^<>--'> 

-^>(>-'")i  ^»<»-'''> 

-^,(i-«-") 

A 

i'- 

f«^' 

W     ar 

2a* 

A 

!•-" 

-!«" 

IT    ar 

2* 

T    — ar 

"2* 
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1057.  A  Seduction  Formula. 


I^*'   /n=r/?f!Ivn<fa-     Then  L=^a-»e-'^% 
"    Jo  (a^+7?y  ^     2 


and 


dl 
(la 


=  -2na[      ;r-^ 

Jo  (a* 


cosrx 


(a«+**)'»+^ 


(fe=— 2nal»+i. 


Therefore  the  successive  integrals  for  the  cases  n==2,  n=3, 
etc.,  may  be  calculated  by  the  rule  /ii+i=  — « —  'J^' 

IT  ^ 

In  each  case  ^  «~'*  will  appear  as  a  factor.    Let  /^=^il^e"^ 


Then 


^     IT  /dA. 
da 


Hence  the  form  of  ii„  may  be  calculated  by  successive 
applications  of  the  formula 

^11+1=0-  r^— ^ 3-^  L  where  Ai=a-\ 

"^*     2«  L    a      a  da  J  * 


Thus         ^,=^^[ra-»+a-*l 
1    1 


-44=5-3  =-j[r'a-*  +  6r*o-*+15ra-«+15a-T,    *°d  *<>  on. 


So  that  if 

^*=2^  7;j:^[ifir"-»a-*+Jr^^^  to  n  terms] 

+njrir— »a-<"*«' +(n  + 1)  jr,r»-«a-<"+»'+ ...], 
and  the  coefficients  iu  An^i  are 

JTiC-l),    JSTj+fUTx,    Jr8+(n+l)Jr2,    if4  +  (w  +  2)ir5,  etc....,(2n-l)ir„ 

and  the  law  of  formation  of  the  successive  sets  of  coefficients  is  easy. 
It  may  be  shown  by  induction  that  the  general  formula  is 

"    2~-»(n-l)!L  ^      2  ^ 

^(n+l)n(n-l)(n-2) 


2.4 


r"-*a"<"+*» 


,  (n  +  2)(n-H)n(n-l)(n-2)(n-3)^^^.^,,.>  ^       H 
2.4.6  "*J  * 
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Ilia,     f',?**'!  dx^l.  -Jim,  rf^'i^r^+^:iD r^ta-i^i) 

+ ^    g    .  ^^ ^^ !*-•«-<"♦■>+ ...  to  n  tenus J . 

In  the  Moie  wmj     /    /— i-r3TS"J^=7  7 n*"-^--!* 

•^     h  (a«+J^)"  4  (w-1)         *' 

or  we  maj  deduce  the  result  from  the  former  by  differentiation  with  regard 
tor. 

105«.  0«»ld«th.Int.««l/=jr-(^^.g^^-r). 

We  hare 

rf/     /*  ocmrxdx  ^^_  f*        -jrsinrafrfx 

1^    /•  **  +  2a*j;«co«2a+a**     dP"Jo   ir*  +  2a*^co«2a+a<  * 

rf*/     r"        -jc'cogfagdlr  d*/_  r*         jr'ainfagcjy 

SP"ii  j:*+2a*jp»coe2a+a**     flF""Jo   ar*+2a*jr»C0B2a  +  a*' 

Hence^  when  the  first  of  these  integrals  has  been  found,  the  other  four 
of  this  particalar  class  follow  by  differentiation.  Adding  the  fifth  to 
('So'ooeSa)  times  the  third  and  a^  times  the  first,  we  have 

^-2a«coe2a^+a^/=j^   -^dx=5,0    or    -g, 

aeoofdiDg  as  r  is  positive,  zero  or  negative.  We  shall  assume  r  positive, 
for  the  case  r  negative  will  be  at  once  deducible  from  our  result  by 
ehangiog  the  sign  of  r.    We  also  take  a  positive  and  a  an  acute  angle. 

The  differential  equation  is  of  the  ordinary  class  with  linear  coefficients 
{I.e.  far  Beffinnen^  V^fS^  2^  ^  ^3)-     I^  ^^V  ^  written 

[{i)»-a«cos2a}«+a«8in22a]/=|, 
and  the  general  solution  is 

/* ^ +«"■**"**• '{ill  co8(ar  sin  a) + -4 jsin  (or  sin  a)) 
+«•''*'** '{iljCosCar  sin  a)+il48in(ar8in  o)). 

Since  an  infinite  value  of  r  does  not  make  /  infinite,  the  last  two  terms 
most  Tanish,  %,t.  A^=A^=0,     And  when  r  is  diminished  indefinitely  to 

xero,  /  should  vanish.    Therefore  we  have  A^  =  ~Grn- 

To  determine  the  remaining  constant  il,,  we  may  differentiate  with 
regard  to  r ;  we  obtain 

^=a  -acosae~**'****{ilicoe(orsina)+iljsin(arsino)) 
- o  sin  oe"**'*'*" •  {il, 8in(<ir  sin  a)  -  il,cos(ar sin  o)), 
and  when  r  is  diminished  indefinitely  to  zero  this  becomes  in  the  limit 

^=  —  a  COS  a.  ill +a  Sin  a,  A^. 
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But  when  r  is  diminished  indefinitelj  to  zero,  we  ultimatelj  have 

J-*  /    ^  .  o  1  4 5 — r3i=TT-^ —      (■©«  P-  15^1  VoL  I.)  ; 

.*.  asina.  ill  — acosa.ili  =  -T-ni 1 

a  sin  a .  il|  8B  —  ---|  cos  a  + 


t.e. 
and 
Hence 


^=^t>-« 


V  cos  2a 

4a*coea        4a'  cos  a  ' 

-or  OM  «  j^g(j|.  gin  a) + cot  2o  sin(ar  sin  o))] 


IT 

2a< 


/,     ^— rco««  Bin  (ar  sing +2a)\ 
r"*  5I^2S J' 


t.e.  we  hare  for  values  of  r  >  0 


thnrxdx ir   T.       -t c<w8'n (or sin  g-f  2tt)^ 

jr(jr«  +  2aVcos2g+a<)"2a»l  sin2g  J' 

f 


cosragdx 
0  jr*+2a*j:*cos2a+a* 


f 


«8inrr(2x 


0   jr*  +  2a*a:»co6  2g+a* 
a:*  cos  rrdx 


IT    -or  00,  «  sin  (g  -t-  or  sin  g) 
""2^  sin  2a  ' 

_  T    -orooo«8»n(ar8ina) 


2a> 


sin2g 


r 


0   jr*  +  2aVco8  2a+a* 
jr'sinrxdx 


f 


0   j:^+2a»j;»coe2a+a« 


V    -ttrcoaa  8in(a  -  Of  sin  a) 
''2a*  sin  2a  ' 

_*"  -or  oo»  g  w'p  (2g  -  or  sin  g) 
■"2*  sin  2a 


1059.  Taking  for  instance   the   case   when  a^^*  <>'=<?^^  so  that 
a8ina=(;, 

f  sin rrdx  ir  f.      — |i«  .    /    ,,  ir\)  ir  .,       ^rt  \ 

fxsinfaeiix  ir    -re  •    /     .  8ir\  ir    -«  . 

fa^cosrxdx  ir      _re  •    /_  .  llir\  ir    -y^,  . 

^q^i?-=  i^*  '"n"'+^j  =4i«  "(«=«'«-'""«x 

rac^Biurxdx  ir  _r«  •    /^  .  14ir\ 


ir  — tv 

^e      coerc 


1060.   Consider  /-  f  -f^^d*.    •"  P^!"'*'  ] 
"  •  Jo  a;(ar+a*)  a  positive.  J 

We  have    ^=     j^  ia+^^J  Sri'-jo   ^ETf^^' 


j^cosrx 
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#/ 


J.    J^+i 


Jx; 


#/ 


rx 


ji*+a« 


^; 


#/ 


-'=-X'"(''-7)^-'-.f^-'=- 


Suli  ing  thm  tqjxMtioo^ 


tbe  intflgrml  obrioittlj  remains  finite  when  r  beoonies  infinite, 
Willi  poBUve  indieet  in  their  exponential  fnctora  most  disappear. 
^«0  and  BasO^  and  the  form  of  the  integral  reduces  to 


«r 


So* 


+-4,«"^+<4,e 


•r^'3 


(=¥5*-.) 


Kow   /,  -Tjf   72^  oltimatelj  vanish  with  r. 


*•/ 


will  determine  il„  il,,  il^ 

Now      ^-it|(-«)"«"^+il3a"«"*cos(^+ii,+«3); 
we  therefore  hare 


2a« 


+ili     +ilaC08il,, 


+ii.a«+il,a«cos(i4,+Y) 
+i4ia«+i4,a^coe(ii,+^), 


whence  ila^O, 


Hence,  for  ▼alum  of  r>0, 


ar 

-2e    '  cos 


.-«r  o.-T^..«r^^"| 


r 

f£8i 

r 


(ir 


"6a»L 


COSfg 

sinfx  ,  IT  r 


«r 
g-ar  _  2e     «  COS 


2    J' 

/or>/3  .  2ir 
V    2 


?)i 


or 


-•r  .  o      t        /ar\/3  ,  4ir\"| 
.+2e    «co8(^-+~jJ, 


4:*co8rjf 


ar 


dx 


*•  r        -ar  .  o  "'i       /arN/3  .  6ir\"| 


ea^L 


"or  n/3  .  8ir' 


L 
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some  of  which  admit  of  a  little  simplification!  but  are  left  in  their  present 
form  as  exhibiting  the  general  law  followed  by  the  several  members  of 
the  group. 

1061.  The  same  process  may  evidently  be  extended  to  any  integral 
of  the  class  -.  shirxdx 

Jo  a;(a^* + 2a**a*'C08  no + a*") ' 

and  its  family  of  2n  other  integrals  may  be  obtained  by  differentiating 
2n  times  with  regard  to  r.  But  we  exhibit  another  method  of  procedure 
in  Art  1067,  which  avoids  the  labour  of  determination  of  the  various 
constants. 

1062.   We  have  seen  that 

according  as  r  is  positive  or  negative,  a  being  supposed  positive. 
If  a  be  negative,  since  the  integrand  is  unaltered,  the  result 

will  be  —  5-e«^  or  —  5-«~^,  according  as  r  is  positive  or  nega- 
tive (see  Art.  1056).     The  result  must  be  positive  in  either  case, 
and  the  index  of  the  exponential  must  be  negative,  for  the 
integral  does  not  become  infinite  when  r  becomes  infinite. 
The  four  results  are  therefore 

2a^     'Vr+W*  2a     'Vr-W' 

2a     Ar+W'  2a       '  Vr-^A 

Taking  the  case  a  and  r  both  positive,  it  is  clear  that  the 
integrand  is  not  affected  by  a  change  of  sign  of  x. 
Hence 

with  the  modifications  above  specified,  if  a  or  r  or  both  of  them 
be  negative. 

^«*'°'  LSq3'^=®' <2> 

for  elements  of  the  summation  represented  by  the  integral,  for 
which  the  values  of  x  are  equal  but  of  opposite  sign,  cancel 
each  other. 
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1063.   These  facts  enable  us  to  calculate 

cosro; 


=r  - 


bf+d 


^dx. 


Few,  puMngx^b+z,  /=j      — — 


coarz— sin  rb  sin  rz 


dz 


..(¥=5)i+«*'^=a''^^*'-    (a>o) <3) 


r_ 


It  will  be  observed  that  this  is  independent  of  the  sign  of  6, 
but  subject  to  the  same  modifications  as  before  with  regard  to 
the  signs  of  a  and  r. 

Differentiating  (3)  with  regard  to  r, 

and  integrating  (3)  with  regard  to  r  from  r=0  to  r=r, 

n— 77 i>\t  t    n—    /  «  .  i.Aa—e^''''(acosbr-'bHinbr)V  ...(5) 

where  each  formula  is  subject  to  the  same  modifications  as 
before  with  regard  to  the  signs  of  a  and  r  if  they  be  not 
both  +^: 


PattiDg  h—pco»a,  a^paino,  a<)r,  p  positive,  we  have  the  integrals 

ainfv<2r  ^^  t      *" 

2f»co8a+ji*)'"^    ^sma 


/-•**- 2|ur cos tt 


psina 


€  *"        co«(jpr  cos  a), 


-; —  tT^  ■*"  •  sin  (pr  cos  a  +  a), 
sin  a  ^^  '* 


2pirco«a+J»' 

vhich  again  can  be  readily  modified  as  before  for  the  cases  in  wliich 

an  J  of  the  constants  inrolved  have  negative  values. 

/**         

1064.  Again,  differentiating  /     ^      ^  dx^O  with  regard  to  r,  we  have 

r*   JTCOSIW,         - 

and  from  this  we  may  obtain  the  value  of  the  integral 

f  _  f*      xcoarx    j 


/: 
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Putting  x^b+z,  /.  =  £(*±^^A±1)a 

f*  6co86rcoBr^+gooe6rco8rz-d8in6r8inf»— iMnftrainff 

•       .    /*  cosrz  ,       .    ,    f"  fsinrs, 

since  the  other  two  integrals  vanish, 

=  6  cos  if  -  e""" — sin  drirt""**" ; 

r*   jrcosrreix     ir  -or/t       t^         •    i^\ 
"    I     7 t.v« .    »=-g      (6coe6r-asin6f.X 

and 

f      -• — s \ — i—~ — *  cos(«rcoea+o), 

'-•  x"  -  2|a  cos  a +p'    sma  "^  "^ 

where  6~pcosa,  aspsina,  and  it  is  understood  tliat  a  is  positive, 
p  positive,  sin  a  positive;  and  the  formula  can  be  readily  modified  as 
before  to  meet  other  cases,  and  other  integrals  majr  be  deduced  by  in- 
tegration with  regard  to  r. 

r        8111  fsc 

1065.  The  integral  /=l      . i\i  1    i^  ^^7  ^^  ^  ®^ 

tained  in  the  same  way.     Put  x=b+z. 
,_f*   sin I)r coa rz +coa br sin rz  , 

for  the  second  integral  vanishea 

Since  /     7 .  .^- — ^  fix=^  e""*"  cos  6r ; 

.'-•(« -6)*+ a*         a 

C        sin  rr        ,      tt  -or  •    » 
•>(j:-6)*-f-a'  a 

C«r  C<1S  TJP  IT 


r.. 
r. 


/ — iT=- — idx^-e  '*''(acos&r+6sin&rX 

it  follows  that  by  differentiating  n-1  times  with  respect  to  a*,  we  can 
obtain  the  following  integrals  : 


f  cmrx        J       n       1^       r         smrj;         ,       »  .    , 

J-«  ( (.1-6)* +  «*}'•  y-«  {(x-6)*-J-a'}"  * 

CT  COS  fJF 
,((j-^)a4.tfi)n^y=-Pftcos6f-QHin6f ; 

■«  {{Jc-bfVa'^Y  otr«0cos6f +P6sin6r, 


/■- 
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where 

1066.  It  follows  that  if  f{x)  and  ^(x)  be  rational  integral 

algebraic  functions  of  x,  of  which  the  degree  of  f(x)  in  x  is 

lower  than  that  of  ^(x),  and  if  the  roots  of  ^(a;)=0  be  all 

fix) 
unreal,  then  since  ^-^  may  be  expressed  as  the  sum  of  a  set  of 

partilBil  fractions  of  the  types 

Ax+B  A'x+R 

{x-bf+a^'    {(x-by+a'Y* 
\he  latter  only  occurring  in  the  case  of  ^(x)  having  repeated 
imaginary  roots,  we  can  obtain  the  value  of  any  definite 
integral  of  either  of  the  forms 

I      V7-;Sinfa;ax    or     i      V7-\C0Sfxax. 

„     .     r" cosrxdx  __« 1 r  conrx  j 

"•  *•  i—  (^ + a«)(x« + l^){x^ + c>)  "  -^  (a«  -  6«)(a»  -  c«)  j—  x« + a*  **  "  ®^' 

jf     9    n  sinragAr ^ 

r*     COB  J*.!/ 

1067.  Integrals  of  the  class   I      ,^      ,^  do?   may   also    be 

conveniently  treated  as  follows,  without  the  formation  of 
a  differential  equation  as  used  in  Art  1060. 

Putting  ^^      ,^  into  partial  fractions,  we  have 

1       _      1     ^"^^^ g— xcosQx 

jci«-|.fli»"~n^tn-i  ^  (x— a  cos  ax)* + a* sin* ax* 

2X4-1 
where  ax=— « — 'f,  and  ax  is  less  than  x  for  the  whole  range 

of  values  of  X  from  0  to  n— 1,  and  sin  ax  is  therefore  positive. 

{*      <^Q^^   ^  _     1      V^  f *      (g— gcoBax)cosfX(fe 
_«  x**-f  o*"      ~~na**"^  V  •'-•  (»— ocos  ax)*+a*sin*ax 


1        ^^       IT 


na*^* 


V  -; e""*''  •*"  "a  {cos^of  cos  ax)~  cos  ax  cos  (ar  cos  ax  -fax)} 


I_  V  e-**-  •*»  «x  sin  (or  cos  ax  -fax) ; 
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COQTX 


and  since  the  integrand  ^^^      ^  is  not  affected  by  a  change 
of  sign  of  X,  we  have         "^"^"^ 


COSfX 


(2x. 


Therefore  / 


-r 


COSfX 


x^+d 


In 


cb; 


2na««-i  2j 


w— 1    —ar  sin 


8X-H 
8ii 


sinf 


ar  COS 


2X  +  1     .2X+1 


2n 


^^ 


+1  ^ 


The  other  members  of  the  family  of  integrals  obtainable  from  this  are 
/j«w4.  m\^^y  integration  with  regard  to  r,  from  r=0  to  r =r,  and 

rx»inrx    ,         r"  jr'cosrjr   ,        [^  ^ain  r j  .  r" 

i^+a"**^'     Jo   i^M^^      '     Jo   jr«»+a«"'^'  -  Jo 

the  latter  system  by  differentiation  with  regard  to  r. 
Since 


J***"' sin  rr 


dXf 


2i  ^— ar  Bin  « 
dr 


sin(ar  cos  a  +  a)  =ae~"'"'*'* *  sin  (ar  cos  a + 2a  +  ^  \ 


we  have 


rj?*co«fr.r+-2-) 


^    rf*/ 

"r*  — ar  ■In— r — » 


where  l;::^2n-  1,  which  gives  all  the  integrals  from 

f.rsinro:   ,        ^     fu^^^^slnrx. 


8*      8inLarcos-2^r  +  (l;+l>-y-7r+2-J. 


Tlie 


integral  / 


sm  fjr 


x(x*^  +  x*^) 


clx  is  of  the  form 


__,  ,    2X+1 

A   .         "ff  -I  V     -ar«ln-5— - 

-4  +  s — i==i«  *  2  «  ^ 


8in(  I 


ar  cos 


2X  +  1 
2n 


-i> 


where  il  is  a  quantity,  independent  of  r,  to  be  found. 
And  since  the  integral  vanishes  with  r, 


^"^'*"^2SS»*  r*'"\     2>/"'*'"2^'      ••   '*"2^' 


rsinr. 
x(x**+ 


n     1  1      2A  +  1 

(x*"+a">)         2a**»    2na**   o  * 


cosh 


or  COS 


2A-H 
2n 


) 
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1068.   Those  iniereBted  in  the  history  of  the  subject  may 
refer  to  an  article  by  Poisson  in  the  Jour,  de  l'£cole  Pclyt, 

r*  cos  TOi 

xtL  p.  225,  where  the  intenpral  of  I    ,       ,^c£c  is  discussed, 
and  to  articles  by  Catalan  in  the  Journal  de  MathSmcUiqiies, 


106BL    In  the  same  way  we  may  evaluate  the  integral 

exmrxdx 


jT 


aJ*  -  2a**a:**cos  ina 


+  a*"     \a<ir/ 


with  its  attendant  family  of  integrals  derivable  by  differentiation  and 
intflgfwtion  with  regard  to  r. 
for 

1 1 1^  y  g  ain  2nx-x  8in(2»-l)x 

4P**— 2a**4P**ooa2jio+a***'2ii8in2naa*»~*       (jr-a  coex)*+ a* sin*  x   ' 


^sBaH ,  the  summation  being  for  2n  consecutive  integral  values 


of  A. 


And  it  is  to  be  noted  that  x  ^  greater  than  0  and  lens  than  ir  (and 

therefore  ainx  positive)  for  values  of  \  such  that  X->  -a  and  <r-a 
respectively, 

XJt. 


A> and    A<n , 

IT  v 


U,  for    A=»-it,    -k+ly  ...  n-k-ly   where  k  is    the   greatest    integer 

in  ^ ;  and  that  siux  ia  negative  for  values  of  X  from  K^n-k  up  to 

JL.2ji-*-1. 
Now 

cosrxdLr 


/ 


fl*        .—ar  sin 


=  — .  —  e 


_.(x  — acosx)*+o'*«in*X    ''sinx 


*coa(arco8x)    if  sin  x  be  + 


and 
and 


= ; —  «*""      *  COS  Car  cos  v)  if  sin  v  be  -  •*, 

asmx  ^  A'  A  » 


, rs .  .  «    =- —  e  *co8(arco8  v  +  v)  if  8in  Y  be  +" 

.  «.(x-acosx)M-a*sin*x    w^X  a     a/  a 


ud 


=  — : —  tf**''*°*co«(arco8  y  -  y)  if  sin  v  be 
sinx  A     A/  A 


*  Gregory,  Examplett  p.  486. 


^^ym~^ 
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Hence    2n8iD2na / 


J?*"  -  2a'*j;**  COB  2na + a** 
■*   5  ""SET" ["^''^'*X  «»(«»•  CM  X)--"'^(2w-l)X«»(«*'«»X+X)] 

-   .?»  -^^t^n  2nx coe (ar COB  x)- Bin  (2n-l)x  COB (ar COB  x-x)] 

=-"2'  «~*''**°«co8{arco8x-(2n-l)x}-*'2"*«*"^*coB{arcoBx+(2n-l)x> 
■•*  •— * 

where  k  is  the  greatest  integer  in  —  and  x~*^ • 

Also,  since  the  integrand  is  not  affected  bj  a  change  in  the  sign  of  x^ 

coarxdx 


cos  r^d!r 1  /* 

a^"  -  2a'*x*''coB  2na + a*"  ""  27-  « 


^*  —  2a'"ir**co8  2na  +  a*" 


The  attendant  family  of  integrals  formed  by  differentiating  4n  - 1  times 
with  regard  to  r  can  now  be  written  down,  and  are  of  type 


in  sin  2na 


rr      Jo 


«*"  -  2a*"j;"'*co8  2wa  +  a*" 


«"Y  ^-•'•'•»Xco8|arco«x-(2H-l)x+p(|+x)} 

-'"2^"^"''*"*co8  {ar cos  x  +  (2n- l)x+p(|- x)} » 


4n  sin  2na  •  —  /     -r-T= — ^  ^  ^ =7  -  2n  sin  2na 

IT   JO     X( 


and  the  integration  with  regard  to  r  from  0  to  r  furnishes  the  remaining 
member  of  the  family,  viz. 

sin  rxdx 
:^j^n  _  2a*'*a.''**coB  2na +a*") 

^"-|-' ,-»ri„Xcoa{ar cos X - (2h -  l)x -(1+ x)} 

-"Sf  .""^Xco8{arco8x+(2n-l)x-(|-  x)} 
="2"'  e-^^'^sinCorcosx-Sno)-*"!  '  e"*^" sin  (ar  cos  x+2«aX 

— *  n—k 

k  and  x  being  as  defined  before. 

1070.   It  will  be  noted  further  that  the  integi*al 

[^  cos  rx  dx 


'0   X*"  +  2a***j:**co8  2wj3  +  a*** 
and  its  accompanying  family  of  integrals  can  be  deduced  from  the  above 
family  by  writing  0=5 — fi. 


^  V»4. 


r 


i  £»« 


1  - 


•  X 


Jf 


C  Fa 


iHQS    IE 


1     >    E 


-•■ 


I . 


I      - 


i  ^W- 


XT— nil  c*-         y  ^  T 


i: 


J--  c- 


rr  -  Mil  er     ryn  jr  -  !-ji  lt 


10. 

11.  Prore 


I  JIT": «  T  JVC  I 


r    « 


r£j 


J     -i»      ,-_ 


7   -   - 


I    X  -  - 


»-: 


1^-- 


12.  Prore  ibtt 


50i2fcrar  =  ^Tf- 


13.  Prore  iLas 


wi-s 


*i>dM 
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14.  Prove  that  I    tanh-x-(2xsloiricothx  i. 

Jo      a;  2  *"6^^"»'"2/-  [Collmw,  1879.] 

16.  Prove  that  J^^_p_-^  =  ^^_^^J^(.oo.<>+l)-»rf«. 
if  (e  cos  ^+ 1)(^ cosh tt-  1)  =  «*-!.  [Hath.  Tbifos,  1886.] 

16.  Prove  that  I    (2x=:log,cothibr. 

Jo  ^ 

[Math.  Tbipos,  1889.] 

17.  Prove  that,  if  a  lies  between  -  ir/4  and  ir/4, 

f'  d6  V  cos  a 

Jol  -2sin2ocos^  +  cos'^'"^2cos*2a* 

[Math.  Thzfos,  1886.] 

IT 


18.  Prove  that 


p      dx 


2n8in2r- 

2n  Qj,  1888.] 


19.Prx>vethat4r^^,.2r-^,  =  ™ 


20.  Evaluate 


V 

[Tbinitt,  1889.] 

(c)  «-«•[*  a:*««*(/x;    (rf)  «!-*•[*  e^tfjc, 


where  in  each  case  x  becomes  infinite. 

'*  Sinte    ,  TT        .,     .TT        1 

I    o  -  .  4     gg  =  o  cotn  g  o  ~  1 
lo        sinhx         2  2     ^ 


21.  Prove  that    [e-'^^^dx^^^lcotYitZ--.. 


[Math.  Tbipos,  1876.] 
r!^^'"'  [Math.  Tbipos,  1892.] 


23.  Evaluate  f"    -!^^^^dx, 

J_oo  l+x  +  x!^ 


r 


24.  Prove  that,  if  m  be  positive, 

cosmx     ,       TT      1  v/i  •    /,        ,   V 

^  [Math.  Tbipos,  1892.] 

25.  Show  that  (i)   f "  ^ rf^  =  o^  r^2 (cos  4=  +  sin—  ] . 

''  Jo  !+«"         2^  I      72         72/ 

[Laplacb,  if^n.  <fe  Vlnst.,  1810.] 
,..,  rcosrcrfa;    7r<r«,  .      , 

("Moi^^T45i^8^<^'^"^''"^^- 

[BfATH.  Tbipos,  Ft.  L,  1914.] 


— ^  ■ 


-•»     - 


1 

I 


r 


1 1 


I.  — ^ 


an  X.  ikx.  Ma  «. 


.'■   -     -  "- 


C 


31. 


S.  F7DKa« 


r 


-  f  -     :!«-». 


'Iff  mr"**"' 


■n  j-Bn  ■f  cr  =  — j-  sn  j  ^ 


tr  =  J  ■*  T  r~^  snrv  TffsiiT 


« I 


U 


fr  f 'f  =  T 


I  «i 


1     ll»l  l*»u 


m.      jIW*i» 


34.  PrvFfciafet  iiejiiLjt 


r. 


fiH    It.  —  .    f,-  -       %  r 
c-r  =  — 


« \r  ■  > 


SS    •**i^k»  Ik  «9^ 


35.  Prcwe  itts:  I     I    ^  =  jur 


i:**, 


.1«*J 


36.  Micnr  tlia.- 


Oak.  ^vft.  }k  9M.] 


240  CHAPTER  XXVL 

37.  Show  that  T  *(?)  *(!)  ^  -  ^^S [(«  +  *)*^a-«*-*1. 

where  ^(a;)^!    . 

^^  '     Jx      1*  [Hate.  Tbip.,  1882.] 

38.  Prove  that      f      e-H^'+nWaTrfw  «  ^2i ^^ 

and  deduce     a^«^=i    ^     ^-,        <^^     ^.n    ^"' 

^     '  [St.  Johii*8,  1882.] 

39.  Having  given  that 


[ 


0  ^ 


prove  that  |   a^e"     ""dx-   .  ,  __  ,^-^, 

'^  Jo  46^  [C0LLMB8, 1882.] 

40.  Having  given  that  I    «-«*'(;te=^\/-»  deduce  the  value  of 

rao  Jo  J    Va 

I    e-*^oo%hzdx,  ^^  ,^^, 

Jo  [COLLBOBS,  1879.] 

41.  Prove  that  |    e-**co8 az{{a^- 6).t - 4x»}  ix - 1. 

Jo 

42.  Find  the  value  of      I    «-*«'co8  x  dx, 

and  prove  that       Jj  e-J^sinxrfi^lJ  Viy.        ^^  ^^^^  ^^^ 

JO    -D         ^L  i.  f*  8in2rw;    cix        ir  sinhn        ,    .  ... 

43.  Prove  that]     _j_^^-_-j-^.  «  being  a  positive 

integer.  "" 

44.  Starting  with  I  a^dx=» r,  deduce  I   t dx^\og^——r- 

*  Jo  i'+l  Jo  logx  '^g  +  l 

Putting  2?  —  W  -  1  and  j'  =  6^-  1,  deduce  the  values  of  the  integrals 

f*     .  cos  W  -  cos  at  J.         ,     f*  _  sin  ft/  -  sin  at  ,. 
I         i *         I         i » 

and  verify  your  results  by  a  rigorous  independent  method. 

Show  that  r 8in(£log£) ^ ^ ^„., 

Jo      H^ 

45.  Prove  that 

£logcosgVr^)<f.  =  log5-2{l-;-?i  +  J»-|-...}. 

*''*"'  **»=  2j  |f(f:n)J    ■  [81.  JOHH'8,  1885  ] 


i  ^  •    - 


.Ul 


ML 


4€l  Fkowthtt 
47. 


I    l<~^-f"Wcr«^x-i-»'. 


j: 


44fli2r>aBir£r 


l.*-^- 


4S.  IMaee  fron  Lipface  i  Ixceca^ 


tferenki 


r 


i.,-{'S).yr 


["(''•►S)'-T~'i-»'  ■ 

Jt  I  \        J*  /  i  2 


**aw  ^SB  r«^) 


'Cat: 


LcpiMe* 


dedoee* 


j: 
j: 


a-       4   4*/ 


r.  ^faciflL 


50.  Prore  tku  if  /^''z  =    2;  '  /  --   *^   *^'    •*!«   differents*! 

coetBcienti  ap  to  the   ^r  - 1  .^  izkcIiisiTe  remain  eoonnoous   from 
;=r  -  1  t0  7«l,  thOD  vill 


[Jacobi,  CrtOet  J.,  xr. :  Gkboobt, 


on  the  aw  of  isugir^anc*  (ArU.  1199  to  1:9>I\ 


PlWI.] 
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61.  Prove  that 


f~*  /I  d  \"*+* 


m  being  a  positive  integer. 

52.  Prove  that 

)•«   .   /nr        \ 
0 


[CuLLBN,  JMiie.  rifiMf,  14808.] 


^_ («^^lKn-2)^(n - r)  rd-*-^ 


j^n-r 


(2a: 


r(«) 


2  sin 


nir 


Fo  2 

r  being  an  integer  and  1  >  n>  0.        [U.  C.  Ghosh,  Eiue,  Tinu$,  14064.] 

53.  Show  that  if 

A^{   e-*^ cos bx^dx,     B^F e-^^siubj^dx    (a>0), 

then  A^  +  B^  and  2AB  can  be  expressed  in  terms  of  elementary 
functions.  [Math.  Tbipos,  Ft.  II.,  1914.] 


64.   Show  that 


[Math.  Tbipos,  Pr.  L,  1887.] 


55.  If 


«^°^"^-|]  +  ^---^(-^)"(^^ 


and 


prove  that 


x^     X* 


cosa;  =  l-si  +  ri--v  +  (-0 


2!     4! 


(2n-l)!^» 


Jo  »         2    Jo  a: 


\o  X         ^    Jo  ^  [Math.  Tripos,  1876.] 

56.  If  a  and  y  be  positive,  prove  that  the  value  of 

sin  (yx)  cos  (ax)  ^^ 


i: 


10  X 

is  In-  or  0  according  as  y  is  greater  or  less  than  a. 

By  multiplying  by  ^''^coscy  and  integrating  with  respect  to  y 
from  a  to  00 ,  or  otherwise,  prove  that 

I*  (x^  +  6'  -  c^)  cos  ax   ,  _  1     _^  6  cos  ac  -  c  sin  oc 
0  (a;2  +  63  -  c2)»  +  46V     "  2  ""*  5«Tc«         ' 

a,  6,  c  being  positive  constants.  [Math.  Tbipos,  Pr.  n.,  1920.] 

67.Showthat    l[^(JL^4^,e  =  .(lo,2-l). 

[TBnr.  Hall  and  Maod.  Coll.,  1881.] 
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58.  Show  that  if  a  is  positive  and  less  than  ir, 

f*,     (l+8ino8in^)i-»*»*«<'»*(/^       /      «  •      i  «\ 

I    *^g/i ■' '    h\^^^  ^^ms  =» ir(  o  -  2 sm a logcosx  ). 

Jo     ®(1  -sinasin^)i+«*n««»n«^       \  ®       2/ 

[ICath.  Tbit.,  Pr.  II.,  1884.] 

59.  Ph>Ye  that 

f^logsing^^^^f^  logsin 
Jo   N/sfiTS  Jo>/l+sin'd 

(ri)M2     1    2.6     1    2.6.10  .      \ 

""w:i;l3"^2'3:7+3*3TT7rr"^-r 

(For  other  similar  results,  see  G.  H.  Hardy,  Educ,  f.,  14055.) 

60.  Show  that 


61.  If 


r  /  \  "P"  11  "* 

•'•W"  2*r(n  + 1) t    "  2(2n  +  2)  "^  2 . 4(2n+ 


[BIath.  Trip.,  Pt.  I.,  18W.] 


2*r(i 
▼ix.  Bessel's  function,  show  that 


2)(2n+4) 


-...|,  (w>-l). 


(i)-^n(a:)  = 


I     C08( 

(n  +  i)Jo       ^ 


X  cos  <^)  sin*"  </>  fl?^,     if  n  >  -  J, 


and  (ii)  Jn(^)  —  -  \   cos(n<^  -  x  sin </>)(^</>,  where  n  is  a  positive  integer. 


UMa 


CHAPTER  XXVII. 

DEFINITE  INTEGRALS  (H.). 

LOGARITHMIC  AND  EXPONENTIAL  FUNCTIONS 

INVOLVED. 

1071.  In  the  class  of  definite  integrals  we  are  about  to 
discuss,  it  will  be  convenient  to  remember  the  result 

£xP(logx)-<fe=(-l)-^^^,. 

This  is  the  result  of  integration  by  parts, 

£a^(logx)"da;=[— p|(logx)"]  -r^J  xP(\ogx)^^dx 

n    C^ 
=  -_^J  a^(loga:)"-i(fa 


=(-!)• 


n\ 


Or  we  might  obtain  the  same  result  by  the  transformatioD  xs=e~^y  viz. 

r(n  +  l)      .     ,_       n! 


=(-!)". 


:Ti=(-i)' 


includiDg  the  case  /   (logjr)"fltr=(  -l)"r(7i  +  l)=(-l)"n!. 

1072.  Again,  let  F{x)=Aq+AiX+A^+A^+...  be  sup- 
posed a  convergent  series  for  all  values  of  x  between  x=0  and 
x==l,  and  such  that 

Ltfc^iF(x)(\og-j  is  zero  or  finite  when  05=1, 
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80  that  even  when  the  series  for  F{x)  ceases  to  be  convergent 
when  x=  1,  the  final  element  of  the  summation  indicated  by 

the  integration  I  F{x)(log-'}  dx  will  have  no  effect.    Then 

we  shaU  have,  by  putting  x=e-^, 

/sP  Aog  i) V(a:)  (fa= j  yPe-^F(er^)  dy 

=r(p+l)(||?i+^^+3^+...> 

and  therefore  /  can  be  expressed  in  finite  terms  whenever  F{x) 
is  such  that  this  series  is  capable  of  summation. 
An  extensive  class  of  definite  integrals  arises  from  this  fact. 

1073.  It  will  be  well  to  recount  several  previous  results 
obtained.  We  have  now  used  the  symbol  Sp  to  denote  the 
complete  series 

and  the  numerical  values  of  Sp  up  to  S^  are  tabulated  iu 
Art  957. 

Also»  if  seca5+tanx=l+if,T-j+if2n-,+  ^8^,+  --- » then 

ir*H>i 

and  rules  were  given  {Diff.  Calc,,  Art  573)  for  the  calculation 
of  K^t  the  results  being 

K^^l.      K^=h        K,=2,  ir,=5,  K,=W, 

J5r.=61.    Kj^272,    7^8=1385,    ^^=7936,    etc., 

Kfg^  being  the  n***  "Eulerian"  number sj^,^ ;  whilst  K^n-i  is 

the  n^  "Prepared    BernouUian"   number = — ^ ^-^m-i* 

^t»-i  being  the  n^**  BernouUian  number  itself. 
Also  we  have  seen  that 

^    2(2n-l)!(2«»-l)    *"-^""l««32"'*     3«'»'^4«-"^  •*""2(2n)!    «"-^' 

x*H-J^      J?-    __    1  1  1  1  ^^'•'•■^ 

2iiH¥(2n)l     •••'^1*^~3^ 
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and  we  have  the  particular  results 

1*  ~  3*  "^  6*  ~  •  •  **  ll '^^^®^^®^®^^ 

^  (Tchebechef) 

111  T* 

ji+2i+3i+-=-6-(Euler) 


f>+^.+^.+  --=?(Euler) 


1*    3*    6»     *•* 


I4.I4.-I4. 
1«"^3*    6* 


i  (E»ler) 


1      Ij^l      Ij^  1       o 


^""li'    2*    3"     4^  V     2»/    '- 


(P>1). 


1074.   One  class  of  series  of  this  nature  will  not  be  obtainable 
from  the  tabulated  results  of  Art.  957,  viz. 

J IL4-J L_ui—.     -' 

and  so  far  as  the  author  is  aware  the  values  of  this  series  for 
various  values  of  n  have  not  been  tabulated,  and  it  would 
appear  that  there  is  no  method  of  obtaining  the  values  except 
from  the  series  itself  or  from  some  transformation  of  it  to 
render  it  more  rapidly  convergent.  The  most  troublesome 
case  for  direct  calculation  is  the  case  when  71=1,  on  account 
of  the  slow  rate  of  convergence.     But  in  this  isolated  case,  viz. 

s'^-l+l-l+L- 

the  value  has  been  shown  by  Mr.  J.  W.  L.  Glaisher  to  be 

0-91596  55941  77219  01505  ... . 
{Proceedings  of  the  London  Math,  Soc.,  1876-7.) 
Mr.  Glaisher  arrived  at  this  result  by  means  of  the  identity 

- — : -=8ec*^-Jtan*^8ec*<+itan*^8ec*^-..., 

sin  t  cos  t  ^  ^  ' 

a  form  of  Gregory's  series,  which  upon  integration  yields 


1  1  f' 

tanA--^.tan*a'+ritan*j:-...=  /    -r 

6*  Jo  SI 


3« 


sin  2^ 


=1  r*  ^ 

2Jo    L^     T»-ir»^T»-2«7r«     -J*^' 


urn  ■  in»  M 
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mod  expanding  the  fractions  in  powers  of  Tand  integrating, 

whew  "■«»=iS-2iii+3i5-4i5+-=(l-2tii)^««; 

whence^  patting  -^  for  s,  Mr.  GUisher  obtained  the  remarkable  series 

Un2f_^t»n«^+itan'^-...=|[x+|o-,r»+?o-4*'+...]. 

«id  putting x=i,  v=p-j,+^,-f,+...=|Q+J|:+g §+...]. 

whence  the  value  above  given  may  be  derived.    The  details  of  the 
ealculation  are  given  in  Mr.  Qlaisher's  paper  {loc.  cit.). 

1075.   It  is  to  be  remarked  that  in  approximating  to  a  case  of  the 

general  series  |^-si+«  +  =i-... ,  if  we  retain  any  specified  number  of 

terms,  the  error  in  rejecting  the  remainder  of  the  series  is  less  than  the 
firrt  of  the  rejected  terms.    E.g.  if 


then 


and  since 


and  the  error  in  taking  4  terms  lies  between  0  and  ^.  Similarly,  and 
more  generally,  if  we  retain  r  terms  the  error  is  less  than  the  (r  + 1)*^  term. 
The  series  for  </,  t^'y  etc,  are  much  more  rapidly  convergent  than  that 
for  «,',  and  therefore  the  calculations  direct  from  the  series  are  much  less 
Uborioas. 

For  immediate  convenience  we  may  note  that  to  six  figures 

V='915,966,        8;=-988,944, 
V= -998,685,         V=*^^»850. 

1076.  The  integrals  which  follow  are  arranged  in  groups  according  to 
their  forms.  Where  it  is  thought  necessary  the  working  is  fully  given. 
In  some  cases  two  or  three  of  the  steps  are  given,  and  in  other  cases 
merely  the  result  is  stated.  It  is  intended  that  these  should  be  worked 
BT  THE  STUDENT  FOR  HIS  OWN  PRACTICE.  In  Homc  cascs  it  will  be  seen 
that  by  treatment  of  the  same  integral  by  different  methods  various 
identities  may  be  established. 


riMi* 


IIMhta««riH 
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1077.  Qroup  a.    Examples  of  Integnla  of  fonn 

1\' 


I 


V(iogiy 


dx. 


l±x 

Putting  jr=^~*',  we  have 


/-j("y(*-'+^«'+ir«'+...)rfy=p+^+^+... 


'6' 


2.  Show  that 

3.  Show  that 


Ci^'^i)  /111      \ 

J,  If-f-dr  =  2  !  (p+i  +  ^,  +  ...)=25i-2-40411... . 


4.  Show  that 

5.  Show  that 


Jo      l-a:  15'     Jo      1+x  120* 


6.  Show  that 


Jo        l-x  4«       *^**     •'0        1+^ 

r(iogir 

.     Jo  ^TT- ^^^^'^'^ 


2»—i-l 


2it 


7.  Show  that 


Jo      \-x 


dr=(2n)!5,^i 


2*'-l 
2^*    '^*M- 


!• 


It  is  to  be  noted  that  integrals  with  integrands  of  the  same  character 
as  the  above  multiplied  hy  rational  integral  algebraic  polynomials 
present  no  difficulty,  thus  : 


9.  Show  that  /  a^'—^dx^'^ 

Jo       1  -  .r  6 

10.  Show  that 


6      1»    2« 


6  I  _i_  Jk 


a+6     o^ 
2«- 


•  —  •-      


,  m.      _  w 
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1078.  In  some  of  the  simpler  cases,  viz.  when  the  power  of 
the  logarithmic  factor  is  the  first,  we  way  write  l—y  for  x, 
and  expand  the  logarithm. 

Thus 

Examples. 

1.  Pit)ve  that     ftanh-^^F  — =^=  f'tauh-*  -  - . 

Jo  X     8     Jo  ax 

S.  Dedooe  from  (8X  Art.  1077,  by  putting  ^r^tan*^, 

9 

3.  Dedooe  from  (6X  Art.  1077,  by  putting  x»8in*^, 

jj  Un  6  (log  ooeec  ^)»^>  ^^^^  ^t--!  • 

4.  Prove  that 

V 

j^Un0  (log  cot  «— >  de  ~  ^^  ^  2J^,. 

1079.  Group  B.    Examples  of  Integnla  of  fonn 


Jo 


dx. 


1±^ 
Prove  that 

Jo  l-jc"  8  *     Jo  i+P  ' 


'915906...  approximately. 


=  6-9336.... 


6ir^ 
64 


M^^nrii 


SUM 
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119*842.... 


••  Jo  -r:p-*^=  8-'  Jo  -rMj-*^'"*'  *•  - 


.an-i 


Jo  TTjT"' 


r«»+l 


and  in  the  same  way  as  8,  9,  10  of  Group  A,  prove  that 

®-   /  *; — 5<^  "57-   [EoLKR,  Nov,  Com,  Pet.,  vol.  xix.] 
Jo      1  —  jr  24 


»•; 


^^%Z, 


no,        g         I. 


log- 


10.  I    j^        .^ss—.  -  -    and  so  on  for  similar  cases. 
Jo       1  —  A**  24     4 

11.  Putting  :r=8in  d  in  No.  7  (1st  part)  and  :r=tan^  in  No.  7  (2nd 
part),  show  that,  if  n  be  a  positive  integer, 

(i)  f^  sec  e  (log  cosec  df^^  de= ]    cosec  0  (log  sec  ^)*^»  d^' 


2*»-l 


4n 


IH-I  I 


(ii)  f  (\ogcote)^de= 


25rF8 


■^«M  • 


1080.  Group  C.    Examples  of  Integrals  of  type 


n 


X 


m 


IV 


(-i) 


dx, 


-    (i±xy 

p  and  q  being  positive  integers  (j?^^). 
1,  Putting  x—tr^y  we  have 

fYioglY      ,. 


=p!(lS 


+  „-L+=' 


jH-i  •^2'*+*     3*^* 


+  ...)=pl5;    (p>l). 


e->-e 


chvr  .^j— ijjiiC'— 
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Pnvre  that 

2. 


r(iogiy 


.drslogeS. 


CM' 

when  Pf  is  the  sum  of  the  products  r  at  a  time  of  1,  8,  3, ...  (q-Si). 
where  crr=p-^+y-...=^l-2?jiS,.. 

/•  (un^+coso^)*  *        ^ 

V 

10.    r8io26^1ogcotd(id=ilog2.    (Put  :r=tan<d  iu  3.) 

1081.  Group  D.    Various  Forms  containing  Radicals. 


'■  ''i  ;!ft'^=f  H 


*-'+i'^+ 


'd^^-y^ 


11     1   .  1.3  1   .  1.3.5    j_ 
-p+2  '  25"*"274  3i'*'2T4:6  '  4*'*'  -  * 


Again  putting  x=8in'd, 

I^-j    log  8in«d .  2  sin  0  dO^  -  4j    sin  0  log  sin  ^  dO 

«-4    -  cos  ^  log  sin  ^ + log  tan  ^+ cos  ^ J 

cos  ^(1  -  log  2) + 2  sin*  2  log  sin  5  -  2  cos*  ^  log  cos  ^  J 
=  -4[log2-l]=4log|. 


.sttMH^^^^aa 
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Thus  we  have  the  result 


.,     «     1  ,1     1  ,1.3    1  ^1.3.5    1  .  .  - 


Jo   ^/l-J^^ 
Put^rsssin^,    /»/   sin* ^  log  sin  ^cf^ 


[EuLBR,  Nov.  Com,  Petropol,^  zix.,  p.  30.] 

rl-coe2f? 
2 


log  sin  ^(f^ 


=  lj;*log.in<?rfff-J[!!H^log«„<?l'+ljr*co-«Orf<? 

IT,        1   .  IT      IT,         « 

3.  Find  the  values  of 

I^j    cos2ne\ogBin  Ode    and    /*=j    8in»"^log8in  ^rf^. 


Since 


sin^Tgl^+si 


sin2d+3sin4d+^sin66^+... 


+  ^J-r  sin (2n  -  2)  6> + J-  sin  2nd|  =  sin  2n^  cos  ft 


we  have 


j  sin  2ne  cot  6  dS^  6-^  Bin  20  ■{■ 


BinAO  sin  (2n- 2)0    sin2n^ 

2     '*'•••'*'       n-1        "*"     2n     ' 


also  /  sin  2nd  cotddS^  sin  2n0  log  sin  0  -  2nj  cos  2^0  log  sin  $  d$. 


Hence 
Again 


■r^ 


/s  /    COS  2n^  log  sin  SdS^-^^    (n  >  0). 


sin«"^=«^  {»"C;-2  ""C^i cos 2^+2 ""C?^, cos 4^- ...+(- 1)«2 con 2»i^). 

.-.   rsj^Bin^eiogBinOde 

c4logi-2".C^.(-^)+2".C^,(-|)-...+(-l)«2(-fJ 
-C,Iogi+««(7^,-l«(?^,+l«"C^-...+(-l)-il«-Co}. 


2«"l 


/ 


Putting  sin  O^x.  we  have  the  value  of  /      ^      ^    ilr. 

Jo     Vl-J7« 


-l»+2"3«'^2.4B>  ■*■•••• 
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patting  4r«sstn  ^, 


f 


log-  -I 


wlienoe  it  appears  that 

»i     o     1^1     1^1.3    1  .1.3.5    1 

1082.  Oroup  E.  Oases  in  which  the  Algebndc  Faetor  is  the 
Oeneratiiiff  Fnnctioii  of  a  Beearriiig  Series  whose  Ooeflcients  are 
Riwen  of  the  Hatmal  Numbers. 

=jry»(«-»+2»«-'*+3V-*+ ...)dy 
ProTe  that 

(8n+3)(2n+2)(2n  +  l)^j^^,j^ 

®-  r  ^^i^^('o«i)"^''*»'=('»+i)(2»+i)(2»r^«.-i- 


riUHk 
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10.  If  00,  O],  C4, ...  a^^i  be  defioed  bj  the  equation 

a,_i=:««-»+ic,(,-iy»+»+i(7j(,>2y._...+(.l).-iiH.ic._,.l« 
for  all  values  of  s  from  «=1  to  «=]i,  then 

It  will  be  recognised  that  the  several  equations  defining  the  letters 
^o»  ^11  ^si  ***  ^n-i*  ^^^ 

flo=l",    a,  =  2«-(n  +  l)l«     a,«3*-(n  +  l)2*+i^i^l", 

eta, 

<i^.  =  n--(n  +  l)(«-ir+<^(n-2r-...+(-l)-'<-^l-. 
are  the  results  of  equating  coefficients  in 

ao+ai^+a^+...+a,,_.iJr»-»  =  (l»+2*jr+3*jc»+...arf.tn/)(l-^)*'*'* 
up  to  the  coefficient  of  x*^*.     And  it  is  known  that 

(n  +  rr-"+»Ci(n+r-l)"+...  +  (-l)»+iiH.ic^^j(r_i)» 

vanishes  for  all  values  of  r  from  1  to  oo ,  being  the  coefficient  of  i^  in 

e(r-l)x(««_i)iM-i^    i,e,  in  [l+(r-l)^+...](x~+»- ...), 
in  which  the  term  of  lowest  degree  is  j:"+*. 

Hence  -^ — -i TT^   .^^ — *=^ is  the  generating  function  of  the 

recurring  series  l*+2*x+3"j;*+.... 
Therefore    j^  2<^_L_^___fcl_  ^,og-)  rfr 

=  /    y"+"»->[l"«-»+2"«-«»+3»«-»»+...]rf» 

r  1*       2"       3*        "1 

=(n+2m-l)![~i+2iji+3^+...] 

1083.  Group  F.     Gaps  in  the  Development  of  the  Algebraic 
Factor. 

Let  a  and  fi  be  any  two  prime  numbers. 
In  the  series  formed  by  the  development  of 

z -z  in  ascending  powers  of  x    (x<l), 

l—x     1  —  ;r*     \—x*^ 


.~ — -'In  ... 


tjri 
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the  sabtractton  of % ».«.  jj*+4?^+*^+...|  from  = ,  t.«.  the  com- 

plete  lenee  ^    ^ 

remores  all  tenns  whoee  indices  are  multiples  of  a. 


The  mibeeqaeiit  sabtraction  of 


1-T^ 


removes  all  those  terms  which 


remain,  and  have  indices  multiples  of  )3,  restoring  with  the  opposite  sign 
foch  terms  as  have  indices  multiples  of  a)3. 

If  we  now  add  — —^  we  are  left  with  the  complete  series  with  all 

terms  whoee  indices  contain  either  a  or  )3  as  a  factor  removed. 
Ezactlj  analogous  to  this  is  the  effect  of  multiplying  the  series 

s    s 

For  S — p''Jfp=  ^^®  complete  series  S  from  which  terms  in  which  the 

denominators  are  multiples  of  a  and  p  have  been  removed,  but  those 
whose  denominators  contain  both  a  and  ft  are  restored  with  the  opposite 

fign,  whilst  in  the  case  S(l  — ^¥l - t^I  no  terms  occur  whose  denomi- 
nators contain  either  a  or  /3  as  a  factor. 

j,   W-X      \-3*      \-3*A     "*/  X 

-(2»-l)![{^+^+^+...}], 

bj  putting  x»^''  as  usual,  where  the  double  bracket  indicates  that  from 
the  series  included  all  terms  have  been  removed  which  contain  a  and  not 
jS,  or  )9  and  not  a,  as  a  factor,  whilst  terms  with  both  a  and  )3  as  a  factor 
occur  with  the  negative  sign 


=(2»-l)!(l-i-^)**. 
_/       1       1\(2«-)'" 


And     r^CU ^ £L+_f!!.Y,ogl)— ^^ 

-(•4){-^.)^'- 


HHMi 


mUM 


256 


CHAPTER  XXVIL 


It  may  be  noted  that 

f  .^  flog  ly-'  ^=4^  f  -j^f  log  ly'  ^j 


l\i»-id:r 


and  therefore 


whatever  numerical  values  may  be  assigned  to  P,  Q,  /?. 

And  more  generally,  if  a,  )3,  y, ...  be  any  prime  numbers,  and  if  F{x)  be 
the  function  of  x  which  would  be  formed  by  first  developing 

(l-i4)(l-^)(l- (7)0 -/))...  as  l-(J+J?  +  ...)+(ili?+...)-etc., 

and  then  replacing 

1  by  —-',    A  by 


l^x>    ^^^iS     ^^3r-^,etc, 


-4i5by s,    il5Cbv ?-,  and  so  on, 

then  F{x)  consists  of  such  terms  of  the  series  4:+J^+^+x*  +  ...  as 
are  left  when  all  those  are  removed  which  have  (i,  )3,  y  or  any  combina- 
tion of  them  as  a  factor  of  their  indices  ;  and  then 

jf'/'(4;)(logi)*^'^=j["y--«(«-»+«-»+...)rfy, 

where  the  terms  in  the  bracket  are  such  that  those  whose  indices  are 
multiples  of  any  of  the  primes  a,  /3,  y, ...  are  missing, 

=(2n-l)!(l-^)(l-j^)(l-i)...5^, 

...  j(«.,(„„i)»-f.ag",^.(.-^X-^X-?')- 

X 

If  we  press  the  theorem  further,  and  remove  all  the  terms  from  -= 

except  the  first,  then  if  a,  /3,  y, ...  be  all  the  prime  numbers, 

=  (2»-  1)!     (by  Raabe's  Theorem,  Diff.  Calc,  p.  109,  Ex.  29). 
And  this  i*esult  is  a  priori  obvious,  for  the  integral  is  merely 

jf'  x(log  1)*""  ^= jr,-»y"»-«  rfy =r(2n). 


'^''■^■^^■■k.aav  ■"- 
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1.  ThxiB  we  have 


~r     WV~W"W■"4"^>"4•9•26*T"^• 


2.  Prove  that 


<'">  Jl  n:p('^«i)    ^- — id^i — '"^>-»' 

.I^vetUt/l±£±^(lo,l/ 


3126 


4.  Show  that  J  ^-i^ 

5.  Show  that 


(logl)"*-V,»lj(l-g;,)(2,)-./?^.. 


where  p  is  any  prime  number. 
&  Show  that 


1084.  LimitB  0  to  oo . 

So  far  in  this  chapter  the  limits  have  been  from  0  to  1.  In 
some  of  the  cases  considered  the  integrations  might  have 
been  taken  from  0  to  oo ;  e.g,  in  the  examples  of  Group  B, 


»•  1  't^^^^i  +r)iS'^- 1- 


the  second  integral  put  ar=-* 
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•fSl-tf^Di 


dx.    The  second  integral  is 


3. 


Jo 


flogl 


_ir^(2'«-l)„ 


^  j       i^Bn)  ^°^  ^^  ^°  ^^^*  other  cases. 

1085.  Group  G. 

Integrals  of  the  class  /••  /       i\n 

nloff  xY  I    V ^°  x) 

form  a  group  of  some  interest.     (Cf.  Group  C,  Art.  1080.) 

We  have  /=(  /    +/    )(~ri)  ^»  *"^  putting  «=-   in  the  second 
of  these,  ^ 

r{S)"'-=rG^)"(-?)*=r  (FH)v*-r  (s;-^^ 

•   ^^io   /^^-rivi('oga;)«<fa;;  and  putting  «=e—, 

the  expansion  being  convergent  as  e"*  is  <  1  for  all  values  of  t  between 
0  and  00  ; 

•    7    rrn  mf   ^     i  "*     ^     ,*(^•^^)     ^     ,n(n+l)(n4-2)    1 
..  j-i  ^»-hi;Lj„^,-t-j  g^^j-r-     J   2     3n*i-^-        1.2.3        4~*» 

1  n(n+l)(n  +  2)         1  "I 

n+l)"+»"^        1.2.3        (n+2)«*»"^'"J 


1         ,n     1     ■n(n+l) 


■  (n-l)'»+»  •  1  n«*»  '      1.2     ( 

_n  ri^>   1   ,  r(n  +  l)  1      r(n4-2)  1 

L    1      l""^     1.2      2~'^   1.2.3   3«'^*** 


r(n-l)    r(n)  1    ,r(n-fl)       1        ,  r(n+2)       1 
"^(n-l)**"^    1     n**"^     1.2      (n  +  l)""^  1.2.3   (n+2)« 


1 

•  •  •     I* 


-r-"-'--^      -      rn 
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And  if  n  be  integral, 
.    ^r^.3...(ft-l)  .  3. 4... ft .  4.5...(ft-f  1)  . 

,  1.2...(ft~2)  .  2.3...(ft-l)  ,  3.4...ft .      1 

_^'Y<^4-l)(r4-2)...(r-fn-2)  ^  ^  --  (r-l)(r-2)...  {r-(n-2)) 


V  (f'-H)(r4-2).„(r+ft-2)+(r-l)(r-2)...'(r-ft-2)  .^. 


r«l 


Tlie  CMS  of  this  when  fi  is  even  is  given  by  Wolstenholme,  [Prob.  1919]. 

If  '^'"ip+M+v'^"*  '^^  ^'  stand  for  the  sum  of  the  products  p  at 

a  time  of  the  first  fi-2  natural  numbers,  this  result  may  obviously 
be  written 


■  •  •  L    (oee 


9450'  ••93655 
In  the  case  when  fi»1, 

Jo  x-l         Jo  x{x-l) 

=«ri^-'-i[(><'«')'];' 

of  which  the  second  portioc  is  infinite. 
Hie  first  part  is  finite,  viz.  2 .  g-'=~q~* 

EXAMPLKB. 

1.  jr(^jAr=jr»«(2){e-+2s-«»+3e-«»+...}ife 


Art  879.) 


2^  Prove 


5ir«    llr* 


f(S)''-(^w)-|''-S< 


3    ■     9    ' 
and  so  on.    (Of.  Examples  1,  7,  9,  Group  £,  Art.  1082.) 


^^Si^^asatamM 


M^ 


■■k 
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10S6.   A  (General  Principle. 

More  generally,  it  is  an  obvious  principle  that  if  F{z)  be 
any  function  of  x  which  remains  unaltered  upon  changing 

X  into  its  reciprocal  -,  i,e,  if  F(x)  be  a  symmetric  function 

1  ^  ]P(x\ 

of  X  and  -,  then,  provided  — ^  remains  finite  from   x=0 
aj  *  X 

to  X  =  00  inclusive, 

and  changing  a;  to  -  in  the  second  integral, 

j:-(^)?=j:'-a)(-)M/(^)f=i/<«)f- 

Hence  £  F(x)f  =  2  jV(x)f . 

Similarly  H  f(^\=-F (x),     |" F(x)^= 0. 

1087.  Again,  if  the  value  of  any  definite  integral  of  the 
above  form,  viz.  I^\    F{x)  —  ,  has  been  found,  F(x)  being 

a  symmetric  function  of  x  and  -,  the  value  of  I''si\   -  ^  ^  — 

X  JQ  X  ^' X      X 

can  be  at  once  obtained,  where  n  may  have  any  value.     For 
in  this  integral  put  -  for  x. 

if 


Then        /'  = 


Hence 


-      ^^Vr    n«^y    rx-F{x)dx, 
J.  i+y-  ^     N    J.  i+x"  »' 

,,r  Fix)  dx     rxl->F{x)dx 

Jo  l+it"  X  """Jo     1+2!"     X 

Jo  1+x"  X     Jo  X 


mtmatk^zi 
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X 


1088.  Similarly,  if  F{x)  he  a  symmetric  function  of  -  and 


-,  so  that 


m.l{<..l).F{a.l).F(!§). 


a' 


then  patting  x=~, 


© 


jr  F(x)  dx^  r  £w.(_i)^ 

Jo  a"+x"  X       I      nt^  y 

a"Jo  ci"+y"  y     a"Jo  a'»+a?**  a?  ' 

^  r  F(x)  dx^  1  fp.  .fc 

Jo  a^'^x''  X     2a»Jo      ^  ^  a; ' 

1069.  Again,  if  F{x)  be  syminetric  in  -  and  -,  so  that  F{x)^F{  —  \ 

ax  x*  / 

For  writing  jr'sf,  we  have 

a' 
Potting  f  »Y  in  the  second, 

We  note  also  that  it  is  therefore  proved  that 
Again,  taking  /    F(x)  — ,  if  we  put  x——^  we  have 

rdx     /*'  dx 

F{x)  — =  /    F{x) — ,  with  other  simibir  results. 
X       yl  X 


262 


CHAFTEB  XXni 


1090, 


Jo  ' 

h  {l+j:»)(l+Jr*)    A  (ar+jr»)(l+Jr*)« 
Similarly,  since 


— jsa—,  it  follows  that 
1  dx    1 


2  jo 


1      de 


JT+Jf"'    X        4' 


r 

•/o 


x'    a' 


^ 
X 


Vo   a*+x*"2L^°    aUo"4' 


that  is 


L  (a? 


Xdx  IT  _l_ 


1091.   It  follows  from  Art.  1087,  that  since  the  expression 
.       «  is  unaltered  by  writing  -  for  x,  writing  a;=tan  ^ , 

Jo        1  +  a;-      X     2J0      \1+W  » 

a  transformation  given  by  Wolstenholme  {Educ,  Times,  9931). 

We  luay  also  see  the  truth  of  this  result  by  differentiation  with  regard 
to  n,  which  gives 


dl 
dn 


-I 
-I 


JlT^      ^^ .r  — ,  and  writing  -  for  x, 


F 


(l+W  .,        dx'        dl 
^— -^xniogx-=-^. 


dl 


:.   J-  —0,  and  /  is  therefore  independent  ofn,  and  therefore  the  same  as 
if  n=0,  i.e. 

X 

Putting  -  for  x,  it  follows  that 


2.r  \dx 


a^+x**      X     a'*./o 


dO 
sin  ^' 


MpiMA^aM 
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lOOS.  Thoa,  if  J'Cs)-!,  we  have 

rdr l__ir       w 

or  if  ^(s)ss^,  ji  being  a  poaitiye  integer, 
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dr< 


S^i/''^ 


8inr-»^d^ 


1      1    |>-2«-4     2/  lir\  ,, 


I 

rf 

1093.  OouidMr  next  tha  Talne  of  i^s     (log  tan  e)^d9,  where 
n  is  any  positive  integer.    Put  tan  d=x. 

In  tlie  second  integral  put  x^-, 

/.  /.«2j  i^^(-tf-)<^  where  jr=^ 

-2r j*'(«--r*+r*-«-»'4-...)<^    (0<«<oo) 
«2r(2n+ l)^^ljp|:i -^Ijppj+gisi+i  -  ...  J 

«»2r(2n4-l)      qM  \i     »  where  E^^  is  the  n*^  Eulerian  number; 

.-.  jr*(iogten<?rrf<»=(|)'"'"£',.; 

aod  the  values  of  Ef^  being  successively 

i^»l,     ^4=r5,     ^e"^^     ^g==1385,  etc.    (see  Art  1073), 
we  have 


j[  (logtan^)'^^-^';       j^  (log  tan  By dS- 
jr*(logtan^*ci^=^;  jf*(logUn  6?)«rf^=^:i^,  etc. 


5r^. 
32  ' 

1385ir* 
512 


z*"  JTcP^  sec  i"! 

10d4-  Since  ^^ = coef .  of  tq-t^  in  the  expansion  of  sec  «,  i.e.  I     ^^   J     , 

ihavef  Oogton^<'^=(B)     *[^"®^']         [WolstenhobneJ. 


HaafaB 
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1096.  The  integral  I^T  (log  tan  Sy^+^dO  vanishes. 
For  putting  ^=|-<^     I=-I;     :.  J=0. 

Hence  /    (log  tan  SydO^l^j     E,  or  0,  according  as  p  is  even  or  odd. 
Also  log  cot  ^—  -  log  tan  Q  \ 

:.  j    (log  cot  ^y<^0—{%)     ^p  or  0,  according  as  p  is  even  or  odd. 

Hence  /    (log  tan  OydS  and  /    (log  cot  OydB  have  been  computed  for 
all  positive  integral  values  of  p, 

\  s  r  (log  Bin  eydd  =  f  (log  cos  efdB. 
Jo  Jo 

I^^\    (log Bind) (log COS d)c{0. 


1096.  Let      L 


aod 

Then 


2/i  +  2/,  =  /    (log  sin  e + log  cos  Sy  dS^  j    (log  sin  2$  -  log  zydO 

Jo  Jo 

«  j    (log  sin  2eydd  -  2  log  2  j    log  sin  2$  rf^+(log  2)«  j    1  dO. 
Writing  2^ =</>, 

r  (logsin 26fyde^l  [  (log sin 4>)*d<t>^  /    (log sin  BfdO^Ii, 

Jo  aS  Jo  Jo 

and/    \og%\ii26d$    =5/    log  sin  </>(/</>     =/    log  sin  </>  (f </>   — o^'^£»o> 

/.   2/i  +  2/,=J,-2log2.|logi+(log2)«|, 


I.e. 


3ir 


/,  +  2/,=f(log2)« (A) 


Again 


27,  -  2/,= j[^  (log  sin  6  -  log  cos  e^dd^^j^  (log  tan  $ydd--~  ;   ....(B) 


3ir 


••■   /,  +  2/,  =  f  (log2)', 

^1      ^2-ig' 


/.  solving,  I^^j^ (log Bin BfdB^j^  (log cos ^)«rfd = |(log 2)« 

/•f 
Jj  =  /    log  sin  6 .  log  cos  6  dd 


=|(lo«2)'-.^- 


These  results  are  due  to  the  late  Professor  Wolstenholme. 


m,Jm>»'-4 


WOLSTENHOLMFS  DTTBORALa 
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Obviomlj  it  follows  that 
j[^ lognn ^. logcoe  drfd=|Jr  logain dlogcoe^rfd- j (log2y-^. 

1007.  We  may  write  the  expresnon  for  coeecs  in  partial  fractious 
(Hobeon,  TViJ^fonoinefyy,  p.  335)  as 

1  if       1.1 


ooeocfsB  ...-}* 


+ 


«-2r    f-T     «    «+ir    «+2t         *  ^    ' 

it  being  nndenfood  that  this  doMy  infinite  •eru»  extendi  equal  distances 

Is  infimiijf  on  either  side  of  the  central  term  -  marked  with  an  asterisk. 
A  similar  expression  for  coeec^f  is 

1       ,      1       .1  .      1       ■       1        ,  f^. 

(rr8Sp"*'(«- r)«  "^i*"^  (TFT?  "^(«  +  2ir>«  ■*■••• ^'^^ 

with  the  same  understanding  as  before.    [61 4,  Wolstenholroe's  PrMems."] 
The  latter  is  obtainable  from  a  consideration  of  the  factorisation  of 


oosec'ss...+ 


coshx+cos^ 

2co8«? 
2 


via. 


[riz.  equating  coefficients  of  x^  in  the  expansion  and  writing  «'-2f  for  6\ 
DiflTerentiating  these  expressions  respectively  2r+l  times  and  2r  times, 

and  then  patting  2=-  in  each,  we  have 


(2r+l)lU/        Lcfe«'VSH*i>/J^j 


...+ 


41 
1 


(2ji-1)«'+*    (n -!)•'+•  ^l^'+t    (n  +  !)•'+•    (2n  +  l)"'+* 

n 


(AO 


(2r+l)!V«/        Lrfa'^VsinWJn-^ 


I 


41 
1 


1 


*•••■*' (2»-l)«^+«"^(n-lV+*"^l*'+*"^(n  +  l)«'+*"^(2n  +  l)*'+*"^ ^^^ 

Now  consider  the  integral 


In  the  second  integral  write  x—-- 


dx. 


Then 


fij^^T 


+ir* 


dx- 


I    (logy^+V     1\.  v"^J 


x^-^dx 
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---<«-i)ir 


=  ry""+*{tf-»-tf-<-->>«'}(l-«-**+<r""i'-«rWMr+...)rfy 
1008.  AgaiD,  if 


r 


-fi^r^-MC^-" 


(ir, 


putting  x—-\n  the  second  integral, 


l\lr-K 


dlr 


Thus 


I 


l\«r+i 


wr 


\nj       Lcfe*^8in"«/J^» 


>  provided  n  >  1. 


1-x" 
These  results  are  due  to  Wolstenholroe.* 

1099.  Group  H.    Legendre's  Bole. 

Integrating  the  result  /   af^dx— with  regard  to  n  between  limits 

0  and  n,  we  obtain  •'^  ^  "^  ^ 


r 


:c»-l 
log  J? 


dx         =log(l+n) (I) 

*  ProUema,  1919,  41  and  42. 


Hm106 

Jo     logx 


dx 


KUMMER'8  DrrSGRAUS. 


Jo  log*  *l+» 

,_  r  (;|*4-»-.-l)-(j*-t-l)_,_ 
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(2) 


w,  ^-..£<-l=^ad-^^.,^(„j)  ..,3, 


If  ^x)  be  any  polynomi&l  in  which  the  sum  of  the  ooefficiente  is  zero, 

Sil,(4--l)+^,(a*-t-l)...  +  J^j(j:-l). 
Then 

r  ^^=^»i<«(»+i)+'^i*<«»+^t*o«(»-o+...+ii,-iiog2 


log(«+l)^*»M«-l)^*-..2^"* (4) 


Let  A  be  aa  operative  symbol  defined  by 


^^n^^n+m-V^ 


Then  equation  (3)  may  be  written 

/t==Alogn. 


(9) 


(fm 


Integrating  with  regard  to  m  from  0  to  m, 

/,«2p^log(2m+«)-?^]||'-2[(»n  +  n)log(m+n)-(m 

=  (2m  +  n)  log  (2m  +  n)  -  2(m  +  n)  log  (m  +  m)  +  n  log  n  =  A"»  log  n,  . . .(6) 

Similarly        /•^g-jA'n'logn,         /4=^,A*n»log>i,  etc (7) 

Some  of  theee  integrals  were  established  by  Euler  {Calc.  Int.,  iv.,  p.  271 ). 
The  general  rule  was  given  by  Legendi-e  {Exercises,  p.  372). 

1100.  Kninmer  8  Integrals.     (Crelle,  T.  xvii.,  p.  224.) 
From  equation  (2)  of  the  last  ailicle, 

(i)    I^C^^^'A-  -=/*(^'-»-^»)(l-x'  +  ar^-...)r^ 
^'  J^    X-^sf     logJT  jr       '0  ^  ^^  log.r 

,      a     ,      a+c     .      a-h2c  ,      /a    b+c    a  +  2c    6+3<?     \ 

=  logj-logj— +logj^-...=l«g(^j.— ^.^^.^^...j; 

-...    rr_/''.i*-**        1       dx    ,     fa    a  +  e    a  +  ie    a+Ze    \ 
'"'  '  -J.  IT?  •  i^  ■  J  =  '"«U  ■  iTc  ■  6  +  &  ■  6T3i-/ 

in  the  same  way. 


^i^^ 
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Putting  cal  and  a+&al  in  (iX 
■1  «•-!?»-•       1       dx 


r^ 

Jo      \-¥x      logx     X 

rijr-i-jr*      fltp      .     /   a      2-a    2+a    4-a     \ 
"Jo       1+*      '  log*"  ^^Vl-a' 1  +  a*  3-a'3  +  a"7 


«Zt-. 


1--    1-- 
A     2«    *     4« 


1- 


^3 


*     P    *     3"  (211-iy  2n+l 


2«.4«...(2ny  I 

a     ^1«.3«...(2«-1)"'2«+1 


log(|un^x|)»logtan 


ira 


EXAMPLSB. 


1.  Deduce  tbe  integral  /  log  sin  0  c^^  »^  log  ^  from  the  theorem 

^-(x>-2arco8^+lV^-2arcoe^+l)...{x>-2ar  008^2:^ 

[Lbslib  Ellis,  Cam.  i^a^A.  Jour,^  vol.  vii.,  p.  882.] 

2.  Show  that  /  sin  ^log  sin  Od$^\og^-\ 

3.  Show  that  jTsin^^logsin  ^rf^=glog.^|\ 

[EuLBR,  Nov,  Com.  Petrop,^  vol.  xix.,  p.  30.] 

4.  Prove  that  ^  l5SiJ+£)rf^.|iog.2.  [Coll.oe8  )3, 1890.] 

5.  Prove  that  j^log  (1  +  tan  e?)rfd-| log.2.  ^^^^^^  ^^^ 

6.  Prove  that  j  tan  ^  log  co8ec^rf^=|^. 
j  sin  2$ log (1 +C08 e)deT=^. 


[Trinitt,  1884.] 


7.   Prove  that 


[Trihitt,  1886.] 


=irsin~*a. 


8.  Prove  that  if  a  be  <1,  /   log •  — , -—-, 

[Oxford,  II.  P.,  1888.] 

9.  Prove  that  j^  (^)'<i.=  2jr  (^:;<i.=?.       ^3.  Johk's.  188,.] 

10.  Prove  that 

rsinxlogf^ .    ^  . —  |(ir=  /   Bina:tan"'*(tanosinjr)</jr=irtan5. 
®\l-sinosina:/         k  ^  '  2 

[St.  John's,  1881.] 


DEFOnTB  DiTEQBALS  (IL). 
11.  Show  that  j^-j^rfr=gj^  Tj^'^-Ie- 

-log(l-*)fltr=-^. 
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13.  ProTethat 


14.  Prove  that 


15.   Prove  that 


J.  i 


jf'^^ 


[Oxford,  I.  P.,  1889.] 


[GOLLBGIS  8, 1883.] 


[CoLLBOis  y,  1882.] 


log  4?  log  (I  -  jp)(ir = 2  - -|^. 
17.  Show  that  jf /(-^ +i)  log  *  — = 0. 


—3  —ssirfj-o)  where  r>o>0. 

2a?coBa+J^  x        \2       / 

[GoLLBOES  y,  1882.] 


1&  Show  that 


r  log  sec 
mx 


X  ,      x* 
8 


19.   Show  that  flog -ii^4lrf^=  J  log.2. 
aa   Show  that/  tan^8ec2dlogcot^rf^»^. 


[St.  John's,  1885.] 
[CoLLiois  8, 1881.] 

[COLLKOIS  c,  1881.] 

[R.P] 

[St.  John's,  1882.] 


1101.  Group  I.    DerivatioiiB  from 

r E^dx^  r ^^^^-^^^^dx^irCtmcaTT,   (l>a>0),  Art.  871.  ...(1) 
Jo  !+»         Jo       1+a; 

Pot  x«y,  a=^.    Then 

rJ^^3,=  r3^^//7"^rfy»^cosec^,    (n>p>OX    ...(2) 
Jo  1+y*  ^    ^         1+y  "^      n  n 

The  case  n»2  gives 
Putting />°«m  + 1,  we  have 


T^'^=i:'TO^'^        =i'-'T-     0>'»>-'>-(^> 


Pat  /I  =  1  in  (2), 


r^     ^ri^dx  =^co6ec^,      (n>l).   (5) 


Hk 


iBrid 
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X 


•1    Jf-l 


r 


(ir 


Putp=l  in  (6), 

From  (4X  T 

This  may  be  written  as 


.^ooaec^,    (i»>p>0).     ...(6) 


=^ooi«c^,       (»>1) (7) 

-F+pr^       =1'^T'      0>«»>-i)- 


rcoeb(mlogx)  </x    ir       mr 
coeh-(log°r)    T"2"®^"2"' 

Put  jr=rf-«",  j'  positive ;  mq—p^  and  replace  «  by  x\ 

Jo  cosh^x  2^       29' 

Put  g=sir,  /    — s-^-flir 

Put  x=|  in  (1), 


1     /> 


(l>m>-lX    (8) 

{q>p>-qy     (0) 
(r>;»-r).  (10) 


:irft^»ooeecar,  (l>a>0).  (11) 


.  _«_^  //«  —  ^  jt L  cosec  aVf 


(l>a>0).  ...(13) 


(l>a>0).  ...(14) 


Diff.  r  -  1  times  with  respect  to  b, 

fy*-*     -      (l-a)(2-a)...(r-l-a)    -^_^  ,,  ^,        ,,^^ 

(feF''-^= 1.2...  (r-l) ■''*^«««««'.     a>«>0).      (12) 

Integrate  (11)  with  regard  to  b  from  &i  to  fr,* 

Write  jr=6y  in  (1), 
[x^y'^V  =ir6-coeecaT, 

DifT.  r  - 1  times  with  respect  to  6, 

(IW''^         "'^        1.8-(r-l)     'ft— ^■co.ecar.(l>a>0).(16) 
Diff.  (10)  with  regard  to  ;>, 

[''^s'^       -i'««|t"'|'  (»>;,>-,).  (16) 

Integrate  (10)  with  regard  to  p  between  0  and/?, 

Diff.  (I)  with  regard  to  a, 

-r-— ^ =- IT*  cosec  air  cot  air,  (l>a>0),    ...(18) 

etc.    Thus  obviously  a  large  number  of  such  results  may  be  derived. 


DEFINITE  INTEGRALS  (II.). 
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1102.  Group  J. 

Next  consider  the  dmiUur  integral  I    z dx    (1  >  a> 0). 

Here  the  integrand  -z has  infinities  at  a;=0  and  at  x=l. 

At  x=0,  since  a  is  positive  and  <  1,  the  limit  of  I  •= dx, 

when  €i  is  indefinitely  diminished,  is  zero  (Art.  348).  We 
have  to  examine  the  behaviour  of  the  integral  in  the  neigh- 
bourhood of  a;=  1.    Consider  the  integral 

where  c  and  if  are  small  positive  and  arbitrary  quantities. 

In  the  second  integral  put  x=-. 
Then 

Ji+,l-aJ       J_i.i-y"^     ^      ^       Jo    i-"« 


-(rc)s^ 


And  in  the  second  of  these  let  a;=  1  —  f. 


-r(7+«+^f+-)« 


a  convergent  series,  since  ^<  1, 


=  -log 


(!+«;) 


-«(tx--«)--; 


and  if  17  and  e  are  made  ultimately  zero  in  a  ratio  of  equality, 
the  limit  of  this  portion  is  zero,  otherwise  it  is  of  arbitrary 
valoe. 
Hence  we  shall  take  17=6,  and  then 


r^M" 
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is  in  the  limit  the  same  as 

Jo    1-*^    Jo    l-»     ' 
ie.  the  Principal  Value  of 

the  General  Value  being  an  arbitrary  quantity  depending 
upon  the  relative  mode  of  approach  of  e  and  q  to  their  limits. 

Now  in  I   — i dx,  the  limit  of  — = ,  when  x  is 

Jo      A — 3?  1 — X 

unity,  is  —  (2a— 1),  and  is  therefore  finite,  so  that  the  last 

element  of  the  integral  when  expressed  as  a  summation  from 

x=0  to  x=l,  contributes  nothing. 

Therefore   i^-o  I      — i dx=\    —r— — dx 

Jo        l—x  Jq     1— a? 

n— a+I     Jo  l—x 


1 1 1_ 

1     1-a    2-a    3-a 


%  ^ 


'  +  ' 


l+a ' 2+a ' 3+a 


f...4 


n— a 
1 


n+a) 


(tr=0. 


Now  in  the  limit  when  n  is  infinite,  the  portion  in  the 
brackets  is  ultimately  equal  to  x  cot  ax. 

The  limit  of  the  term r-r  is  zero ;  and  in  the  intecral 

the  subject  of  integration  is  ultimately  zero  for  all  values 
ofa:<l,».e.  p-.        ^-i^^.- 

And  for  the  remaining  part  of  the  integral 

I  a^* — i dx,    viz.  I     x"-^ — z dx, 

Jo  l-«  Ji_.  l-x 

we  may  remark  that,  the  integrand  being  finite,  if  we  take 
P  and  Q  as  its  greatest  and  least  values  in  the  region  between 
1— €  and  1,  this  integral  lies  between 

p[    l.ctr    and    Q\     l.cfa, 
Ji-t  Ji-t 

«.e.  between  Pe  and  Qe,  and  therefore  vanishes  in  the  limit. 
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Hence,  summing  up,  the  Principal  Value  of  the  integral 

and  IB  equal  to  xcotax     (l>a>0) (1) 

1103.   In  the  derived  results  which  follow  we  shall  regard  all  the 
integrals  which  occur  as  Principal  Values. 
Starting  with  Prin.  Val.  of 

rs^°r  '^'rr*"^°*'^^^^'  (i>a>o) (d 

we  proceed  as  in  Art.  1101. 
Put  x-y»,  a=2.    Then 

The  case  fis2  gives 
Putting  psfn  +  l,  we  have 
Patpol  ia(2). 

This  may  he  written  as 

rsinh(mloffx)  (/x  ir^      mir  ,.  ,.  ... 

Put  X =*"••,  j'  positive  ;  tnq^p,  and  replace  «  by  x, 

Put}=»,  j^  ,-nJi^'i''  "jt^ni-  (t>p>-t).     ...(9) 

Differentiate  with  regard  to  p, 

f 'S^'^         "i-^^i'        ('^>;'>-»)-  -00) 

Integrate  (9)  with  regard  to  p  from  0  to  1, 

rsinh'^   . 
^jj^^-  =^logwc|,        (^>p>-r).   ...(11) 


I  ■  wiiwi      imistxtJaKmkmiammm^tmmmiumtaamtm^^^aammmmitmUM 
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or  between  b  and  a,  /       b\ 

r  ooshax-coshbx  dx  l^\      (^>a>6>-r),(l2) 

Jo  Bwhirx  X        ^1        a\ 

and  it  is  as  before  obvious  that  many  farther  deductions  may  be  made. 

1104.  Lemma.     We  shall  requii*e  the  factorisation  of 

cos  UX+ cosh  w. 

costiir+coshvir=cosuir+cosit»r=2co8  —x — xcos — jr — x 

oH^    (2r+l)»A^     (2r+l)»/ 


0 

CO 


=2II[(2f+l+u)«+v«][(2f+l-u)«+t;«]/(2r+l)*. 

0 

Logarithmic  differentiation  with  regard  to  u  and  v  gives 

-xsinux         J^(     2r+l+u  ^^+1""^      ^ 

^^  cos U7r+ cosh  vir       vW+l+u|«+v*     2r+l-u|«+W' 

,g.         xsinht;^  y^  /  1  .  *  1  \ 

^  ^  cosuir+coshvw        V  ^2f+H-u|2+t;2    2f+l-u|2+W' 

1105.  Group  K. 

Type  /s  I      ^  ^    sin  ma?  <fo,  etc.  (g  poaitiye,  />*  >  gf*). 

Here  1=  /    («P*+«"^)(«"*'+«"^+«"*^+...)8infikrdr,  the  integrand 
being  finite  for  all  positive  values  of  x  and  the  series  convergent ; 

.-.   /=  r  i  [«-«*-+>>«+''>'+«-{<*-+»^-'»)*] sin  mxdx 
Jo     0 

_f:r  ^ I  ^  1 


sum  — 


;,  by  the  Lemma,  (A) 


2a         prr  .        i  wir 
^  cos  ^— -  +  cosh  — 

q  being  positive  and  p  intermediate  between  q  and  -  q,  inclusive. 
Similarly 

r^^^<iOBmxdx^r(et^-e-P')(e-'i'-\-e'^'-\-..,)coamxdx 
Jo  sinhgo;  Jo  ^  '^  ' 

/*40  gn 

=  io  ?  [«-^^*'-^*^^-''>''  -  «-(<*^+»'«+'')*]  COS  iw.r  dlr 


_«r       (2r+l)y-p  (2r-fl)y4-p        "] 

r  L{(2r  + 1  )y  -;,}«  +  m«     {(2r  + 1 )  9  +;>}«  +  m«  J 


Bin  ^^— 


20^        on"  ,  mTT 

^  cos  *^  +  cosh  — 

9  9 


.(B) 
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2 


Writing   2jp   for  x  in  (A)  and  f>+|)P~|  io  Buoceaion  for  p,  and 
lUraettngy 

k  Snoh^jroosh^x 


8inh  — 


.    ,  fMT 

Sinn  — 


491       •/>"•.       ,  rnir      -    PIT  ,       ,  mr 
'\  -8in^-— +coiin-jr-    8in^--+co«h  — 

q  i  q  q 


pw  .  ,  tnx 

f.  .  ^                                  flin^-sinh  — 
nnhSflir  •    »       .       r            9  q 

1  «    am  2fw.v  ar  «  g- ''^ ^^ 
cosh  ax                       2a 


2a       1  «^v      •  •9»r 
^  cosh* 8in'^-- 

9  q 

pr  .  ,  ifiw 
sm  *—  8inh  — 

g      0 

q        2pT  .       ,  2fmr 


4'\. 


cos 


+  COBh 

s^  q 


(">?) 


lad  replacing  2p  and  2m  by  p  and  m, 

f.    JMT   .  ,  mir 
■I  liti^  sin^smh-;^ 

— r^-  sin  wm:  c?a;= - 
eouLQx  Q 


2a 2g 


*  C08^  +C08h  — 

g  q 


(g  positive,  p*  >  g').  . .  .(C) 


Treating  (B)  in  the  same  way, 
k  2  Sinn  Qx  cosh  ax 


pir 
cos*— 


-cos 


pir 


4q\        .    ptr  .        ,  mir      .    pir  ,  mir 

' \ -Bin*— +  cosh —    sin^— +co8h  — 

q  q         q  q 


pir      ,  mir 
V  o  cos  i—  cosh  — 

cosh  2px      o      ^      «• g  q 

,    sH— cos2mj?ajc=T;-  *  * 

.'0    cosh  ax                        2g       .,mir      .  -ott 
'  cosh' sin**-— 


r 


IT 


«^«       ,  mir 
cos*-— cosh  — 


q 


2pir          ,  2mir 
cos  -*--  +co8h 


9'\. 


{'•>?) 


and  replacing  2p  and  2m  by  p  and  m, 

iwr       ,  mir 
—       •  ^,^_  cos  ^  cosh  -5— 

j[^^^C08ma;da;=-— ^2 a.    (g  positive,  ;>»>g»).  ...(D) 


'  cos*—  +cosh  — 

q  q 


276  CBAROIXXTIL 

We  dins  lave  (p»>^) 


/    ?!!^,»«,ir=^ 1 . (A) 


f  f 


r  ^£f  .bi  „fc =T  Jli — !l, ip^ 

J.    cad.fr  *«.C?+,^!5r 

f  f 

.« j^  COS  ^r- O0>h -5— ■ 

/    ^l?c««rir=T a !l m 


iioa 

fi)  Pat  f  =x,  tlieo  (f>»>»^ 


f  '  It? 


/•  stnbxjT                    SoQsp+cxMhm'  A  ooilivx                      OMpTooZiii 

.  .  x£                    cns2p+oo8h2ai  I     ^.«f                       oosSp+ooshim 

(iii)  Put  p-0  ID  (A)  aod  (D), 

f«inmx.       ir  .     .mx  r'ocwmx.        r       ,  mr 

-.-T — dx  «r- tanh-^-,  /     — r — ar=^«ech-s-. 

•inbg4:          2^2^  Jo  coshfr         89          2^ 

(iv)  Putting  q^irm  these  results, 

fsin  mx  .       1 .     ,  «i  /*  cos  mx  .       1      ,  m 

sinhrx          2          2  yo  coshxj:          2          2 

(v)  Putting  m»0  in  (B)  and  (D)  (p^^f), 

Jo   sinbgx          2q        2q  Jo   coehqx          2q       2q 
(vi)  Putting  g«x  in  these  results  (^>x'), 

■  I  T'^dlr  -xtang,  /     — r^—dx^^aec^. 

•iobff'x         2       2  Jo  coshx.r         2       2 
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(vii)  Pattiiigg»|  in  (v)  (4p»>r«), 

(▼iii)  PutUng  fqin  (A)  and  (C), 

footharflinmxd^B^oothTT-,         /    tAnhqzslnfnxdx^^coaech-z^* 
^  2q         2q'        Jo  ^  2q  2q 

(ix)  Patting  gar  in  the  latter, 
J    eothvjrrinmjrdraxcoth  Q-)  /    ta,nh7rxBinnwdjp^-ctMech-^. 

INff.  Other  Modes  of  DerivatioiL 

Besides  such  integrals  as  those  indicated,  which  are  merely 
particular  cases  of  one  or  other  of  the  four  formulae  A,  B,  C,  D, 
many  definite  integrals  may  be  obtained  by  differentiation 
or  integration,  between  specified  limits,  with  regard  to  one  or 
other  of  the  constants  p,  q  or  m. 

Examples. 

1.  Taking  /    — -r —  dx=g  tanh  — ,  write  2m  for  m  and  integrate  with 
to  m  from  0  to  m.    Then 


/    cosech  irx rfjr  =  ^  log  coah  m, 

Jo  L  mT       Jq  2s 

rdx  1 

cosech  rx  sin'mx  -^  =  s  ^og  cosh  m. 

2.  Deduce  from  /    — r—  <ir=-8ech  -  , 

,  .    f* x%\nmx  J       1.     ,  m      ,  m      ,,.    T  sinwij:  dx     .     _,/  .  ,  m\ 

(a)   /     — r (fr  =  7tanh-8ech-,     (6)   /    — r ==  tan  M  smh  -  L 

^  '  /o    coahirx  4  2  2  '.'o   coshTrx  x  \  2/ 

3.  Deduce  from      /      .  .  ^  8{ninxdx=- 

Jo   sinh  irx  2 


sinhm 


2  cosp+coebm' 

.  .  r*  ,  ,         .  ^tnxdx    1.      /co8p4-co8hm\ 

(a)  /    cosech  irx  cosh  ttr  sin'-^r =  7  log  1  — f*-- L 

^'jo  2jc4®\      l+cosp     / 

...   /■•     sinhc-r  .  ,  1      sinhm  sin  0 

(6)1    X -:-i-^— Bin  mx  dx  =^  , ; u^«> 

Jo      sinhiror  2  (cosp  +  coshm)* 

,  .   /*•     coshfu;  ,  1  l+cospcoshm 

(c)  /    X    .  ,  ^^  cos  mar  etr  =  x  / — r — vo- 

^  \to       smhirx  2  (cosp  +  coshm)* 
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4.  Deduce  from 


/••si 
Jo  si 


smh  px  ,1 

Sinn  TTX 


B\np 


Jo   si 


sinhiM?   .         dx 
— «--smmr  — « 


2  coep+coshm' 

.  ^r —  o.«  «-.      —  tan~*  f  tanh — tan  § \ 
smnirar  x  \  2        2/ 

And  it  will  be  obvious  that  a  large  number  of  such  results  may  be 
obtained.  The  results  of  putting  m—O  will  in  many  cases  lead  to 
integrals  obtained  in  a  different  manner  earlier. 

IIOS.     Oroup  L.    Poisson'B  Formulae. 

Let  f(x)  be  a  function  of  x  such  that  Taylor's  Theorem 
gives  convergent  expansions  for  f{a+u)  and  /(a+ti-^),  where 
u=e**.    Then  expanding 

/(a+t*)+/(a+u-») 
=  2  [/(a) +/(a)  cos  e+ i-,/'(a)  cos  2e+i  r'(a)  COS  3e  +  ...^^ 
Multiplying  by 

1 — o^"   ^  ■    ,=l  +  2ccose+2c«cos2e+...,     if  c«  <  1, 
1  — 2ccos©+c*  ^   ' 

or  by 

j32^^0+^=l  +  2<^'co8^+2c-*cos2e+...,  if  c«>l, 

and  integrating  between  0  and  x,  we  have 

Jo     l-2ccos6+c«    ^g=iII^,l/W+^W+2i/  W+-I 

;^{/(a)+c-V'(a)+|^/'(a)+...} 
2x 


or 


=^rrT/(«+^"')»    ifc«>i. 


Examples. 
1.  Show  that,  tt  standing  for  e*', 


f 


sin 


^-  1-2CCO8  0+C'     ''^=-S  (/('*+')-/(<'))     (•'«^<1) 


iir 


or     =-{/(a  +  (r»)-/(a))     (if  c«>  1). 


/. 


2.  Show  that 

'  l-2^^+c«  {/(«  +  u)+/(a+ti-»)}  rf^=ir(/(a)+/(a  +  c)}     (c«<  1) 

or     =ir{/(a)-/(a  +  0)     (c»>lX 
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3.  Show  that 


r (r:i^5^+^l^(-+») -/(«+•-')} rf<»=i^/'(a+«)   (c'<X). 

4.  Tkking/(x)«j^,  show  that 


ft.  Show  that 


r  1     o"°  ii^^ (1 + 2a COB ^+  a»)5 sin ("n tan"*     !^"^^) dO 


=g{(«+^r-«'*}  («'<1). 


&  Show  that 

sin^ 


U  {I -ic  COB  d-i-trjr^  '        \  a+coaO/ 


n(o+c)"-»    (c'<l). 


2(1 -c«) 
7.  Deduce  known  results  from  4,  5,  6  by  putting  n—l. 

Jb      l-2ccoBar+c*  1-c*         ^         ' 

1109.  Group  M.  Abel's  Fonnala.  (See  Bertrand,  Calc.  Int, 
PL  171.) 

Sappoeing  F{c+a)  capable  of  expansion  in  a  series  of  powers 
of  er*  in  the  form  Af^+Aie-'*+A^e~'^*+... ,  whether  a  be  real 
or  imaginary,  then  putting  t^t  for  a,  we  have 

A.+AiC06^+AtCoa2l3t+.,.  =  i{F(c+il3t)+F(c-t8t)}. 

It  follows  that 


r  F{c+iPt)+F{c-iPt)  ,. 
Jo  b*+fi 


- 1:( 


[o     ^  i4iCos/8<^i4,cos2/8<^ 


62+<2  '     fe2+<* 


b^+t^ 


..)dt 


=^{Ao+A^e-'f^+A^e-^'f^+.,.} 
=^F(c+bP), 


In  Abel's  Formula  6  is  taken  as  unity. 


m^m^ 
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EXAMPLBB. 

1.  Taking  jP(i)=jr«, 

l^(c+t)8l)+ J'(c-ii3«)=(cHi8«<«r*2oo«  (» tan-»^) ; 


I 


0       (c«+j3*^«)» 
2.  Deduce  the  formulae 


5^-25(c+6/3)-. 


^"^  Jo  (c«+a«<«)(6«+<'0    ~: 


2&cc+a6' 

(h)    r  <^n<t>coB*if>di>  _ir     C*-^  rBBRTRANDl 

^'^^  Jo  a«co8»<^+c«8iii«<^~2a  (c+a)"*  L^kRTRAND.j 

a  Show  that  jr''-^''>-y<'-«))..=^^^->-. 

1110.  Group  N.    A  Bet  mainly  due  to  Cauchy. 

I«    (fa 
-^ 2  (a>0)  has  infinities  at  a  and 

at  —a.    The  latter  lies  outside  the  range  of  integration. 
Now 

Jo    a^-2^    Ja+,a«-x*     2a L   ^a-xX        2a L   ^x—aj 

1  ,      2a-€     1  ,     2a+J7     1  ,     17    2a-€ 
=  2i^^S-r-2-a^^S--l-  =  2-a^^S-e- 2^+^- 

If  17,  €  be  made  to   vanish  in  a  ratio  of  equality,  this 

I*    dx 
-g j  is  ssero. 

1111.  Consider  next  the  Principal  Values  of 

dx  X      f*  ix^dx 


la+. 


»^)(»'-+p*) 


'  ^*Ho(s 


«-a;*)(x2+p2)- 


1     r  dx        1     r 

^""oHy  Jo  a^^^"*"aH^  Jo  «^+p* 


(fa    _/\  I       1         ^  __  ^       ^ 


=0 


+pUoa^+P*  oHp*    2p        2  a«+p«' 


If  then  <f>(x)  be  such  a  function  as  can  be  expressed  in 

A 
partial   fractions  of   the  form   <f>{x)='S,^ — -5,  we  have  as 

Principal  Values, 


a«-a;2' 
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where  F{x)=x*^{x),  provided  I<j.„  J^S  ^  fi*"*®- 

[nie  rwalta  obtained  in  the  following  articles  to  1118  are  all  Principal 
Value*  of  the  aeveral  integral!  diacussed.] 

1112.  Thus,  for  instance,  since  we  have 

,    .         l.oV>       ««^  1  ,  A  (-l)'-2a*« 

it  follows  that,  considering  Principal  Values, 

...    f*tan(Lr     dr  ir  tan  top  ^  ^     v 

«./.  -r?+^     =^~^       =^tan«>«p, 


sec  or 


X  cot  or 


dr 

dx 


—  secuip        =^9echop, 


li«+:r*    =J*pcottap    =|cothflp, 


(A) 


(iv)   /    jrco8ecar;^v~^=g-ipcoBOciap»5C08echap. 

1113.  Again,  it  is  dear  from  the  expressions  for  sin  (^  and 
cos  9  in  factors,  that  the  fractions  (a  <  6) 

sin  ox    cos  ox      sinoo;      a;  sin  ox    xcosoa; 


sin&x'   coebc'   xCosbx'     cos  be  '     sin&x  ' 

are  expressible  as  the  sums  of  an  infinite  number  of  partial 
fractions  with  pure  quadratic  denominators  (e.^.  see  Ex.  52, 
p.  169),  and  therefore,  when  a  <  6,  we  have  immediately 

...    r*  sinox     dx    _w  BJnh ap  ....    r* coa ax    dx        jt  coah ap 

^'  ]%   sin  &r  p*+*'~2p  sinhftp'  h   cos  &r/>*+j:*~2p  cosh  6p* 

.....    r*  sin  ax       dx v  sibhap   ..  .    r*  sin  or    jr  rfr ir  sinh  ap 

^'"^  ;•   coS^x(p«+aJ»)"2pcoeh6p*^*^W»  co8&ip»-K?~  "  2  coehip' 

/   \   r^co^gJP    jrcjg      IT  cosh  op  ..,. 

^""^A   sinli  j^+^""  2  sinh  fcp ^"^ 
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1114.   In  tlie  limit  whan  a sO^  we  have 
result^  bat  from  (ii)  and  (y^ 


ip.  ...(C) 


f»+jt»  '^"i 


(D) 


Alao  io  the  ciae  when  a »6,  we  have, 
(i)  and  (u)  become  j^-^=^, 

(we  Art.  1007X 
(V)  jf  ^^Ar-feothip    (fromA(ui)). 

11 15.  The  cases  in  which  a>b  can  readily  be  obtained  by  means  of 
the  following  identities.  Let  as2r6+e,  where  r  is  an  integer  and  cis 
positive  or  negative,  but  nnmericallj  less  than  6. 

sinoj?    sincjT 
sin&r    sin  &r' 


(1)  2(coe(a-6)x+coB(a-35)x+...+cos(a-2r-l6)j4 


cos  ox 


(i)  2{co8(a-6)x-co8(a-36)*+...+(-l)^»co8(a-2r-l6)*)=^:^^-(-iy 

COS  OJP 


.COBCX 


Bin  ax 


COS 

.sin  ex 


(3)  2{sin(a-6)a?-sin(a-36)*+...+(-ir"»8in(a-2r-l6)x)=^^^-(-iy^^, 


(4)  2{8in(a-6)x+sin(a-35)x+...+8in(a-2r-l6)jr} 
Now  r^^dx^fr^,        r^ 


cos  eg    COS  or 
sin&r    sin&ff* 


rx  j^    E 
f^  +  ^  2 


/p^^^^-^0-^-^    (r>0,p>0). 


Therefore 


/    2;co«(a-2r-l6V 


dx 


/>*+*» 


{^-(— »b+e-(— JWP+..,  to  r  terms} 

IT  €-^-€^^ 

Ap    sinh6p  ' 


X2;(-ir-cos(a-2r-l6)x^j^      =4^         eoshftp        > 

jo  r^     1;      sin^a    xr    ^  «^;*<p(p.+^)-2p2  \i  _(_1)  2cosh6p      J' 


xdx 


4    8iuh6p 
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Hence,  if  as2r6+e|  c'<  6*,  we  have 

rsinqjf     dx    _^^  r*y       .   _o  _.  .v       dx        T  vlvlcx    dx 

IT  €~*'^-f^  ,  IT  /sinhcp  \ 

aooordiug  as  0>c'>6',  or  c=0  or  c=6. 

1116.   Thus  we  have  the  several  cases  : 

{k\  /^""^^    ^  IT  sinhap 

Jo  si         ""       ^      ™ 


sin  &r  !>*+*' 


or 


or 


or 


2p8iuh  6p' 

—  0    ^r  g"'^-g""^     IT  sinh  cp_  ir  coshcp-e"^ 
"    '  2]p  2 sinh !i|p     2psiuh6p''2p      sinh6p 


-2.^ 


2p  2sinh6p 


a<6, 

a=2r6+c, 

a»2r6,c=0, 


«2..^ 


-^+^_ 


yp\    f^otMox    dx 


or 


2p  28iDh6p     2p 

V  coshap 
2pco6h  6p' 

«2    ^  g^"^-(-iye-^    .     ^y.ir  coshcp 
'  2p       2  cosh  bp         ^         2p  cosh  6p 

_ir  (-lysinhcp-hg-^ 
2p  cosh  6p  ' 

IT       g-<»» 

2p  cosh  bp* 


2p  sinh  6p ' 

IT  cosh6p-e-*»   ^    io^.i\fc 

=o   Hnrn 1  a«(2r+l)6, 

2p      sinh6p         ^^j^ 


a<6, 


a«2r6+c^ 


as»2r6,c«0, 


or 


«9    ^  g"^-(-irg^|  /     ivH 
2p       2cosh6p       ^^     ^2p 

_^ir  (-iysinh6p+gr<»» 
2p  cosh  bp  * 


a=(2r+l)6,c=6. 


f(n    /^gJP  gJ^       ^  IT  sinh  ap 


or 


2, 


ir  ri 

2i?L" 


2 


or 


or 


a<6, 

^p-(-l)fe-^-|  IT  sinh cp 

2?L        2  2 coshcp      J^^     ^  2p«co8EJp 

=  ^L^-<-^>  -^  cosh^ i  a=2r6+c, 

-2  IT  ri-(-ir  ^"^-(-ir^io 

"      2p«L       2  2cosh6p      J^ 

-  IT  r       e~«>  -] 


2p» 
a=(2r+l)6,c-6. 
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Jo  cc 


sin  or  xdx 


COB  &a?  fi*+ jr* 


or 


or 


or 


J9    81 


coBOJ?    xdx 
sinbxp^T^ 


or 


or 


or 


-2  - 


IT  Binh  gp 

2coBh6p  ^      '2  cosh  2^ 


a<6, 


2  coehip        ^* 


a»2r6+e, 


-2  !!! 


=  2. 


2cosh6p  2      ooeh6p     ' 


a- 
c- 


2rb, 
0, 


^^(_„.g_|u„h6p) 


a=.(2r+l)6, 
a<6, 


2        2coeh 

2  coehfrp' 

IT  coehop 
'"2  sinh  «p' 

-_Q  IT  e"^~e"*^    T  coshcp 
■"         2   2«nh6p'''2  8inh6p 

~2        sinh  ftp      * 


ass2r6+c, 


-i.Z 


«  ^  .  ,  .    -f'~coth6p 
2  28inb&p     2  ^ 


_ir8iDh6p-t-e~^» 
""§       siDhip      * 


a=(2r+l)6, 


1117.  Adding  the  results  of  (D)  to  p*  times  those  of  (CX 

r^?-°'    l(^-(-'n    ln-(-l)Oor|  according 

a<6,    a=2r6+c,        a=2r6  or  aa=(2r+l)6. 


If  a  =  6  we  have 


r 


tanojr 


dr=^  as  established  in  Art.  1007,  and  used 
X  2 


above.      The  majority  of  these  results  are  due  to  Cauchy  {If^ni,   cUs 
Savant  A,  T.  I.].* 

1118.  Some  of  the  general  results  above  (a<b  or  as=26+c)  may  be 
derived  from  others  by  differentiation  with  regard  to  a ;  bearing  in 
mind  that  if  6  be  kept  constant  da^dc 

Differentiation  with  regard  to  6,  p  or  p*,  or  integration  between 
specified  limits,  will  furnish  other  results.     For  example,  taking  a  <  6 


rsi 
-r 
81 


Bin  or 


dx 


Binh  a 


sin  6j?  p* + •r'    2p  sinh  bp 
to  h  between  bi  and  6, ,  we  have 


^  and  integrating  with  regard 


r 


btX 

tan  -|-         , 
.in  <«log—^  ^^^j^^j=^8inh  ap  log  - 


tanh 


hE" 


tanh^ 


*8ee  alao  Legendre,  Exerdcei,  vol.  ii.,  p.  174  ;  Gregory,  Ex.,  pp.  491-499. 
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or,  differentiating  with  regard  to  />, 

rginojf      dx         _E.  ^  / jinhjop  \ 
sin&r  ip'+^y'^     4p  3p  \p  sinh  bpJ ' 

Again,  since  /       a      «  ^^1  cosech  p  (from  Art  1114X  we  have 
f  co.«x[tan-.g^Ar=|  j^^^=|  [log  ^]^ 


ke. 


r/'un-'&_tan-'&'\-^-^Iog 

/d\  X  x/8inx2° 


tanh^ 
tanh^ 


or 


ax  x\dx      T       ~^^^ 

tan-* tan*"*  — )-: — « -x  log  ^-^— , 
Pi  p,/8inx     2    *_,,£,' 


coth^ 


and  80  on  for  other  cases. 
1119.  Since 


f  cosech  1=1-  4  ■    i-h 


2<i 


/"fcosechf         y        "  .    lyT  *^  o,^  t  irT  ^"^^^ 

and  when  6  ii  an  integral  multiple  of  x,  ^nir  say,  we  have 

lliO.  Some  Special  Forms  given  by  Lbobndrb  (Exercice»,  p.  243)  and 
LavDKV  (Math.  Mem.,  p.  112,  etc.). 

write  1  -x^y  in  the  second  integral.    Then  {x<\) 

r''°8(»-^)fc,['-ig£fA. 

^«  4?  .%  1  —  X 

=-[iog(i-.)iog,x"+r'^^'^ 

-  -  log  a  log  (1  -  a)  +  /,'■'  H(Y')  Ar. 

HaBe.        (/;+jf'-)i2£<i::£)Ar=logalog(l-a)-J; 

and  if  ^(a)  he  /    ^^  ""'^'  dar,  we  have 

^(a)+*(l-a)-log«log(l-a)--^.  (i) 

•nd  *(«  =  i(logJ)«-^,    (a=J) (ii) 


12' 


Mi 
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Also  <^'(ar)  =  {log(l  -x)}lx,  and 

d  ^('^\_^.(-x\    -1        '^gp-^l^)     -1  1       ,      _1_ 

dx^\\-x)    "**  yi-xJil-xy^         1^7  (l-jr)«''«(l-jr)"**^l-jp' 

\-x 

Let  x=^yl(\  +y),  then 

<^(-y)+*(rf^)=«log(i+y)}'. 

«>•  *(--r)  +  <^(i^J=Hlog{l+.i:)P. (Hi) 

Again  <^(.)=jf'!2£(lz:^,l.=  -(£.4:+5+...); 

.-.    .^{a)  +  <,(-x)=-2(J+5+g+...)=J.^(x»);  (iv) 

•••    -'M^)  +  HM  +  *(l-^)-|{>og(H.*)}«.  (») 

(Lbobndrb.) 

X  "Jb-X 

In  the  case  r— — =x',    i.e.  jr(x*+l)=l     or    j?= — - —  =<»»  say, 
l+.r       »  V        /  2 

|*(a»)-.^(a)  =  i{log(l+o))«, 
J,^(l  -a)  -  .^(a)- j(log  i)'=iOoga)' 

But        <^(l-a)  +  <^(a)  =  logalog(l~a)-  — =logaloga*--g- 
=2(loga)^-^^ 
Hence  solving 

</>(l-a)  =  (loga)«-^,     <^(a)  =  (Ioga)«-g, 

where  a= — - — =28in^,     (l-a)  =  \/o?=f  28in:^j  . 

Thus 

r^"'=^'"('»'""S)"-s.f""''^»^^'^->.{"»s)"-i 

These  curious  i*e8ult8  are  due  to  Landen.    They  are  quoted  by  Bertrand, 
Cole,  Int.,  pp.  216-217. 

*•        nr*       jpS       jA       jrO 

The  series  |j+oi+oi+4«+5S+---^  *V^  i^  therefore  summable  in  the 
four  cases  j?=±1,  *=J,  j?=2sinj^,  *=f2sin^j. 
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PROBLEMS. 
Prove  the  following  results 

1.  {'oote(\og»eoff)*d0'^^.    2,  rtontf(logcottf)»i« 
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7«-«. 
1920 


8ir« 
63 


,     pa:«-a;  +  l,      1,      x«     1 


6.  j    (co«*^  +  8in«^co8«d  +  8in*^)ten^logco8ec^d^  = 
(ii)  [  tan^8ec>^8ec2^1ogcot^^^* 


2ir»-3 
48 


r2-3 
"I2" 


8r»  -  39 
12 

6ir«  -  49 


9.  p-^logldB 

Jo  1-^ 


a    pa* -4,     1  ,      2r«  + 


36 


-^""'^^"logirfx 


=  -6$**^-r»?'^"25$'*^"-""n2* 


-3 


-ns* 


„    ni-a;»,     1,      nir*    n-1     n-2    n 

^^'1/     '"O'-V^      ^^g^^^ 12 2.1« 

(n-2)(n4-3)     (n~3)(n-f4)  1 .  2n 

2.32  ••     2(n-l)«* 


32       •••     (n-1) 
U-(n+l)a;»  +  nj;"+i,      1  ,      n(n+l>^     (n-l)(n-h2) 


2.2« 


13.  (1)  J^og(8ec^)^  =^',       (2)  J^logsec^)* 

»  »• 

(3)  j'(log3ec<»).^-^,=  J.       (4)  j;(Iogsec<»)»^  = 


sin  ^""16' 
32" 


^og- 


**•  Jg^    n?^^"  f<      1«     3«     52     -     (2w-l)«' 


arih 


iW 
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9r«-8 
~72~ 


22.  r(l+taii*tf  +  ton<tf)(logton«)«iff=^  +  ^. 

23.  (1)  r(logcot«)«rftf-^,  (2)  r(logcotff)«rffl=^. 

9 

(3)  jy (log cot  0)0^0- ^J. 

24.  Prove  that  1  ^       H^f.^^^^,^,, 8in--i 26(16^^ log 2. 

J  0  (sin*  6  +  cos*  6^)2  n*      * 

25.  Elstablish  the  following  results : 

4t« 


106 
"27"' 


(2) 


n  log  tang  Y 
r^i  log  tang 

J.  H'-t)l 


y 


coa0de='2-ir*>/2, 


*     to  JO    Ifi**    32t< 


44ir<\    ^ 


9 


) 


V2. 
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26.  Show  that 


f 


^^j^ .  tan  e  (log  coeec  6)^-^(16 

(n.M)(2u-H) 


8 


where  -^^.^  is  the  n^  Bernoullian  number. 


27.  Evaluate 


»co^^8in»2^^ 
,      logco8ec6^     ' 


'"  I, 

^^  Jo     (logcosece^)*   • 


(2)  I 


'cos«(9Mn*^i£rf^ 
(logcosec^)*  ' 


28.  Show  that  f  ^^^  ^ = r^cosec^ax    (0  <  a  <  1). 

29.  EstabUsh  the  results  (a)  P^O"^)^^  _?;!, 

jq      Z  —X  12 

/ix  r  log*  J  »'      /  \  f'(iog«)' .     i7»» 


30.  Establish  the  results 


31.  Establish  the  result  I  — ,  "^     <ix  =  ^  cot  ^    (2  >  a  >  0). 

Jo     1  -«■  2i        2     ^ 

33.  Prove  that  f  «2^ ^„  logtan£±^    (,  >j,  >  - r) . 

Jo  coshira;  x         ^  i        ^       ^  ' 

33.  Show  that  (ir  >  a  >  -  r), 


<4s 


coshoo;..        ,      1        smhr 
-r-r —  sm  fzax  =  -^ 
smh  irz 


sinh  ax  ,      1 

cos  f  :z  oar  =  X 


2  cosh  r  +  cos  a' 
sin  a 


sinh  ITS 


2  cosh  r  + cos  a* 

sinh  do; 


Sinn  ira;         2        2 


cosnc  ,      1       ,  ,  r 
.— r —  oa;  =  y  seen"  r. 
sinh  ro;         4  2 


[Grsgobt,  Ex,<t  p.  495,] 
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34.  ShowUimt 


OOsllTZ 


eomrxdx 
ix 


\tm\ 


1 


(,>«>-rX 


35.  Show  thai 


[QmBOOKT,  JEc,  p.  486.] 


fi  being  a  positiYe  integer  >  2. 

37.  Show  that  the  int^;Fal  I     .    .    -i — ^  has  the  value  •=    .  4  * 

if  a  be  <6,  but  has  the  value  = ^-^ —  if  a>h  ands2r6  +  e, 

where  r  is  an  integer  and  c<h.  [f^  Pj 

38.  Prove  that  the  coefficient  of  x*  in  the  expansion  of  sec  2  in 
ascending  powers  of  x  is  equal  to 


39.  Show  that  f-Ll^  (logx)*<fa=2r« 

Jo  (1  +3r; 


[Math.  Tav.,  Pakt  L,  1888.] 


40.  If  xW  =  3!^  +  3i  +  5i  +  ---f  show  that 

(iii)  x(tanj)  =  J-j(logtanjy, 
and  that  the  value  of  the  series  x  (2).  is  known  in  the  four  cases 

a;=l,    a;a2sinr^,     x  =  >/5-2,    x  —  tan^. 

[LaosKDBB,  IKr.,  p.  247.] 
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qS^        /|p8        y\ 

41.  If  A(x)az-t-^-l-p  +  2j+ ... ,  Bhow  that,  ^(x)  being  as  defined 
in  Art  1120,  -      «      ♦ 

(i)  A(«)  +  A(1-«)  +  a(-j^) 

=  A(l)-log«..^{*)-log(l -x)<^(l -a) 

(ii)  JA(l)-A(i)  +  ^log2-iaog2)», 
(iii)A(l)-|A(4«in«^)-J*log(29in^)  +  |log»(2.in^). 

1111  ^^^^ 

[Landbm,  Malh.  Mem.] 
42.  Prove  that 


r 


*^,     l-asrfx 


^"2 


24 


[MoRLBT,  £.  r.,  9224.] 

43.  If  /(x)-/(0)+x/(0)+...+^^,/'-"(0)+j;/-'(te)  andr 
be  a  positive  proper  fraction,  show  that 

Jo      af  r(n  +  r)     J^      af        *    [M.  Trip.,  1883.] 

44.  Prove  that  I    8ina5*»rfx  =  5r(l  4- 1/n),  (n>l),  where  5  is  the 

Jo  \^ 

real  coefficient  of  the  imaginary  part  of  ( -  1)^,  and  hence  find  the 
value  of  the  integral  to  foiir  places  of  decimals  when  n  is  2  or  3. 

[SanjjCma,  E.T.,  13,609.] 

45.  Prove  that 

w 

n'tan-»?^^rftfrfm  =  ^-2log2,     (0<m<l). 

[SanjAna,  KT.,  13,636.] 

46.  Prove  that  [  [      co8*(^+<^)sec2<^rf^rf<^  =  i. 

[W.  J.  C.  Miller,  E.T,,  13,784.] 

47.  Prove  that  the  value  of 


i\- 


the  integral  being  taken  so  as  to  give  the  variables  all  positive  values 
eoniiBtent  with  the  condition  x  +  y  >  c;  (0<A;<1).   [Ox.  II.  P.,  1886.] 


^itama^imM 
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:-  (r(-)}" 

48.  Show  that  1   ...U/A(fe^<fe,  ...  (fa^^^^^  ^     ^^^1  , 

where  z^,  x^,  ...  x^  are  the  roots  and  A  the  disorimiiuint  of  the 
equation  x*  +PiX»-*  +  . . .  +  p^^x  +pn  -  0, 

the  integral  being  taken  over  all  values  of  the  variablee  such  that 
the  sum  of  the  r^  powers  of  the  coefficients  in  this  equation,  which 
are  all  positive,  does  not  exceed  a  given  quantity  a. 

(Hath.  Tup.,  1884.] 

49.  K  /m=r(cosa;-coso)«<&    and    •^m-^jj5s+ri^"»»  P"^^® 

(i)  m/^  +  (2m  -  1)  cos  al^_^  -  (m  -  1)  sin*a/^_^  «  0, 

^   '       "•     m!\8Uiaaa/    \8ina/ 

50.  If  /(«)  be  an  even  function  of  g,  and 

Use  the  expansion  of  3-  in  powers  of  sin  ^. 

51.  If  f{z)  be  an  odd  function  of  xr,  and 

1.       XI    .   r'  n  rt    (n  +  l)n(n- 1)  ., 

show  that  /2»-i  =  Y ^1  +  ^^ — j-;^2T3 — "  "^^ 

(n  +  2)(n+l)n(n-l)(n-2)  y 

+ 1.2.3.4.5 •^•+...  +  ^a..-i. 

[Olaishbb.*] 

52.  If  /(z)  be  an  even  function  of  z,  show  that 

show  also- that  I  f(x--\dx  is  independent  of  a. 

*Camb.  Phil.  Soc.,  1876. 


[Caucbt.] 


[Qlaisbbb,] 


iiii-— V-*WfePMIC^PI 


CHAPTER  XXVIII. 

DEFINITE  INTEGRALS  (HI.). 

1121.  The  Three  Integrals, 
/i=rcoBpdcosg0rf0=O  (pi^q);  or  ^  (p=g), 

I^—r^npO^nqOdO^O  (pi=q);  or  ^  (/>=g), 

/,=  l   tiJkpdcoBqdd6=0  {p+q  even) ;  or    ^  ^  ^  (p+g  odd), 
Jo  -P  ~^ 

where  J9  and  q  are  integers,  are  of  very  special  importance  in 
the  Theory  of  Definite  Integrals. 

p)  /i=J'coe/?^coBg^rfd=g  r[co8(p+g)d+co8(p-g)d]cW 

I  rain  (p-{'q)e    Bin  {p-q)ei' 
2L      p+g  p-g     X 

—0,  if  p  and  g  be  unequal. 

.'.  /j=0  if  p^g    and     =0  *^  P™^- 

In  the  latter  case,  viz.  p=g,  we  may  obtain  the  result  directly  without 
taking  a  limit ;  for 

(ii)  In  the  same  way 

/•»  ^ 

/t=  f    sin/?^8ing^rf^=0  if  p^tg    or     =-  if  p=g. 
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(iii)  FiDaUy 

^Ir    co%{p+q)6    co%{p~q)Oir 
i\_         p+q  p-q     Jo 


-^^4^{,-i-,^4-,}.."(-.r.-(-.m 

=0    or      J*   41 

according  as  f>+9  is  even  or  odd,  and  />,  g  unequal. 
And  ii  p—q, 

/8=2j['"°^P^^^"2["^^^  J   '^    ~X  ^«0,j?  being  an  integer. 

1122.  Important  Applications. 

If  then  F{d)  be  a  function  of  d  capable  of  convergent 
expansion  in  a  series  of  sines  or  cosines  of  integral  multiples 
of  d,  say, 

F(d)^Ao+AiCoae+A^co820+...+A^coRnd+..., 

we  have  ^  F(e)  cos  wd  dfl= J  ^ .  |    and     fj^ce)  dO^A^ir. 

For  upon  multiplying  by  cosnd  and  integrating  between 
limits  0  and  ir  all  the  terms  vanish  except  ^1^1  cos^nddO, 
which  becomes  A^.-^^ 


When  therefore  such  an  expansion  for  F(0)  is  possible,  this 
result  gives  a  means  of  obtaining  the  several  coefficients,  viz. 

Ao=-rF(d)de,    A^=-rF(e)eosn0de. 

Similarly,  if  F(d)  be  expressible  in  the  form 

i'(0)=^iSin0+^jSin20+...+^„sinfifl+... 

we  have     Bn=--\^ FiO)  sin nO dO. 


■  Ml.       »<  *    « 

'■     "ii   linrni 


fOLy 


Im  tke  WM  wmj.  if     ^D= J«-|-£  J,c»f#. 


jr/iD 


1 1* 


■^««^  /lDJc»(m+i4#^M»{B-4#}^ 


1    V 
2"  2 


J,+ 


and  so  oo  for  oilier  aimilaj'  appiicataoos  of  the  rales. 

1123.  Tliere  are  then  two  cmaes  for  which  the  roles  are 
partaeuhuiy  osefuL 

1.  When  F{d)  is  a  known  expansion  of  one  of  the  forms 

i^  soch  that  the  coefficients  A^,  Ai,  A^,  •••  or  Bi,  B^,  ...  are 
known,  the  meUiod  may  be  used  to  obtain  definite  integrals  of 
the  forms 

etc. 

2.  Conversely,  if  F{0)  has  not  been  already  expanded  in  such 
form,  ije,  in  a  convergent  series  of  sines  or  cosines  of  integral 
multiples  of  0,  and  if  such  expansion  be  possible,  and  if  it 

be  possible  to  obtain  the  value  of   [  F(6)  cos nddS,  or  of 

EJo 
F(d)8innddO,  the  values  of  the  several  coefficients  may 

then  be  deduced  as       ^  _i  |  j?»(^)^g 

A^=-  rFO)  cos nd  do,    B^-=-  fV(6)  sin nOdd,    (n  >  0), 

and  the  expansion  thus  obtained  holds  for  all  values  of  0 
between  fl=0  and  0=ir. 

1124.  Again,  if  there  be  two  convergent  expansions  of  the  same 
kind,  viz. 

/(^)  =  e,  +  C|C08^+C,C08  2^  +  C3C08  3^  +  ..., 
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then  plaiDly,  upoD  multiplication  and  integration  between  limita  0  and  r, 

and  as  a  case,  if/{6f)  and  F{6)  be  the  same  series, 

^  Jo 

1125.  Further,  if 

^(2r)B  Ao-^AiX-^A^+A^-^,.. , 

then  writing  ii=jf»»*,  v=jw-*^, 

^(tf)  +  ^(v)»2(ilo+ilixcos^+i4rc*coe2^+il9c'oos3^+—)f 
^(tO+^(v)=2(C;  +  C,«cos^  +  C^co8  2^+Ci«'coe3^  +  ...); 

"Jo  2  2 

and  as  a  particular  case,  if  4>  and  ^  be  identical, 

A.^-^A,^x»-^A^^a^-\-A^^af^-¥...^^r[<k(u)-^<k(v)7d6-Ao\ 

i,e,  when  the  several  terms  of  a  series  can  be  summed,  we  can  express  the 
sum  of  the  squares  of  these  terms  in  the  form  of  a  definite  integral,  and 
the  sum  of  the  squares  of  the  coefficients  will  be  expressible  by  means  of 
the  same  integral,  putting  4r»l,  provided  the  series  is  convergent  for 
that  value  of  jr,  t.e. 

1126.  Ex.    Thus  for  the  series  (1  +^)",  n  being  a  positive  integer, 

J.«+J,«+^,«+...=^r[(l+«*^-+(l+«-»^-prf^-l 


nS      , 
cos  -5- cos' 


i)v.-.. 


Similarly  for  the  series  tf*=l  +  pr  +  r^  +  ...,  we  have 

=  -  r  «««-•  co8»(8in  0)de  -  1. 

V  Jo 


'  I    .— ••-IM.a.l 
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11S7.  Again  we  may  express  as  a  definite  integral  the  sum  of  the  first 
r  terms  ci  anj  series, 

ifi(^)'^A^-^AiX+A^+A^+..,  ad  inf. 
For  writing  as  before,  y^xe^,  v— «s-^, 


*M^^*W 


>ii,+ilt«oos^+ilt«*oos2^+ilfS*oos80+ 


to  an  infinite  number  of  terms. 

sin^ 

Also        |.oos&^^^-:l+oosa+oos2^+...+oos(r-l)A 

sm^ 

Multiply  and  integrate  from  0  to  r ; 

.".  A^-^A^+A^-^A^-^.^-^Af^inr-^ 

.   rS 

8in-:r 


sin  2 


1128.  If  we  take  as  our  auxiliary  series, 
2        2ifc+r-l 


cos 


2 


^»oo8i&^+co6(iir+l)^+co6(ifc+2)0  +  ...  to r  terms, 


2 
we  have 


2 


is.  the  som  of  r  terms  of  ^(.r)  starting  from  any  particular  term,  k>0. 

Obriously  other  modifications  may  be  made.  And  provided  4^(x) 
remains  a  convergent  series  when  jt— 1,  we  may  put  1  for  x  before  the 
integration  is  periormed  if  it  be  required  to  sum  the  several  coefficients  in 
any  of  the  above  cases. 


1129.  Ezamples  of  Integrals  derived  fh>m  the  ForegoiDgPrindpleB. 
Since 


2«"co8«*ar=2     S    •"Q,co8(2n-2p)jr+«*C;, 

psO 


2*»H-Icob*»+1j:=2  'f    •"+»Q,co8(27i  +  l -2p)x, 

p=o 

p««-l 
(-l)"2«"sin«"jr=2     S    (-l)»""CpC08(2n-2f>)x+(-l)"«»C7„, 

p«o 

aod     (-l)"2«^»8in*»+«ar=2  '^f "  (-l)«'*"+»C7p8in  (2n+l-2p)«, 

p-o 
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we  have,  by  aid  of  the  previous  article, 

/   coe*"xco8  2iur(ir=^,     f  coB*^xcoB{2n-2p)xdx^^^p^, 

I   coB^xcoarxdx^O,    (r«jfcOX 

where  r  is  odd,  or  even  and  not  lying  within  the  range  from  2n  to  -  2ii 
inclusive.  (A) 

/    co8**+*xco8(2«+l)jtd!r=g^^, 

r  co8»»+» jp  COS  (2ii  + 1  -  2f>)x fltr -  *^^Cp  -  g^, 

/   co8**'+*x  cos  rr(ir=0,    (*'itO), 

where  r  is  even,  or  odd  and  not  lying  within  the  range  from  2n  + 1  to 
-(2/1  +  1)  inclusive.  (B) 

/   sin**jpco8  2njrd^=(-l)*Tj|j^, 
j  siii*"j:co8(2n-2p)a:c/a:=(-l)"+»««Q,^, 

/   sin**Jcco8rA*rfar=0,     (f^^O), 

where  r  is  odd,  or  even  and  not  lying  within  the  range  from  2n  to  -2n 
inclusive.  (C) 

r  sin'^H-i.^  sin  (2»  + 1)  J?  cir  ==  ( - 1)»  ^^, 
rsin«'H-ijc8in(2n  +  l-2j9)x(ir=(-l)«+**«+»Cp||^, 

/   sin'^+^jrsinrjytirasO, 

where  r  is  even,  or  odd  and  not  lying  within  the  range  from  2n  +  l  to 
-  (2n  + 1 )  inclusive.  (D) 

All  six  statements  in  (A)  and  (B)  may  be  summed  up  in  the  result 


.'0 


fcos^j?  COB  fix  dx  —  ^Ck-h  — ,     (/i^O), 
9     * 


x^ 


where  ^Cx-n  is  the  num1)er  of  combinations  of  X  things  — 5-^  at  a  time 

and  is  unity  when  /x=A,  or  zero  if  — ^  be  not  a  positive  integer. 

The  three  statements  in  (C)  may  be  similarly  summed  up  as 

fir  '^-^ 

sin^jrcosLLrflttr  =  ^Cx-MHr(~l)   ^       (X  even,  /x  ^fe 0), 

and  the  three  statements  in  (D)  may  be  summed  up  as 


/    sin^xsinLLr<ir=^Cx-MHr(-l)      '^         (X  odd). 
Jo  -9-  ^* 


fOLy 


iiaa 


>K]^  bj  Alt.  IISI  (iii). 
(i)  l*j['coiFilr«i(ai+l»x^ 


-1 


(4)  af»^»r'co««^»x«n(af+l)xd:r 

=  fT«'fr*^*CVco«(2ji+l -2p)xMn(2»+l)x1d:r 


=a 


(5)  ( -  !)•  2*»  r  Mn*»x  sin  Sat  (Ir 


»-«-! 


^rfa  "2     (-l)»*"CVco8(2ii-2p)x8in2jLr+(-l)"**C^8in2Arl</x 


0. 


(6)  (-l)"2*»/''8in«"x8in(2«+l)x(ir 

JO 

=  f'W'i.    (-l)»«"CpCoe(2ii-2p)x8in(2«+l)«+(-l)"»C>in(2«+l)r"l</x 


-5  2   *y     /     i\»t»/7  2(2<4-l) Lf^-i^ntHf       ^ 

(7)  (-l)"2**+*r8in»»+ixco8  2«r(ia; 

=  r  fs'i^C  -  ly  •*+'Q>  sin  (2»  + 1  -  2p).r  cos  2*r)"l  (ir 
Jo  L  pssO  -J 

^^*  2(2n  +  l-2p) 

(8)  (-l)"2«^»r'8in*«+»xcoB(2*+l):rdlr 

=  rr2  2  (-l)*«*»+*Cp8in(2n  +  l-2i>)xco8(2«  +  l)a:']fltr 


=0. 


aMMlfc 
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Thus  we  have  considered  in  Arta.  1 1S9  and  1190  all  cases  of 
I    cos^4rcosfurd!r,  /    cos^xsin/yurdLE^ 

/    8in^4?oosfurd!r,  /    sin^4rsin/yupd!r, 

for  which  A  and  fi  are  integers,  A  heing  positive. 

1131.  The  eight  expressions 

cos**xcos2jar,    cos**+*xcos(2«+l)4r,    cos*"«8in(2i+l)4r,    oos^*+*j?sin2«?, 
8in**4?oos2«r,    8in**+ij?cos2jir,  8iu*"4?sin(2i+l)x,    sin*"+»jr8in(2#+l)x, 

have  the  same  values  when  we  put  ir-«  in  place  of  x. 
But  the  eight  expressions 

cos**«cos(2«+l)jr,    cos**+*xcos2«r,  cos**jrsin2iLV,    cos'*+*jr8in(2#+l)* 

sin**4rcos(2*+l)x,    8in*"+»j-coe(2#+l)«,    sin**«sin2jir,    sin'"'*^4?sin2«r, 

change  sign  if  we  put  ir  -  x  in  place  of  x. 

From  these  considerations  the  integrals  from  0  to  ^  of  the  eight  in  the 
first  group  are  each  half  the  result  from  0  to  tt. 

And  the  integrals  of  the  eight  in  the  second  group  from  0  to  r  all 
vanish.    This  is  in  conformity  with  the  results  found. 

The  integrals  from  0  to  5-  of  the  eight  in  the  second  group  must  there- 

fore   be   found  bj  another   method,   viz.    the  reduction   formulae   of 
Arts.  249-267. 

1132.  We  have  also,  by  putting  for  8in*"x  its  equivalent  in  a  series  of 

n 
cosines  of  even  multiples  of  jt,  saj  Aq-^'^  Af^co9%rx^ 

I    XB\B*^x<ix=  I    x(AQ-^AtC09  2x-^A^coBAx-^,..-^Af^ctM2Hx){ix; 
and  therefore  integrating  by  parts. 


/    ar8in*"xdjr=Lr'{i4o'^+'^« — o —  +  -^4"^ 


ix  .     sin  2iur  "^  -|» 


2ir-U 


with  other  similar  results. 


[J  X*      .  cosZjt        -|» 
2  "0     2  2"»       *     2*»+Mw !)«' 


This  may  be  obtained  otherwise,  thus : 

/    jr8in**;rfltr=  -  /  (tt- jr)8in'"jrrfjr=  /    (ir-x)mi^X(ix  ; 

.'.I   xB\n**xdx=-^  I    s\n*^xdx 

(2n) ! 


_     2n-l  2n-3      1^    '^-^ 

■"^    2n     2n-2**2' "2""      2«"+»(n!)« 
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1133w  The  former  process  may  be  extended  to  find  f  :i^Mn^xdXf 
where  p  and  n  are  positive  integers. 
Thas 

^»  Jo  1  f>  +  l     Jo        1 


+j»(p-l)*»-«(-i^Mn8r*)-j.(p-l)(p-2). 


-^.^+Pr^'i|^-p{p-l){l»-2)'^i|S^+.... 

and  />  being  integral  and  positive  the  series  will  terminate. 
AJso 

^.-^-C;,    J,--^-C^„    ^4=2i^*"^n-.,  etc.,  J^-tz^'««(7, 

Hence 


df'sin    *<«*-2.ii-i\2p+l     ^«+^      tear)'     ^^^ 

-p(j>-l)(p-2)r«^i<-j=^'«"C; 
We  maj  obtain  similar  results  for 


•  >•  r* 


I    J8*sin**+*«dlr,      /    jF*cos**xdj?,      /    JF*cos*"+*4?djr, 

or  in  £mA  for  any  integral  of  form  j  x^F(x)  dxy  where  F(x)  can  be  ex- 
pressed as  a  series  of  sines  or  cosines  of  integral  multiples  of  x.  For 
instance, 

rjr»cosiM?^^^^tl[£  <ir= J  V(l +coe  2ar+coe  4:r+ ... +COS  2^^ 

cosfafd?- 


W^       Jo 


+(-i)'p!2 

1134.   Sesiilts  derlTable  from  Well-known  Series. 

Many  well-known  series  are  established  in  books  on  Trigo- 
nometry whose  terms  involve  sines  or  cosines  of  intefi^l 
multiples  of  0.  And  such  series  furnish  many  definite 
integrals  by  the  application  of  the  rules  of  Art  1121. 


■  I  -1  -^ 
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For  coDvenience  we  quote  a  number  of  the  more  importaDt : 
1-  1     J~^^.    1         =l  +  2aco8^+2a«coe2^+2a»oo83^+..., 


or 


2. 


or 


l-2acos^+a' 


1-ocne^ 
l-2aco8^+a* 


2  8  2 

—  -1  --coB^ — i008  2^--3Coe3^-..., 

=8in^+a8iu2^+a'8in3^+...t 

= -=  sin  ^+ -i  sin  2^+ zi  sin  3^+ ... , 
a*  (T  <v 


or 


- 1 +a  cos  ^+a'coe  2^  +  a'coe  3^+ ... , 

1 


=  --icoe^ — iC08  2^--iCoe3d-..., 


4. 


cosO 
l-2aco8^+aS 


==j^^+Y3j,(co8^+acoe2^+a«coe3^+...X 


o«<l, 


a«>l 


or  =  ,]    ,v+T^^!^fco8g4--coB2^+^coa3g-l>...\  a«>l. 

6.  ]og(l-2aco8^+a*);=-2(aco6^+iaSco82d+iaScos3^+...X  a'<l, 

or  =loga*-2[-co8  6^+o-t<^<^^^+3^<^^^+«")> 

6.  fam-i    g»'P^  =a8in^+ia«8in2^+Ja»8in3^+..., 

or  =^-^_^l8in^+^sin2^  +  isiu3^+...\ 

and  in  each  of  these  cases  a  may  be  changed  to  —  a. 
We  also  have 

7.  log(2coe5J=     cos^--co8  2^+^cos3d-...,    (-7r<^<ir). 

8.  logf2sin|j=-coB^-icoa2^-^co83^-...,    (0<^<2t). 

9.  log(28in^  =-cos2^-Jco84d-Jco86^-...,  (0<^<ir). 

=     sin^-58in2^+58in3^-...,    {-•ic<d<it\ 


-I 


11. 


2 


12.  - 


*■    ^  =     sin^  +  ^sin2^+i8in3^+...,    (0<^<ir). 

=     sin^+^8in3^+i8in5^+...,    (0<^<ir). 

tS  o 

It  will  be  noted  that  if  n  <  1, 

log  (1-71  cos  ^  is  a  case  of  log  ( 1  -  -       ,  cos  0  \ 

the  value  of  a  being  given  by      1  +a*=  — , 


or  putting  a— tan  3, 


n^sino. 
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or 


Thus,  siDoe 

^^J^«l+a«+22a»[ii(l-a>)  +  (l+a«))co8n^,    a«  <  1, 

^£i^=a«+l  +  i;|[«(a«-l)  +  (a»+l))co8«^,    a«  >  1, 
we  have,  bj  differentiating, 

and  80  on. 
Again  a  aeries  for  — ^  may  be  found  in  terms  of  the  series  for  -^  and 


] 


I* 
For 


cos^     1    l+a'-tt     1+a*     1       1      1 


u 


m 


2a        u 


m 


2a    '  u'^    2a  w**^* ' 


1138.  Other  powers  of  sin  6  or  cos  6  in  the  numerator  may  be  readily 

arranged  for. 

sin  Q         1       * 
Thus,  since  — 5-  =, a  2na*~*8inn^,  (a'<i),  we  have 

sin'^  1        £,     -,«•/»•      /» 

2nrt*-*2sin^sinn^ 


2(1 -a*)  1 


2  n«"-Hco8  (n  - 1)^  -  cos  (»  + 1)0) 


2(l-a2)- 

«^j-^[l+2«co8^  +  (3a«-i)cos2^+(4a»-2a)coe3^ 

+  (5a<-3a«)cos4^+...],     a«<  1. 

And  if  a'  >  1,  a  similar  result  may  be  obtained.  These  results  are 
mainly  interesting  from  the  definite  integrals  which  may  be  obtained 
from  them  by  the  aid  of  the  results  of  Art.  1121  ;  and  to  this  matter  we 
now  turn. 

1139.  Definite  Integrals  immediately  derivable. 

By  the  application  of  the  rules  of  Art.  1121  to  the  series  of 
Art.  1134,  we  have  at  once  the  following  definite  integrals. 
Put  1— 2acos0+a'  =  ^>  And  consider  in  each  case  n  to  be  a 
positive  integer. 

(1)  r^^=-jL_ 


cosn^ 


\-a^ 


a2<l 


►  from  Series  1. 


.a«>l 


^j^m 


A^mAIHi 
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a^<l 


(4)  fi^i^ 

(3-)    n^  = 
Jo       u 

.  -    f"  sin  6  sin  11$     ir    1 


>  from  Series  2. 


2a« 


-a«>l 


2  a~+»; 


*  1  -  a  cos  6 


dd^ir 


.a«<  1 


•  "  l.a»>l 


.  from  Series  3. 


(7 

(8 

(V 

(8- 

(9 
(10 

(»' 
(10' 

(11 

(12 
(13 


/■"COS 

.'o       « 


co8^  ,^       ira 


dd=^ 


pco8^co8n6/^^^^l+a«^n-i  („  >  Q) 
./o  u  2  1  -  a*  ^ 

7ra'  +  l     1 

<*C=o 

.'0 


a«<l 


.  from  Series  4. 


u  2  rt*  —  1  a"+*  J 


a«<l 


/  cos  nO\ogHd6 

Jo 

j  log  u  do 

I  cos  n^  log  u  dd 

j  log  u  dd 

I    sin  n^  tan"*  y- L ''^  =  s"  <*"»     «*  <  ^ 

7o  l-acos^          2»      ' 

r*   .       ^         1     sin  ^     j/i       X    1  o      , 

Jo  a  -  cos  y            2n  rt*» ' 


a«<l 


=  0* 


---«"t, 


=  TT  log  a** 


>  fix)m  Series  5. 


a«>l 


=0*,  when  a-\^    from  Series  9. 


from  Series  6. 


*  PoiBSon,  Journal  de  fJEfcoIe  Polytechnique,  xvii. 
f  Legendre,  BoBtrcices,  vol.  ii.,  p.  123. 
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(14)  jrco8ii^log(2coe|^</^=(-l)"-*^,  from  Series  7. 

(15)  j    008  ii01og^28iD  Tj^^^-^i    ^roi"  S<^"^  8* 

Illustrativs  Examples. 

114a  Denoting  1  -  2a  cos  d+ a'  by  « : 

1.  Deduce  from    /    logudd^O  or  ir\oga\  as  a'   is  <  or  >  1,  by 

iotegration  by  parts, 

''SsmO 


or 


2.  Deduce  from  Series  3  and  3',  Art.  1135, 
sind 


/■»  sin  ^  j/i         2  /  •  ^  ,  N  2  /  •     ,  \ 


3.  Show  by  direct  integration  that 
^sind 


r?l!L^rf^  =  ],og}±5    (a^<l) 


or 


1 ,      a  +  1     ,  ,^,v 
=  -  log r    (a"  >  1). 


4.  Prove  that       f""  ^7"^rfO=^  ^    (a><  1) 

Jo  tt*  2    1  -  a'     ^  ' 


or 


nir  a 


-n-i 


2  a«-l 


(a«>l). 


5.  Prove  that  /    -j-v—yz ^rr-    (o'<l). 

Jo  vr  (1  -a')*       ^  ' 


6.  Prove  that 

tr 


j['£^rf<,=  l_^{(l_„.)V+3(l-aV+2(l+4a«+o«»    (a«<U 


7.  From  the  formulae  of  Art.  1137,  deduce 

sin*^ 


or 


rsin*^,^    IT       1  /2^i\ 

Jo  1?-^^=  2(1^:^3   («^<i) 

=1(^^  <"'>^)- 

rsindsinnO  ,^    ir   wa**~*   ,    ,,       «  .  /,       «vt     /  •      .% 


or 


X  na 


4(a2-l)3 


[n(a«-l)  +  (a»  +  l)]     (a«>l). 


^mtm 
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1141.  Series  for  Evaluation  when  the  Integral  is  not  ezpressihle 
in  Finite  Terms. 

Again  we  may  obtain  the  values  of  many  definite  integrals 
of  this  class  in  the  form  of  series  which,  though  they  may  not 
be  capable  of  summation,  will  nevertheless  serve  for  their 
numerical  calculation. 

ForiDsUnce,    r8in2^1og(l-2aco8^+a«)(/^    K<i) 

-     of    ^      I  ^       ^^    ■  ^       ^'    ■      "1 

r       g        I      "^      ,      «*      ,      ^'^      ,       <^       ,      1 
""    L(-l)1.3^1.3.6^3.6.7"*"6.7.9"*"7.9.1l'*'*"J 

1142.  Again,  since  sin(2>+l)fl— 8in(p— l)fl=2sindcosjp0 
we  have 

when  p  is  integral. 

That  is,  putting  Up==\      .  ^  dd,  we  have 

Up^i = Up-i = tiy_3 = etc., 

and  Ui=r?J^(W=7r,    u^={'^^ de=[' 2cosede=0; 
Josm0  ■    Jo  sine  J^  ' 

Again,  p  and  q  being  integral, 

rgE^cosgede=ir^''^<P+^)^.+r^^""^^^^e 

Jo  sm0        ^  2 Jo  8m0 

=0  if  1?+^  be  even,  or  if  p+q  be  odd  and p<q, 
=ir  if  2>+^  be  odd  andp>g. 

Hence  if  F(0)  be  a  function  capable  of  convergent  expansion  as  a 
series  of  cosines  of  multiples  of  6^  say 

/•(^)  =  Jo  +  '^lCO8  0  +  J2CO8  2^+...  +  i4yCO8r^+..., 


and 


/.'^^^S^^^^'')'''' =(-<»+ ^« + ^* +•••+ ^")'- 
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Illustrative  Examples. 
1143b     1.  Thus,  since 

whilat,  Up<n, 

i.  Apply  Art.  1142  to  show  that,  if  us  1  -  2a  cos  0-^a\ 

r*sin 
Jo     8in^ 


'«su2ii^coed  ,^        l+a«   1-a**     /  i^,x 

dft  —  irz i'-r r      (a"<l). 

u  l-a"l-a"^  '^ 


8.  Prove  that 
'«ein2ii^ 


1144.  A  Seduction  Formnla. 
Letu=  1  — 2aco8d+a^ 
We  have  seen  that 


lx-)^-jf-=r:i^«  (a«<l)  and  ^-^  (a*>l), 
p  being  a  positive  integer. 
Let 


Jo    ^" 


Then 


(cos  6  —  a)  ci© 


fcos;)©  1— a-— w  ,^       1  — a*,         n. 


an  equation  by  means  oF  which  the  successive  values  of 
A*  ^$»  ^4»  ®^»  ™*y  ^  deduced. 
1145.   We  have 
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/gg         ,,,  (a'/a)}  which  after  a  little  reduction  takes  the  form 

^ji^iT,,  where  ir,=(p+l)(p+2)-2(p+2)(p-2)a«+(p-2)(ii-l)a«, 

Id  1      ira' 

/|g-_  ^  ^(^'-^a)!  which  after  reduction  becomes  =-j  .-_   t\T-^4  > 

where -«r4=(p  +  l)(p+2)(p  +  3)-3(p+2)(p+3)(p-3)a« 

+  3(p+3)(j)-3)(j)-2)a*-(p-3)(j)-2)(p-l)a«, 

and  80  on,  the  law  of  formation  of  the  successive  values  of  K^  being 
obvious,  and  it  may  be  verified  inductively  bj  substitution  in  Equation  (1) 
that  the  general  form  of  the  result  is 

^»"(l-a«)««-i  ^'L*+       ^»    1+p    "*+       ^»       (l+l»)(2+J>) 

,  „,^  (n-l-p)(n-2-p)(n-3~i>)   .        T 
^       ^'^        (l+l>)(2+p)(3+rt         ^^  +  -J' 
a  form  due  to  Legendre  (Exercices,  p.  374). 

If  we  replace  ^+^^Cp  by  its  equivalent  ^"^V^"^,^^ 'V  ^n^""^^   the 

same  formula,  with  the  sign  changed  and  -p  written  for  p,  will  suffice 
for  the  calculation  of  the  corresponding  integrals  in  the  case  when  a'  >  1. 

1146.  As  particular  cases  we  have,  if  a'<  1, 

fT**'-in^c«)['*n-;-]-(i^to*')-c->)-i. 

=  ^(-i^5[CP+l)(P  +  2)--2(p  +  2)(p-2)aH(p-2)(p-l)a«], 

etc. ; 
and  if  a'  >  1, 

etc 

1147.  Some  Special  Cases. 

The  special  cases  when  p— 0  and  p=n-  1  are  interesting. 
Ifp=0, 

r^'^(i~r«)«^^[^"^""^''"'^''"'^»'^'+'*''^3v-H...], 

the  several  coefficients  being  the  squares  of  those  of  the  binomial 
•zpansion  of  (l+i)*-*. 


■ra   1 


Tbiia 
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If  p«>i»  — 1,  we  have 

Here        j»«0    and    /,«-.    ^^mO +<**)  = 


(l+a=). 


Again,  7,=]^  ^«_jr_.(l  +  2V+a^,  etc. ; 

tad  it  will  appear  generally  that  in  the  case  of  p^O,  the  only  change 
peccaaarv  In  the  previous  results  will  be  to  replace  1  -a^  by  a'- 1. 


1148.   Extension  of  the  Bednction  Formula. 

It  may  be  remarked  that  any  integral  of  the  form 

is  subject  to  the  same  reduction  formula  as  that  used  in  the 

last  article,  viz. 

1       d 


/n.l  = 


l-a^da" 


(a"/n). 


For   -5-"  =  2n      -^(cos 6- a) dO  =  n\    —^ dd 

da         Jo  u*+^^  '  Jo  tt"+*        a 


1  —  a*  •         n  • 


a 


a 


giving,  as  before,      /,+i = j— ^  ^  (a~/n). 

Hence  in  all  such  cases,  if  7^  can  be  obtained  in  finite  terms, 
80  also  can  all  the  rest  of  the  group  1^,1^,1^,  etc. 
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1149.   We  shall  show  for  instance  that  this  is  the  case  with 
the  class  of  integrals 

I^=  I    — n^*  P  being  a  positive  integer. 

To  do  this  it  is  only  necessary  to  show  that  /^  is  expressible 
in  finite  terms,  and  we  shall  find  that 

"T-Jo  "T"**^" i ■*" 3 + S +••• 

to  I  or  ^  terms  -{a^-a''')ULn}r^(L (1),  (a»<lX  ...(1). 

Take  the  cane  p  odd=2X  +  1,  say, 

"*<^^  +  ^'L(2X+2)*-(2X+l)»'^(2X  +  4)»-(«X+l)*+-  •*  ^J 
"2XTT"[^(rr2A-OT)+'^(^ 

^    o*^  a«  1  a«  a*^ 

-  J  +     3     +-+2X^'*'2X+1'*'2XT3'*''"'*'4X+T 

r  2A+K    K-t         1    ^    I.  I      «*    »'  ^'""^    »*'"*"^  •''"*■^ 

.      l-a«r«in(2X  +  l)^,.    a*^-a-^    a«^-«-a-<*^-« 


+    -         3  +... 


And  in  exactly  the  same  way,  if  p  be  even  &=2A, 
l-a»r»«in2X^,^    a*^-l-a-(2^-«    a«^-»  -  a-<*^-»>  a-a"* 

-{a2^-a-^}tanh-»a    (a«<l), 
which  establishes  the  result  stated. 
If  we  write  0=6""^  we  may  exhibit  the  result  as 

C'hp^de~i*^^  ^"''~'''-gco8echYr'''"''<r^^y+''"'''^^~^^y+- 

Jq      u  smh  y        a         a  ^  L  I  3 

D      p+1       n 

to^  or  -^-^  terms  J, 
according  as  p  is  even  or  odd. 


rih^a 
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1150.  PariieiilAr  Omml 

The  parUcular  cesm  when  p«-l,  %  3,  etc.,  are 

r^'«  -ii,(.-i)«.h-.-s».b-.* 

:*;?«-  r?=.[(-i)-(--i)-*-]-«^'"'>--i. 

r^«-  i^[(.'-y-(.'4)'"'"-"]-'i±s^"»--''^. 

etc 

1151.  Oensral  Oonelnsioii  derived. 

It  appears  then  that  /    — —d$  is  in  all  cases,  when  p  is  a  positive 

integer  and  a*<  1,  of  the  form 

P+Otanh-»a, 

where  P  and  Q  are  known  algebraical  functions  of  a. 
And  in  any  such  case  the  reduction  formula 


may  be  used  to  determine  /„  /„  /«,  etc. 
It  will  be  observed  that  the  first  case  of  this  result  follows  at  once 

from  the  series  for (No.  2  of  Art  1134). 

For    r?^rf^=r(8in^+asin2d+a«8in3^+...)(f^    (a*<  1) 

If  a«  be  >  1, 


Q  IS 

-tonb"»-=-coth"»a. 
a  a    a 


The 
in  the  case 


general  case  when  a*  >  1  for  i    — ^  dO  may  be  investigated 
2ase  a'  <  1,  using  the  series       ^ 

= — 5 — ^^-2- — »=l+-coe6^+-5Coe26^+..., 
l-2aco8^  +  a'  a  a*  ' 


and  it  will  be  clear  that  all  that  will  be  necessary  to  modify  equation  (1) 
of  Art.  1149  will  be  to  replace  I  -  a'  by  a*- 1  on  the  left-hand  side  and 

a  by  ar^  on    the    right,  which  leaves    the   formula  for    /    — ^d$ 

Jo      tt 

unchanged,  except  that  tanh'^a  will  be  replaced  by  coth'^a. 
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Thus,  in  all  cases  whether  a*  >  or  <  1,  and  p  a  positive  int^^er,  we  have 
I -a*  f  sin  pS  ,^    a^^  -  a-»-»>  .  a^-*  -  a-**-* 

~2~Jo  -IT"^^^ i + 3 — ^+- 

to  ^  or  ^^—  terms  -  (a'-  a~')2', 

where  ^IT— tanh-*a  or  coth-'o,  according  as  a*  <  or  >  1. 

1152.  General  Formulae. 

Let  the  expressions   /    — ^  d$    and     /    ""^    dO  be   respectively 

called  C(p,  n)  and  S{pj  n). 
Then 

Hence  all  such  integrals  can  be  computed,  p,  q  and  n  being  positive 
integers. 

1153.  Integrals  of  the  Glass  j  n^cospdciJd  (Legendre,  Exer- 

cices,  p.  375),  n  a  positive  integer. 
We  have 

u»=(l  — 2accse+a«)"=(l— ae*«)"(l— a€-^« 

=  {Ko+K,e^+K^^+...)(K^+K^e-^+K^'^*+...), 

where  if^==(-l)Pai>^<^-^) '"  <^^y+^)  and  K,=h 

X  .  ib  •  •  •   J[/ 

The  coefficients  of  c'**  and  e"^**  in  the  product  are  each 

KpK^ + Kp^iKi + Kp^%K^ + Kp^^K^  +  •  •  •  > 

giving  rise  to  the  term 

{KpK^+Kp^^Ki+Kp^,K^+  ..,)2coap0, 

and  in  the  integration  this  is  the  only  term  we  shall  require, 
for  all  the  others  vanish  by  virtue  of  the  theorem  of  Art.  1121. 

Hence /sfu"  cos  jj0d0=7r(ZpJfiro+^,H-i^i+^jHA+—). 


DEFnOTB  IMTEaRALS  (UL). 


316 


Now   ^ a^^H^    ^'**   ^,(n-p)(n-p-l) 


and 


if.=-^. 


_n(n-l)  . 


1-'         "* 

•    /=(-l)>,a>"(''-V"<'-y+')ri+?.l^a« 
^       '  1.2...|)  L       1    p+l 

.  w(n~l)    (n-pKn-p-l)  4        "1 
+    1.2     •"(p  +  l)(l>+2)   «+-J- 

llM.  The  PartieiilarOa8ep=o  gives 

/=ir(Aro»+i:i»+AV+^i'+...X 

tie.  ru*d(*=7r(l  +*CiV+»C,«a*  +  "C,V+ ...). 

We  have  seen  (Art.  1147)  that 


f 


rf^ 


/o  a»+*    (l-o«)«"+* 
whence  it  follows  that 


(l+»Ci^«+»C;V  +  "C,V  +  ...) 


dO 


.(1) 


jT u»rfd  =(l  - a«)«H-i  r -^^      (see  Art.  1 156)  ; 

and  more  generally,  since 

f'cmpSde  va?       (p-H)(y-h2)...  (p  +  n) 

k       tt"+»     ""(l-a«)««+i  1.2.3...n 

^/|.«    w-y        n(n~l)    (n~y)(n -p-l)  \ 

^v^+r^TT""^~r:2-*  (p+i)(p+2)  "+-> 

bj  writing  n  + 1  for  n  in  the  formula  of  Art.  1145,  we  have,  by  comparison 
with  the  result  proved  above  for  I    v?*  co%  pSdO, 

rg^grfg     -JZ^  (n  +  l)(„-H2)...(n.Hy)  r'„.«„,^^^, 
;•    «•+»  (l-o«)*"+*  7i(«-l)...(w-p+l)  jo 


or 


f\«coep^rf^^(-l)i>(l-a^)»>^>/(^-/>--<^^f-^^>,  r^^rf^-  (2) 
Jo  '^  V      /  V  /       (»  +  l)(7i+2)...(n+p)jo    tt*+i         ^  ' 

In  the  value  of  /    u^coapddd  established  in  Art.  115.3,  it  is  to  be 

noted  that  p  has  l^en  assumed  not  greater  than  n. 
If  p  he  >  n  no  term  containing  cospd  would  occur  in  the  expansion 

of  a";     .*.    I    u^oospddd  =  0    {p>n). 

If  n—Pf  we  have        /    u* cos nddd—(-  l)'*ira'*. 

The  results  of  this  article  are  due  to  Euler  (vol.  iv.,  Calc,  Int^.j 
p.  194,  etc.).    The  method  of  proof  is  that  of  Legendre  (Exercices,  p.  576). 
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dd 


1 1 65.  The  Eqnatioii  T  i«"de= (1 — a*)*^*r  -^zi  ^Miy  be  estab- 

Jo  Jo^ 

lished  directly  by  the  transformation 

(1 -2a  COB  e+a«)(l  -  2a«  COB  e'+a«)=(l-a«)«, 

which  has  an  interesting  geometrical  interpretation  due  to  the 

late  Dr.  N.  M.  Ferrera* 

Moreover,  so  far  it  has  been  assumed  that  n  is  a  positive 
integer.  It  will  be  seen  from  what  follows  that  this  limita- 
tion is  no  longer  necessary. 

Take  a  circle  of  radius  a  and  centre  0  and  a  point  B  within 
the  circle  at  a  distance  b  from  the  centre. 


Let  PSP*  be  any  chord  through  B,  and  let  the  portions 
PB,  BF  subtend  angles  0,  ff  at  the  centre ;  then 

p/^=a2+6»-2a6cose, 
BP'^=a*+V-2abcosff, 
and 

(a2+62  -  2a6  cos  e)(a«+6»-2a6  cos  ff)=PB^.  BP'*=(a«-6»)«. 

Also,  if  QBQ^  be  a  contiguous  position  of  the  chord,  the 
elementary  triangles  BPQ,  BQ'P  are  similar;  hence 


dB       J.  PQ     J  BP _BP     (a^+V-'2ahQo%e\^ __ 


+6* -206  cost 
(a»+y-2a6 cos  BY de==  -(..^gl"^^!  y).  a^Jt'^oos  &^ 


(a2-62)««+i 


(a«+fe«-2a6cos0')"+i 


de\ 


*  See  Solutions  qf  StnaU  House  ProbletM  and  Ridera,  1878.      Edited  by 
Mr.  J.  W.  L.  Glaisher. 
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If  the  chord  be  allowed  to  rotate  so  that  d  increases 
from  d=0  to  d=ir,  then  ff  decreases  from  d'=x  to  d'=0. 
Hence,  int^rating  and  replacing  ff  by  6, 

j;(a.-2«6coee+6«)«^=(a«-6*)-*x£__^^^_^,. 

Taking  the  radius  a  to  be  unity  and  replacing  6  by  a,  we 
have  the  equation  established  otherwise  by  Euler  and  Legendre 
above. 

Writing  c  cos  |,  c  sin  ~  for  a  and  b  respectively,  the  equation 
may  be  thrown  into  the  compact  form 

r  (I  --sin  a  cos  e)»rf0=(cos  a)«"+i  f  t^ -. sttti  • 

Jo  /  \        /       J^(l— 8macoe0)*+* 

1156.  Another  Interpretation  of  the  Integral. 

The  integral  may  also  be  interpreted  in  connection  with  the 
angles  known  in  elliptic  motion  as  the  True  and  Eccentric 
Anomaliea 

Let  S  and  C  be  the  focus  and  centre  of  an  ellipse,  A'  the  end 
of  the  major  axis  most  remote  from  3,  and  A  the  nearer 


Fig.  337. 


end,  P  a  point  on  the  curve,  NP  its  ordinate,  and  Q  the  cor- 
responding point  on  the  auxiliary  circle.  Then  A'SP  is  the 
supplement  of  the  "  true  anomaly,"  and  SCQ  is  the  '*  eccentric 
anomaly."     Let  these  angles  be  ff  and  6  respectively. 


^^^^^Utam 
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Then,  from  the  polar  equation  of  the  ellipse, 

04(1-6*)     ,  ^ 

and  also  iSP= 04 -6.02^=04(1-6(508  0). 

Hence  (1— 6 cos 0) (1—6 COBS') =1—6* ; 

and  if  we  write  sin  a  for  6,  i.6. 


2tan?- 


6  = 


L=J?*       (where  ten|=*), 


l+tan^g 


we  have 
{a^+h^-2abcosd){a^+b^-2abco&ff)={a^'-h^y  as  before. 
The  case  when  n  =  J,  viz. 

may  be  written 


['  ^J{a+bf- 4a6 COS*  I (W=(a«-6«)«  f' 

Jo  I 


2a6cose+6*V 
<{0 


<Id, 


e\«' 


((o+6)»-4<i6co8*|) 


or  putting  ^=|-0  and  ^_^=i«=l-A^. 

f(l-t'8inV)*e?^=(^y  r ^^— |. 

Jo  ^'     ^     ^«+ft^  Jo(l-Jfe»8in*^)» 

that  is,  rA(i^=*'«r^f. 

and  is  therefore  Legendre's  Elliptic  Integral  formula  of  trans- 
formation,  Ex.  1,  p.  399,  with  the  superior  limit  ;r. 

1157.  A  Oroup  of  Integrals  of  Different  Form. 

Generally,  if  we  have  a  known  series  of  one  of  the  forms 

/(a5)=4o+4xcosca;+42cos2cx+43cos3cx+... , 
F(z)=         5isincx+5,sin2ca;+jB3  8in3ca;+..., 
we  have,  by  the  integrals  of  Arts.  1048...  1051,  viz. 

r^sin^    fo=-ri-c--V     r^^^^dx--e^' 


f 


xsincsE,  _■"■-_< 
0  T+?"*^~2'^' 
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where  c  is  positive, 

Accordingly,  taken  in  conjunction  with  the  particular  class 
of  series  given  in  Art.  1134,  we  obtain  another  numerous 
group  of  definite  integrals. 

Illustrativs  Examples,    (c  positive  throughout.) 

1168.  1.  Siuce  =8in(ur+a8in2ar+n'8in3€X+...   (a*<l),    where 

*« 

«sl-2acoeftr+a",  we  have 

rjp     sin  ex  /"*     X 

s-r— dx=  I    r—— -ifsincx  +  asiu  2cx  +  a*8iu3<Jx+...)</.r 
.-   l+JT     u  Jo   1+x** 


IT        «■ 


W       1 


[Lboendre,  ExerciceSf  vol.  ii.,  p.  123.] 


2.Showthatjr:^^.  =  ^-^-,l±^    (a«<l) 


(l+^)u     2l-a21-a<j- 


or 


IT      1      a  +  «~*     .  ,      -. 


3.  Show  that  r  7^^^  (/a:= ~  ^  >,    ^"'_,„     (a«  <  1). 
Jo  (1  +  jt)  ?*■  2 1  -  a*  (I  -  ae^)"     *  ^ 


4.  Show  that 


r       dx  V       I        l+a''K2q--3a»)g-°-3tf»g-««^->-8q»g-»'    ,  , 

io    (l+J:*)tt«     2(l-a»)»  (1-aO^  («<!)• 


5.  Show  that  /    ^ ^  tan""*    ^^^°  *^ 

y©  1+^ 


fl^.t?--llog(l-a«-)    (a«<l), 


io   1+. 


tan-i 


1  —  a  cos  ex 

sin  ex    J  TT,     ,,     1  _^-     .  ,      -. 

rfx    =-«log(l--<r*)    (a«>l). 


2 
2 


1 

a 


6.  Show  that  J*  j-^  log  ^2  cos  ^)  c/x  =  |  log  ( I  +  «-*). 

7.  Show  that  /    j— ^  log  (^2  sin  ^  j  cir  =  |  log  ( 1  -  «-*). 

8.  Show  that  j    j^^rfjc=7rlog(l-«0     (a"<l) 

=  irlog(a-<!-')     (a">l). 
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9.  From  the  last  example  deduce 

ex    fir 


l-tr* 


[GiOROBS  BiDONB,  Mim,  dt  Ttirm,  voL  xx.] 


ExAMPun. 


1.  Show  that 


f^dx 


l+a^ 


where  iisl~2aco8X+a'aod  a'<  1. 

2.  Show  that |^'5^rfr«ir^Y-^{(n  +  l)-(H-l)a«>    (a«<l). 

3.  Show  that 


.n-i 


J,  ^^ rf*  =  4(iZ^'('»  +  l)-(**-^)*'>    (a«<l). 

J    oi.       a.v  *  f^  COB  nxdx     IT      1      (l-a*)«""*-2a"**8inh6 
4  Show  that  J^  __«^  j-_ j-^_-_^__ 

5.  Show  that        J    -y— 5-rfj7=^logtanh«. 

6.  Show  that         f '  -i^!^rfd =;  (?)". 

jo  25  -  24  coe  ^  7  \4/ 

7.  Show  that        j'  log  (26  -  24  cos  d)  dS  =  4ir  log  2. 

8.  Show  that  (a)  f '  ^e  'o"l^     ^ 

^  'jo  26 - 24 cos ^ 

sin^ 


rf^  =  ^log7; 


9.  Show  that 

10.  Show  that 

11.  Show  that 

12.  Show  that 


<^^  jo  (26 -24 cos d)*^^'" 24  '  n-iy     49*-^ 
Jo  5-r4^;^^^-2*^«-2- 

I  (5-4co8^r^"-9' 

fsin  ^  sin  n^   ,^_w(3/i  +  5)    ^ 
(5-4cose^)»^~*     2*+^     '27* 


sin'^ 


dS^Z,' 


r  _L 

Jo  (5-3cose^)'^     2^ 

13.  Show  that  J'  sin  i)^  log  u  dB 

^_|lan[l-(-l),.ni^    («.<!) 


or 


1  — cosjwr 


f,    1 


2p 


loga«-2;^[l-(-l)^'']^,    («'>!) 


where  the  term  for  which  n=p  is  omitted  in  the  summation,  p  being 
a  positive  integer. 
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14.  Show  that 

(a«<lX 
the  term  where  ifp  being  omitted  in  the  summation  (Art  1136). 

1159.   On  the  Tnmitioii  from  a  Baal  Value  of  it  to  a  Oomplex 

YaliM  of  ifc  in  the  Formula  for  f  c^af^'^dx,    M.  Serbet's 
Inybstigation.  -'^ 

In  establishing  the  result 


r 


e-*«af-i(fa=?^,    (n>0),    (Art  864), 


it  was  assumed  throughout  the  proof  that  k  was  real.     We 

eannot  therefore  assume  the  theorem  as  still  true  for  complex 

values  of  k  without  further  investigation.     We  consider  the 

integral  f«  , 

IseI    e-<«-**>'»»-i(fe,     where  isV—l. 

Then  /  will  be  finite  if  a  be  positive. 

Since  e"^*"**>*=c""(co8  6x+«sinte)  the  integral  consists  of 
two  separate  integrals,  viz. 

Let  jR,  $  be  respectively  the  modulus  and  argument  of  /. 
Thus  ^op 

Let  6=tttan0,  0  lying  between  —  ^  and  +o,  so  that 

rco 

Jo 
Then  differentiating  with  regard  to  0, 

««*•  |l]g^+ ,  |t1 = ,a  secV  r  <J-"c*«  *"  ♦a;"  (fa. 

Integrating  by  parts, 

Jo  L-(a-ih)X     a-i6Jo 

and  the  portion  between  square  brackets  vanishes  at  both 
limits,  a  being  positive. 
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Hence      fie'»('?^+,|t)=-!^-ia8ec«^c- 


.    dlogR  ,      . 

••       3^    =— ntan0 


and     :^T=''^  J 


/.  logiJ=nlogco8  0+logil     and      $=n0+B, 
where  A  and  JS  are  independent  of  (f>. 
i.e.  jB=ilcos*0,    $=Ti^+jB. 

But  when  0  vanishes  6=0,  and  the  integral  is 


r 

Jt 


g-aajjn-i  ^_-_LJ      and  $  vanishes. 

a" 


^^a;-ida=^^ 


0 

'40 

0 

i.e. 


Hence  B=0  and  A=-^;    hence  -R=— ^cos*0,  *=n^. 

Hence 

y    r(n)co8"6,         ^  .      .      ^,  r(n)  r(n) 

a**        ^        ^  ^'    a"(l  — £tan0)"    (a— 16)" 

So  the  theorem       I    c"^ 

Jo 

still  holds  when  k  is  complex,  provided  the  real  part  a  of  the 
complex  is  positive.* 

If  n  be  a  fractional  quantity,  - ,  (a— «6)*  will  be  susceptible 

of  q  values  and  no  more,  if  its  argument  be  unrestricted  in 
value.  We  must  then  obtain  the  argument  of  (a— £&)*  by 
multiplying  by  n  the  argument  of  a—ih  taken  between  the 

limits  —  ^  and  ^. 

1160.    We  then  have  the  two  integrals 
6-«*  cos  hx  »"-*  dx = — ^  cos*  0  cos  n0 = -j-^  sin"  0  cos  n0. 


[ 

I    e"**  sm  6x  a;"-*  oa = — ^  cos**  0  sin  n^  =  -^  sin*  0  sm  n0, 

fe-««x"~*cos6iC(ia;= ^— ^cosfntan-^  -), 


...(A 


»— ilflf  ^fl— 


^  sin  6x  da;= ^— ^-  sin  ( n  tan-*  - ). 


*  See  Serret,  CalcuL  InUgral,  p.  193. 
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These  results  (A)  are  then  so  far  established  on  the  onder- 
standing  that  a  is  a  positive  quantity. 

1161.  When  a  vanishes  the  integral  |    e^^x'^-^dx  may  still 

be  finite  if  n  be  a  positive  proper  fraction. 

CSonsider  either  integral,  say  I    c-«*sin  bx  a;*"^  dx  {b,  +^*). 

Jo 

This  is  equal  to 


u      u 


(r-f-Dr 
6 


[j  +jJ+P+...+  f    *    +...]e-««sin6xx»-icte. 


6 
(r+l)i 


Let  (— l)»'Ur=l         e"**  sin  &ca;"-^(ic,  and  write — j~^^^  ^» 


%,€. 


Mr=^re  *'  '^sin2f.(«+fx)*-*<fe, 


and  the  whole  integral  I  e^^sinhxx^'-^dx  is  made  up  of  such 
terms  as  this  with  alternate  signs,  viz.  V  (  — 1)''^^,  i.e. 

=  Uo— Uj  +  Uj  — u,+  ... , 

which   is  convergent  if  a>0,  for  the  terms  diminish  as  r 
increases  and  are  of  alternate  sign.     But  in  the  case  when 

a=0,  Ur  becomes  u/s^;^  I  smz(z  +  r'n)^-^dz,  and  when  r 

becomes  indefinitely  large  this  does  not  ultimately  vanish 
tmleaB  n<  1.    When  this  is  so,  the  series 

is  convergent,  and  its  sum  will  be  the  same  as  the  sum 

for  the  value  a=0,  n<l. 
For  if  S  =Uq  — Uj  +U2  — u,  +...  ad  inf,, 
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and  Smt  S'^  be  the  sums  of  the  first  m  terms  and  Rm,  RL  the 
remainders  respectively, 

But  S^—8'^=-0  when  a=0,  and  Rm,  R'm  separately  diminish 
indefinitely  as  m  increases  indefinitely.  Hence  S—S'^O  when 
a=OandO<n<l. 

Hence  formulae  (A)  become,  when  a=0,  and  therefore  ^=s  > 


x^'  *  cos  6aj  oo; = -r^p  cos  -s-  > 
I   x"-^  sin  bo;  fiv = -A^-  sin  -^, 


(B),  where  n  is  a  posi- 
tive proper  fraction 
(b  positive). 


1162.   Putting  x=z^  and  n\=p,  we  have 


r 

•'0 


«^^  COS  6«^  fc=  cos?J, 


I  z^^Q\nbz^dz=       ,  sin^, 
Jo  . , ?        2X 


Xfc'^ 


(BO,  where  J)<X  and 
both  are  positive 
(b  positive). 


1163.   Since  r(n)r(l-n)=-. .  the  integrals  (B)  may  be 

...  sin  7»x 

written 


r^" 


^cos6z<Ix= 


I    X""'  si 


.   nir26"r(l-n)' 


Qinbxdx=' 


1 


cos 


nx26"r(l-n)' 


(C) 


1164.  M.  Serret  points  out  that  the  latter  integral  remains 
finite  when  n  is  indefinitely  diminished  to  zero,  and  that  the 
formula  then  reduces  to 

— —  (fa  =  2     (*  positive). 


I '  ■».  »■■  ■     I  m  '"i^ 
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1165.  If  we  write   1— n=m,  m  being  a  positive  proper 
fraction,  the  formulae  (C)  take  the  form 


C06&X  ,  ir 

sinbx 


cos 


jp« 


(fc=' 


mir  2r(m)' 


6-*-i 


.    mx  2r(m)' 


sm 


0<m<l 

(6  positive).  (D) 


1166.  The  case  m=|  gives 


r4 


>A^1 


p  cos  fee  ,  _    ir 

4 


(b  positive).     •••(£) 


rsin  fee  ,         ir       &"•  ^n/'^ 

4 
Putting  x=2i^  in  these  integrals, 

I    cos  bz^dz=  I    sin  bz*dz= ^  'Jsi     (6  positive) ; 
and  if  we  put  b=^,  we  have 

cos^&=j    sin-^d2=^ (F) 

These  two  integrals  are  known  as  Fresnel's  Integrals,  and 
vill  be  considered  more  fully  in  Art.  1169. 

The  groups  of  integrals  of  these  articles  are  due  to  Euler 
(Calc  InUffral,  vol.  iv.,  p.  337,  etc.).  They  are  also  discussed  by 
Laplace,  vol.  viii.,  Journal  de  VEcole  Polytechnique,  p.  244,  etc.,  by 
L^endre,  Exerckea,  p.  367,  etc.,  by  Serret,  Cole,  InUg,,  p.  193,  etc. 


lie?.  Farther  Results. 
Betumiog  to  formulae  (AX  viz. 

•*co8&r<ir=        ' 


a" 


C08"(^C08n</», 


■*  Bin  ba:dx=  — M  co8"</>  sin  n</s 


where  6=atan</>, 


a' 


and  putting  n  —  l,  we  have  the  well-known  results 


e~"co8&rrflr= 


f€~^ sin  hx dx  =   »  .  ... 


mt^^m,»m^mm^ 


ijjJ^mtm 
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Again   reniembering   that  (=atan^,   we  have  ^^s-a^^tan**^    and 

keeping  a  constant, 

6"*~'fltt = a*  tan"*"'  <f>  eec*^  cUf>, 

Hence  multiplying  the  integrals  by  the  sides  of  this  identity,  and 
integrating  with  regard  to  b  from  6=0  to  6=ao,  and  therefore  with 

regard  to  <f>  from  <f>^0  to  <l>^Zt  and  taking  l>fii>0, 


r(n)a**""j   sin*"""*^ cos*"*~*^ cos n^rf^=j     /    ar"^**^^'""* cos &arcird6, 

and  , 

r(n)a'"~"/  8in"*~'<^co8*"*~*^8inn<^rf^=J     /    ^'*'x**''^l/^^^  ain  hxdxdb. 

The  right-hand  sides  of  these  integrals  are  respectively  (taking  n>mX 

r^af^iE^coB^dx    and     r ^ar-^^Bin'^^dx 
Jo  «*  2  Jo  «*  2 

by  formulae  (BX 


t,e. 


T(n-m)    „,    V       mv         ,     rCn-m)^.    .  . 
\^_^     •  1  (m)  cos  -^    and       ^  ^    r(m)  sm 


mT 


2"' 


i*' 


n>f>i, 
.l>m>0. 

(G) 


whence  we  obtain 

•  ii»-ij.      n-m-ij.          j^jj     r(m)r(n-m)       mv 
sin"*^* <^  cos*^*^* <^  cos  n<^  a<^ «B    ^    ^.^,^  ^ ^  cos  -5-, 

f     •  iii-ij.      »-m-ij.   •      j^^j^     r(m)r(n-m)  .    mtr 
J    sin"*^* 9 cos*^*^* <p Bin n<pa<p=    ^    ^^.^  . ' sin -3- , 

and  taking  n=m  +  l, 

/    8in*~*<f»co8n<ifl?<i= r8in-7r»      I 

-(2>n>l). 

/    B\n*^*<t>B\nn<hd<h= rcos-tr-, 

Jo  ^    ^        ^_1         2 

Replacing  <^  by  5  -  <^  in  formulae  (HX  we  derive 

/    co8*~'<^co8n<^rf<^=0,        I 

w 

fco8*~*<i  sin  n<t>d<h  = -y 
^               ^    n-l 

that  is  the  formulae  (G)  still  hold  good  in  the  limiting  case  m^  1. 
1168.   Since  T{fn) r(l-m)=  .  ^      formulae  (G)  may  be  written 


.(H) 


(I) 


rsin**"*  <i>  cos*"'*^*  ^  cos  n<i>  <M>  =  t^,  }^7/'* 


r(M)r(l-m)^  .    mir' 
28m-5- 


fginm-i<^  COS  "-~-i*  sin  nt^  c^  =  ^,^/!!,""'^ 
r(n)r(i-i 


r(n)r(l-m)^       mv' 

'  2C08-5- 


(n>TO), 
}(l>m>0), 

(J) 
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When  m  diminisbes  indefinitely  to  zero,  the  limiting  form  of  the  first 
of  these  integrals  is  infinite.    The  second  takes  the  limiting  form 

r--'*'^-^'! w 

It  will  be  noted  that  the  integral  (K)  is  independent  of  fk 
These  results  are  given  by  M.  Serret,  CcUc.  IntSg,,  pp.  199  to  201. 
Differentiating  the  eqoationa 

'  where  r=tja*+b*  and  ^—tan-*-, 


COBbxdxss 


Binbxdx=»—zr-r(n\ 


with  respect  to  fs  we  have 


,    ,         ,      coa  nd  dr  in)    /$  Bin  n$ +00Bn$  loot  r\-.,  . 
os&rlogjr(ir=-^^;jj-  —^-[ ;5i ^)T(n), 

.    ,    ,         .      sinfi^  €{r(n)    /^cosfi^-sinii^logrXr,/  * 
m&rlogxcir=-^;ji--  -^+[ ;n ^)T{n); 


and  eliminating       ,^    , 

rj7*-»e-«*8in  (»d-6a:)logid:r=~r(n) ; 
andif  w=l,  f  e-^"" sin  {6  -  bx)  lof^^dx ^^ 

where 


dr(n) 


r=Ja*-{-b*    and    ^=tan-*-. 

a 


Also        ,^  '  could  be  approximated  to  by  means  of  the  tables  for 

logr(»)  if  required. 
These  results  are  due  to  Legendre  {Exereices^  p.  369). 

1169.   Fresnel's  Inteoraus. 
We  have  met  the  integrals 

known  as  Fresnel's  Integrals,  in  an  earlier  chapter,  viz.  in  the 
tracing  of  Comus  Spiral  k8^=\jr  (Art.  560).  They  are  of 
importance  in  the  Theory  of  Light.  Students  intereste<}  in  the 
employment  of  the  integrals  in  Physical  Optics  are  referred  to 
Verdet  s  (Euvres,  torn,  v.,  or  to  Preston's  Theory  of  Light,  where 
the  various  methods  adopted  in  the  construction  of  tables  for 
their  values  between  limits  0  and  v  will  be  found  explained  at 
length. 


MflHi 
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Preston  gives  in  the  form  of  examples  with  hints  at  solution 
a  very  excellent  condensation  of  the  chief  results  arrived  at  by 
various  investigators — Fresnel,  Gilbert,  Oauchy,  Knockenhauer 
and  Comu  (Preston,  Theory  of  Light,  pages  220-223). 

1170.  We  may  consider  shortly  some  modes  of  calculation 
of  the  more  general  integral 


£ 


co8if>{x)dx,    where  <P{x)^AqX^+AiX^''^+A^^'*+,.., 


Take  first  two  near  limits,  a  and  a+h,  where  h  is  small. 


ra+h  rh 

Then  I      cos  <f>{x)  dx=  j  cos  <p(a+y)  dy,  by  putting  x=a+y, 

=     cos{^(a)+y^'(«)}<^y  nearly, 
Jo 

since  y  lies  between  0  and  /i,  and  is  therefore  itself  small, 

_8in{<l>{a)+h<f>'{a)}-9in  ^(a)  , 

<f>\a)  nearly. 

Hence,  by  taking  the  limits  successively,  0  to  h,  h  to  2hy 
2h  to  Sh,  etc.,  and  adding  the  results,  we  may  obtain  a  close 

approximation  to  I    cos  {t>{x)  dx,  provided,  of  course,  that  <f>{x) 

is  such  that  <f>{x)=0  has  no  root  between  0  and  nh, 

1171.   A  closer  appi*oximation  may  be  made  as  follows  : 

Since  /•(M+y)=  n^)  +!/fW  +(,  /^(m)  +  ••• . 

we  have,  by  integration  between  limits  -s  and  ,, 

and  if  F{.r)  =  coa  </>  (.r ),    /x  =  a  +  ^    and     x=fi  +y, 


ra-k-h  n 

I        cos  <f>{x)  dx=  I       cos  </>(/i  +y)  dtf 


\  h*  d}  1  /t*    d} 

=  A  cos  </>(//) +  3|  J  ^-1  cos  </>(/!) +  ^j  £g  ^coa<^(/i)  +  ... 

=  A  cos  </)(/i)  -  j^  [cos  </>(/x)  </>'*(/!)  +  8in  </>(/!)  4r{iA)-\  +  ...  , 

fi*om  wbich  result  we  may  proceed  as  before,  taking  limits  0  to  A,  A  to  2A, 
2A  to  3A,  eta,  and  adding  the  several  results. 


H 
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1178.   FresDePs  calcolationB  were  based  in  the  manner  described  above 
upon  a  preliminary  consideration  of  the  integrals 

where  the  interval  A  is  so  small  that  its  square  can  be  rejected. 
In  this  case,  putting.jrsv+s, 


J[     oos^djfssj   coe|(»«+2t»)flKi-     —  [^sing(i>«+2ii*)-sin-j-J 


and 


Then  taking  as  intervab  A=^,  and  making  v  in  succession  0,  ^y  ^, 
^, ... ,  the  values  of  the  integrals  were  approximated  to. 

1173.  The  integrals 

j  coB-^dVy     I  Biu-^dv    or     /  cos-^rft»,     /  si 


sm  -3-  av 


wv' 


in^ 


maj  each  be  expressed  in  the  form  Xcos-^-H-  Fsin  -3- ,  where  JT  and  T 

are  series  of  ascending  powers  of  v,  in  integrating  from  0  to  v ;   or 
descending  powers  of  v  when  the  integration  extends  from  v  to  infinity. 
In  both  cases  the  integration  is  performed  by  '*  Parts." 
In  integrating  from  0  to  v  we  proceed  as  follows : 

r,   .    ir»*  ,      rtP  .    irt^T    rr  r   .       irv^  ■, 


'  Sin  -5-  dv 

3S 


2  Jo 
etc. 


Hence  multiplying  by  1,  ,.  j^,  j-^,  j;^,  1.3.^.7.9' '^ ' 
and  adding, 

"•"^''^   2  Ll.3""l.3.6.7"'"l.3.6.7.9.1l""**J 


=  -A  COB  -s"  +  /Bin  -^ ,  say, 


1* 
2  ' 


.(1) 


sin  -Q-  dv, 


r 


Bin  — av=  -  Jr  COB  — +  JTbih— , 


■C£^ Ni     mi  ~m 


MiUa 


■ta 
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atid  the  sum  of  the  squares  of  the  integrals  (which  giyes  a  meaaore  of  the 
intensity  of  illumination  in  a  certain  case  in  Physical  Optics*)  la  Jr*+  F*. 
It  is  interesting  to  note  that  the  series  IT,  T  satisfy  the  equations 


t.«. 


or 


V  dv\v  dv)  v*  V  dv\vdv)  "v* 


1174.  If  it  be  desired  to  express  the  integrals  with  limits  v  to  co  in 
descending  powers  of  v,  the  integration  by  parts  must  be  conducted  in 
the  opposite  order.    Thus 


fi""?''''=/."i("""x)*=[-i~*Tl-^fi«*T*' 

etc 
Hence  multiplying  by  1, 1,  -1.3,  -1.3.6,  + 1 . 3 . 6 . 7,  etc ,  and  adding, 
r       «"jj       •    "^V      1    .1-3    1.3.6.7.      \ 

(«) 

1 


in;*/   1       1.3.6  .  1.3.6.7.9 


ir«»" 


=  A  cos  -^ —  T  sin  -7;-,  say, 


where 


A"= 


?»? 


2 
1.3.6 

in^ 
2 


2  ' 
+  etc.     and     } 


"  '  -y +«»«•' 


irv 


and  similarly        |"  8in^di;=  r'co8^+ J^'sin  ^. 


2    ■ 2 

And,  as  before,  the  sum  of  the  squares  of  the  integrals  is  X*^-\-  Y**. 
Also  X\  Y'  satisfy  the  differential  equations 

dX*         ^,    ,      dY'  „, 


f.e. 


dv 
\  d  \dX' 


dv 


x*-«r'—  ^        1   rf  1   rf  y  • -.2F'— 

V  dv  V  dv  tr      V  dv  V  dv  v 


We  also  obviously  have 


rcoe  -j;-  </v=  / 
2  .'0 


coa-TT-av-  / 

2  ./o 


cos -g- rft; = 2  -  A  cos -g- -  Fsin -^  i 


•See  Preston's  Light. 
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and  dmilarlj 

1176.  The  expansion  (1)  in  ascending  powers  of  v  is  due  to  Elnocken- 
haner.^    The  expansion  (2)  in  descending  powers  of  v  is  due  to  Cauchy.t 

For  the  student  of  the  Integral  Calculus,  perhaps  the  most  interesting 
of  ICr.  Preston's  quotations  is  one  which  expresses  Cauchy's  series  of  the 
last  article  in  the  form  of  definite  integrals.  These  expressions  are 
quoted  from  the  investigations  of  Gilbert,  published  in  the  Mhnoiret 
couronmit  de  PAoacL  de  BruxelUif  torn,  xxxi.,  p.  1. 

Writing  -5-  =i«,  we  have 

rir©*  .        1     r-cosw  .  f*    .    m^  ,        I     r*sinw. 

rcoe -^  cfe= -7==  /   cos  u    -7:1./    —=-dx\du. 


Also 


J2Jo    Jo 


r""C03W 


dudxy 


rrs/2  Jo   Jo         Jx 

or  changing  the  order  of  integration,  which  does  not  alter  the  limits, 

1      f^  f*    \ 
s= — T=  /      I     -7=  er'"  cos  udxdu 
irV2  Jo    Jo   »Jx 

"ir>/2i.    sTxl  1+^       Jo"^ 

_    1     r"  _1_  r    ^        ^^  arcoat^-Binun  , 

-p-— 3- dx+ sin  ul    -7= 
_     1+^  Jo   Jx 


X 

' — 7=     I    r-T-z^dx- con 
TV2U0  1+J?* 


'0 


.— 3-ax+8inu/    -7= 


(ir 


]■ 


Now  /    1^7-3  cfcr=/    N/tan  d(f^,  by  putting  :rs  tan  ^, 

=J  (Vtan^+Vcot^)fl?d, 

=^,  by  Ex.  8,  p.  162,  Vol  I. 

*  Knockenhauer,  Dit  Undulalionstheorie  dts  Lichls,  p.  36 ;  Preston,  Theory 
of  Light,  p.  220. 
t  Oauchy,  Comptet  Rendus,  torn.  xv.  534,  573. 


WM 
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r 


HeDce 

_»v«  .     1         »v« 

CO.  — cfo=:j-C08-5- 


1   r£i« 

i^Jo    1  + 


1    ry 

ir^io     1 


4P— !«-• 


+«» 


dr; 


and  timiUrl J 
ir»» 


where  «s— ;  which  express  Cauchy's series  X',  T'  in  the  respective 
definite  integral  forms 


dlr    and     T 


*-*•"' 


+F 


dlr. 


1176.  Several  other  interesting  relations  amongst  these  integrals  are 
given  by  Mr.  Preston,  to  whose  book  the  reader  is  referred. 

A  table  of  the  values  of  Fresnel's  integrals,  as  given  by  Gilbert^  is 
quoted  in  Art  1177  from  Mr.  Preston's  book.  The  table  is  carried  up  to 
«s5'0.  The  oscillatory  character  of  the  resulto  is  exhibited  in  the  graph 
of  the  Cornu  Spiral  in  Art  560. 


1177. 

GiLBBRi-'s   Tables   of 

Fresnel's 

Integrals. 

Quoted    from 

Preston'i 

s  Theory  </  LighL 

V 

f 

oo8-5-di» 

Jo  ""  2  ^'^ 

i~-2^" 

jTsinl^dr 

0-0 

0-0000 

00000 

2-6 

0-3389 

0-5500 

01 

0-0999 

0-0005 

2-7 

0-3926 

0-4529 

0-2 

01999 

0-0042 

2-8 

0-4675 

0-3915 

0-3 

0-2994 

0-0141 

2-9 

0-5624 

0-4102 

0-4 

0-3975 

0-0334 

3-0 

0-6057 

0-4963 

0-5 

0-4923 

0-0647 

3-1 

0-5616 

0-5818 

0-6 

0-5811 

0-1105 

3-2 

0-4663 

0-5933 

0-7 

0-6597 

01721 

3-3 

0-4057 

0-5193 

0-8 

0-7230 

0*2493 

3-4 

0-4385 

0-4297 

0-9 

0-7648 

0-3398 

3-5 

0-5326 

0-4153 

1-0 

0-7799 

0-4383 

3-6 

0-5880 

0-4923 

11 

0-7638 

0-5365 

3-7 

0-5419 

0-5750 

1-2 

0-7164 

0-6234 

3-8 

0-4481 

0-5656 

1-3 

0-6386 

0-6863 

3-9 

0-4223 

0-4752 

1-4 

0-5431 

0-7135 

4-0 

0-4984 

0-4205 

1-6 

0-4453 

0-6975 

4-1 

0-5737 

0-4758 

1-6 

03655 

0-6383 

4-2 

0-6417 

0-5632 

1-7 

0-3238 

0-5492 

4-3 

0-4494 

0-5540 

1-8 

0-3363 

0-4509 

4-4 

0-4383 

0-4623 

1-9 

0-3945 

0-3734 

4-5 

0-5258 

0-4342 

2-0 

0-4883 

0-3434 

4-6 

0-5672 

0-5162 

21 

0-5814 

0-3743 

4-7 

0-4914 

0-5669 

2*2 

0-6362 

0-4556 

4-8 

0-4338 

0-4968 

2-3 

0-6268 

0-5525 

4-9 

0-5002 

0-4351 

2-4 

0-5550 

0-6197 

5-0 

0-5636 

0-4992 

2-5 

0-4574 

0-6192 

00 

0-6000 

0-5000 

■il,|n-»i1  HI 
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1178.  BoldiMr'B  FnnetioiL 

i is  known  as  Soldner's  Integral     It 

0  log  OS 

18  denoted  by  the  symbol  li(a?),  which  is  Soldner's  original 

notation.      The    letters    li    are    suggested    by    the    phrase 

'  logarithm-integral.' 

It  is  obvious  that  the  integrand  has  an  infinity  when  x=l. 

Hence,  in  accordance  with  the  theory  of  Principal   Values 

(Chapter  IX.),  when  the  upper  limit  is  greater  than  unity,  we 

shall  understand  this  integration  to  mean 


^'■■'■€HJ^.' 


0        Ji-^n'  log 

where  e,  n  are  made  to  diminish  indefinitely  in  a  ratio  of 
equality. 

1179.  PropertieB  of  the  Function. 
It  follows  that  -s-  li  (x) = j .    Hence 


log«-"      X 


Hence  conversely  we  may  express  certain  integrals  in  terms  of  a 
EMdner's  function,  viz. 

=  li(x^»)+C,      or  between  limits  f'^^dx       =li(a**»)-li(6"H-i), 

dx  li(a+M  . /,         u*  r    '4.     r*        ^  li(a+«»,)-li(a+6pJ 

____sa-_i_» — -^-Cy    or  between  limits  /    -, — -. — --^r-r=— ^ *-ii-j — ^ £2£ 

(a+or)  h  *  j^  log(a+6^)  h 

^ix  =li(«»)+C;     %.e.   r-eir=li(0-H(«*),  andsoon. 

1 180.  To  enable  the  arithmetical  calculations  of  such  results  to  be  made, 
Soldner  constructed  a  table  of  the  values  of  li(x)  to  seven  decimal  places 
for  values  of  x^  from  x^  •QO  to  x«  1*00,  at  the  latter  of  which  the  function 
is  infinite,  the  values  being  negative ;  and  a  further  table  of  the  values 
of  li  JT,  giving  the  values  to  seven  places,  for  x^-l,  1*1,  1*2,  1*3,  1*4,  which 
are  negative,  and  1*5,  1*6,  ...,  2,  2*5,  3,  4,  5,  ...,  20,  which  are  positive, 
and  at  certain  intervals  from  22  to  1220,  all  taken  to  eight  significant 
figures. 
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It  ii  unnecessMj  to  give  the  tables  here.    The;  will  be  found  raprodnoed 
in  De  Margui'B  ffif.  and  Int.  Caleuliu,  page*  668  ud  663.    A  ~ 
from  theae  tables  will  iodicate  the  ahape  of  the  gnph : 


* 

U(i)(-) 

■00 

■000 

■06 

-013 

■10 

■032 

■IS 

■066 

■so 

■086 

■26 

■119 

■30 

■157 

■40 

■ics 

■BO 

■378 

« 

"(■)(-) 

■60 

■647 

■70 

■7BI 

■80 

1134 

■90 

r776 

2-444 

■98 

3-346 

'99 

4-033 

, 

11  (>)(-) 

1-0 

<c 

1-1 

1676 

1-2 

0«34 

1-3 

0-480 

14 

0-146 

• 

U  (»)(+) 

16 

0189 

1-6 

0-354 

1^8 

0133 

2-0 

1-045 

2^6 

1^667 

3fl 

2-164 

4^0 

8-868 

611 

3635 

lO-O 

6166 

- 

UWH) 

80-0 

0^906 

30« 

13-023 

40-0 

15^S40 

loo-o 

30126 

200-0 

60-192 

400O 

85-4 

600 

1176 

1040 

1834 

1220 

217-4 

The  mATch  of  the  function  a 
sccooipanj'iDg  graph. 


I  then  be  seen  to  be  as  rapreaented  hj  the 


7 

y 

7 

/ 

t 

J    J 

-   ::^        1 

\     t 

\     t 

^  j- 

L± 
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1181.  Method  of  Ck>mpatatioiL 

We  prooeed  to  show  how  these  valuen  were  computed. 

J  "a  ^ 
T 

eaii  be  thrown  into  the  forms  -  /       €~^-^  or  /      t^  -^. 

J-iot«      y        J-m       y 

Now,  eo  long  as  n  is  greater  than  zero,  we  have  by  expansion 

_       v"        v"+*  v*+«  v*+* 

'"^"■n"*'(w  +  l)l!"(n+2)2!''"(n+3)3!"***' 

where  C  is  to  be  found.  The  series  is  convergent  for  all  positive  values 
of  V  and  does  not  become  infinite  with  v.  Also,  when  v  ==0,  the  value  of 
the  integral  is  r(n).    Hence  C»r(n). 


r 


'•^'^-r(")-«+(MT)r!-(ir+2)Fi+-- 


This  maj  be  arranged  as 


r 


r(n+i)-i  .--1+  «:!!L.,_,,t, 


n  n       (n  +  l)l! 

**-l                         r(n+l)-l 
Now, if  we  make  n  diminish  indefinitely,  Lt =  log  t»,  and  lA—^ — 

is  the  limit,  when  n=0,  of  -^ ^— ^  for  the  value  a?=l,  t.e. 

[i^wL.  or  ni). 

or  as  r(l)«l,  this  is  the  same  «»  |  -v-log  r(^)       » «•«•  -y»  where  y  is 
Euler's  ConsUnt.  ^^  -*'-* 

Hence        £?^,i.= -y-log.+^.-g^T+O!—  (A) 

Hence  we  have,  putting  v=loga, 

(B) 
Again,  by  expansion, 

and  upon  addition,  diminishing  c  and  r\  indefinitely  in  a  ratio  of  equality, 
the  Principal  Value  of  li(a)  is  given  by 

li(a)=-/       —  dx^-Lt(  I        + /)—flfcr,  where  €=17=0, 

=y  +  !og(loga)+l^+<^+M+...     («>1).  (C) 


I     Tlhh 


mA^ 
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As  there  is  manifest  discontinuity  when  a«  1,  and  the  Principal  Yalne  is 
taken  in  integrating  over  the  discontinuity  in  the  second  case,  formula  (C) 

will  not  be  derivable  from  formula  (B)  by  putting  -  for  a  in  the  former. 

It  will  be  observed,  however,  that  the  two  series  then  only  differ  by 
log(- 1),  which  is  the  effect  of  the  discontinuity. 
By  means  of  the  expansion  of 

1  1  1 

log (1  +4P) *" J?  I       J^  .  ^_ 

where  the  coefficients  may  be  calculated  either  by  actual  division  or  by 
multiplying  up  by  x|  1  -^  + ...  j  and  equating  coefficients,  giving 

we  have,  a<l, 

and  by  Art.  944,  putting  e-^=i;, 


K.K. 


=Llft-i{li6-log(I-6)}  =  jUa-o{li(l-a)-loga)=jri-:^+^-..., 

whence  li(l-a)  =  y+loga-jria+-^a*- (D) 

Ag«n    H(l+„)=Pri„.Val.of/;*-j|-,=P.V.ofj;_j3^ 


=  L4.-0  [(y  4- log  €- JTif + iJf ,€«-.. .) 

+  {loga-log€  +  Jfi(a-€)+Jifi(a«-€«)  +  ...)]; 


(K) 


..   li(l+a)=y+loga+Jr,a+Jr,-^  + 

Also,  by  Taylor's  Theorem, 

li(a+r)  =  li(a)+:r(loga)-»4-^(loga)-»^+^(loga)-'J,  +  .... 

Other  results  will  be  found  in  De  Morgan's  Differential  and  Int.  Calc^ 
pages  660  to  664.    By  aid  of  these  series  Soldner  calculated  the  numerical 

values  of  the  table  for  the  function  li  (a)  s  I  -. . 

Jo  log* 
We  may  therefore  now  regard  such  functions  as 

1         3?^      ^    cosh  J?       «■ 

1}   i t   ""  I  I   — T"^  •  etc., 

og^     logar     X        X        4?+a'        ' 

as  integrable  in  terms  of  Soldner's  function,  and  therefore  their  integrals 
calculable  by  means  of  his  table,  for  assigned  values  of  the  limits. 


'rtMwwHi 
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1182.  Fbullani's  Theorem  :  Elliott's  and  Leudesdorf's 
Extensions. 

Sappose  F(xy)  a  function  of  the  product  xy  of  the  coordinates 
of  a  point  in  the  plane  of  x,  y  lying  in  the  region  bounded  by 
the  y-azis,  an  ordinate  at  infinity  and  the  two  straight  lines 
y=a  and  y  =  h  parallel  to  the  a:-axis.  Let  a  and  h  be  supposed 
of  the  same  sign.  Let  F{z)  and  F\z),  where  z  =  xy,  be  finite 
tnd  continuous  functions  for  all  points  in  this  region  and  also 
along  the  boundaries. 

Suppose  also  that  F{xy)  takes  definite  finite  values  at 
x=0  and  at  a;  =  QO  from  the  value  y  =  b  to  y  =  a  inclusive,  and 


Fig.  339. 


denote  them  by  F{0)  and  F(oo )  respectively.     Consider  the 
surface  integral  of  F(xy)  over  this  region.     This  is  expressed  by 

I    I  /*'(xt/)dajd?/,  or,  what  is  thesame  thing,  I    I    F\xy)dydx. 


The  first  form  of  the  integral  is 

J(\  X  Jq  ^ 

The  second  form  of  the  integral  is 


-i; 


y 


dy  =  [F(«)-/'(0)]("'-^ 

J  b    if 


=  [F(oc)-F{0)]logl 
Hence  it  appears  that 

J-/Xax)^)d,  =  [f(«)_^(0)],og« (1) 


!■■!  ilTwilMI  \  —  -'- "^ 
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Similarly,  if  we  integrate  over  the  region  bounded  by 

a;=-oo,    x  =  0,    y  =  a,    y  =  b, 
we  obtain  in  the  same  manner 

jo^i'(a.)-f(M^^^^(0)-f(-oo)]logg (2) 

provided  F(xy)  takes  a  definite  value  jF(  —  oo)ata5=— oo. 
In  cases  where  i^(oo  )=0  or  F{0)=0  the  theorem  takes  the 

simpler  forms    C  ^^'^^'^^^^^ dx=^F{0)\og^  or  ^(a))logj 
respectively. 

1183.    We  may  examine  these  results  from  another  point 
of  view. 

J   ,  CiF(ax)''F{0).       rru  **•  <^    ^V 

Let  u=l  — ^ — ^-^dx.    Then,  putting  ax=y, — =-^  , 

Jo  X  X       y 

and  u=  I      ^''^ — —dy,  and  is  therefore  independent  of  a. 


Hence  {'^(--)-m^(^FM-F(0)^ 
Jo  «  Jo  a? 


0 
Jo      X  Jh      X  Jo     ^ 


Therefore     p(«^)-^(^)rf,+  ['?M^=Fifi)  f' jg 
Jo  aJ  J*     a;  'J*  a 

6  i 

Now,  in  the  second  integral,  viz.  I  — — -dx,   both  limits 

become  infinite,  when  h  is  indefinitely  increased,  but  they  are 
separated   by   an  infinite   interval  — r  =  — j-h.     Hence  it 

cannot  be  assumed  that  this  integral  vanishes,  and  it  must  be 
investigated  in  each  case. 

If,  however,  F(hx)  tends  to  take  a  definite  finite  value  F(oo  ) 
when  X  is  increased  indefinitely,  let  its  value  between  the 

limits  T  and  -  be  called  -P(x)+e,  where  c  is  ultimately  an 


■iMM4i«4P**P*Mi 
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infinitesimal,  and  let  e^  and  e,  be  the  greatest  and  least  values  of  e 

h 

for  valaes  of  x  between  t  and  - .    Thus  I dx  lies  between 

b         a  JK    X 

S 
(F(flo)+ejlog^    and     (F(flo)+e^log^, 

and  therefore  in  the  limit  becomes  F{oo )  log- ,  and  the  theorem 
becomes 

Bat  supposing  F{bx)  not  to   take  up  a  definite  limiting 
value  such  as  has  been  described,  it  may  still  happen  that 

I(u-«  I  —^ — -dx  assumes  a  definite  value  —  K,  or  it  may  vanish. 

J  h      X 

s 

In  the  former  case  T  l^^^^tJ!^dx=K-F(0)  log^ 

Jq  X  0 

In  the  latter  case     f"  EMlJ:^dx=F{0)  log?? . 

The   formula    I       V^»^;—    V — ldx=F(0)\og-  is  known  as 

Frullani's  Theorem.     According  to  Dr.  Williamson  it   was 
communicated  by  Frullani  to  Plana  in  1821,  and  subsequently 
published  in  Mtm.  del.  Soc.  Ital.,  1828. 
The  more  general  form 

rF{(ix)-F(hx).      ,„,     ,     „,^,,,     a 
J^  a;         'dx==[F{oo)-F{0)]\og^ 

is  due  to  Prof.  E.  B.  Elliott  (Educational  Times,  1875).* 
1184.   As  examples  we  may  take 
1.    I    dx  =  (tan  *  00  -  tan-*0)  log  x  -  «  *®g  1* 

a  jf  »og|±5^^={logp-log(;,+,)}log|.log(l+j)log  t 

These  two  examples  are  given  by  Bertrand,  but  arrived  at  in  a  different 
maiuier. 

^  Both  references  are  due  to  Prof.  Williamson,  pages  xi  and  156»  InL  CcUc. 
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quantities. 

4.  I     (ir= log-,  which  has  been  discussed  earlier  (Art. 

1041).  '^ 

1185.  It  will  be  observed  by  reference  to  the  article  cited  that  in 
Ex.  4  the  second  mode  of  discussion  was  adopted.  This  was  necessary, 
for  if  we  attempt  to  apply  Prof.  Elliott's  extension  the  debateable  value 
cos  00  appears. 

As  to  the  values  of  cosoo  and  sinoo,  which  we  have  in  all  cases 
avoided,  the  student  may  refer  to  a  remark  of  Todhunter,  Int.  Calc.^  p.  278, 
and  may  also  consult  Memoirs  XV.,  XIX.,  XXXII.  in  Vol.  VIII.  Camb, 
Phil.  Trans. y  there  referred  to. 

In  cases  where  the  evaluation  of  /  — — ^ — - — -dx  involves  any 
doubt  as  to  the  definiteness  of  the  value  of  F(xy)y  when  x  becomes 

infinite,  or  doubt  as  to  the  evaluation  of  the  limit  IAki^  \   — — -  dx, 

J^        X 

another  method  of  investigation  must  be  adopted.  * 

5.  Thus,  in  the  case 


f'-(5 


-H2nco8ajr-f  n*\<ig 
+2ncos&r+nV  x ' 


""O   I     1    _1_  Om    AiVB    !>«•     L  «f 


we  may  write  the  integral  (by  Art  1134)  as 

jr2i<^„'(?^^^^^'*?)Ar,  („.<i). 

fov*(-l)'^*  1  /cos  four  -  cos  r&a:\  ,     ,  ,^  .. 

«21og^!;(-l)'-»*l',(n«<l);  or21og|!;(-l)'-*~,  (»«>1); 

=  log^log(l+n)«,  (n*<  1) ;    or  log|.log(l  +  iJ,  (fi«>  1). 

1186.   In  cases  where  /*(ao)  and  /'(O)  both  vanish,  the  result  is  of 
course  s:ero. 


c'^'sin  ax  -  c'^sin  }tx 


dx=0. 


Thus,  r 

Jo  X  ""  ^^a 

1187.  Other  forms   of  the   general   result  may  be  obtained  by 
transformation. 
Thus,  replacing  x  by  jc*, 

r^(a^V^fXM^„ir/MzZWd;,=l[/.(oo)-/'(0)]log^. 

Jo  X  njn  X  n  o 


'Tl'    '  -mi^di^-tii^^ 
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Or  again,  putting y slog jt,  the  formulae 

f^<°y>/<*y><iy={/-(«)-/-(o)}iogg. 

icfpectively  become 

tod,  writing  J'(log*)s/W, 

•^  T'^n^-T-WD-AOMlog?.  [Elliott.] 

Again,  if  we  write  a=«^,  6=stf^,  x^^\  x^Q  gives  y=  -  oo,  j:=oo  gives 
y«ao,  and  if  !*{««)  be  replaced  \>yf(z)y  we  have 


^^?;^i^^^^«Jy=[/'(«-e»V-  -  /•(«*«»),—] log  f, 


I.e. 


£^[/(a+y)-/(/?+y)]<fy=[/(«)-/(-«)]iogj 

= [/l® )-/(-« )]{«  -  P)'        LELLiorr.] 

1188.   Elliott's  Extension  to  Multiple  Integrals. 

Professor  Elliott  has  extended  the  general  form  of  Frullani's 
Theorem  to  the  case  of  certain  Multiple  Integrals  in  two 
papers  in  Vol.  VIII.  of  the  Proceedings  of  the  London  Malhe- 
malical  Society ^  and  a  supplementary  paper  on  these  extensions 
was  published  by  Mr.  Leudesdorf  in  Vol.  IX.  of  the  same 
Journal.  The  singular  elegance  of  the  results  amved  at  will 
commend  itself  to  the  attention  of  the  advanced  student  who 
should  consult  the  original  papers.  We  have  no  space  here 
for  more  than  a  brief  indication  of  the  method  followed. 

Adopting  the  notation  used  by  Mr.  Leudesdorf,  let  8{Pt  q)  denote  any 
symmetric  function  of  p,  q  which  does  not  become  infinite  for  any  positive 
values  of  p,  q  from  0  to  oo  inchisive.     Denote 

/"Mi,  by  [a],    ffsiax,  by)^"-    by  [a,  i]. 
■'0        ^  Jo    Jo  "^Jf 

Let  a=e*,  6=e^,  c=e'y  d=t^. 

Then  Elliott's  form  of  Frullani's  Theorem  may  be  written 

[a]-[6]=t5(oo)-S(0)](a-)3). 
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Now,  consider  the  integral  [ac]-\be]-[ad\-k'\hdl,  or,  as  it  may  be 
written  for  short,  [(«-6)(c-<i)]. 
By  two  applications  of  the  above  theorem  thia  becomes 

=jr{a-i3)[5(oo,cy)-/?(0,  cy)]|^    - jT (a -jS) [/?(«,  rfy)-/?(0.  «f)]* 

=(a-)3)(y-«)[iSf(oo,oo)-5(ao,0)]   -(a-i3)(y-8)[iSf(0,  oo)-5(0.  0)1 

and  as  iSf  is  a  symmetric  function  iSf(ao,  0)=iSf(0,  oo). 
Hence,  we  obtain 

(a-)3)(y-S)[5(ao,  oo)-25(oo,  0)+iSf(0,0)], 

which,  for  short,  may  be  written  (a- P)(y - S)8{<x>  —0)*. 

Hence,  the  extension  to  a  double  integral  may  be  written 
[(a-b)(c-d)]^8(oo  -0)«(a-i8)(r-«). 

In  the  papers  cited,  the  result  is  extended  to  multiple  integrals  of  a 
higher  order.  The  student  should  have  no  difficulty  in  doing  this  for 
himself. 

1189.  On  the  Traasition  firom  Real  Constants  to  Complex  Con- 
stants in  Results  of  Differentiation  and  Integration. 

Let  us  premise  that,  in  the  remarks  following,  the  variable  is  a  real 
one,  viz.  Xy  that  the  path  of  integration  is  along  a  portion  of  the  jr-axis, 
that  the  limits  of  any  integrals  occurring  are  real  quantities,  and  that 
the  constants  occurring  are  independent  of  the  limits ;  also  that 
the  functions  dealt  with  are  finite  and  continuous,  and  such  as  to 
possess  differential  coefficients. 

1190.  Lemma  I. 

Ijet  U|  and  Ua  be  two  real  functions  of  x  which  continually  approach  to 
and  ultimately  differ  by  less  than  any  assignable  quantities  from  definite 
limiting  values  Vi  and  v^  respectively  as  x  continually  approaches  a 
definite  value  a.  We  may  then  put  Ki— Vi  +  <i  and  tit«Vt+<t)  where  €| 
and  <t  are  quantities  which  ultimately  vanish  when  x  approaches 
indefinitely  closely  to  a,  so  that  <i  +  i(t  &lso  ultimately  vanishes,  where 
i  stands  for  V-l. 

Then  Ui  +  tUt=t;i  +  ti;a+<i  +  t€t 

and  Lt(ui  +  tUt)-Vi  +  iVt-\-Lt{€i  +  U2)  =  Vi  +  iVt'^LtUi-\-il4ut. 

1191.  Lemma  II. 

If,  upon  putting  x+hfor  x^  Ui  and  u«  take  the  values  Ui  and  Ut  respec- 
tively, it  follows  that  tti+tut  takes  the  value  Ui  +  iUtt  and  therefore 


I^JU^^^U^-i^^^^^KlA^l^^^.U^ 


-Ut 


h  '^      h       ' —      h 

d  ,      .       ,     dux       dut 


i^«P 
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Henoe,  when  a  function  of  x  containing  a  complex  constant p+ Kf,  bat  no 
other  unreal  quantity,  cai^be  separated  into  its  real  and  imaginary  parts  as 

F(x,  l>+i^)-i'i(jF,  p,  q)-\riFt(x,  p,  q), 

d  d  d. 

then  S-**^*'  P  +*^)« jj A(^,  P,  q)  +*S'''*^^'  ^'  *• 

1192.  It  has  been  desirable  to  consider  these  results  in  detail,  though 
they  might  be  thought  obvious.  For  in  our  idea  of  a  limit  we  have 
bad  constantly  in  mind  some  real  quantitative  arithmetical  or  algebraical 
result  from  which  the  function  under  consideration  could  be  made  to 
differ  by  less  than  any  assignable  real  quantity  by  making  the  variable 
approach  nearer  and  nearer  to  its  assigned  value  ;  and  it  has  not  hitherto 
been  necessary  to  consider  the  case  where  the  function  involves  unreal 
constants. 

1193.  It  is  well  known  that  the  separation  of  a  complex  function  into 
its  real  and  imaginary  parts  can  be  effected  in  all  the  ordinary  cases  when 
tbe  function  is  of  algebraic,  exponential,  logarithmic,  circular  or  hyper- 
bolic or  inverse  circular  or  inverse  hyperbolic  form,  such  as 

(j»+»«)*.  (P+*^r"*"*,  a'"^*^,  log(i>+tg),  sin(i>+ij),  tan-Mp+*g),  etc, 
M  well  as  in  any  combination  of  such  functions. 

T^^wwna.  |XL  If  F(z)  be  any  function  of  t  expressible  as  a  power  series 
vith  real  coefficients,  viz.  F{t)s'7,A^^^  with  radius  of  convergency  p,  then 
''(P+*^)'*2J„(l>+ig)"  =  2i4^r^c«*«,   where  r  =  Vj)*+g«</),   ^=tan-*^/p 

=  X  +  t7,  say, 

where  JC=»2il„r"co8n^,    Y—'ZA^r'^Bmndy  and  both  these  series    are 
convergent  if  ^A^  be  convergent,  and  then  X  +  iF  is  convergent. 
We  then  have  X-i.Y=YA^f^e''^^  =  lA^(p-iqf^F{p-iqY 
The  separation  into  real  and  imaginary  parts  is  then  effected  by  addition 
aod  subtraction  of  the  equations 

giving      2X^F{p  +  iq)JtF{p-iq\    2iY=F{p-\-iq)-F{p-'iq). 

1194.  Lemma  IV. 

When  F(x^  P+i^)  can  be  thus  separated  into  real  and  unreal  parts,  as 

F(x,  i>+ig)  =  l'i(jr,  p,  ^)  +  tF,(ar,  p,  g), 

fi  and  J^tf  besides  containing  .r,  may  be  regarded  as  conjugate  functions 
of  p  and  9,  and  therefore 

dFi^dFt     dFj^__dFt, 
^p     ^'      'dq         ^^* 

and  differentiating  with  regard  to  Xy 

3  fdFA  _  ^  fdFt\      'a  fdl\\  ^__d_  fdFt\ 
"SpKdxJ'dqKdxr    ^\dx)        ^pKdxP 

i.t,  -j-^  and  -^  are  also  conjugate  functions  of  p  and  q ; 
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I.C.  T-,  which  is  equal  to  -T^  +  ''-j^y  besides  involving  jp,  involves  p  and 

9  as  a  function  of  p+t^,  and  =<^Cr,  p  +  tg),  say. 

It  might  be  said  that  this  also  is  a  self-evident  fact  aiising  from  the 
principle  that  the  process  of  differentiation  with  regard  to  x  takes  no 
cognisance  of  the  particular  vahies  of  any  constants  involved.  But  as  our 
experience  of  this  fact  is  based  upon  the  behaviour  of  functions  containing 
only  real  constants,  it  is  desirable  at  this  stage  to  make  this  point  also 
clear  and  to  establish  it  explicitly. 

We  have  then  t-  F{Xf  p-k-tq)  of  the  form  <^(j?,  p-\-iq)  for  all  real  values 

of  Xf  p  and  q^  and  we  have  to  identify  the  form  of  this  function  <^ 

Now  the  form  of  a  function  is  merely  a  means  of  defining  the  particular 

manner  in  which  the  several  variables  and  constants  are  involved  in  its 

construction,  and  is  independent  of  any  particular  values  assignable  to 

those  variables  and  constants. 
Suppose  then  that  it  has  been  discovered  in  the  case  of  a  real  constant 

p  that  -^  F{Xf  p)  takes  the  form  /(x,  p),  a  known  form  say,  for  all  values 

d 
of  X  and  p  ;  then  since,  when  g=0  we  also  have  ^^i^t  1')  =  <A(*>  P)  ^^r 

all  values  of  x  and  p,  we  must  have  <^(jr,  p)=f{x^  p) ;  that  is,  the  form 
of  the  function  <f}  is  identified  as  being  the  same  functional  form  as  that 
obtained  in  the  differentiation  of  F(Xy  p)  for  a  real  value  of  p. 

1 1 95.  It  is  assumed  in  what  precedes  that  we  are  dealing  with  a  function 
F{Xj  p)  which  is  continuous  and  finite  for  the  whole  of  some  range  of 
values  of  x  within  which  x  lies,  whatever  real  value  p  may  have,  and  that 
the  differentiation  of  F  with  regard  to  ^  is  a  possible  operation  ;  and 
that  these  suppositions  will  not  be  affected  if  we  change  p  to  p-{-f-q. 
Further,  that  Fi  and  1*,  are  continuous  and  finite  functions  of  x  for  the 
same  range,  and  that  differentiation  with  regard  to  x,  p  or  g  is  a  possible 
operation.     Under  these  circumstances  we  may  infer  that  if 

^F{x,  p)^f{x,  p\ 

where  j>  is  a  real  constant,  we  shall  also  have  a  result  of  the  same  form 
when  p  is  a  complex  constant. 

If  then  it  be  distinctly  understood  that  the  definition  of  integration 
used  is  that  it  is  the  reversal  of  the  operation  of  differentiation,  i.e.  the  dis- 
covery of  a  function  F{Xy  p  +  t^'),  which  upon  differentiation  with  regard 
to  X  shall  give  rise  to  a  stated  result /(jp,  p  +  t^),  it  will  follow  under  the 

limitations  stated  above,  that  if  lf{jr,p)djc—F{x,p\  where  j)  is  a   real 

constant,  we  shall  also  have  //(x, \p  +  ig)(ir=:f'(x,  p  +  tg),  where  p  +  iq 

is  a  complex  constant,  and  the  integrals  being  indefinite  a  real  arbitrary 
constant  C  may  be  supposed  added  in  the  first  case,  and  a  complex 
arbitrary  constant  Ci  +  iCj  in  the  second. 


mmmmmmm 
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1190.    Ab  examples  of  these  facts,  let  us  consider 

(1)  the  differentiation  of  x^'*'**,  where  p  and  q  are  here,  as  always,  real. 

We  have 

gj*+««»jj(it'«^l«K«)=^[it'{coe(glogar)+i8in(glog4r)}] 

^^[af{cofi{q\ogx))]-{-i^[x^{Bm{q\ogx))l  by  Lemma  II., 


=  [||jtt^»  cos  to  log  x) + W  - 1  j  sin  (g  log  x)  J 
+ 4  [^pi*-»8in  {q  log  x)  +  jr'^f  M  cos  {q  log  x)j 


^{p-{-iq)j^^[co9{q\ogx)-{'t9in(q\ogx)]^(p-{'iq)x^^e'*^* 

as  might  be  expected  from  the  principle  of  permanence  of  form  stated 
above. 

Hence  the  rule  -t-x^^nj^^  holds  whether  n  be  real  or  complex. 

OonreMely,  j^+'*-^dx=f^, 

af^-^dx^ — ,  also  holds 
wtietber  tne  maex  n  oe  real  or  complex. 

(2)  Consider  ^a<'»+*«>* 

This  is  J- 1^  ^**  •  [cos  (qx  log  a)  + 1  sin  (^.r  log  a)] 
aX 

=^e'«^*««co8(9a;loga)  +  i^e»«*^«sin(g*loga) 

={p-\-^q)  log  a<{^*  ^**  "  [cos  {qx  log  a)  + 1  sin  (qx  log  a)] 
=(l>+tg)loga.a<''+*«>* 

which  is  the  ordinary  rule  for  differentiating  a***  when  n  is  real. 
Hence  ^  a*'*=n  log  a .  a***  whether  n  be  real  or  complex,  and  conversely 

a^^dx^  — i whether  n  be  real  or  complex. 

n  log  a  ^ 

(3)  Consider  ^logp+t«J^, 

d   logeJ      _  1  d  ,        _1  1 

dv  Iog.(p  +  i<?)~log.(p  +  ig)  cTk  ^^^"jr*  log.(p+ig)' 

which  is  again  the  ordinary  rule  for  -r-  log^:!;,  viz.  -  •  t • 

(4)  Consider  j-tan~* — ; — • 
*  '  dv         p-^t^q 

V  X 

Let  tan~* — '- —  =  X-iY.  and  therefore  tan"* =JC  +  ir. 

p^tq  p-iq 
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Then  2X  =  tan"*      .^;g^     .,    2r=Unh-*      .^.  ^, 

But  since 

we  have  -j-  tan  *  — ; —  =         lA  \m    ^    a  ^ 

^      (P+*g)[(l>-*g)*+-g']  P+*^ 

[(p-*9)*+*l[(l>+*^)*+«l    (i>+*g)'+4f*' 

That  is,  the  ordinary  rule  for  differentiating 

.X       .      d         ,x       a 
tan"*-,    VIZ.  :y-tan~*-=s-5 — ^, 
a  ax  a    a^-^-sr 


holds  whether  a  be  real  or  complex. 

—  =it- 


-5^ — i=-tan~*-  holds  whether  a  be  real  or 


complex. 

(5)  Similarly,  we  might  go  on  to  discuss  the  other  standard  cases.  Hie 
student  may  verify  these  for  himself. 

1197.  EBsential  Difference  in  the  Two  DeflnitionB  of  Integration. 

Now  the  summation  definition  of  integration  loses  its  meaning  when 
the  integrand  becomes  infinite  or  discontinuous  between  or  at  the  limits 
of  integration.  Let  x=c  be  a  value  of  x  at  which  the  integrand  becomes 
infinite  or  discontinuous.  Then,  if  the  integrand  be  regarded  as  the 
differential  coefficient  of  some  function  of  j;,  say  y,  there  is  a  discontinuity 
in  the  value  of  dyjdx  for  the  value  .r^  c.  And  to  interpret  the  sammation 
definition  it  has  been  seen  in  Chapter  IX.  how  Cauchy  has  given  a  new 

summation  definition  of  /    (    )(ir,  viz.  the  limit  of  the  summation 


ft-  •  /"a 

/    (  )<^+\^  (  )<^. 


where  c  and  -q  are  to  be  diminished  indefinitely  in  a  ratio  of  equality, 
obtaining  what  Cauchy  calls  the  Principal  Value  of  the  Integral.  In 
this  way  the  discontinuity  ituif  is  avoided.  It  is  approached  indefinitely 
closely  from  opposite  sides,  but  the  discontinuous  element  is  omitted. 

Thus  a  geometrical  meaning  is  given  to  the  symbol  1   (    )dx,  which,  from 

the  summation  definition,  would  be  otherwise  meaningless.  But  regarding 
the  integrand  as  the  differential  coefficient  of  the  function  y,.  the  dis- 
continuity itself  it  an  essential  cfiartictenstic  of  that  function.  Hence  the 
two  definitions  do  not  agree  if  such  points  as  the  one  under  consideration 
occur  within  the  range  of  integration.  But  it  has  been  seen  earlier  that 
in  the  absence  of  such  cases  occurring  between  the  limits  of  integration, 
there  is  agreement  between  the  two  definitiona 
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In  the  general  theory  of  Definite  Integrals,  t.tf.  of  those  integrals 
between  certain  specified  limits  whose  values  may  be  sometimes  found, 
as  has  been  seen  in  the  last  three  chapters,  without  any  knowledge  of  the 
fonctlon  which  forms  the  indefinite  integral,  the  indefinite  integral  is  an 
unknown  function  of  x,  generally  not  capable  of  expression  in  finite  terms 
by  means  of  any  of  the  known  ordinary  Algebraic,  Exponential  or 
Logarithmic,  Circular,  Hyperbolic  or  Inverse  Functions. 

1198.  If  then  /(x,  e)  be  the  known  or  unknown  function  of  x^  whose 
differential  coefficient  with  regard  to  jr  is  F{x,  c),  we  have 

j'  F(x,  e)dx^[f{x,  c)J^^f{a,  c)-f{h,  c)-x(«,  ^  0  "ay, 

and  the  two  definitions,  viz.  that  of  inverse  differentiation  and  that  of 
summation,  agree  except  in  the  case  where  F(Xy  e)  assumes  an  infinite 
value  or  becomes  discontinuous  between  the  limits  x—a  and  j:»6,  and 
this  will  hold  when  c  is  changed  to  any  other  value,  say  c',  so  long  as 
such  change  does  not  make  F{x\  c')  become  infinite  or  discontinuous  for 
any  value  of  x  lying  between  x~a  and  x=^h^or  at  either  limit 

It  will  follow  that  whickever  definition  may  have  hun  Maed  in  obtaining 
a  specific  result  such  as 

j    F{x,c)dx'm^(a,  6,  c), 

where  c  is  real,  that  result  will  still  hold  under  certain  eondiHona  when  a 
complex  p+cg  is  substituted  for  c,  that  is, 


r 


that  is,  provided  that  none  of  the  stipulations  with  regard  to  F  and  x  have 
been  violated  by  the  transformation. 

This  entails  that  F(x^  c)  shall  \m  finite  and  continuous  for  all  values  of 
X  from  x^hX/ox^a  inclusive. 

That  F(x^  p-¥t4)  shall  be  separable  into  real  and  imaginary  parts  as 

Fi(x,p,q)  +  iF^(x,p,q), 

That  when  this  separation  has  been  effected  both  F^^x,  p^  9)  and 
/j(:r,  p,  9)  shall  be  finite  and  continuous  functions  of  x  for  all  values  of  x 
from  x^hto  x^a  inclusive. 

That  xC^i  b^  P-^*4)  ^  likewise  separable  into  real  and  imaginary  parts 
\M  *»  1>>  ^)  »nd  Xj(«,  h,  p,  q). 

That  when  any  convergent  infinite  series  has  been  used,  or  its  use  in 
any  way  implied  in  the  establishment  of  the  primary  result 


r 


or  in  the  separation  of  /*(jr,  p+t^),  xi^^fP"^^)^^^  their  respective  real 
and  imaginary  parts,  the  convergency  shall  remain  unaffected  by  the 
substitution  ofp-^-iq  for  the  real  constant  c  for  all  values  of  x  from  x=^b 
to  x^a  inclusive ;  and  further,  that  when  this  convergency  holds  only 


m^^ 
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within  definite  limits  of  the  valnes  of  p  and  q^  the  truth  of  the  pennanenoe 
of  form  of  the  result  can  only  be  inferred  between  such  limits. 

That  the  path  of  the  original  integration  for  values  of  x  from  a  point 
«b6  to  a  point  x=sa  along  the  jr-axis  shall  not  have  been  altered  in  any 
way  by  the  proposed  change  from  a  real  constant  c  to  a  complex  constant 

With  iuch  sUpyJoHonSy  we  therefore  have 

whence  j^  J^M  P,  «)<^=Xi(«»  ^  P*  «)  J    /  -^«(^>  P»  «)«^=Xi(«»  ^  P»  «)• 

1199.  If  F{xy  c)  and  x(a,  ^  c)  be  such  that  J   /'(x,  c)  rfr«xK  ^  <^)  'or 

all  real  values  of  c,  and  that  F{xy  c)  is  developable  as  a  series  of  positive 
integral  powers  of  c  uniformly  and  unconditionally  convergent  between 

specific  values  of  c,  for  all  values  of  x  from  6  to  a,  so  that  i   F{x,  c)dx  iB 

capable  of  term  by  term  integration,  and  is  also  developable  in  a  like  con- 
vergent series,  and  if  x(<>»  ^i  c)  be  also  developable  in  a  series  of  positive 
integral  powers  of  c  convergent  for  a  specific  lange  of  values  of  c,  the 

coefficients  of  like  powers  of  c  in  /   /^(jt,  c)<ir  and  x(<>»  ^>  <^)  ^^^  equal  for 

all  values  of  c  for  which  each  series  is  convergent  And  provided  that 
this  convergency  I'emains  in  both  series  when  we  substitute  a  complex 

value  p+tg  for  c,  the  equality  of  /   1*(jf,  p-\-iq)dx  and  x(«»  ^i  1>+*^)  ^i^l 

still  hold  good  for  such  values  of  p  and  g  as  do  not  disturb  that  con- 
vergency and  do  not  cause  F  to  assume  an  infinite  or  discontinuous  value 
for  any  value  of  x  between  b  and  a. 

If  it  be  proposed  to  conduct  the  transition  from  c  to  p+if  by  a  pre- 
liminary change  to  p+9,  we  have  /   F(x,  p  +  q)dx=  x(0}  ^t  P+9)  *  ^^d  if 

expansions  of  F(x,  p+q)  and  x(<if  6,  p -1-9)  be  possible  in  series  of  integral 
powers  of  g,  each  uniformly  convergent  between  specific  limits  of  q^  the 

coefiScients  of  like  powers  of  q  in  the  expansions  of  /   F{Xy  p-\-q)dx  and 

X(^  ^)P+9)  '^ill  ^  equal,  and  therefore,  provided  the  convergency  of 
these  series  be  maintained  when  a  change  from  9  to  ig  is  made  in  them, 
and  provided  also  that  such  changes  have  not  caused  F  to  assume  an  infinite 
or  discontinuous  value  for  any  value  of  x  between  x=b  and  x^a,  we 
may  infer  that  the  transition  to  the  complex  p  +  tq  is  legitimate. 

1200.  In  the  use  of  the  method  the  precautions  necessary  before  the 
results  obtained  can  be  accepted  as  rigorously  established,  are  somewhat 
irksome,  and  this  has  caused  mathematicians  to  look  askance  at  the 
process.     In  fact  it  has  become   usual   to  regard  it  as  a  method  of 


TRANSITION  TO  COMPLEX  CONSTANTS.  349 

suggestion  of  new  integrals  to  be  verified  by  other  methods  rather  than 
M  a  mode  of  investigation.  For  instance,  De  Morgan  remarks :  '*  It  is  a 
natter  of  some  difficulty  to  say  how  far  this  practice  may  he  carried,  it 
being  most  certain  that  there  is  an  extensive  class  of  cases  in  which  it  is 
Allowable,  and  as  extensive  a  class  in  which  either  the  transformation,  or 
neglect  of  some  essential  modification  incident  to  the  manner  of  doing  it, 
leads  to  positive  error.  It  is  also  certain  that  the  line  which  separates 
the  first  and  second  class  has  not  been  distinctly  drawn.'' 
De  Morgan,  after  citing  several  instances  of  the  success  of  the  method, 

.       o — [tan~*  J?] «  - . 

By  putting  y  n/  - 1  in  place  of  x,  he  obtains  /    .       -=V-i  /    -  J'  ^  and 

remarks  concerning  this  that  it  is  "  an  equation  which  we  cannot  either 
affirm  or  deny,  since  the  subject  of  integration  in  the  second  side  becomes 
iafinite  between  the  limits." 

We  may,  however,  note  with  regard  to  this,  that  it  apparently  escaped 
De  Morgan  that  having  put  r=>/-ly,  the  range  of  values  of  ^  over 
▼hich  the  integration  is  assumed  to  be  conducted  is  not  a  range  of  real 
lo^iMf,  as  was  the  case  in  the  integration  for  the  range  of  real  values  of  x 

0  00 

from  0  to  00 .     In  fact  y  ranges  from    . — -  to    . — -,  corresponding  to  the 

real  range  of  x  from  0  to  oo ,-  and  all  the  values  through  which  y  passes  in 

this  range  are  imaginaries,  so  that  y  never  passes  through  the  value  1  at 

all,  and  therefore  the  subject  of  integration  never  becomes  infinite  as  De 

k 
Morgan  asserts.    As  a  matter  of  fact,  if  we  write    i — ^,  for  the  upper  limit. 


r^-\r{^,*^>-i^\^ 


1+^  .    lU  ' 


=  2log(-l)  =  2log[co8(2n-l)ir  +  4sin(2ii-l)ir] 


2**'^*  2 


where  n  is  an  integer. 


Hence  •J -I  I       r~i  ^*®  ^^®  ^^  ^^®  values  of  -(2*1-1)^,  where  n  is 

an  integer.     The  value  ?{=0  gives  the  particular  value  -2^,  which  we  have 

r  dx  " 

assigned  to  the  left  side,  viz.  /    .       .» 
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/etr  1 

-      4^~-tan~'cx,  e  be  replaced  by  ic,  we  bare 

r-r-^^r3~-tanb~^eLr.     Botb   tbe   rigbt-band  ride  and  tbe   integrand 

become  oo  at  x^<r^  during  tbe  marcb  of  x  from  0  to  co.  Tberefore,  witb 
tbose  limits,  tbe  cbange  proposed  is  inadmiarible.  We  defer  tbe  con- 
sideration of  tbe  use  of  a  complex  variable  to  tbe  next  cbapter.  And  it 
is  to  be  understood  in  all  tbe  remarks  made  in  course  of  tbis  diacusrion, 
that  tbe  marcb  of  tbe  variable  between  its  limits  is  not  to  be  interfered 
witb  by  tbe  substitution  of  a  complex  constant  for  a  real  one,  ie.  tbat 
tbe  cbange  of  c  to  p+i^  is  not  supposed  to  be  one  wbicb  can  be  brongbt 
about  by  a  cbange  in  tbe  VfiriabU^  as  is  done  in  tbe  case  cited. 

Illustrations. 
1201.  (1)  Taking    Jo^-^cir^— ,    write  n»a+46. 

Tben  Ja^-^j?**d:r=a!«+**/(a+46)    [Art.  1196  (1)1 

t*.  e.  I  jc*"*  {coe  (6  log  jf) + 4  sin  (6  log  x)}  dx 

=  [x«  cos  (6  log  or) + ur*  rin  (6  log  *)]  (a  -  46)/(a*  +  6*) ; 


,a#a  sin  6^-6  cos  hd 


wbence,  writing  *=«*, 

wbicb  are  tbe  well-known  results  proved  elsewbere  witbout  the  use  of 
complex  values. 

(2)  In  tbe  integral  Is  j[*  ^^ = [log(^ +<?)]*= log ^^»  P"^  e^fe'\ 

1  1  .r+yg"**  .r+ycosa~4^sintt 


Then 


and 


j?+c    JP+je**    Ji^-\'2gxcoBa'^q*      j^+2qxcwa+f 


a-hqe^    2       a*+2a^co8a+9*      \  ft+gcosa  a+gcoso/ 


Therefore 


and 


rx-\-qcOBa         ,  _1.      6*  +  26gco6a+^' 
j:* + 2^^008 a +g*    ^"""2  *^^a*+2a^coea+9* 

yo  ^^4- 29X006  0+9*  ^sma  gsina     ^ 


results  which  are  obviously  true  otherwise. 

Tbe  process  is  valid,  for  all  the  conditions  laid  down  in  Art.  1 198  are 
fulfilled. 


(3)  In  /sf    ^"••coe6cr<ir=-s— -Ti,  writea— ce**. 


!*«-«*«>••  e-««^»cos  6xrf*= 


(a,  c  botb  +*• ;  a,  acuteX 
c(6^'-+c«tf-**) 


6*  +  2Wc*cos2tt+c« 
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Equating  real  and  unreal  parte. 


r.-r,- 


«       L     •    /       •      xj  c(c*-ft«)8ina 


TIm  change  from  a  to  00**  doee  not  affect  the  path  of  integration  with 
regard  to  x  from  0  to  oo ;  the  integranda  remain  finite  and  continuous 
throughout  the  range,  and  though  the  upper  limit  is  infinite  both 
integrands  are  zero  when  x  is  infinite,  and  the  conditions  of  the  validity 
of  the  process  are  all  satisfied.  Hence  it  will  be  fair  to  assume  the 
results  correct.    They  may  be  readily  verified  otherwise. 

e*"***'<ir»s-5--,  write  a^^ee^f  (a  and  c  +*• ;  o,  acute). 
Then  jf  ^-^v  («•«•+'•»»«•)  cir 

Therefore     j    e-«^«*^coe(c«a:*sin2a)rfr=^co8o, 


[■ 


.-"tWetrntm. 


sin  (c'j^sin  2a)  cLr = -3-  sin  a. 


f9  '2c 

The  new  integrands  satisfy  the  conditions  under  which  the  transition 
ii  permiarible. 

Patting  <>**'7i  ^c  have  Fresnel's  integntk  of  Art  1163,  viz. 


coBC^a^dx—  — F=i 
0  2cV2 


8inc*jc*rfj:= 


>AF 


(6)  In  /sjT  «-«'*•  (ir-^,  write  a=m(l  +  a),  (a,  +'•). 

Then  r  e-i-'dW^dlr— ;^. 

y-»  m(l+a) 

Both  sides  are  capable  of  expansion  in  powers  of  a,  conyergent  for 
ndues  of  a  which  lie  between  -1  and  +1.  And  both  series  remain 
convergent  when  we  replace  a  by  an  unreal  quantity  with  modulus  <  1. 
Hence,  writing  pj-l  for  u,  whera  )3 <  1,  we  obtain 

whence  (P<1); 

[Skrrbt,  Oris.  InL^  p.  140.] 


■aH«i>^_^^*M>Ma*i^ 
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(6)  Taking  the  integitd 

f  r  ^ 

we  observe  that  coeh  %qx  and  ev*  can  both  be  developed  in  asoendiog 

powers  of  q  which  are  both  convergent  series,  and  that  if  we  write  if  for 
9,  the  convergence  will  not  be  affected. 
Hence,  we  may  safely  infer  that 

I—      ff* 
j^^e-i^cos  Vtir-— a"**, 

and  as  the  integrands  in  these  integ^ls  are  not  affected  bj  changing  the 
sign  of  X  in  either  case,  either  integral  may  be  taken  from  0  to  oo,  and 
the  results  are  still  true,  provided  in  that  case  the  right-hand  sides  li« 
halved. 

(7)  In  /  =  j"e"'^'''"*"**^d:r=~e-2<Ai,  write  f=l»'». 
Then  f  e-*''"('"^^U-^  e-e"^*-; 


:^  e-*«*'«»«*coe(a+2al!«sin2a)i 


[  e-*'('"^i^)~-^Bin{*.(^+^)sin2a}dr 


I 


^^  g-2flA»c«.  2.gin  (a+  2aA*sin  2a). 


[Cf.  Cauchy,  Mhn,  dea  8av.  Arungers^  i^  p.  638'3 
(8)  Taking     Laplace's     integral    j   e-^^coegftirdlr^^e  *',     writ^ 


tir 


o=ce*  ;  then  o'^c^e'  sstc'  and  «""*** =6"**^'= cos  c'x*- 4  sin  cV. 

(cos  c'o:'  -  t  sin  c'jc*)  cos  26jt'(ir  —  -^  e     ^*   *"'  ; 

whence  /    coecVcoe26ji:dr=-2-  c<^(i~ij)» 

/    sincV8in26jr<iF=-s-  si^f^-i/i 

results  due  to  Fourier.* 

•  TraUi  de  la  Chaleur^  p.  533 ;  Gregory,  AC,  p.  485. 
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PROBLEMS. 


£ 


1.  Show  that  I  co6'»a:co8tix</jr  =  jr- .  .^  ,oa«-i 

2**  [COLLKGIS,  1892.] 


Show  also  that  j  cos"  ^  cos  (n  -  2r)  Odd^^Cr^- 

2.  Evaluate  I   fl -t  j  ar^-^^/x,   where    «    is    positive   and  k  a 
Mffltive  integer.  *  [St.  John's.  1892.] 

2  f  c»* 

3.  Prove  that  -  I  c«  «*  *  sin  (c  sin  a;)  sin  nxdx^—^ 

[Math.  Tripos.,  1872.] 

4.  If  m  be  a  positive  integer,  prove  that 

w 

I   (2cosa:)"*~*a:sin(w  +  l)a:(fe«  — . 

[Ck>LLBOBS  e,  1883.] 

5.  If  n  be  positive  and  less  than  unity,  show  that 


I^cosrj;  ,      r^^  ir       nw 


[Colleges  /3,  1889.] 
6.  Show  that 


i: 


cos2g^cos;?f^  ,     ^    ^^_^y(y4-l)...(y  +  j?-l) 

,5        cos^^  r        V       7  ^1  > 

irhere  |?  is  any  negative  quantity  or  any  positive  proper  fraction. 

[Colleges  7,  1888.] 
7.  Establish  the  result 

I  co8h(ologa:)log(l+x)  — =  — ( -r^^'^ )     (v<l). 

Jo         vr     &   /    ov        f  X     2jt?\sin^/7r    pj     ^       ' 

[CoLLKGKs  a,  1883.] 

^  f 2' ___8in2^r^ 

•  ^^**"*^  J^    1  -  2  sin  a  sin  ^  H-sin*^*        [Colleges  /3,  1890.] 

9.  Show  that  the  product  of  the  two  integrals 

Ie-^x^^'^dx    and     I  e-'^x^~^'*(lx    is 
0  Jo 


IT 


4  sin  rnr 
[Colleges  a,  1890.] 


10.  Uu=Ve^dx,  show  that  u^=\   (e*'*^'*- 1)^^. 

[Colleges  a,  1890.] 

11.  Show  that  ^'^^'ilj^rfO^  J. log{i(l  -«-«•)}. 

[Coluges,  1892,  etc.] 
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12.  Show  that 

Jo  1+OC08Z  V        ^*      "  / 

[BiiiTH.  TBIP06,  1882.] 

13.  Prove  that 

I     COB  nc6  log  (I -i- 2m  COB  c6  A- m^)d6^ w*  or  — m", 


14.  Find  the  value  of  I  sinn^tan-^^ — ^dS, 


according  as  n  is  even  or  odd    (1  >m>0).  [R.  P.] 

of  I  si... -  ^ 

Jo  l-aco8(/ 

where  -  1  <a<l  and  n  is  an  integer.  [Oxvord  IL  P.,  190a] 

15.  If  fTi,  n  being  each  less  than  unity,  and  8ina;»n8in(a5+)r), 
show  that  r       a;siny(/y       ^  ir  ^     _1_ 

Jol  -2mcosy  +  m*~2m  ^^l-i 


mn 


[9t.  John's,  1891.] 


16.  Show  that 


r   -^    ^**   .  .dx  =  Oa-'<*+^>*+^-*-^—  cosec  ^"*  "^  ^  y 
Jo  (a*«+a«»)*+^         '^^  2n'^'^^     2n       ' 

where  ti^  n  and  A;  are  all  positive  integers  and  fn<ii,  and  Q  is  the 

coefficient  of  c*  in  the  expansion  of  (1-c)     ^        in  ascending 
powers  of  e,  [Collmu  a,  1887.] 

17.  Prove  that 

f* ^ IT       e-k-a     .^  .. 

Jo  (l+a:«)(l-2ocoea;+a«)""2(l-a«)«-a    ("<«<!> 

[COLLI0I8  7,  1888.] 

18.  Prove  that  I    ndO^- t-^t,  where  a>\. 

Jofl-cos^  ra«-l)* 


19.  Prove  that 


[St.  Jobn's,  1881.] 


ng+cosg      1»  y  y    2€«-l 

l+2«coe^+««J  2(l-««)    ^^     2«»(«»-l)' 


according  as  e<l  or  0>1. 


[R.P.] 


r* 


20.  Show  that  I    z — = ^  =  -r ^ — ,  where  n  is  not 

Jo  l  +  2xcosa+a;* * 


sinnr  sin  a 


an  integer  and  r>a>0. 


[St.  John's,  1891.] 
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poo         J^ 

21.  Show  that  I    = — —  =  —  cosec  — ,  if  n>  1,  and  thence  show  that 
.•     ,  ...         Jo  1  +aJ**    n  n 

if  n  be  positive, 

I    logxlogfl  +— j(fe  =  ira cosec -floga-- cot-- Ij. 

[Math.  Tripos,  1883.] 

22.  Expand  the  definite  integral 


i 


'^x-Hl-xr-^ 


lo  (l-tia:)T' 

in  the  form  of  a  series  of  ascending  powers  of  u;  and  thence  or 
otherwise  find  the  relations  which  must  subsist  between  f^  Pt  7  &n<^ 
the  indices  a',  fi^,  y  of  a  like  integral,  in  order  that  the  two  integrals 
may  be  to  each  other  in  a  ratio  independent  of  u. 

[Smith's  Pbizb,  1876.] 

23.  Prove  that 

o(l-2aco8«+a«)(l-26cosa;  +  J»)  ""2(1-0*)     \h<iy 

[GOLLBOBS  7,  1893.] 

24.  Point  out  the  fallacy  in  the  following  train  of  reasoning. 
By  patting  ox  =»  y,  we  have 

Show  that  the  value  of  the  latter  integral  is  log-. 

[Tbimity  Collbob,  1882.] 

25.  Deduce  from  the  expansion  of  log  (1  +2)  that  if  x  >^  1 

Deduce  Euler's  series 

r*  0 

26.  Show  that  if  /r  =     sin  rS  cot  ^  dS,  then  Ir  =  Ir-i- 

Jo  -^ 

Hence  show  that  Ir  =  v. 

k 

27.  By  differentiating  «=  T  ^^^ dx  with  regard  to  a,  show  that 

Jo     ^ 

du     f*f(a;),       .,,^,,  i>(k) 


MHM 


,a„uummtumttmamrii^m 
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Hence  deduce 


r^<^y<^u»(a-6)r^&-»xo)[«iog«-^iog^-^^-q 


-(a-6)Z/*..*W. 


on  the  supposition  that  <^  is  such  that  Z/A-«e  I      ^^    <fe  vanishes. 


Apply  this  to  show  that  | 


Jo 


[BSBTRAKD,  Oblc  /•»(.,  p.  226i] 

28.  Prove  that  if  m,  n  are  positive  integers  whose  H.C.F.  is  r, 
and  m^r/jtf  ff^rv,  and  j),  q  numerically  less  than  unity,  then  will 

dx  w  I  +1^3^ 


Jo  (1  -  2pcos wa;  +p^){l  -  2gcosna;  +3'«)'"(1  -f^){l  -  j")  1  -/J'j^' 

f'_C( 


29.  Show  that 


cosrx 


V       \'yfr^-l'Y 


dx  B  _----.  I  . 

«cosa5        >/l-««L        * 


J 


[GOLLMIS  i,  1884.] 


30.  Evaluate  I   sin^xlogtanx^fsc 

31.  Prove  that  if  n  he  a  positive  integer, 

(i)  I   cos2ndlog(8ind)dd= -^,    (ii)  I   cosfia;(co6a;)«»(lz-B-^. 

32.  Prove  that^  n  being  a  positive  integer, 

(i)  rcos2ndlogsindrfd= -~; 
(ii)  [  co8  2nd{log(2  8ind)}«rfd=.ir^«/2n; 

(iii)  J^  {log(2sind)}<i^-irfi/288  + Vir^nV. 

J       ,111  1         1 

where  ^n=l +  2  +  3  +  4+ •••+;r3T  +  2"n* 

33.  Evaluate  \   jz r^dx   (a<l). 

J^(l-aco8a;)«        ^        ' 


[8t.  John's,  1891.] 


^^^^r  '  '  [COLLBGK,  1890.] 

34.  Prove  that  if  n  be  a  positive  integer  and  7p/2>o>0,  then 


Jo  » 


dx        sin*^^ 


Q  X  (I  - sin^o sin'a;)"    2 


«•  1 .3.5...(2n-3)      .    , 

7 rn sec*""*  a. 

(n-1)!  ^ 


[St.  John's,  1887.] 
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35.  Show  that  21  sec  a;  log  ( 1  +  sin  a  cos  z)dx^va-  a^. 

"  riog{;/(i^^')},,. 

Jo  l-«^ 


Hence  deduce 


36.  Prove  that  if  2;<1, 

l+a;cos^    dO 


[Trinity,  1884.] 


i: 


log 


\  -z  COS  B  cos  d 


=  2ir  sin~^x. 


[CoLLBois  a,  1891.] 


37.  If  i«  +  t?  =  4,  tt-r  =  2sin^,  show  that 

38.  If  m  and  n  are  positive  integers,  prove  that 

cos(2w+ l)ir-cos(2?t  +  l)x  J      ,         . 
i '—. ^ —dx^(n-m)ir. 


; 


zsina; 


[Oxford  II.,  1890.] 


39.  Prove  that 


j: 


{ tan-^(a  tan  x)  -  tan-^(6  tan  x) }  (tan  aj  +  cot  x)dx  =  ^j  log  7, 
where  a  and  h  are  both  positive.  [Oxford  II.,  1886.] 

40.  Show  that   r^-^sin^a^-e-g^sinaa^^^Q  .^  aft  ^^^ 

Jo  «  ^    P 

a  and  ft  be  positive. 


[Clark,  Caius  and  Kino's,  1885.] 


41.  Prove  that  \\\e      • 


\\\' 


dxdydz  extended  over  the  volume  of 

the  ellipsoid  x^/a^  -^  y^/b^  +  z^/c^  =^  \  is  equal  to  47raftc/«,  a  being  equal 
to  >/a*P  +  ft^*  +  c V  and  /,  w,  n  being  direction  cosines. 

[COLLBOKS,  1886.] 

42.  Show  that 


I'J 


+  (a-h) ydx^b-a-a  log  -, 


where  a  and  ft  are  positive  quantities. 


[Trinity,  1892.] 


43.  Prove  that  I  ^ ^—-^ ^r-2 =  7"  ^^S  T-r-9  »^  w 

Jo  l+2ncos2^  +  n2  4n     °  1  4-n2 

be  less  than  unity. 

Determine  also  the  value  of  the  same  integral  when  n  is  greater 

than  unity.  [St.  John's,  1891.] 
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44.  Prove  that,  for  any  value  of  n,  provided  a  be  between  0  andr, 

dx tt 

(l+a:»)(l  +  2ajco8o+a*)    "2iino 

and  r  0^^)^  -     - 

Jo  (1 +«")(! -2x« COB 2o  +  x*)     4sina 

[St.  JoHir'8  OoLL.,  1881.] 

45.  Prove  that  if  c  be  positive  and  less  than  unity, 

I   8in2n<^     «"*«•■*»'♦  cos {(a;8in««^(l -coos «^)}iKd^=-2irCry^^. 

[Matb.  Tripos,  1886w] 

46.  Prove  that 


JoJo         imp  (a:«  +  y«  +  ;8«  +  4c*)*       ^         I 


12000c«>/r+n? 
[St.  JoHjf's,  188S.] 
47.  Show  that 


I     I  /(nicos^  +  n8in^sin^+j'sio^cos^)sin^(2^(^4^ 
=  2jr  I     /{a;N/m*  +  M*Tp*}  (fe. 


/(xJm^-^-u^  +  T)^]  dx, 

[POISSON.] 

48.  Prove  that  if  n  be  a  positive  integer, 

r  n sin'^-H'z {8in«*»•^*y - BJn^+^z}  ,  j'  ^^ 

Jo  Jo  sin^y-sin*^  8* 

[St.  John's,  1888.] 

49.  Prove  that 

I    I    (l-8in*<u8in«^)58in'H-io»rf^rfw 

is  a  symmetric  function  of  m  and  n.  [Math.  Trip.,  18»5.] 

60.  Prove  that 

J -00 J -00  ^         Jo  vl -sin'ttsin*^ 

[Ox.  II.  Pub.,  1902.] 

51.  Prove  that 

52.  If  tt  -  (a6'  -  a'b)si^  +  (oc'  -  a'c)xy  +  (be'  -  6'c)y2,  prove  that 

where  j&  -  4(a*'  -  a'b)  (be'  -  6'c)  -  (ca'  -  c'a)\  provided 

4 (6«  -  oc)  (6'«  -  aV)  >  (2W'  -  oc'  -  a'c)2.    [St.  John's.  1886.  ] 


idMdbui 
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53.  Show  that 
ifa>Oanda^-c^>0. 


dxdif  'B 


1 


C06-* 


%Jab-'<^  y/ab 


[I.C.a,  1897.] 


54.     Show  that 


JoJo 


yco6h2e;cy« 


dxdy  — 


•Jwa 


ojo  4(0* -c*) 

if  (H  &,  e  are  positive  quantities  and  ab-<^  >0.  [L  C.  S.,  1897.] 

55.  Show  that 

9       9 

{^r  F{\-8inecos<l>)meded<^^lwVF(H)du. 


56.     Prove  that 


JSt.  John's,  1891.] 


57.  Calculate  the  value  of  1 1 '-  taken  throughout  the  ellipse 

J  J  ^i^i 

where  Tj  and  r^  ^re  the  distances  of  the  point  v^  y  from  the  foci. 

[CoLLKOBS  a,  1889.] 

58.  If  f  ssin/jj^sinjPj^  8in/?5^...8in/>*n+i^,  where^p  Pj,...j?2h+i 
are  any  positive  integers  whose  sum  is  odd,  prove  that 


f  *  vds  ^  r  VdO 

Jo     ^    ""Josin^* 


[St.  John's,  1892.] 


59.  Show,  by  means  of  Landen's  Transformation 

tan(^-<^)= ---Jtan^, 

that       f" '^ ,=  f" '"^ 

J 0  (a« cm^e  + 1)^ siwHy    Jo  (a^* cos* <^  +  h^^  sin* 

where  a^  and  h^  are  respectively  the  arithmetic  and  the  geometric 
means  between  a  and  h. 

Point  out  the  value  of  this  result   in   the  calculation  of   the 
numerical  v  lue  of  the  definite  integral.  [Math.  Tripos,  1889.] 


*) 


1' 
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60.  If  jp  be  the  length  of  the  perpendicular  from  the  oentre  of  the 
ellipsoid  -s  +  ri+^'=  1>  on  an  element  dS  of  the  surfaoe,  prove  thtt 

[Ooaiswam  7, 1901.] 

61.  Show  that        r  "'"f.^Y^  de.nl. 

Jo      ^sin^  2 

provided  n  is  an  integer  and  r  any  quantity  >  n  ~  1. 

[Math.  Tkif.,  1873.] 

62.  Prove  that  f  }^^^  ,  (fe  -  0. 

Jov4a5-aj' 

[Clabi,  Caius,  Kiiro'8,  1886.] 

63.  Prove  that2p   log(l  +8in2^)rf^  +  «-log2-0. 

Hence,  or  otherwise^  find  the  value  of 

1^    JL^    1.3.5 

2j  +  2.42+2.4.6»"*"  •  •  [Ox.  I.  P..  iwa] 

64.  If  u,  u'  are  essentially  positive  quadratic  functions  of  2;  Zi,  A' 
their  discriminants  and  H  the  invariant  intermediate  to  A  and  A', 
prove  that  C^    .     u'   dx     ir  ,     ir+2^/SA' 

[Nanson,  B.T.,  13406.] 

65.  If  Vana:»  =  «^(a;)    and    ^b^=^\l^(x), 
show  that 

If  also  y]cng**  =  x(^)«  show  how  to  express  ^  OnftnCng"  hy  means 

n-O  iSo 

of  a  double  integral.  [Smaasbk.] 

66.  Prove  that 

-       fix       fAc^     fih^ 
"^  112!"^  214!  ■'■3T6!  ■*■••• 

=  -  I  «M  «»•  cosh  ( v^  cos  ^j  cos  (/i  sin  ^)  cos  wa;  sin  ^jrf^-  1. 

[W.  H.  L.  RUSSKLL.] 
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67.  Show  that 


t 


28ioh7 


e«C08    «^<«-(^«  +  2«)(a«  +  4») ...  {a»  +  (2n)»}         S 


Hence  prove  that 

z 


+  ... 


-C08ech-^|    ^ei^coBh('Jzcoa6)d6, 


[W.  H.  L.  RuasxLL.] 


68.  Show  that  I       «"  *  (^  -  cos ar)  (f«  =«  4  jJ-  sinh  -. 


[W.  H.  L.  RrasiLL.] 


69.  Establish  the  results 

<«)r<"i)-4-:-j:/("i)f- 

I 

70.  Establish  the  results 

«£/("i)r^?-li:/(-4)?- 

....   f*  dx  _Tr 

^"Mo(l+a:*){l+*")       "■*■ 


[Liouvillb] 


<""  J.rh 


[Glaisher,  Messenger  of  Math,,  No.  70.] 


71.   If  /,|(a;)  be  Bessel's  function,  show  that 

III 


Jo    a^"* 


(^Z 


"i^) 


r-  ; ^.(2n+l>0>W>  -1). 

^\  2    /  [Math.  Trip.,  1898.] 


CHAPTER  XXIX. 

VECTORS.    THE  COMPLEX  VARIABLE. 
CONFORMAL  REPRESENTATION. 


1202.   The  Operative  S]rmbol  £. 

Let  I  be  defined  as  an  operative  symbol  which,  when  applied 
to  any  straight  line  of  given  length,  and  lying  in  a  given  plane, 
has  the  effect  of  turning  that  line  in  the  given  plane  about  one 
of  its  extremities  through  a  right  angle  in  the  positive  direction 
of  rotation,  i,e,  according  to  the  customary  convention,  counter- 
clockwise. 

Then,  if  OP  be  any  length  measured  along  the  positive 
direction  of  the  x-axis,  lOP  will  be  an  equal  line  OP^^  measured 
along  the  positive  direction  of  the  y-axis. 


t^ 


^ 


P. 

y 

Fig.  340. 


Now  i(iOP),  or,  as  we  may  write  it  in  analogy  with  algebraic 

custom,  t^OP,  may  Ixj  interpreted  as  the  result  of  dmvg  to  lOP 

what  I  has  (lone  to  OP ;  i.e.  OP^  has  been  itself  turned  counter- 
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clockwise  to  a  position  OP^  lying  along  the  negative  direction 
of  the  o^axis,  the  absolute  lengths  of  OP^  and  OP^  being  each 
equal  to  OP. 

Again,  i{i(iOP)},  le.  lOP^  or  i^OP  has  turned  OP^  to  the 
position  OP3  lying  along  the  negative  direction  of  the  ^-axis, 
the  absolute  lengths  of  OP^  and  OP  being  equal. 

Finally,  i[i{i{iOP)}l  i.e.  lOP^  or  i*OP,  has  turned  OP^  to  the 
original  position  OP. 

1203.  Interpretotion  of  >/^. 

Let  us  next  consider  for  a  moment  the  symbol  V—l,  or,  as 
it  is  usually  called,  "the  square  root  of  —1,"  an  expression 
with  which  the  student  has  grown  familiar  in  algebra,  in  the 
solution  of  quadratic  equations,  factorisation,  etc. 

Now  all  arithmetical  quantities  are  either  positive,  zero  or 
negative.  There  are  no  others.  Their  squares  are  all  either 
positive  or  zero.  There  is  no  arithmetical  quant 'ty  whose 
square  is  negative.     But  the  definition  of  %/—  1  is  that 

or  conforming  to  the  usual  notation  and  language  (%/—  1)^=  —  1 , 
and  "  the  square  of  V—  1 "  is  —1.  The  logical  inference  is  that 
*/— 1  is  n^t  quantitative. 

But  it  is  customary  nevertheless  to  discuss  and  use  such 
expressions  in  algebra  as  they  arise  there,  and  as  they  obey 
the  same  fundamental  laws  of  algebra  as  are  obeyed  by 
ordinary  arithmetical  and  algebraical  quantities,  viz.  (1)  tlie 
associative  or  distributive  law,  (2)  the  commutative  law,  (3)  the 
index  law,  so  long  as  they  are  combined  with  quantities  which 
have  magnitude  only  and  no  directive  property. 

Now,  according  to  the  usual  Cartesian  convention  of  sign  to 
denote  the  relative  direction  of  lines,  if  OP  be  regarded  as  a 
line  drawn  in  the  direction  of  the  positive  direction  of  the  a;-axis 
and  OP2  an  equal  line  in  the  opposite  direction,  0P^=  —  OP. 

Thus  i^OP  =  -  0P=  (J^fOP. 

We  may  therefore  properly  interpret  J— I  as  being  identical 
with  the  operator  1,  and  therefore  regard  v/^^,  which  is  not 
quantitative  at  all,  as  being  operative  and  having  the  property 
that  it  turns  any  line  to  which  it  may  be  applied  through  a 
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right  angle  counter-clockwise  about  one  of  its  eztremitiea. 
It  is  not  therefore  commutative  as  regards  such  expressioiis  as 
have  direction  as  well  as  magnitude,  i,e,  such  expreesioiis  as 
arc  known  as  **  vectors/'  in  distinction  from  those  which  have 
magnitude  only,  to  which  the  term  "  scalar  "  is  applied. 

1204.   Deflnition  of  the  Term  "  Vector." 

The  terms  ''scalar"  and  "vector''  are  due  to  Sir  William 
Rowan  Hamilton. 

The  definition  of  a  ''vector"  given  by  Eelland  and  Tait 
(Qiuitemions,  p.  6)  is,  "A  vector  is  the  representative  of 
transference  through  a  given  distance  in  a  given  direction." 

In  the  consideration  of  such  operative  symbols  and  vectors 
we  retain,  as  is  usual,  the  ordinary  terms  addition,  subtraction, 
multiplication,  division,  though  the  interpretation  of  the 
results  will  differ  in  some  respects  from  the  results  of  the 
corresponding  common  processes  as  applied  to  scalar  quantities. 

If  a  rigid  lamina  be  displaced  without  rotation  from  one 
position  to  another  position  in  its  own  plane,  points  A,  B,C, .,, 
of  the  lamina  are  transferred  to  new  positions  A',  R,  C, .... 
such  that  AA\  BR,  CC,  etc,  are  all  equal  and  parallel.  A 
knowledge  of  the  length  and  direction  of  any  one  of  them 
would  be  enough  to  fix  the  second  position  of  the  lamina 
relatively  to  its  original  position.  They  are  all  vector  quan- 
tities and  equivalent.  That  is,  they  are  represented  by  the 
same  vector.  A  vector  is  completely  defined  when  its  magni- 
tude and  its  direction  are  known.  No  account  is  taken  of  its 
position.  In  this  respect  a  vector  differs  from  a  force  which 
needs  further  description,  viz.  a  specification  of  the  point  of 
application. 

Hence  a  force  is  fully  defined  by  (1)  its  point  of  application, 

(2)  its  representative  vector. 

In  the  cose  of  the  axis  of  a  couple  the  only  elements  neces- 
sary for  its  description  are  (1)  its  magnitude,  (2)  its  direction. 
Hence  the  axis  of  a  couple  is  a  pure  vector  and  needs  no 
further  description,  the  vector  being  specified. 

A  vector  is  therefore  represented  graphically  by  drawing 
any  straight  line  in  the  specific  direction  of  the  vector  and  of 
the  specific  length  indicated  in  the  description  of  the  vector. 
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And  dU  paraUd  lines  of  the  same  length,  from  whatever  points  they 
may  be  drawn,  wiU  equally  represent  the  same  vector. 

Thus,  the  force  acting  at  a  definite  point,  a  velocity,  an 
acceleration,  the  axis  of  a  couple  are  familiar  examples  of 
vector  quantities,  whilst  speeds,  moments,  energy,  horse- 
power, are  scalar  quantities. 

1205.   Laws  of  Oombination  of  the  Operator  i. 

The  operator  i  obeys  the  ''associative  *'  or  distributive  law 
of  algebra.  For  if  we  apply  it  to  the  sum  of  two  lines  OA,  AB 
(Fig.  341)  which  lie  in  the  same  direction,  say  along  thea^axis, 
it  is  immaterial  whether  we  first  add  the  lines  together  and 
then  rotate  the  sum  through  a  counter-clockwise  right  angle. 


Fig.  341. 

or  whether  we  first  rotate  OA  through  a  counter-clockwise 
right  angle  to  OA'  and  do  the  same  with  AB,  bringing  it  to 
the  position  AB^,  and  then  transfer  the  result  AB^  parallel  to 
itself  to  the  new  position  A'B,    Thus 
t(OA+AB)=iOB=OR=OA+A'B^OA'+AB^=iOA^'iAB. 

1206.  The  same  is  obviously  true  if  the  operator  i  be 
applied  to  the  difierence  of  two  lines  or  to  the  algebraic  sum 
of  any  number  of  lines  in  the  same  direction. 

1207.  Again,  if  a  line  be  doubled  or  trebled  or  halved,  etc., 
and  then  turned  through  a  right  angle  counter-clockwise,  the 
efiect  is  the  same  as  if  we  turn  through  a  right  angle  first 
and  then  double,  treble  or  halve,  etc.,  i,e.  i{pOA)=pi{OA),  p 
being  numerical,  so  that  i  obeys  the  commutative  rule  as  regards 
numerical,  that  is  scalar,  quantitiea    But  it  is  not  commutative 
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with  regard  to  the  subject  of  its  operation,  ix.  we  cannot  write 
lAB  as  ABi  any  more  than  we  can  write  logo?  as  a? log. 

Finally,  i  satisfies  the  index  law  of  algebra.  For  to  turn  a 
line  n  times  in  succession  through  a  right  angle  in  a  counter- 
clockwise direction  brings  it  into  the  same  position  as  it  would 
have  had  if  turned  in  the  same  direction  through  n  right 
angles  at  a  single  operation, 
i.e,  1^0 A = I .  I .  I . . .  to  n  operations .  OA. 

Thus  I  satisfies  all  the  fundamental  laws  of  algebraic  com- 
bination, except  that  it  is  not  commutative  with  regard  to  any 
vector  quantities  upon  which  it  is  operative. 

1208.  The  symbol  AB,  as  denoting  a  line  starting  from  A 
and  terminating  at  B,  drawn  in  a  definite  direction,  may  be 

considered  as  a  transference 
b'  of  a  point  from  a  position  A 

to  a  position  B,  and  may  be 
regarded  as  a  vector,  or  in  fact 
itself  as  an  operative  symbol 
which,  when  applied  to  a  unit 
line,  viz.  AB{1),  extends  that 

unit  in  the  specified  direction 

in  a  numerical  ratio  of  the 
absolute  length  of  AB  to  unity. 
When  I  is  applied  to  AB,  there  is  further  the  rotation 
through  a  clock-wise  right  angle  to  the  position  AR. 

If  AB  be  itself  unity,  then  AB'=i.{i)=i,  say,  and  i  may 
itself  be  regarded  as  a  vector. 

1209.  Vector  Addition. 

The  general  idea  of  a  vector  being  that  it  is  an  operator 
which  has  the  effect  of  transferring  a  point  through  a  given 
distance  in  a  given  direction,  we  understand  that  "vector 
PQ "  means  that  the  point  P  is  to  be  transferred  from  P  to 
Q  through  a  distance  represented  by  the  length  of  PQ  in  the 
direction  specified  by  the  direction  in  which  the  line  PQ  is 
drawn  from  P.    This  being  so,  it  follows  that 

vector  PQ-f- vector  QP=0, 
for  there  is  no  change  in  the  position  of  P  when  the  whole 
operation  has  been  completed. 


B 

Fig.  342. 
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But  vector  PQ+ vector  Qi2= vector  PR,  where  the  second 
transference  (Q  to  R)  is  not  made  necessarily  in  the  same 
direction  as  the  first  (viz.  P  to  Q).  And  we  must  understand 
by  the  sign  of  equality  in  such  a  relation  as  this,  that  it 
stands  for  the  words  "  are  together  equivalent  to." 

.R 


Fig.  343. 

Vectors  are  therefore  added  by  drawing  a  line  from  the 
initial  position  of  the  point  to  which  the  vectors  are  applied 
to  its  final  position  when  it  has  been  subjected  successively 
to  the  transference  indicated  by  each  vector.  The  length  and 
direction  of  this  line  or  of  any  equal  and  parallel  line  fully 
represent  the  resultant  vector. 

It  is  clearly  obvious  that  the  order  of  the  several  trans- 
ferences of  the  point  is  immaterial. 

1210.  Vector  Subtraction. 

If  OP  and  OQ  represent  two  vectors,  complete  the  parallelo- 
gram OPRQ  and  join  OR,    (See  Fig  344.) 
Then  vector  OP -f  vector  OQ 

= vector  OP -|- vector  PR 
=vector  OR, 
It  follows  that 

vector  0P= vector  Oi?— vector  OQ 
= vector  OR— vector  PR 
= vector  Oi?+ vector  RP, 
And   the   result   of   subtraction   may 
therefore  be  obtained  in  the  same  way  as  that  of  addition,  but 
drawing  the  subtractive  vectors  in  the  opposite  direction  to 
that  in  which  they  are  drawn  for  addition. 


Fig.  841. 
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Thus,  if  there  be  several  vectors,  OP,  OQ^  eta, 
vector  OP+vector  O©— vector  Ofi— vector  OS+vector  OT 

= vector  OP+vector  P0'+ vector  0'/?+ vector  R8' 
+ vector  S'r= vector  OF, 
where  PQ',  QfR,  RS\  S'T  are  drawn  respectively  equal  and 
parallel  to  OQ,  BO,  SO,  OT,  and  in  the  same  sense.     (Fig.  345.) 


% 
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Fig.  345. 


1211.  Let  us  express  the  vector  OP  in  terms  of  the  Cartesian 
coordinates  x,  y  oi  P  referred  to  a  pair  of  rectangular  co- 
ordinate axes  through  0. 

Let  OA  be  unit  length  on  the  x-axis.  Then  if  x  units  of 
length  be  laid  off  on  the  ar-axis  {OM),  we  may  regard  a;  as  an 
operator  (this  time  a  mere  numerical  multiplier)  which  transfers 
a  point  from  0  (0,  0)  to  M  (x,  0). 

Similarly  y  regarded  as  an  operator  would  transfer  0  to  a 
point  on  the  x-axis  ?/  units  of  length  {=0N')  distant  from  0, 

and  ly  would  be  the  vector  which 
would  transfer  a  point  from  0  an 
equal  distance  along  the  i/-axis  to 
N,  where  ON=ON\ 

Thus,  if  z  represent  the  complete 
operation  x+ii/  (Fig.  346), 
z  sx +ty= vector  OM + vector  ON 
=  vector  OM + vector  MP 
= vector  OP, 
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where  P  is  the  comer  opposite  to  0  of  the  rectangle,  with  OM, 
ON  as  adjacent  sides,  the  coordinates  of  P  being  the  numerical 
v&laes  of  X  and  y. 

1212.  If  the  linear  magnitude  of  OP  be  r  units  of  length  and 
9  the  angular  displacement  of  OP  from  Ox,  we  have 

a5+iy=r(cos©-|-i sin©),  or,  as  we  may  write  it,  re**. 

This  expression  therefore,  viz.  re**,  is  a  vectorial  operative 
qrmbol  which  has  the  effect  of  increasing  the  unit  length  OA 
in  the  ratio  r :  1  and  then  rotating  it  counter-clockwise  through 
an  angle  0  radians. 

Thus  r(cos  d+i  sin  6)  in  itself  has  no  quantitative  meaning. 
It  is  ao  operator. 

1213.  The  Analjrtical  View  of  Vector  Addition  is  as  follows : 
If,  in  Fig.  344, 

2^i=a5i+iy,s vector  OP    and    2;2=a52+iy2s vector  OQ, 
then   z^+  z^=x^+Xi+i(y^+y^)sz^,   say,   and   x^+x^,  Vi+Vt 
are  the  Cartesian  coordinates  of  the  fourth  angular  point  R  of 
the  parallelogram  drawn  with  OP,  OQ  with  adjacent  sides. 

Thus  ZjjSZj+^gS vector  OR, 

and  the  rule  can  be  extended  to  any  number  of  vectors 

^if    ^2.    23'-*-»^n»     where  2;r=av+<2/r. 
If  Z  be  the  resultant  vector  of  the  addition, 

Z=Zi+Z2+z^+...+z„=lx+ii:y, 

where      Ia=x^+x^-{-,..-{-x„,    2y=.yi+y2+...+3/„. 


^     «    3 


Fig.  347. 


Clearly  the  direction  of  the  vector  Z  passes  through  C,  the 

— ,  — ^ )  of  the  several  points  Pj,  Pj, 
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P3,  ... ,  whose  coordiDates  are  (a^,  y^\  (a?„  y^),  (x^,  y^\  etc,  and 
its  length  is  n  times  the  distance  of  the  centre  of  mean  position 
from  0,  where  n  is  the  number  of  vectors  added. 
Exactly  in  the  same  way 

z^  —z^=x^-x^+t{y^—y^l 

1214.  In  writing  t^x-^ty,  where  x  and  y  are  the  coordinates 
of  a  point  P,  we  regard  2;  as  a  vector  which  transfers  a  point 
from  the  origin  0  to  P  along  the  line  OP. 

y 


Fig.  S4& 

We  may  equally  regard  z  as  representing  a  label  of  the 
point  P  on  the  x-y  plane,  and  it  is  then  referred  to  as  a  complex 
variable.  And  in  this  sense  every  point  in  the  plane  may  be 
represented  by  a  complex  variable,  and  conversely  to  every 
complex  variable  there  is  a  corresponding  point  on  the  x-y 
plane. 

When  the  point  P  moves  in  the  plane,  tracing  a  continuous 
path  upon  the  plane,  the  relation  between  x  and  y  is  con- 
tinuous, and  the  variation  in  the  complex  variable  z 
continuous 
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1215.   Modolos,  Amplitude. 

The  letters  r,  Q  represent  the  ordinary  polar  coordinates  of 
the  point  P(a;,  y),  and  r=^>Jj^-\-y^,  ^=tan-*(y/a;). 

Jx^+f^  is  called  the  modulus  of  the  complex  z,  and  written 


z  I  or  mod.  z. 

tan"^(y/a:)  is  called  the  amplitude  or  argument  of  z,  and 
written  amp.  z  or  arg.  z. 

The  positive  sign  is  always  regarded  as  affixed  to  the 
modulus  Jx^+y^y  which  is  therefore  a  single-valued  function 
of  the  real  variables  x  and  y,  whilst  tan~^(i//a;)  is  a  many- valued 
function. 
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The  expression  cos  9+iainO  does  not  change  its  value  when 
any  even  maltiple  of  ir,  say  2Xir,  is  added  to  0,  X  being  an 
integer,  so  we  may  regard  the  amplitude  as  2Xir+d  or 
2Xx+tan-*(y/a;),  where  in  this  latter  form  we  are  to  be  under- 
stood to  mean  by  tan~^(^/a;)  the  smallest  positive  value  of  the 
angle  whose  tangent  is  y/x,  usually  called  the ''  principal  value." 

1216.  Aigand  Diagram. 

When  any  relation  is  assigned  between  y  and  x,  the  Cartesian 
graph  of  this  relation  is  called  the  Argand  diagram  of  the 
variation  of  z,  and  is  the  path  of  the  extremity  of  the  vector 
OP,  whose  changes  are  defined  by  the  given  relation. 

1217.  Vector  Multiplication.    Demoivre's  Theorem. 

We  use  the  term  multiplication  for  want  of  a  better  term 
and  by  analogy  with  algebraic  multiplication.  But  what  we 
are  about  to  discuss  is  the  effect  of  the  operation  of  one  vector 
operator  upon  another  vector  operator. 

Let  the  operators  be  r^e^  and  r^e*^,  the  original  subject  of  the 
first  operation  being  a  line  of  unit  length  lying  along  the  cc-axis. 

The  first  operation  fje*** .  1 
increases  OA  (a  unit  line  on 
the  a;-axis)  in  the  ratio  r^ :  1 ,  and 
turns  the  resulting  line  through 
an  angle  d^  into  a  direction 
indicated  in  the  figure  by  OP^ 

The  second  operation  r^e'^ 
acting  upon  OP^  does  to  OP^ 
what  fjC**>  does  to  unity;  viz. 
it  increases  OP^  in  the  ratio  of 

Tj :  1  and  rotates  the  increased  OP^ ,  which  has  thus  become 
r^.OP^,  through  a  further  angle  O^*  to  a  position  OP^, 

Thus  r^[r:&Hl)]=OP^. 

The  absolute  length  of  OP^  is  r^r^.  The  total  angle  xOP^  is 
Oi+O^'  But  the  operator  which  would  increase  0.4  (=1)  to  a 
length  fjfj  and  turn  it  through  an  angle  di+^2  ^^ 

So  that  r^e^^[r^e^^(l)]  is  identical  with  r^r^e'^^^-^^il),  which 
is  analogous  to  the  ordinary  rule  of  multiplication  in  algebra. 


372  CHAPTER  XXIX. 

Further,  it  is  obvious  that  the  order  of  the  two  opeifttions 
upon  unity  is  immaterial,  so  that  the  operations  are  ccnnmiita- 
tive  with  regard  to  each  other.  It  will  be  observed  that  in 
the  multiplication  of  two  vectors  the  modulus  of  the  product 
is  the  product  of  their  moduli,  and  that  the  amplitude  of  their 
product  is  the  sum  of  the  amplitudes  of  the  original  vectora 

Again  we  may  write  the  result  as 

r^(coad^+i  sin  d^)r^(ooa  d^+i  sin  0^){l) 
sr,f,[co«  (ei+e,)  +  i  sin  (ei+«,)](lX 
which  accords  with  what  we  get  by  the  ordinary  prooees  of 
multiplication  of  r /cos  d^+i  sin  0^)  by  f2(co8  6^+1  sin  0^). 
If  f J  and  fj  be  both  taken  unity,  we  obtain 

(cos  0^+1  sin  d2)(co8  0^+1  sin  0^)scos{0i+0^)+i  sin  (d,+di), 

which  means  that  to  rotate  a  line  of  unit  length  through  an 
angle  0^  and  then  to  rotate  the  result  through  a  further  angle 
0f  is  identical  with  rotating  the  original  line  through  a  single 
cu^gl^  ^2+^1  >  ftnd  this  can  obviously  be  generalised  for  any 
number  of  anglea    Thus 

(cosd|-f  1  sindi)(cosdt+i  8inds)(cos0,+  <8in^s)—(<^^^«+<8in0J 

=cos  (ei+»|+.-.+e,)+i  sin  (01+0^+  ...+0n) ; 

and  if  we  make  the  angles  0i,0t,0$,  •••  t  0«  each  ^0,  we  get 
Demoivre's  Theorem  for  a  positive  integral  index,  viz. 

(cos  0+i  sin  0)*=coB  n0+i  sin  n0, 

and  the  geometrical  meaning  of  that  theorem  is  thus  shown. 

1218.   We  may  proceed  to  consider  Demoivre's  Theorem  for 
fractional  and  negative  indices  from  the  same  point  of  view. 
When  n  is  not  a  positive  integer  but  =plg,  say,  where  p  and 

q  are  both  positive  integers,  fcos-d+isin- dj  is  an  operator 

which   rotates  a  line  of  length  unity  through  q  successive 

angles,  each  =^d,  counter-clockwise,  and   therefore   through 

an  angle  pS  counter-clockwise,  which  is  therefore  the  same  as 
if  wo  rotated  a  line  of  unit  length  through  p  successive  angles, 
each  equal  0  ;  and  therefore  the  operators 

(cos^d+isin^^y    and     {coB0+isin0y 
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are  identical  in  their  taming  effect.  We  may  therefore, 
consistently  with  the  algebraic  notation  for  indices,  write 

cos^d+i  8in^d=(co8  d+i  sin  dl^ , 
2  9 

9 

it  being  supposed  that  (coed+isin0)^  represents  an  operator 
which,  when  repeated  q  times,  gives  the  operator 

(co8e+isind)P. 

Again,  since  cosines  and  sines  are  not  altered  if  an  integral 
multiple  of  2t  be  added  to  their  angle,  and  since  to  rotate  a 
line  through  2t  is  merely  to  bring  it  back  into  its  original 
position,  it  will  be  seen  that  cos(0+2Xir)+isin(0+2XT)  is  an 
operator  which  has  the  same  effect  as  GOBd-^-iAnd. 

Hence  the  operator  cos -(d+2Xir)+i  sin^(d+2Xir),  having 

* 
the  same  effect  as  [co8(d+2Xir)+i8in(a+2Xir)]ff,  is  the  same 

It 

as(cos0+f8in0)^. 

Also,  the  various  angles  -  {0+2\ir)  for  different  values  of  X, 

viz.  0,  1,  2,  ... ,  g— 1,  are  such  that  no  two  differ  by  an  integral 
multiple  of  2x,  and  therefore  that  no  two  have  the  same  sine 
and  the  same  cosine.     There  are  therefore  q  operators,  viz. 

cos- 0+ 1  sin  ^d, 
<l  9 

cos  2  (d + 2^ ) + 1  sin  £  (^ +2x), 

■• > 

coaS  {9+2{q-l)ir}  +  tsiJi^{e+2{q-l)ir}, 

any  of  which,  after  q  of  its  own  operations,  will  have  the  same 
effect  as  (cos 9+ tain dy^  and  there  are  no  more.     For  if  X=^, 

co8^(d+2qir)+iain'f^{9+2qir)=co&^d+i^n^e, 

which  is  the  iirst  of  the  above  operators  over  again,  and  so  on. 
X=g'+1,  X=g+2,  etc.,  give  the  second,  third,  etc.,  operators 
over  again,  so  that  other  values  of  X  merely  repeat  one  or 
other  of  the  operators  already  obtained. 
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It  is  customary  in  the  proof  of  Demoivre's  Theorem  to  state 

this  result  in  the  form  that  (cosd+isind)^  has  q  values  and 
no  more,  these  values  being  the  above-mentioned  expressions. 

To  complete  the  ordinary  results  of  Demoivre's  Theorem  we 
still  have  to  show  that  the  operator  (cos  0+i  sin  0)*  is  the  same 
as  cos  id+(  sin  nO,  where  n  is  negative.     Let  n= — tii. 

Then  (cos  d+isind)-**  is  an  operative  symbol  of  inverse 
nature.     Call  its  effect,  when  applied  to  unity,  X, 

Then  l=(co8d+isind)"*X,  which,  by  what  has  preceded,  is 
the  same  as  (cos7iid+isinm0)Z,  where  m  is  positive  and 
either  integral  or  fractional. 

Now,  to  turn  a  line  through  a  counter-clockwise  angle  md, 
and  then  to  turn  the  result  clockwise  through  the  same  angle, 
restores  it  to  its  original  position,  so  that 

[cos  (— m^)+isin  (— md)] [cos md+i sin iiid]X=X 

Hence 
[cos  (-md)+i  sin  (-we)](l)=Z=(cose+i  sin  d)-~(l), 

ie.       (cosd+«sind)-(l)=[cos(-m)d+isin(-m)d](l) 

==  (cos  n6+ 1  sin  nO)  ( 1 ). 
Hence  it  follows  that  the  operators 

(cos d  + 1  sin d)*    and    cos nO+i^mind 
are  identical  when  n  is  a  negative  integer  or  a  negative  fraction, 
as  well  as  when  it  is  a  positive  integer  or  a  positive  fraction, 
and  therefore  their  identity  has  been   established  for  any 
commensurable  value  of  n. 

1219.  Vector  Division. 

Let  z^  s  ri(cos  ^j+i  sin  dj,  z^ s  r2(cos 6^+i  sin  d^. 

Then  we  have  to  consider  the  effect  of  the  operator  zjz^. 

Let  2i=2j«„  and  let  z^  s  r3(cos  O^+i  sin  d^. 

Then  z^  =  r^r,  (cos  (e^+e^)-\-i  sin  (d.+d,)}, 

and  z^  s  rj(co8  6^ + 1  sin  S^ ; 

whence  r^=r^r^,  ^i=^2+^.v  ^^^  ^8=^i/^2»  ^s=^i-*2- 

Hence  z^^'^-^  (cos  (d^-O^  +  i  sin  (d^-O^)}, 

i.e.  the  "quotient"  is  a  single  vector  whose  modulus  is  the 
quotient  of  the  moduli  of  the  original  vectors,  and  the  amplitude 
of  the  quotient  is  the  difference  of  their  amplitudes. 
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1220.   Gaometrieal  Meaning. 

Geometrically  we  may  represent  the  result  thus : 

Suppose  OP^,  0 Pi  to  be  the  original  vectors  z^  and  z^.    Con- 

R 


Fig.  360. 

struct  a  triangle  OAR  similar  to  OP^^,  with  OA=l  lying 

along  the  fl?-axis. 

OR    OP  ^  ^ 

Then  ^=^  in  magnitude  and  AOR^PfiP^^O^-d^. 

Hence  the  vector  OR  has  for  modulus  rjr^  and  for  amplitude 
^i—O^f  i-e,  the  vector  OR  represents  the  "quotient"  of  the 
vectors  OPj,  OP^, 

Hence,  summing  up,  it  appears  that  addition,  subtraction, 
multiplication,  or  division  of  vectors  always  leads  to  a  single 
vector  as  the  result  of  the  operation. 

1221.   Laws  of  Combination  of  Vectors. 

From  what  has  been  established  for  the  addition,  subtraction, 
multiplication  and   division  of   vector 
quantities,  we  have  then  the  following 
rules  as  to  the  moduli  and  amplitudes 
of  the  results  of  these  operations. 

(1)  The  modulus  of  the  sum,  or  differ- 
ence, of  two  vectors  is  not  greater  than 
the  sum  of  the  moduli  of  the  original 
vectors.  For  if  OP^,  PiP^  represent 
two  vectors  to  be  added,  their  vector 
sum  is  represented  by  OP^  and  the 
absolute  lengths  of  these  lines  are  the  several  moduli  of  the 
vectors  they  represent. 
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Hence  we  have  mod.  OP^  >  mod.  OPjH- mod.  P^Pf- 

And  similarly  in  the  case  of  sabtraciion,  or  of  the  case  when 
more  than  two  vectors  are  combined  into  one  by  the  process 
of  addition  or  subtraction. 

We  may  also  see  this  fact  analytically,  thus :  The  modulus  of 
2/)(co8  d+i  sin  9)  is  J^Zp  cos  df+{lp sin $)*,  and  this  is  :h  2/>. 

For  if  it  were,  we  should  have 

».e.  2/Bi/>8  cos  (»i-  dj)  >  IpiPtl 

and  as  all  the  ps  ase  essentially  positive  and  the  cosines  <  1, 
this  would  be  impossible.  This  includes  the  case  when  some 
of  the  vectors  are  subtracted,  for  in  any  such  case  tt—O  may 
be  supposed  written  instead  of  6  and  the  result  treated  as 
additive. 

(2)  The  modulus  of  a  product  of  complexes 

is  obviously  PiPiPs'-Pn*  ^*^-  ^^^  product  of  the  moduli,  and 
the  amplitude  is  0^+9^+6^  +  .,.+6^,  i.e,  the  sum  of  the 
amplitudes. 

(3)  The  modulus  of  a  quotient,  viz.  ^^,  f.e.  £ie»<^~^,  is  ^, 

Pj^  •         fh  fit 

».e.  the  quotient  of  the  moduli;  and  the  amplitude  is  01—^2' 

%.e,  the  difference  of  the  amplitudes. 

1222.  Revision  of  Deflnitioiis. 

In  dealing  with  the  functionality  of  a  complex  variable 
zsx+ty,  it  will  be  necessary  to  revise  our  ideas  of  continuity, 
of  the  nature  of  the  dependence  of  one  function  upon  another 
and  of  the  assumption  as  to  the  existence  of  a  limit  as  used  in 
the  formation  of  a  Differential  Coefficient. 

Throughout  the  author's  treatise  on  the  Differential  Calculus 
and  up  to  the  present  point  in  this  account  of  the  Integral 
Calculus,  there  have  been  but  few  references  to  a  function  of 
a  complex  variable. 

1223.  Functionality.  The  idea  of  functionality  has  been 
that  when  one  real  quantity  y  depends  upon  another  real 
quantity  x,  or  upon  a  system  of  real  quantities  o^,  ,t^,  x^  in 
such  a  manner  as  to  assume  a  definite  value  when  a  definite 
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valae  is  given  to  x,  or  when  a  de6nite  system  of  values  is 
given  to  the  system  of  variables  fl?|,  a;,,  a^,  ... ,  the  quantity  y 
ia  then  said  to  be  a  function  of  x,  or  of  the  system  x^,  x^,  x^, 
etc.,  as  the  case  may  be. 

1224.  Ckmtinaity. 

Our  idea  of  the  continuity  of  a  function  f{x)  of  a  real 
independent  variable  x  between  any  two  assigned  values  of  x, 
viz.  x=a,  the  smaller,  and  x=b,  the  greater,  has  so  far  been 
that  if  26  be  made  to  change  from  x=atox=b,  passing  at  least 
once  through  all  real  intermediate  values  between  x=a  and 
2=5,  whether  these  intermediate  values  when  expressed  by 
means  of  the  ordinary  system  of  numeration  be  represented  by 
integers,  fractions  or  incommensurable  numbers,  the  function  in 
question  does  not,  as  x  passes  through  any  intermediate  value, 
suddenly  change  its  value.  And  in  such  case  its  Cartesian 
graph  has  been  regarded  as  capable  of  description  by  the 
motion  of  a  material  particle  travelling  along  it  from  the  point 
{a,  f{a)}  to  the  point  {6,/(6)}  without  moving  off  the  curve. 

But  sucli  continuity  does  not  also  imply  continuity  as  regards 
the  slope  of  the  tangent  to  the  graph,  or  of  continuity  in 
tlie  rate  of  bend  of  the  curve  at  intermediate  points. 

1225.  From  a  purely  analytical  point  of  view  we  may 
regard  a  function /(x)  as  being  continuous  at  a  point  x=XQ,ii 
when  any  infinitesimal  change  is  made  in  x  the  consequent  change 
in  f{x)  is  itself  also  an  infinitesimal,  and  of  at  least  as  high  an 
order. 

1226.  We  may  put  this  condition  into  still  another  form, 
which  will  be  more  helpful  in  eTiunciating  a  condition  for  the 
continuity  of  a  single-valued  function  of  a  comjpiex  variable 
later,  viz.  that  for  any  assignable  positive  infinitesimal  e, 
however  small,  which  may  be  chosen  beforehand,  it  may  be 
possible  to  choose  another  infinitesimal  S  of  no  higher  order  of 
smallness  than  e,  so  that  it  x—Xq<CS,  then  will /(a?)  '•'/(Xq)  <  c. 

1227.  To  examine  the  geometrical  meaning  of  this  condition, 
imagine  two  lines  AB,  CD  drawn  parallel  to  the  x-axis  at  an 
arbitrary  infinitesimal  distance  e  apart,  and  let  these  lines  cut 
the  graph  of  the  function  y=f(x)  at  points  P,  Q  respectively. 
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Let  the  coordinates  of  P  and  Q  be  Xq,  f(x^  and  x^+i,f{x^'\-6) 
respectively.  Let  P^  be  a  point  on  the  graph  between  P  and  Q, 
the  coordinates  of  P^  being  a?,  f{x).  Let  P^N^  QM  be  drawn 
at  right  angles  to  AB.  Then  PN=x-x.,  PM=i,  MQ^t, 
NP^=f(x)-f(x^).  Then  if,  however  small  MQ  be  taken,  NP^ 
is  <^MQ  for  all  positions  of  N  from  P  to  if ,  where  Pi/ 
is  of  no  higher  a  degree  of  smallness  than  QM,  there  cannot 
be  a  break  in  the  curve  at  the  point  P. 
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Fig.  352. 

If  this  be  so  for  all  points  x^  between  x=a^and  a;=x,,  /(ar) 
will  be  continuous  for  all  values  of  x  between  these  limit& 
The  figure  is  drawn  for  the  ca8e/(a;)  "^/(Xq). 

122H.   Definition  of  Functionality  of  a  Complex  Variable. 

The  nature  and  representation  of  an  independent  complex 
variable  having  been  explained,  we  may  proceed  as  in  the 
case  of  a  real  variable  to  explain  what  is  meant  by  the  term 
Function  as  used  in  the  case  of  complex  variables.  When 
one  complex  variable  w  is  connected  with  another  complex 
variable  z  in  such  a  manner  that  for  each  value  that  may  be 
assigned  to  z,w  will  itself  take  up  a  definite  value,  or  a  system 
of  definite  values,  which  can  be  derived  from  the  value  of  z 
by  some  combination  of  the  fundamental  arithmetical  rules, 
then  w  will  be  said  to  be  a  function  of  z,  and  will  be  denoted 
by  an  equation  of  the  form  w=f(z)  or  f{w,  z)=0.  Here  z 
stands  for  x+iy,  and  a,  y  are  themselves  supposed  to  be  real 
and  may  be  regarded  as  the  Cartesian  coordinates  of  some 
arbitrary  point  referred  to  a  given  pair  of  rectangular  axes  in 
the  0-plane. 
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If  one  value  of  x  and  one  value  of  y  give  rise  always  to 
one  value  of  w  and  no  more,  then  w  is  said  to  be  a  single- 
valtied  or  uniform  function  of  z,  i,e.  of  x+iy.  Such  functions 
as  wsAz^+Bz*~^+,,.  +  C,  where  n  is  a  positive  integer,  sin z, 
cos  z,  tan  z,  e*,  e^  sin  z,  etc.,  are  single- valued  functions. 

But  if  several  values  of  w  result  from  one  value  of  x  and 
one  value  of  y,  then  w  is  said  to  be  a  many-valued  or  rnvMiple- 
vaZtLed  function  of  z. 

Thus  ws  az^  is  a  g-valued  function,  for  there  are  q  separate 
9***  roots  of  z'  (p  and  q  are  supposed  positive  integers  prime 
to  each  other).  So  also  w^sin-^Zy  tan~^«,  c*tan"*:?, ...  are 
multiple- valued  functions  of  z,  as  also  wslogz,  for  w  may  be 
written  \og(ze^'^')=2i\'jr+\ogz,  where  X  is  any  integer. 

1229.  Oontinuity  of  a  Single- Valued  or  nnifoxm  Function  of  z. 

Suppose  that  the  point  z  ranges  over  a  definite  region  F  on 
the  2-plane,  and  that  z^  is  a  definite  point  in  this  region.  Let 
V?  be  any  single-valued  function  of  z,  which  takes  the  value  w^ 
when  z  assumes  the  value  Zq.  Then  if,  for  any  positive 
infinitesimal  c  of  however  high  an  order  which  may  be 
arbitrarily  chosen,  another  small  positive  infinitesimal  ^  be 
assignable,  such  that  if  | «— z^ |< f,  we  also  have  | w—w^ |< e ; 
then  tc;  is  a  continuous  function  of  z  at  z=Zq,  and  if  this  be 
true  for  all  points  Zq  which  lie  in  the  definite  region  F  on 
the  z-plane,  w  is  said  to  be  continuous  for  all  such  points, 
i.«.  throughout  the  region. 

1230.  Oeometrical  Illmitration. 

Illustrating  this  geometrically,  let  P  and  P^  be  the  two 
points  z  and  Zq  in  the  ;?-plane,  and  let  Q  and  Qq  be  the  two 
corresponding  points  in  the  ty-plane.  Let  F  and  F'  be  the 
corresponding  regions  on  the  two  planes  for  which  we  are 
to  discuss  the  continuity  of  the  function.  Draw  a  small  circle 
with  radius  ^  and  centre  P^,  and  another  small  circle  with 
radius  c  and  centre  Q^.  Then,  if  ^  can  be  so  chosen  that  when 
P  lies  within  the  f-circle,  Q  lies  within  the  e-circle  for  all 
points  P  within  the  ^-circle,  when  e  is  arbitrarily  chosen 
smaller  than  anything  that  can  be  conceived  beforehand^ 
however  small;  then  iv  is  said  to  be  a  continuous  function 
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of  z  at  the  point  z^^  and  for  all  points  z^  which  lie  within  the 
region  F  for  which  the  same  is  true. 

If,  then,  for  eveiy  small  change  in  the  modulus  of  either 
of  two  variables,  there  be  a  small  change  of  at  least  the  same 
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order  of  smallness  in  the  modulus  of  the  other,  the  second  of 
these  variables  is  a  continuous  function  of  the  first 

1231.   Positive  Integral  Powers  of  a  Ck>mplex  are  continnous. 

It  follows  from  the  definition  of  continuity  above  that  all 
positive  integral  powers  of  z  are  continuous.  Consider  for 
instance  w=:^. 

Then  if  w^  and  z^  be  corresponding  points  and  z—z^—p. 

Hence 

mod.  (w—\u^  >  3  (mod.  /))(mod.  z^) 

+  3  (mod.  p^)  (mod.  z^ + (mod.  p^). 

Now  if  we  take  (mod.  p)  small  enough,  say  ^,  we  can  make 
the  whole  of  the  right-hand  side  less  than  any  quantity 
assignable  beforehand,  however  small. 

Hence  f  can  be  chosen  so  that  when 

(mod.  p)  <  ^,     mod.  (w—w^  <  c, 
any  assignable  quantity,  however  small,  and  therefore  w  is  a 
continuous  function  of  z  for  all  values  of  z  in  the  2:-plane. 

Similarly  we  may  show  that  any  other  positive  integral 
power  of  z  is  continuous  for  all  values  of  z. 


mam 


CONTINUITY.  381 

1232.  Oontinaity  of  a  Finite  Series. 

If  w,  v/f  v/\  ...  be  a  set  of  one- valued  functions  of  a 
complex  vai-iable  z,  finite  in  number,  and  each  continuous  for 
values  of  z  lying  within  a  given  contour  on  the  ;9-plane,  then 
their  sum  l,w  will  be  continuous  for  values  of  z  lying  in 
that  region. 

For  if  Wq,  Wq\  Wq\  ...  be  the  values  of  w,  te/,  ti/',  ...  respec- 
tively, corresponding  to  2= z^,  it  is  by  hypothesis  possible  to 
determine  the  positive  quantities  ^,  ^,  ^^  ...,  so  that  for  a 
given  assigned  small  positive  quantity  e, 

when  mod.  {z—z^)  <  f,   we  have  mod.  {w—w^)  <  e, 
when  mod.  {z—Zq)  <  f ',  we  have  mod.  (w'— w^O  <  e,  etc. ; 
and  if  ^ say,  be  the  smallest  of  the  quantities  ^,  ^',  ^", ... ,  then 
it  is  possible  to  find  ^  so  that  when 

mod.  {z—z^<^  ^,     we  have  2  mod.  (w  -  Wq)  <  ne, 
where  n  is  the  number  of  functions ;  and  therefore,  since  the 
modulus  of  a  sum  is  not  greater  than  the  sum  of  the  moduli, 
mod.(2tt;— Stt^oXtic  for  all   values  of   tie,  however  small. 
Hence  Ztc;  is  a  continuous  function  of  z. 

1233.  As  a  case  of  this  result  any  integral  polynomial 
function  of  2, 

is  a  continuous  function  of  z,  n  being  a  positive  integer. 

1234.  Discontinaity. 

To  eocamine  the  continuity  of  the  function  w= in  the 

region  near  z=a  and  elsewhere. 

This  function  becomes  00  when  z=a,  and  therefore  it  is 
impossible  to  assign  an  infinitesimal  ^  such  that  when 

mod.  (z-a)  <  f,     mod.  (^3^-^) 

is  less  than  any  assignable  quantity  c,  and  the  function  is 
discontinuous  at  2= a. 

But  at  any  other  point  z^  in  the  2-plane  the  function  is 
continuous. 

For  if  z=^ZQ-\-h,  where  z^^a, 

'\zQ+h—a    z^—aJ^^     *  L(Zo—a)(z^-^h^a)S 
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which  can   be  made  as    small  as   we  like    by  anfBcienily 
diminishing  mod.  h,  i.e.  by  sufficiently  diminishing  mod.  {z—z^. 

1235.  Ck>NFORBftAL  Representation. 

Let  us  consider  the  equation  w=f(z). 

We  have  z^x+iy,  and  if  f{z)  be  separated  into  its  real  and 
unreal  parts,  say  f^{x,  y)+ifi{x,  y\  we  may  write  tc;  in  the 
form  u+iv,  where 

^=/i(a^>  y)    and     t;=/,(x,  y). 

If  we  superimpose  a  relation  y=F(x)  between  x  and  y,  we 
shall  have,  by  elimination  of  x  between  the  equations, 

u=f,{x,  F(x)},    v=Mx,F(x)}, 

a  resultant  relation  of  the  form  v=<f>{u). 

And  to  represent  this  to  the  eye  we  shall  require  two  sets 
of  rectangular  axes,  not  necessarily  in  the  same  plane.  Call 
these  planes  the  z-plane  and  the  t(;-plane. 
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Then  when  a  point  P(x,  y)  traverses  the  graph  of  y=F(x), 
in  the  z-plane  the  corresponding  point  Q{u,  v)  will  traverse 
the  graph  of  v=0(tt)  in  the  w-p\a,ne. 

When  no  such  i elation  as  y=F{x)  is  superimposed  con- 
necting the  values  of  x  and  y,  there  will  be  no  relation 
between  the  coordinates  u  and  v  of  the  corresponding  point 
in  the  u;-plane. 

If  there  be  more  than  one  value  of  w  for  a  single  value  of  z, 
then  each  value  of  w  is  said  to  constitute  a  "branch"  of  tr. 
For  instance,  in  the  equation  xv^=z  the  function  w  is  many- 
valued,  and  is  said  to  have  n  branches.     (See  Art.  1256.) 

Such  a  representation  by  means  of  the  z-plane  and  the 
ii;-plane  of  the  associated  z  and  w;-loci  is  generally  spoken  of 
as  a  "  conform  "  or  "  conformal  "  representation  of  these  loci ; 
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and  it  will  be  remembered  that,  u  and  v  being  conjugate 
functions  of  x  and  y,  the  curves  u= const,  and  t;= const,  cut 
each  other  orthogonally.     {Diff,  Cede.,  Art.  195.) 

1236.  Two  Important  Oases. 

There  are  two  very  well-known  cases  of  oonformal  representation  in 
Elementary  Conic  Sections. 

1.  If  tp=aco8  2  =  JT+iFsay  (see  Art.  690), 

jr+ 1  F=  a  cos  (jr+ ly)  =  a  (cos  x  cosh  y  - 1  sin  jr  sinh  y), 
X=acoBxco€khiff     F:=  —  asin  jTsinhy  ; 

•*•     ~5 ui~+    <    •    v«    — ^ (^)      ^'^d      -= 5 «    .    .    =1 ifi) 

a'cosh'y    a'sinh'y  ^  '  a'cos^x    a'sm'jp  ^ 

And  for  z-loci  of  the  fonn  y= constant  we  have  confocal  ellipses  in  the 
v-plaue,  whilst  fxir  loci  of  the  fonn  j:— constant  in  the  x-plane  we  have 
confocal  hyperbolae  in  the  ir-plane  ;  and  the  ordinary  property  of  ortho- 
gonalism  of  these  two  families  of  conies  manifestly  follows. 

2.  The  other  case  is  tr=atan2, 

i.e.  x+iy=tan  * and    4r-iy=tan  » ; 

whence  2x=-Un'' -———-;    2y^tonh-^^,^^,^  y^, 

ie.         a«--V«-r>=2a^cotar    and    a«+ J:«+ F«=2arcoth2y, 

t.«.  (X+acotar)»+  r«=a*  coeec«2r 

and  X^-^(V-a  coth  2y)» = a^  cosech- 2y, 

so  that  for  the  2-loci  .r= const,  and  y= const,  the  ir-loci  are  a  pair  of 
families  of  coaxial  circles,  the  two  families  of  course  being  orthogonal  to 
each  other. 
Other  examples  will  be  discussed  in  due  course. 

1237.  Case  of  Non-Existence  of  a  Limit. 

In  the  definition  of  a  differential  coefficient  of  a  function 

of  a  real  variable  as  Ltk=o— .     ^      ,  it  was  presupposed 

that  such  a  limit  existed,  and  this  supposition  was  sufficient 
for  the  time. 

It  is  possible,  however,  for  a  function  to  exist  for  which  the 

expression  in  question,  viz.  *' /    "^      ,  does  not  approach 

any  determinate  limit,  finite  or  infinite,  when  h  is  indefinitely 
diminished,  although  such  a  function  may  be  continuous. 

For  instance,  let  us  consider  the  case  of  a  function  of  x  in 
which  the  infinitesimally  close  ordinates  of  the  graph  termi- 
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nate  at  points  P^,  P^,  P3,  P4,  ... ,  such  as  shown  in  the  figure, 

AAA 

the  consecutive  angles  P^PjP^,  PjPJP^,  PJPJP^,  etc.,  being 
alternately  <  and  >  ir,  and  the  nature  of  the  function  being 
such  that  each  of  the  elements  of  the  graph  between  these 
successive  ordinates  can  again  be  themselves  divided  up  into 
an  infinite  number  of  portions  having  the  same  peculiarity, 


Fig.  355. 

the  distances  between  the  new  subdividing  ordinates  being 
infinitesimals  of  a  higher  order  than  the  infinitesimal  dis- 
tances between  the  first  set,  and  so  on  with  further  sub- 
divisions. It  will  be  clear  that  the  direction  of  the  line 
which  we  please  to  call  the  tangent  at  any  point  P  will 
depend  upon  the  order  of  the  infinitesimal  closeness  of  the 
ordinates,  and  may  or  may  not  have  a  limiting  position. 

1238.  Weierstrass'  Example. 

An  example  is  given  by  Weieratrass,  viz.  the  case  of 


QO 


y=  V  h^  cos  C-TTX, 


where  a  is  an  odd  positive  integer,  h  positive  and  <<  1,  and 

a6>  1+  -^,  which,  though  continuous  at  every  point,  has  no 

differential  coefficient  determinable  at  any  point.  See  Harkness 
and  Morley,  Theory  of  Functions^  p.  59,  or  Forsyth,  Theory  of 
Functions,  pp.  133-136,  where  the  student  will  find  the  case 
discussed  at  length. 

1239.  Differentiation  of  a  Function  of  a  Complex  Variable. 
It  has  been  seen  that  in  order  to  define  a  complex  variable 
z{sx+iy\  the  values  of  x  and  y  must  both  be  separately 
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assigned.  They  are  independent  of  each  other.  Any  law 
connecting  them  may  be  arbitrarily  assigned.  But  so  long 
as  such  law  is  unassigned  z  depends  upon  a  doubly  infinite 
system  of  values.  But  when  x  and  y  have  once  been  assigned, 
then  z  becomes  known.  That  is,  to  a  definite  value  of  z 
corresponds  a  definite  point  whose  Cartesian  coordinates  are 
Xt  y  on  the  x-y  plane,  and  this  point  it  is  usual  to  designate 
as  the  point  z. 

Conversely  to  any  value  specified  for  2,  a  definite  specifica- 
tion of  X  and  y  is  implied.  When  z  changes  its  value  to  /, 
and  in  consequence  x  and  y  change  to  x'  and  y\  say,  the  value 
of  z'  does  not  depend  in  any  way  upon  the  manner  in  which 
the  point  x,  y  has  travelled  to  the  point  x\  t/',  no  relation 
having  been  assigned  to  hold  between  x  and  y.  Hence  the 
vector  z'—z  18  independent  of  any  particular  law  which  may 
be  arbitrarily  assigned,  connecting  x  and  y.  If  u;  be  any 
single- valued  function  of  z,  defined  as  in  Art.  1228,  and  ex- 
pressed as  w=f(z)f  then  when  z  becomes  z',  w  becomes  w\ 
where  u/=f(z).  Thus  u/—w=f(z')-'f{z),  and  is  independent 
of  any  particular  path  by  which  V  is  made  to  approach  z  on 
the  x-y  plane. 

Suppose  the  points  z"  and  z  to  be  infinitesimally  near  points 
on  the  z-plane,  and  let  /  be  written  z+Sz,  and  u/  be  written 
w+Sw.    Then  Sw=f{z+Sz)  -f(z). 

We  shall  define  Lt^J^^^^MzIM ^  when  Sz  is  made  inde- 

oZ 

finitely  small,  as  the  differential  coefficient  of  /(z)  or  w  with 

regard  to  z,  provided  such  limit  exists  independent  of  the  uxiy  in 

whidi  the  point  z+Sz  is  made  to  approach  the  point  z  indefinitely 

dosdy,  that  is,  independent  of  any  particular  path  which  may 

be  assigned  to  pass  through  the  points  a;,  y  and  x+Sx,  y+Sy. 

We  shall  denote  this  limit  by  -?-  or  f\z). 

It  follows  that  J-  is  independent  of  -^  by  definition. 

1240.  Before  assuming  the  functional  relation  w=^f(z),  but 
assuming  that  u  and  v  are  functions  of  x  and  y,  and  that 
w^u+tv  and  z  =  x+«y,  we  might  enquire  what  relation,  if 
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Suf 
any,  must  subsist  between  u  and  v  in  order  that  Lt  j-  should 

be  independent  of  Lt  j^. 

Proceeding  from  this  point  of  view,  we  have 

Sz  '~^~^rf(x+iy)~"  dx+i  dy 

_  (ti«+  iVx)  dx+ 1  ( — lUy + t?y)  dy  , 
dx+idy  ' 

and  in  order  that  this  should  be  independent  of  ^,  we 
must  have 

%.e.  tt.=Vy    and    Wy=— v«; 

whence  w««+t*y»=0    and    Vj„+v^=0. 

So  that  u  and  i;  must  be  conjugate  functions  of  x  and  y 

satisfying  the  Laplacian  equation  ^+^=0»  whose  general 

solution  is  ^=F^(x+iy)+F2(x--iy),  where  F^  and  F^  are  arbi- 
trary functional  forms.     It  appears  therefore  that  in  putting 

^=f(^)y     »•«•  w+«v=/(x+iy), 
the  property  of  independence  of  -p  and  -g[  is  implied ;  and 

further,  that  ^=u,+«v«  or  —lU^+Vy,  ve.  -J^^ELi. 

Also  it  is  understood  in  defining  -^  as  Ltit^o^ J    ^^    , 

provided  such  limit  be  existent,  that  the  function  f(z)  is  con- 
tinuous at  all  points  within  a  small  circle  on  the  x-y  plane, 
of  which  z  is  the  centre,  and  whose  radius  is  not  less  than  the 
modulus  of  Sz.  Also  it  is  presumed  that  either  f(z)  is  a 
single-valued  function  of  z,  or  if  not  so,  that  in  passing  from 
the  point  z+Sz  to  the  point  2,  we  adhere  to  the  same  branch 
of  w. 

For  example,  in  the  case  m;'=2,  so  that  m;=n/2  or  —  >/z,  it  is  to 
be  understood  that  we  keep  to  the  same  sign  in  both  cases,  viz. 
vi)—>Jz  and  w-\-  Sw=»Jz+Sz,  or  w=  —Jz  and  w+  Sw=  —  >/z+  Sz, 

and  that  the  gradation  of  values  from  Jz  to  tJz+Sz  is  a 
continuous  gradation. 
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1241.  The  Standmxd  Formi. 

It  will  be  found  that  the  ordinary  "standard  forms"  of 
differentiation  still  hold  good  when  the  independent  variable  z 
is  a  complex.    That  is,  we  still  have 

ds*  d  d  \ 

-^=nz^~\    — 8in2=co8Z,    ^loga;=- ,  etc 

Also  the  rules  for  the  differentiation  of  a  product  or  a 
quotient  still  hold  good,  viz.  the  same  for  complex  variables 
as  for  real  ones. 

And  in  due  course  it  will  be  shown  that  Taylor's  expansion 
of  f(z+h)  also  holds. 

1242.  Oeometrical  Meaning  of  Differentiation. 

Let  OP,  OQ  represent  the  vectors  z  and  z+Sz  on  the  z-plane, 
and  (XP",  O'Qf  the  corresponding  vectors  w  and  w+iw,  as 
determined  from  the  equation  w=f(z)  on  the  u^plane. 


O' 


w- plane 


u 


Z' plane 


Fig.  356. 


Then  PQ  and  PQf  respectively  represent  the  vectors  Sz 

and  iw. 

Then  what  we  search  for  and  represent  by  the  symbol 

^,  being  I»*-r-,  is  the  limit  of  the  ratio  of  the  two  vectors 
dz  ^       Sz 

FQl,  PQy  when  PQ  is  indefinitely  diminished.  This  is  there- 
fore itself  a  vector  quantity ;  and  if  the  tangents  to  the  z-path 
and  the  w-path  make  respectively  angles  ^  and  y\t  with  the 

axes  Ox  and  Cu,  the  modulus  of  this  vector  is  IX  -[W,  and 


the  amplitude  is  y\t-y^  (Art  1220). 


\^z 
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1243.  Zeros,  Infinities,  Singularities  of  a  Fimetion. 

When  w=/(z),  and  a  valae  of  z,  say  2=0,  gives  w  a  sero 
valae,  z=a  is  said  to  be  a  "  root "  of  w^^O,  or  a  "  ZERO  "  of  the 
function  w. 

When  z=a  gives  an  infinite  value  to  w,  z^a  is  called  an 
INFINITY  of  the  function. 

The  equations  f(z)=^0,  f7-\=0  therefore  respedjyely  give 

the  ZEROS  and  the  infinities  of  the  function /(z). 

A  single- valued  or  uniform  function /(z)  which  possesses  a 
differential  coefficient,  and  which  is  finite  and  continuous  tor 
all  values  of  z  for  points  within  and  upon  the  boundary  of  a 
definite  region  F  of  the  plane  of  x-y  is  said  to  be  "STNBCnc" 
for  that  region. 

1244.  If  an  infinity  of  the  function  be  such  that  at  all  points 
in  the  immediate  neighbourhood  of  the  infinity  the  reciprocal  of 

the  function,  viz.  -7^,  is  synectic,  the  point  in  question  is  said 

to  be  a  "  POLE  "  of  the  function. 

The  infinities  of  a  function,  whether  poles  or  otherwise,  are 
generally  referred  to  as  the  "singularities"  of  the  function. 
A  singularity  is  classed  as  "accidental"  or  " essential " 

according  as  tv-  has  or  has  not  a  determinate  zero  value  at 

the  point  in  question,  indepevdent  of  the  path  by  which  the 
point  z  is  made  to  approach  the  assigned  poeition.    Thus, 

ws  -  has  an  accidental  singularity,  viz.  a  pole,  at  z^^O ;  for 

its  reciprocal,  viz.  z(sx+iy\  becomes  zero  when  x  and  y 
become  zero  independently  of  any  relation  which  might  be 

superimposed  between  x  and  y.  But  w^e^haa  an  essential 
singularity  at  2;=0,  for  if  z  approaches  a  zero  value  by  a  path 
along  the  positive  part  of  the  a;-axis,  the  reciprocal  of  the 

function,  viz.  -r,  approaches  the  value  -zi =-::—,  that  is  —  or 

e^ 

zero;  but  if  the  approach  be  along  the  negative  portion  of 
the  aj-axis,  -  approaches  the  value  -37,  i,e,  -:^  or  «•,  i.e,  00 . 
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1245.  The  term  Synectic  is  due  to  Caught.  The  terms 
HoLOMOBPHic  or  Integral  are  also  used  to  denote  the 
poesession  by  a  function  of  the  same  properties.  The  former 
term  is  due  to  Briot  and  Bouquet,  the  latter  to  Halphen. 
These  terms  are  applied  to  describe  such  functions  in 
distinction  from  functions  which  the  same  authors  respectively 
term  "  meromorphjc  "  or  "  fractional,"  and  which  are  charac- 
terised by  the  possession  of  singularities  at  a  point  or  at 
points  within  the  contour,  viz.  poles  or  essential  singularities. 

Thus  sin  2,  cos  z,  exp  z,  are  synectic  or  holomorphic  functions 

of  z  for  all  points  of  the  0-plane;  whilst  -3-,  cot «,  etc.,  are 

meromorphic  at  certain  regions  of  the  plane  by  virtue  of  the 
existence  of  the  pole  dX  z=a  in  the  6rst  case,  or  of  the  poles 
at  the  zeros  of  sin  z  in  the  second  case. 

At  points  of  the  region  F  of  the  2;-plane,  for  which  w  takes 
a  single  definite  value  as  z  approaches  such  a  point  independent 
of  the  path  of  approach,  the  function  is  said  to  behave 
"regularly,"  and  such  points  are  said  to  be  "ordinary"  or 
"regular"  points. 

1246.  For  details  as  to  the  tests  for  the  nature  of 
singularities  and  other  matters  of  this  nature,  we  have  no 
space,  and  must  refer  the  student  to  Forsyth,  Theory  of 
Fwnctiona,  pages  16,  17,  63,  66,  etc. 

1247.  Isogonal  Property  of  a  Conformal  Representation. 
Suppose  that  the  point  P,  (z\  in  the  2;-plane  corresponds  to 

the  point  P',  {w\  in  the  tt;-plane,  and  that  Q^^Qt*  («i  and  Zg), 


■V 


Qi 


o' 


w- plane 


u  O 

Fig.  367. 


z  -plane 


are    adjacent   points    to  «   in  the  «-plane,  whilst  Q/,   Q^', 
(tc;^  and  vi^y  are  the  corresponding  points  in  the  tc^plane; 
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then,  since  the  valae  of  --p  is  to  be  independent  of  the 
direction  of  the  differential  element  dz,  we  must  have 

Z  —  Z^  Z—Z^ 

when  the  vectors  z—z^^z-z^  are  infinitesimally  small. 

Hence  X<Hz:^=i<fZ:£l. 

w—w^         z—z^ 

Let  the  moduli  and  amplitudes  of  z—z^,  «— ^ii  w^w^, 
w—w^  be  respectively  {p^,  0,),  (/>,,  O^X  (/>/,  6i),  (/»,',  ©,'). 
Then  in  the  limit 

ei[e^W-e,')^eie^i^-iti^    whence  ^!=^\  0/-0,'=ei-e„ 

i.e.  FQ{:P'Q,'=PQ,:PQ,    and     «/>«,'=  Q,PQ,. 

Hence,  in  any  such  representation,  infinitesimal  triangles, 
and  therefore  any  other  dementSy  preserve  their  similarity, 
and  angles  are  unaltered  in  such  a  transformation.  But  the 
moduli  of  z  and  w  vary  with  the  position  of  P,  and  therefore 
the  ratio  of  such  infinitesimal  elements  is  not  preserved  as  a 
constant  in  general  throughout  any  finite  regions  in  the  two 
planes. 

1 248.  It  is  also  to  be  noted  that  it  has  been  assumed  that 
the  ratios  (W''W^)l(z-'Zy),  (w—Wzyiz—z^)  do  not  become  zero 
or  infinite  within  an  infinitesimal  distance  of  the  points  P,  P' 
considered.    That  is  to  say,  that  the  theorem  is  not  to  be 

applied  at  points  for  which  -j-  is  zero  or  infinite. 

1249.  For  the  reasons  given  above  a  conformal  representation 
is  said  to  be  Isogonal.  If,  for  instance,  any  two  2;-paths  cut 
at  an  angle  a  the  corresponding  K;-path8  also  cut  at  the  same 
angle  a.  To  orthogonal  curves  on  the  2:-plane  correspond 
orthogonal  curves  on  the  K;-plane ;  and  as  a  particular  case 
straight  lines  parallel  to  the  axes  on  the  one  plane  correspond 
to  curves  which  cut  at  right  angles  on  the  other  plane.  To 
two  curves  which  touch  one  another  in  the  one  plane 
QOirespond  curves    which   touch  on  the    other    plane,    but 
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as  straight  lines  do  not  in  general  correspond  to  straight 
lines  in  the  conformal  representation,  linear  tangents  do  not 
become  linear  tangents,  but  curvilinear  tangents. 

1250.   Ratio  of  Elements  of  Area. 

Again,  the  ratio  of  the  infinitesimal  areas  P'QiQt*  ^iQt  ^^ 
that  of  the  squares  of  the  moduli  of  dw  and  dz,  i.e.  if 

z=x-{-iy    and    w=u-\-iv=f{x+iy)y 


the  t(;-element  of  area 


dw 


'•_\du+idv 


dz\^      \dx+idy 


the  0-element  of  area 

\u^dx+Uydy+ i(Vgtdx+v^y)\^  _{Ugtdx-\-Uydyf+(Vgfdx+v^dyy 
\dx+idy\^  ~~  dx*+dy^ 

and  since  Ug=Vy  and  tty  =—!;«,  this  ratio  becomes 

^/+v«*  or  Uy*4-v/  or  u.^+u/  or  v,*+t;/  or  u^v^—tt^Va,, 

(u  v\ 
*    j ,  where  J  is  the  Jacobian  of  u,  v  with  regard  to 

X,  y.     Or  again,  it  may  be  written  as 

(u,+ivj(u,-it;,),     i.c.  f{x+iy)f\x-iy). 

Thus  the  ratio  of  the  corresponding  elements  at  u,  v  and  at 

X,  1/  is  that  of  J  (    '     ) :  1. 
^  VaJ,  yJ 

It  follows  of  course  at  once  that  the  inverse  ratio  is 


'■(:::)■>. 


and  therefore  that  JJ*=l,  as  is  otherwise  well  known.    {Diff, 
Calc.,  Art.  640.) 

We  may,  if  desirable  to  use  a  polar  form  for  the  moduli  of 
dz  and  dw,  write  \dz\*=d8*  or  dr^+r^dd^,  and  for 

\dw\*=Ugg*+Vg^    or    Uy*+Vy*, 
we  may  write 

1251.  Connection  of  the  Ourvatures. 

The  curvatures  of  the  companion  w  and  z  curves  may  be 
connected  as  follows. 

Let  p  and  p  be  the  radii  of  curvature  at  corresponding 
points  P,  P'. 


392 


CHAPTER  XZDL 


Then  \dz\  and  \chv\  are  the  lengths  of  the  oorreBponding 
infinitesimal  area 

Let  ^  and  yf/  be  the  corresponding  angles  which  the  two 
tangents  make  respectively  with  the  x  and  u  axes,  6  and  6^ 
the  polar  angular  coordinates  of  the  points  and  ^»  ^'  the 
angles  between  the  tangents  at  P  and  P'and  their  respective 
polar  radii  r,  r'. 

Then    0=r«^,    w=r'e^ ,    >^=0+0,    ^'=^ff+^\ 

whilst  d=amp.  z  and  d's=amp.  w  are  the  respective  amplitudes. 


T' 
W'ptano 


Z'p/ane 


Then,  since  w=f{z\  we  have  r^e^=f{r&'), 
and  dr'e*^+ir'e*^  (M'=/(r«»0(dr6^+it^<W). 

Put  f'(re^)sRe'^t  say,  JR  and  0  being  the  modulus  and 
amplitude  of/' (re**),  i,e,  0s amp. /'(«). 

Then,  since  dr'=d»' cos  ^',  r'cW=cb'8in0',  etc.,  we  have 

that  is  \dw\e^*'=^\dz\ /?«*(♦+•) , 

whence 

|d'u;|=fl|d2:|  or  \f{z)dz\     and    ^^'-^^=0= amp, /'(«), 

whence  dyf/'-dyjr=^d  Am^,f(z) ; 

and  since  /o=U^  'and  p="-^^  »  we  obtain 

^ — r-^ — ^— ' = d  amp.  /'(«) 

im^-4l=dax„p./'(.) (A) 

In  many  cases  of  conformal  representation,  the  2?-curve  is 
taken  as  one  of  simple  nature,  usually  a  well-known  curve. 
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and  the  w  curve  is  often  one  which  is  of  more  or  less 
complicated  nature,  and  the  labour  of  applying  the  ordinary 
formulae  to  obtain  p'  in  such  cases,  may  generally  be  avoided 
by  tkefABecf  th%$  oannection  between  the  eurvaturee. 

1268.  niustnttions. 

Ex.  1.  Taking  aw^^,  when)  a  is  real  and  poeitiye,  we  have  ar'^^r^t^, 
whence  at^^r*,  ^'»2^. 
Here 

/(O-5.    /«-J,    anip./(f)-amp.|«**-ft    d^^f(M)^d$, 

To  verify  in  the  simplest  case,  take  the  «-curve  aa  r»a;  then 

dr    ^       .211       .       , 

a* 
which  18  obviouslj  correct    For  if  r^o,  i^a— «a,  and  the  w-corve  is 

also  a  circle  of  radius  a  but  described  twice  as  fast  as  the  i-cirde,  since 
$'-2$f  and  therefore  is  traced  twice  over  for  one  tracing  of  the  s-cirde. 


Ex.  2.  Consider  10=  +Va"+&«,  a  and  h  being  both  real    We  have 

*  ton"' -ii^H-?— 

/«.r»Va«+6r«^-  Va*+2a«6rcoe^+6«r«^         «"+»^«»% 

t.tf.       r'«»a«+2aS6rcos^+Mr*    and    Un2^»6rsin^/(a>+6rco8^ 
Also  rfie^=/'(f) <fe»6 ci»/2Va«TS= ~  e-*^ <&, 

|rfir|-^|A|,     |ci*|=Vdr»+r«rfe^;    amp./'W--d', 

and  de''='{a*bBmedr+br(a*c(Me+br)de)l^'^; 

whence 

which  will  be  the  general  formula  connecting  the  carvatores  of  thee  and  w 
curves  in  anj  transformation  bj  means  of  was»Va"+&f. 

For  instance,  take  the  f -curve  to  be  the  circle  rse.    Then  the  «9-curve  is 
a  Gassinian  oval.    For  r'V^  »  a* + bee^ ,  »'.*. 

f^co82^»aS+6cco8^,    f^ sin 2^ « 60 sin ^, 
and  f'«-2aVSco8  2^'+a«-6>c>    [see  Dif.  Calc,  Art  458], 

that  is,  if  iS,  iT  be  the  foci  and  P  anj  point  on  the  curve,  SP,  HP^he, 
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Putting  r»/D=c,  ^=0,  in  Equation  (IX  and  sobatitoting  for  oos^, 


^1  *   /n   .    ,i^eoe2^'-a«\ 


»:«.  p'=26cr''/(3r'*+a*-6VX  for  the  Caasinian. 

If  a^^hcy  we  have  the  case  of  Bernoulli's  Lemniiicate,  and  p'^tt^pir'. 

In  the  case  just  considered,  it  will  be  seen  that  since 

(ir-a)(ir+a)=&f, 
we  have  mod. (to -a) mod. (to + a) »» 6 mod. i ; 

and  therefore  that  if  mod.  s  be  constant,  f.6.  if  the  c  curve  be  choeen  as 
above  to  be  a  circle  of  radius  e  and  centre  at  the  origin,  the  correapond- 
ing  to-curve  has  the  property  that  the  product  of  its  bi-focal  radii  8P^ 
HP  is  constant,  the  coordinates  of  the  foci  8^  H  being  (a,  0)  and  ( -a,  OX 
and  therefora  it  is  one  of  the  class  of  the  Gassinian  ovals  fift^ftc  This 
result  is  therefore  obvious  as  the  immediate  interpretation  of  the  w-t 
equation  without  reference  to  the  polar  form. 

y 


w  -  plane 


Fig.  359. 


Z'plan€ 


Since  in  the  f-curve  the  loci  r « const,  ^e,  ^<b const.  b2<i,  form  a  pair  of 
loci  cutting  orthogonally,  the  corresponding  curves  on  the  to-plane  cut 
orthogonally. 

The  curves  corresponding  to  fa  const,  have  been  seen  to  be  Gassinians. 

The  curves  corresponding  to  6^2a  are  rectangular  hyperbolae. 

For  since  f^e2'^-a«=6re*'=6fe'**, 

f^co82^'-a'=6fco82a,    r^sin  2^'»6f  sin2a, 
that  is,  r^8in2(^-a)+a«sin2a=0. 

These  hyperbolae  for  a  parameter  a  are  therefore  the  orthogonal 
trajectories  of  the  Gassinians  r ift »  const. 

Further,  it  may  be  remarked  that  in  considering  the  transformation 
to'-a'^fts,  we  have  really  considered  any  transformation  of  the  form 

At^-\-Bw-\-C^z  ;  for  by  putting  fo=to'-o-j,  we  have 
which  is  of  the  form  v^-a^^^ht. 
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Hence  the  resolto  for  Av^-^Bw-^C^t  are  the  same  aa  those  considered, 
with  a  mere  tranaforroation  of  the  position  of  the  axes. 

1253.  OnrTatore ;  the  Form  for  Oartesiaiia. 
We  may  put  the  curvature  formula  of  Art   1251   into 
another  form  more  particularly  useful  for  a  Cartesian  z-locus. 


For 


w=f(z)=f(x+iy\    dw=f(z)  dz, 
|dz|=V^+^,       \dw\  =  \f(z)\ .  \dz\ ; 


whence 


(B) 


\f'(z)\     l_^'^"'P-^<'> 
'    ~'~1^' 

1254.  Thos,  if  the  ^-locus  is  a  straight  line  for  instance,  say  y  »fiur+c, 

^amp./(f) 

1255.  ninstratiye  Examples. 

(1)  For  example,  in  the  coat  w— a  cos  z  considered  in  Art  1236,  for  which 
X=sa cos jr cosh y,    F= -asinj?sinhy,  so    that   y==c   gives    the    ellipse 

^-^— ^— ■^  ^  — ^— — — ^  ^—  1   we  have 
a' cosh*  c    a*sinh'c      * 

/(«)=acosz, 

f(z)^  -asinz=  -a(sinarcoshy+4c08.rsinhy), 

\f{z)\  =  a'Jsiii^x  cosh*y + cos*j?  sinh'y = aVcosh  2y  -  cos  2*/\^2  , 
amp./'  (z) = tan~*  (cot  x  tanh  y), 

-                     sin  2jr-5^-sinh2y 
d         ^,  .  dx f; 

and  in  our  case  for  y=c,  we  have  /9  =  ao,  j~=0»  wi=0,  and  the  radius 

of  curvature  of  the  derived  curve  is 

a  (cosh  2c  -  cos  2Lr)*         ,  X 

—f=- 7-r-s —.     where  cosar= r— , 

V2  smh2c  '  a  cosh  c 

which  may  be  readily  verified  directly  for  the  ellipse. 

(2)  (A)  In  the  case  fv=-^^  (a  redl)^  we  have 


cr    r-^ 


.fi-»na 


f'e*»^  = 


.n-i  » 


f'  = 


[n-i> 


^=n^. 


Hence  to  any  z-locus  l*(r,  ^)  =  0  corresponds  a  ii7-locus 


F{a"'  A  J)=0. 
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Id  this  caae,  since  6^^%$,  a  s-line  through  the  origin  oorresponds  to  a 
upline  through  the  origin,  and  in  oouseqoenoe  in  this  oase  ^>b^',  ijL  the 
angles  which  the  tangents  make  with  their  radii  vectorea  are  eqnaL 

Hence  to  an  equiangular  spiral  in  the  s-pUne  and  with  pole  at  the 
origin  corresponds  another  and  equal  equiangular  spiral  in  the  ip-plane 
with  its  pole  at  the  new  origin. 

(B)  Moreover,  since  ^-^=»^'--^,  we  have  ^-^i«^-^,  whence 

*— J-' — iB«({anip.to-tfamp.s^ 
which  is  what  the  curvature  formula  of  Art.  1261  reduces  to,  since 


/(f)=-j5Zi-e*<*~*)'  and  amp./(f)»(ii-l)^-amp.w-aiiyi.f. 

(0)  In  this  group  of  results,  if  we  take  the  s-locus  as  the  straight 
line  r  COSTS' a,  we  have 

^     ^    2     ^    2    n' 
which  gives  the  well-known  property  of  all  curves  of  the  form 

--      -       /    1    \ 
r  "=flr  "cos( --^l 


w  ^picme 


Z' plane 


Fig.  360. 


which  include  as  particular  cases  the  Parabola  (n=»2),  the  Rectangular 
Hyperbola  (na  )),  Bernoulli's  Lemniscate  («»»-}),  the  Cardioide  (n»  -2X 
the  Straight  Line  (n~l)  and  the  Circle  (n^  ~  1). 

(D)  To  an  J  curve  r^=^a'coap6  corresponds  the  curve 

(f'a***)* = a'  cos  — ,     i.e.  r* = a*  cos  jd,     where  - = *. 


n-l         n-l 


n-1 


Hence  to  r  f  =a  *   cos— j—  $  corresponds  its  own  4*  pedal  curve,  for 

the  k^  pedal  is  got  b}'  substituting  for  the  present  index  and  multiple  of  $ 

n-l 


1+ib 


Tl 


for 


n-l 


n-l     -        n-l 


which  gives  the  ratio  n :  1  for  the  indices  and  multiple  of  ^  as  required. 
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Tht  eonfonBal   refUMBntotioo   of  w»— ,  when  k  m  raJ,  m  rerj 
iaportaBt. 

We  kiTe at  onee  r'^-i^.^c'^ ;  whemtm  fr^lfl  uAff^-B. 


Hfliiee^  if  the  HUBa  azei  be  takeo  f or  tiie  i  and  w  eunreei  we  Imivo  a 
embiiiaftaoii  of  tnTernoo  aad  reflezioii  in  the  x-azia.  Tbii  in'oeeai  ia 
kBoim  aa  Qoan-IoTenioii.    The  oaaM  ia  doe  to  Gkjlej. 

Now,  ledeuoo  with  regard  to  a  etnight  line  makea  no  diflmaee  in 
tlie  natore  of  a  curre.  Henee  the  neoal  mJea  of  inTcnioo  ^iplj»  viz. 
a  atiaight  line  whidi  doea  not  paae  throng  the  origin  iaTerta  into  a 
orde  through  the  or^n.  If  the  ttrai^lt  line  paae  throo^  the  or^n 
it  inTerta  into  a  straight  line  throng  the  origin.  To  a  eirde  throogfa 
tile  origin  eorre^wnda  a  etnught  line  not  through  the  origin.  To  a  drde 
which  doea  not  paae  through  the  origin  eorrcaponda  another  drde  whidi 
doei  not  paae  through  the  or^n.  To  a  parabola  with  foena  at  the  origin 
cotTcaponda  a  Ckrdioide  with  pole  at  the  origin.  To  a  eonie  with  focoa 
at  the  origin  oorreeponda  a  lima^on  with  pole  at  the  origin,  aad  ao  on. 

Hence  when  the  a-conre  is  given,  the  ta-curre  ia  at  once  known  aad 
can  be  constmcted  hj  the  reflexion  of  the  eunre  traced  hj  a  Peancellier 
cell  linkage  arrangement  aa  explained  in  Diff.  Oak^  Art.  232. 

(F)  The  Homognphie  Balmtka. 

Oonaider  next  the  confomial  repreeentation  of  ip«         .. 

Ihia  M  the  general  linear  transformation.  It  im  known  aa  a  ''Homo- 
graphic*  relation  between  w  and  & 

Obrioudj  etn-^iw-az-b^O, 

Now  this  transformation  ia  unaltered  bj  changes  in  a,  6,  e,  d^  which 
presefre  the  ratioa.  In  fact,  there  are  onlj  three  constanta,  namdj  the 
FStioe  aibicid.  There  is  therefore  no  lose  of  generalitj  in  taking 
k-od-l. 

This  being  done,  let  w»-+i^,  <»--+/,  which  merdj  shifts  the 

c  c 

origins  of  w  and  a,  retaining  axea  parallel  to  their  original  directions ; 

for  if  -=a+i)3t  saj,  and  --sy.|.t^  the  new  origins  will  be  the  pointa 

(o,  j9)  and  (y,  Q  respectiTelj  ;  we  then  hare  19'/ »^,  i,€.  another  quasi- 
inrersion  connection  between  the  z  and  w  locL 

(G)  Obriouslj,  if  when  ^^^^,  «  i»  itaelf  connected  with  a  third 

Tariable  f  by  another  homographic  relation  a =^--^,  then  upon  substi- 

toting  for  a»  w  is  of  the  form  grj^,  whether  the  variablea  and  consUnts 
inToWed  be  real  or  complex. 
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That  is,  if  10  be  homographic  with  regard  to  s  and  m  be  homographic 
with  regard  to  t,  then  w  is  homographic  with  regard  to  i,  and  so  on  for 
any  number  of  variables. 

The  relation  may  obviooslj  be  thrown  into  the  form 


wt    w    z 


0, 


where  A,  fi,  v  are  constante.  This  relation  is  of  much  use  in  the  theoiy 
of  geometrical  optics,  in  various  forms,  the  quantity  A  being  there 
usually  zero. 

The  equation  w— — — ^  may  be  written  further  in  the  form 

tg-X    (a-Ac)i-K6~Ai)^.i-/i 
w+X    (a+Xc)f+(&+XcO      !+/*»'' 


so 


l!^:iiLml?zd 


And  if  we  use  bi-focal  coordinates  in  each  system,  viz.  (it,  IT)  and 
(f,  r^,  the  two  foci  on  the  two  planes  being  X,  -X  in  the  ii^plane  and 

D  f 

fi,  -ft  in  the  z-plane,  then  n^'^l^l  ^»  so  that  when  f  describes  a  circle  in 

the  z-plane,  viz.  rir'ss:  constant,  w  will  describe  a  circle  in  thew-plane, 
viz.  B :  /{"s  constant,  a  result  which  has  been  already  stated. 

The  ease  — -^^^  ^  &  c^so  o^  the  above  quasi-in version. 
We  have 


tg~o 


=  |z|,  and  if  the  z-locus  is  the  fixed  circle  |z|=con8tant^ 
the  to-locu8  is  a  fixed  circle. 
(H)  Consider  nejd  the  eonfortmU  represeniaUon  (^  the  equa^ 

where  A,  B,  C, ...  and  a,  )3,  y, ...  are  att  real  panHve  guanlifje*. 

R 


Fig.  :^L 

Putting,  as  in  previous  cases,  z=re^^,  ii7=r'fc**'=X+iF, 
X=i4f*coso^+Br^cos)3d+CV^co8y^+... 
r=i4f*8inod+Br'8in)3d+Or^8inyd+... 
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If  we  take  Uie  »Kninre  to  be  a  circle  of  radiiu  unity,  then  for  the 
»€iirTe  X->2il ooeo^,  T^'ZAtdn  a$f  and  this  locus  can  be  constructed  as 
the  locos  of  a  point  carried  on  one  of  a  set  of  hinged  rods  OP,  PQ,  QR, ... 
of  lengths  A^  B,  O9  etc.,  the  carried  point  being  considered  as  the  end  of 
Ihe  last  rod  and  one  end  of  the  first  rod  fixed  at  a  point  O,  the  whole 
•fitem  moving  in  a  plane  and  the  several  rods  rotating  with  angular 
velocities  in  the  ratio  aipiy: etc, ... ;  in  fact,  what  is  usually  known  as 
an  epiqrdic  train  of  linkages. 

(I)  CoRMlerllbe COM </ Iwo (emu to»ili*+Bt^. 

Let  Q  be  a  point  attached  to  a  circle  of  centre  P  and  radius  6,  which 
rolls  without  sliding  upon  the  outside  of  the  circumference  of  a  fixed 


Fig.  363. 


circle  of  centre  0  and  radius  a,  and  let  PQ^p^  and  6^  O^y  the  angles 
which  OP  and  PQ  have  turned  through  since  A\  the  extremity  of  the 
radios  which  passes  through  Q  of  the  moving  circle,  was  in  contact  with  the 
fixed  circle  at  A.  Let  PX'  be  parallel  to  AG,  Then  the  angle  X'PA' 
(marked  in  the  figure  as  >  ir)  is  ^|. 
Then,  for  pure  rolling, 

aBx^HBt-e^    or    (a  +  6)^x=6^,. 

Let  Sx^ad,  6t=pe,  and  take  il=a+6,  B^  -p, 

a  +  6    b     A      ...    X     a  ^ j  )3  — a 


7j,    i.e.  h^j\A    and 


w 


A. 
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Then  the  coordinates  of  Q  are 

So  wA^-^Bm^  gives  in  this  case  a  trochoidal  locus  for  vf  corresponding 
to  the  circular  locus  for  s,  the  trochoid  being  traced  bj  the  motion  of  a 

point  at  distance  p(^-B)  from  the  centre  of  a  circle  of  radius  ^{'^'R'^J 

rolling  upon  a  fixed  circle  of  radius  a  (  »    /T~  •^  )*    If  p «  6,  an  epicjdoid 

is  traced  by  the  «9-point,  supposing  (  to  be  positive. 
In  the  case  a^b^p  we  have 

il-So,  B»-a,    and    ^=j=^=g,    i.«.  )5=2o, 

so  that  the  w-s  relation  is  «9a2ajf -a/*. 

And  in  this  case  the  epitrochoidal  curve  is  a  cardioide. 

It  is  unnecessary  to  particularise  the  value  of  a  which  is  the  ratio  of 
the  rates  of  angular  description  of  the  circle  traced  by  P  and  the  unit  circle 
traced  by  the  f-point    If  we  take  a«l  for  simplicity,  then  p^^  and  we 

The  correspondence  of  the  «-curve  and  the  v-curve  is  shown  in  the 
adjoining  figure,  where  corresponding  points  on  the  two  loci  are  indicated 
by  the  same  letter,  unaccented  for  the  f-curve,  accented  for  the  ic-curve. 


Fig.  86.^ 


In  the  6gure  the  ic^plane  is  supposed,  for  convenience,  to  be  superposed 
upon  the  «-plane. 
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(J)  If  6  be  negative  and  p—b=-b\vre  have  a  hjpocjcloid  traced,  and 
A=a-b\   B=b\    ^^^^;^n    ^^'  i^—^o, 


giving 


Fig.  364. 

And  the  particular  caae  in  which  6'=»q  gives  w=» 5 («*+«"•). 

And  |2|  =  1  hy  hypothesis,  so  «=«'*. 

Hence  ir=acosa^,  which  is  then  a  real  quantity. 

And  as  ir^u  +  ii;,  we  have  u=aco8a^,  v^O,  t.0.  the  diameter  of  the 

fixed  circle  is  traced  by  the  fi^-point,  as  is  well  known. 

(K)  For  a  three-cusped  hypocycloid, 

.         a       .     2a      jy    a     a      b         1  ^ 

p  =  6=-3,     ^=3-,    5=3,    jg=3=-2;    ••   ^=-2a. 

And  the  w-z  relation  is  tr^j 02^+^0^'^,  and  so  on  for  other  cases. 

It  should  be  noted  also  that  the  order  of  the  terms  Ji*,  Bifi  is  imma- 
terial ;  that  is,  we  might  regard  w  as  given  by  w^B^-^Ai^, 

And  then  the  same  epicycloid  or  hypocycloid,  or  epitrochoid  or  hypo- 
tixKihoid,  as  the  case  may  be,  can  be  traced  in  another  way,  viz.  by  the 

I'olling  of  a  circle  of  radius  ^  B  upon  a  fixed  circle  of  radius  — ^B. 

w  z 

(L)  The  case  —f  —  log-.  where  a,  o'  are  real  conetantt, 
a  a 

This  case  gives    ^«*''=log^-fl**  j=log  - +*(^+2Air) ; 

r     f '  X*  r^  v' 

whence  log  - = — ^  cos  ^'= ->,     ^ + 2Air  =  —, sin  d'^^r 

a     a  a  a  a 

So  that  to  a  circle  r= const,  on  the  «-plane  corresponds  a  straight  line 
parallel  to  the  y-axis  on  the  ir-plane  ;  and  to  a  straight  line  through  the 
origin,  ^= const,  on  the  r-plane  corresponds  a  family  of  straight  lines 
parallel  to  the  ^r-axis  on  the  i^plane. 
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Corresponding  to  the  Archimedean  Spiral  r^aS  on  the  f-plane,  we 
have,  on  the  ir-plane,  a  family  of  logarithmic  curves,  viz. 


u 


Corresponding  to  the  Equiangular  Spiral  r^a^^^^  on  the  t-plane,  we 
have,  on  the  tr-plane,  the  family 


ae 


a  \a  n/ 


viz.  a  family  of  parallel  straight  lines. 
As  a  further  example  of  the  use  of  the  curvature  formula  of  Art  1251,  viz. 

im^i_i^L,a.p.m 

let  us  apply  it  in  the  last  case. 


We  have 


f(z)dz=a'--     and    amp./'W=-^; 
z 


dz 

z 


P  9 

In  the  particular  case  whei*e  the  z*curve  is  the  equiangular  spii-al, 

2=a«*<~*^+*>,     --  =  (cotj8  +  t)rf^,    rf2=nj**(coti3+i)rf^ 


and 


sm)8 

-!=^,     \dz\=^Ji^de    and    p'=oo. 
z  \     sinjS*     '     '     sin^  ^ 


Tlius  the  formula  reduces  to  p=rcosec)3,  which  is  the  well-known 
result  for  an  equiangular  spiral. 

1256.  BrancheB  and  Branclb  Points. 

In  the  case  of  a  multiple-valued  function,  where  each  value 
of  the  independent  variable  z  leads  to  more  than  one  value  of 
the  dependent  variable  w,  the  several  values  of  w  are  said  to 
be  bi-anches  of  the  function  Thus,  if  the  equation  connecting 
w  and  z  be  F(Wt  2)=0,  and  if  upon  solution  for  w  we  find 

'^i=fi{^)>    '^2=/2(^)»    '^3=/8(«)>  etc., 
each  of  these  forms  being  now  single- valued,  then  w^,  w^,  -w,, 
etc.,  are  called  the  "  branches  "  of  %u. 

When  z  traces  any  curve  in  the  (a:,  y)  plane,  each  of  the 
functions  t^,,  w^^  w^,  ...  traces  out  a  corresponding  curve  in 
the  (t6,  v)  plane,  and  each  curve  is  a  graph  of  its  own  branch. 

If  for  any  point  z  two  values  of  w  become  equal,  such 
point  is  said  to  be  a  "branch  point'*  of  w.     A  line  which 


» 
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connects  two  and  only  two  branch  points  is  called  a  branch 
line  or  cross  line. 

1257.  The  simplest  example  is  the  case  when  w^=z.  Here 
u^  is  a  two-valued  functioa     The  function  has  "branches 

At  the  points  z=0  and  z  —  co  there  are  "branch  points. 
The  positive  direction  of  the  a;-axis  which  joins  0  =  0  to  z^oo 
is  a  branch  line. 

1258.  To  examine  the  behaviour  of  w^  and  w^  in  the 
immediate  neighbourhood  of  the  branch  point  at  z=0,  put 
z=re^,  and  travel  round  the  point  along  a  small  circle  of 
radius  r ;  r  remains  constant,  0  increases  by  2ir. 

w^=^-\-y/re^  becomes      >/re*<*+2»)=     g»»>/re**=— >/rc**=K;,, 
w^^—y/re^*  becomes  —  ^/r«*^•+21r)___g»»^^^#__     ^^i#-_^^ 

Hence  in  passing  once  round  the  branch  point  z=0,  and 
therefore  crossing  the  branch  line,  each  branch  changes  into 
the  other. 

1259.  Similarly  for  the  case  vfi=z,  where  g  is  a  positive 
integer. 

Here  ti;  is  a  g-valued  function  of  z,  and  we  have 
tt;=2'f cos hisin J,  where  X  =  l,  2,  3, ...  or  q. 

Let  the  q  q^^  roots  of  unity  be  called  a,  a\  a*, ...  a^. 

Then  the  branches  of  the  function  may  be  written 

1111 

1 
where  by  z^  we  mean  any  definite  q^^  root  of  z,  the  same  to  be 

taken  throughout. 

The  points  z=0  and  z=ao  are  branch  points,  and  the 
positive  portion  of  the  a;-axis  is  a  branch  line. 

In  passing  once  round  a  small  circle  of  radius  r  encircling 

a  branch  point,  say  that  at  2=0,  w,  changes   from   being 

I  1 

a*(re**)«  to  being  a*[re*<*+2»>p ,  that  is  to 

2w  i  1 

a*e  «  (re^y    or     a*+^(re'^)^ ; 
therefore  Wg  changes  to  ty,+i. 
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Thus  the  system  of  branches  changes  from 

W^,   W^t   ti;,,   ...   tl'^-l,   Wq        to         tWj,  tWj,  W^t   .•.  Wq,   w^, 

and  a  second  encircling  of  this  small  contour  will  cause  the 
further  change  to  w^,  w^,  w^, ...  w^,  w^,  and  so  on.  So  that 
when  z  has  travelled  q  times  round  the  branch  point  at  z=0, 
the  original  order  will  have  been  restored. 

Similarly  also  for  the  case  vfi=zP,  where  p  and  q  are  positive 
integers  prime  to  each  other, 

1260.  Reverting  to  the  caae  v^^az,  where  a  is  positive  and  real,  put 
Then    w^^r^t^^^-^'Jar?,    tr,=r,tf*^= ->/af?=N/w<*+*^ ; 

We  show  separate  v-planes  for  the  separate  branches.    (Fig.  365.) 
Take  as  the  z-curve  the  circle  r^^a. 


D. 

D, 

0 

w^'Plan§ 

ic,  -'plait§ 
Fig.  365. 

2-p/aii« 

Here,  as  Py  (2),  moves  round  the  circumference  A  BCD  of  the  circle 
r^Oy  the  points  Pi,  (tr|),  and  P^^iw^  respectively  describe  two  semi- 
circles shown  in  the  accompanying  figure,  viz.  the  upper  half  circle  AiBiCi 
for  Wi  and  the  lower  half  circle  C^D^A^  for  ir,.  When  P  traverses  its 
path  a  second  time,  P^  proceeds  to  describe  the  lower  half  circle  of  Vj, 
viz.  CiDiAiy  whilst  P,  describes  the  upper  half  AJS{C^  for  tr,. 

1261.  Sheets,  Riemann's  Surface. 

In  order  to  avoid  the  inconvenience  of  the  same  value  of  2 
indicating  two  or  more  values  of  Wy  the  following  device  is 
adopted. 

Xmagine  the  x-y  plane  upon  which  the  point  z  travels  to 
\^  split  into  as  many  parallel  sheets  as  there  are  values  of  w 
Id  whiA  any  one  value  of  z  gives  rise.     Let  these  sheets  still 
irith  them  the  tracings  of  the  original  axes,  and  let  them 
^[(nfiatod  from  each  other  by  infinitesimal  distances  c,  the 
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origins  lying  in  a  line  perpendicnlar  to  the  several  planes 
and  the  axes  remaining  parallel,  and  let  the  same  point  z 
be  marked  npon  each  plane.  Let  the  several  planes  be 
designated  as  Na  1,  No.  2,  No.  3,  etc.,  and  be  associated  with 
the  several  functions  t(;=ti;^,  w—w^^  w=^w^,  etc,  to  which  the 
value  of  z  gives  rise,  so  that  when  z  travels  on  plane  No.  1, 
the  graph  of  Wj^  is  traced  on  the  to-plane,  when  z  travels  on 
plane  No.  2  the  graph  of  w^  is  traced  on  the  t(;-plane,  and  so  on. 
In  this  way  each  value  of  z  with  its  particularising  plane 
gives  rise  only  to  one  value  of  w,  so  that  w  may  now  be 
looked  upon  as  a  single-valued  function  of  z,  and  z  requires 
for  its  description  not  only  the  values  of  x  and  y,  but  also 
the  number  or  label  of  its  particularising  plane. 

Now  it  will  be  inferred  from  the  examples  considered  that 
when  z  in  its  travel  upon  the  original  x-y  plane  in  continuous 
motion  crosses  a  branch  line  AB  in  that  plane  there  is  a 
change  in  the  branch  of  the  function,  w^  to  w^  say.  In  order 
to  represent  the  continuous  motion  of  z  in  our  new  system  of 
sheets  from  plane  (1)  to  plane  (2)  it  will  be  necessary  to  suppose 
the  existence  of  a  plane  bridge  extending  from  A  to  B,  and 
terminating  at  these  points  and  leading  from  plane  (1)  on  which 
A,  B  lie  to  plane  (2)  on  which  A\  R  lie  where  A\  R  are  the 
new  positions  of  A,  B  on  plane  (2),  so  that  in  passing  from  z^ 
on  plane  (1)  to  z^  on  plane  (2)  the  point  z  passes  down  the 
bridge  of  infinitesimal  length  from  the  one  plane  to  the  other 
without  changing  its  value  in  so  pcissing. 


Fig.  366. 

And  in  the  case  when  there  are  only  two  branch  points  and 
one  branch  line,  we  shall  consider  the  several  ^-sheets  to  be 
nowhere  else  connected.  Thus,  as  z  passes  over  this  bridge 
from  plane  (I)  to  plane  (2),  w^  changes  to  w^.  After  travelling 
in  plane  (2)  the  point  z  must  again  cross  the  bridge  to  get  back 
to  its  original  position  z^y  for  there  is  no  other  connection 
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between  the  planes  (2)  and  (1).  The  excursion  of  z  from  plane 
(1)  to  plane  (2)  and  back  again  may  be  indicated  to  an  eye 
looking  endwise  along  the  branch  line  from  ^  to  il,  as  in  the 
diagram  No.  367,  the  bridge  being  represented  in  duplicate  as 
PQ  or  FQ  for  convenience. 


^ 


Q^Pl J 

Fiff.  367. 

Thus,  in  the  case  of  v^^z,  we  have  the  diagram 
change  indicated  in  Fig.  368. 


-v,w,  ■ Pltuf  (1)  gMmg  », 

-^^  < P/«w  (2}  gMng  », 


Fig.  368. 

In  the  case  oiiifl^z  the  cyclic  order  of  changes  as  z  passes 
the  branch  line  is  indicated  in  Fig.  369  (taking,  for  example, 
9  =  5). 

(1)  < V  ^ ^ m 

(2) 4 ^^]jg> 4: (2) 

(3)  < "^^O  < (3) 

f4) < '^^  4 f4) 

(5) < "^^  < (S) 

Fig.  369. 

The  whole  system  of  sheets  thus  connected  by  means  of  a 
bridge  through  the  branch  line  is  then  regarded  as  forming  a 
continuous  surface,  and  is  known  as  a  Riemann's  Surface. 

1262.  Enough  has  been  said  to  indicate  one  method  of 
representation  by  means  of  which  the  consideration  of  a 
multiple-valued  function  z  may  be  regarded  as  reduced  to  the 
consideration  of  a  single- valued  function.  And  this  will 
suffice  for  our  purposes  in  this  book.  The  whole  theory  of 
Branch  points.  Branch  lines  and  Riemann's  representation 
would  occupy  far  more  space  than  is  at  our  disposal,  and  we 
must  refer  the  student  to  treatises  on  the  Theory  of  Functions, 
e.g,  Forsyth,  Theory  of  Functions,  Chapter  XV.,  or  Harkness 
and  Morley,  Theory  of  FuTictions,  Chapter  VI.,  where  this 
very  interesting  matter  will  be  found  fully  discussed. 
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1263.  Any  Algebraic  Equation  of  the  n^  degree  hae  n  roots,  n 
being  a  poritiye  integer. 

Let  wsF{z)=2^+p^z^'^+p^z^-*+,,.+p^=0,  where  z  and 
the  several  coefficients  may  be  real  or  complex  and  n  is  a 
positive  integer. 

Whilst  z  travels  over  the  whole  of  the  0-plane  it  is  obvious 
that  w  will  travel  over  at  any  rate  some  part  of  the  ti;-plane. 


M^^A 


W' plane 


x»  plane 


Fig.  370. 


Let  0  and  0'  be  the  two  origins.  Then  we  shall  show  that 
w  must  reach  0'  in  its  travels  over  the  te;-plane.  For,  if  there 
were  any  finite  limit  of  the  nearness  of  approach  of  tc;  to  O', 
let  p  be  that  limit.  Let  z^  be  the  value  of  z  for  which  w 
arrives  at  its  limiting  value,  w^  say,  which  must  lie  somewhere 
on  the  circumference  of  a  circle  of  radius  p  in  the  K;-plane  and 
having  (f  for  its  centre. 

Consider  the  vector  z=ZQ+h. 

Then  w=(z^+h)^+p,(z^+h)^-^+p^{zo+h)^-^+...+p^, 

which,  by  multiplying  out  the  several  terms  and  arranging  in 
powers  of  A,  we  may  write  as 

w=F(z,)+hF'{zo)+f,r(z,)+...+^^F^'\z,). 

where  F(zq),  F(Zq),  etc.,  are  the  several  coefficients  occurring, 
and  are  functions  of  Zq  alone,  finite  so  long  as  Zq  is  finite. 
Then  obviously  Wq=F(zq),  and  therefore 

w^Wo=hF\zo)+^^^F"(z,)+.,,+^^^  say. 

Then,  provided  F\zq)  does  not  vanish,  we  can,  by  making  h 
sufficiently  small,  make  the  ratio  ^:hF\z^  less  than  any 
assignable  quantity. 
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And  even  if  FXzq)  does  vanish,  as  well  as 

so  that  -:F^*'\z^)  is  the  first  term  which  does  not  vanish,  we 

can  in  the  same  way,  by  taking  h  sufficiently  small,  make  the 

A*" 
remainder  of  the  series  beyond  the  term  —.F^{zq)  bear  to  this 

term  a  ratio  less  than  any  assignable  quantity,  and  therefore 
ultimately,  when  h  is  indefinitely  small, 

hF\z.)  h' j^^,,    . 

as  the  case  may  be. 

Now  let  the  point  z^+h  travel  in  a  small  circle  round  z^  as 
its  centre.  In  doing  this  the  amplitude  of  &  is  increased  by  2x 
and  that  of  h^  by  2rir,  r  being  a  positive  integer,  whilst  that 
of  F'(z^)  or  F^^\z^)  is  unaltered. 

Therefore  the  amplitude  of  w—w^  increases  by  2x  or  by 
2nr,  and  the  point  w  describes  some  curve  about  w^  which 
returns  into  itself  after  one  or  r  complete  circuits,  as  z  describes 
a  small  circle  about  z^.  Hence  it  must  penetrate  at  least  once 
into  the  circle  of  radius  p  in  its  travel  about  w^.  And  this 
contradicts  the  hypothesis  that  there  is  an  inferior  limit  to 
the  closeness  of  approach  oiw  toff 

There  must  therefore  be  at  least  one  value  of  z,  say  z=z^^ 
for  which  w  coincides  with  the  origin  ff  and  makes  F{z) 
vanish. 

Hence  z—z^  must  be  a  factor  of  F(z), 

Dividing  out  z—z^  from  F{z)  we  get  an  expression  of  degree 
n— 1  in  powers  of  2  to  which  the  same  process  can  be  applied. 

And,  proceeding  in  this  way,  it  is  clear  that  F(z)  must 
have  n  zeros. 

And,  if  z^,  «„  z^,.,.z^  be  tlie  values  of  z  for  which  F{z) 
vanishes,  we  get  w=A  {z—z^)(z—z^){z—z^) ...  («— «n)»  where  A 
is  independent  of  z,  but  may  be  a  complex  constant. 

Thus  mod.  w = mod.  A  .  IT  mod.  (z — z^), 

r-l 


fti 


and  amp.  ti;= amp.  A +2]  *^™P-  (^  ~^r)- 


r—j 
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1264.  Number  of  roots  within  a  giTon  Contour. 

We  are  now  in  a  position  to  assign  the  number  of  roots  of 
w=0  which  lie  within  a  given  contour  in  the  t(;-plane. 

When  z  travels  in  a  closed  curve  once  round  z^  the  ampli- 
tude of  the  vector  0— Zq  is  increased  by  2ir,  and  if  the  closed 
curve  encircles  z^  r  times  before  returning  to  the  starting 
point,  the  amplitude  of  the  vector  is  increased  by  2nr. 


Fif.  371. 

When  z  travels  round  a  closed  contour  which  does  not 
enclose  z^^  the  amplitude  oi  z—z^  increases  by  a  certain  amount, 
and  then  decreases  again  till  it  assumes  its  original  value 
when  the  whole  circuit  of  the  contour  has  been  traversed,  so 
that  there  is  no  change  in  the  amplitude. 


Fig.  372. 


If  the  z-contour  posset  through  z^at  a  point  of  continuous  curvature  of  the 
contour  instead  of  surrounding  it,  there  is  a  change  of  v  in  the  amplitude 
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of  z-z^.  If  £^  be  tituated  at  a  tuxU  of  the  f^mrve,  then,  when  i  deecribes 
a  loop  starting  from  the  node  by  one  of  the  branches  which  pamea  through 
£«  and  returning  to  the  node  by  another  branch,  the  change  in  the  ampli- 
tude of  2- £^  is  a,  where  a  is  the  angle  between  the  directions  of  the  two 
tangents  at  the  node  between  which  the  loop  lies. 

Remembering  that  if 

we  have      amp.  w = amp.  A+Amf, (z— z^)+,,,+ amp. {z — z^), 

it  obviously  follows  that  if  z  is  made  to  travel  roand  any 
contour  which  encloses  any  r  of  the  n  zeros  of  w,  viz.  z^,z^, 
z^,..,z^,  and  no  more,  and  does  not  pass  through  any  of  them, 
and  if  the  contour  be  such  as  to  encircle  them  each  once  only, 
the  change  of  the  amplitude  in  w  will  be  2rx.  If,  however, 
it  passes  through  one  of  the  other  zeros  at  a  point  of  con- 
tinuous curvature  of  the  contour  besides  encircling  the  r  zeros 
considered  before,  there  will  be  a  change  of  amplitude  to  the 
extent  of  (2r+l)^*  Conversely,  if  as  0  passes  along  the 
perimeter  of  any  region  iSf  it  be  observed  that  the  change  of 
amplitude  is  2rir,  we  infer  either  that  there  are  r  zeros  of  w 
within  that  region  or  r~2p  zeros  within  and  2p  upon  the 
boundary,  and  that,  if  the  change  of  amplitude  be  (2r+l)^> 
there  will  be  r  zeros  within  and  one  upon  the  boundary  or 
r— 2p  zeros  within  and  2p+l  upon  the  boundary,  so  that  in 
the  one  case  there  are  r  roots  within  or  upon  the  boundary, 
and  in  the  other  there  are  r+1  roots  within  or  upon  the 
boundary,  and  the  number  upon  the  boundary  is  even  in  the 
first  case,  odd  in  the  second,  and  if  the  change  of  amplitude  be 
an  odd  multiple  of  ir  thcfte  must  be  at  least  one  zero  of  w  on 
the  boundary  of  the  contour. 

1265.  XUustrative  Examples. 
1.  Consider  the  equation 

U7=z*-2*'-<j»  +  22  +  10=0. 

Take  a  contour  bounded  by  a  circular  arc,  centre  at  the  origin,  and  of 
infinite  radius  R  and  the  positive  directions  of  the  x  and  y-axes,  viz.  the 
quadrant  OAB. 

Then  (1)  as  t  travels  along  the  jr-axis,  y=0  and  the  amplitude  of  f,  and 
therefore  also  of  u^  is  zero,  in  moving  from  0  to  il. 
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(2)  As  z  travels  along  the  quadrantal  arc  AB  oi  the  infinite  circle, 

«'''-2^-^+2^+-^j=IJ*e^'' ultimately, 

and  aa  $  changes  from  0  to  ^  the  increase  of  amplitude  is  4.  ^=2ir. 

2  A 


Fig.  373. 

(3)  As  t  travels  from  f=ao  at  JB  down  the  y-axis  to  0,  x^^O,  and 
2=iy=:ir,  say, and  ii>=r*  +  2ir*+r*  +  2ir+10=p(coB<^+isin<^), say,  where 

t^n^'V+H+lO (") 

so  that  tan  ff>  remains  positive  as  r  decreases  from  oo  to  zero,  vanishing  at 
both  limits.  To  find  where  it  attains  its  maximum  value,  we  have  by 
differentiation  ^  .^        f«+2f*-29r«-10 

and  the  equation  to  find  the  stationary  values  of  tan  ^  is 

r«  +  2f*-29f*-10=0,    (c) 

which  being  a  cubic  for  r*  must  have  one  value  of  r*  real.  Moreover,  as 
r* SCO  makes  the  left-hand  member  positive,  and  r^^O  makes  it  negative, 
a  real  value  of  H  must  lie  between  0  and  infinity  ;  and  further,  Descartes' 
rule  of  signs  shows  that  there  cannot  be  more  than  one  real  positive  root. 
Let  that  root  be  i^=a^,  and  let  the  remaining  roots,  both  real  or  both 
imaginary,  be  p*  and  y*. 

Then  ^ccM^»        (r' - a'Xr^ - fflKr' - 7«) 
men  gsecf^^^-  (r*+r«+10)« 

If  both  p*  and  y'  be  real  negative  quantities,  r*  -  /S*  and  r*-  y*  are  both 
positive. 

If  p*  and  y^  be  unreal,  the  product  (r* - )8*)(r' -  y')  cannot  change 
sign  as  r  changes  through  real  values  from  oo  to  zero,  and  this  product 
is  ultimately  r*  when  r  is  infinite.  Hence  in  either  case  (r*-^(r'-')*) 
is  positive. 
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Also  r  is  deemmng.    Hence 

from  r s it  to  r aa,  we  have  ^=(  ~ )"!  therefore  tan  ^  is  increanng, 

and  from  r^a  to  r»0,  ^"'('^)''*  ^®^ore  tan ^  is decraiing. 

But  at  fsJi  the  amplitude  ^  is  2r. 

Hence  ^  increases  to  some  value  between  2x  and  8t+o»  >^  ^l>^o 
returns  to  its  value  2ir. 

There  is  therefore  only  one  root  of  the  equation  in  the  firw  quadrant 

If  we  take  the  first  two  quadrants  as  our  contour  we  get  a  change  ol 
amplitude  0  +  4ir + 0 — 4ir. 

Hence  there  are  two  and  only  two  roots  in  the  first  two  quadrants. 
That  is,  there  is  one  root  in  the  second  quadrant. 

Similarly  there  is  one  in  the  third  quadrant  and  one  in  the  fourth 

quadrant     As  a  matter  of  fact,  the  four  roots  are   -1±V-1   and 
2  ±  >/  - 1,  as  may  be  seen  by  factorising  the  original  equation  as 

(*«+2»+2)(*«-4«+6), 
and  the  localities  of  these  roots  are  shown  in  Fig.  374. 


Fig.  874. 

2.  Consider  next  the  equation 

w=««-ftr»  +  16r«-24«»+26r«-18«+10=0. 
Take  the  same  contour  as  in  the  last  case. 

(1)  Along  the  x-axis  from  0  to  A  t^x^  and  there  is  no  change  in  the 
amplitude,  which  remains  zero. 

(2)  Along  the  infinite  circle  to  is  ultimately  iZ^e^'*,  and  there  is  a  change 
of  amplitude  6  x  |=3ir  in  passing  from  A  to  B. 

(3)  Down  the  y-axis  from  B  to  0,  «=tr,  aay. 

Hence  m'^ -r*-64f»+16r*+24tr»-25f2-18ir+10 

= />(co8  <^ + i  sin  <^X  say. 


histtm 


^m 


MMinp 
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--  ^       .        6r*-24f»+18r  6(f»-l)(f»-3r) 

Then  ^*^=r«-16r-+2Ar«-10'"(f*-l)(f^-lftr*+10)- 
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This  indicateB  a  peculiarity  at  r~  ±1,  if.  t=±i;  and  it  will  appear 
from  10=11* -62* +...  +  10  that  x'+J  is  a  factor  and  two  of  the  roots  are 
«=  ±1. 

To  exclude  these  roots  we  draw  two  small  semicircles  of  radius  r^  with 
centres  (0,  ±1)  in  the  Brst  and  fourth  quadrants  as  shown  in  the 
figure,  thus  amending  our  contour ;  (or  we  might,  having  discovered  these 
roots,  divide  1*+ 1  out  of  the  expression  for  w  and  start  again). 

Hence,  except  at  the  point  (0,  i:  IX  we  have 


»»°*=«?^w?ro' 


•(«) 


whence 


B       ^dr"       (r*_i6r«+10)"   ' 


W 


Fig.  375. 


d4> 


80   that  ^  is  negative  for  all  positive  values  of  r,  and  therefore  as  r 

decreases  along  the  y-axis  4>  increases,  with  the  exception  of  in  the 
immediate  neighbourhood  of  the  point  whei'e  r»l  ;  and  tan^  vanishes 

both  at  r=  R—ao  and  at  r=0  as  well  as  at  r=s/3. 

To  consider  what  happens  in  the  neighbourhood  of  f  »1,  about  which 
the  small  semicircle  is  drawn,  put  r^i+r^e^.     Then  to  first  powers  of  r', 

ii>  =  ( - 1  +  6irV^)  -  6(t  +  5r'e'^) +16(1-  44f'e*^)  -  24(  - 1  -  Sr'e*^) 

+  26(  -  1  +  2tf'e*^)  - 18(4 +f'e*^)  + 10=8(3  -  Of'e*^, 

and  the  variable  portion  of  the  amplitude  diminishes  from  6'^-^  to 
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^=  -^  as  z  traverses  the  semicircle  CBD  from  C  to  D;    otherwise 

along  the  y-azis  the  value  of  the  amplitude  is  always  increasing  from 
^==3irat  00,  where  tan  ^=0  to  <^=4ir  at  r=s>/3,  where  tan  ^a-O again,  and 
except  for  the  semicircle  CED  to  t^^bw  at  rsO,  where  tan  ^  has  again 
become  zero,  besides  the  loss  of  ir  in  passing  round  the  small  semicircle. 
Hence  the  change  of  amplitude  round  the  whole  contour  is 

0  from  OtoA,    3ir  from  AtoB^    v  from  BtoF,  where  0F=^'j3^ 

IT  from  2^  to  0  except  round  the  semicircle  CED,     —  v  round  CED ; 

i.e.  in  all,  the  change  of  amplitude  is  4ir,  which  indicates  the  existence  of 
two  roots  in  the  first  quadrant,  besides  the  root  2=i  on  the  boundary. 

In  the  same  way,  it  can  be  shown  that  there  is  another  root «»  —  c,  and 
two  others  in  the  fourth  quadrant,  but  none  in  the  second  and  third. 

As  a  matter  of  fact,  the  expression  when  factorised  becomes 

and  the  roots  are    z=  ±i,    \   and  are  indicated  by  dots  in  the  second  and 

2=^1  ±1,  V  fourth  quadrants  in  the  figure  and  the 

r  s  2  db  t,  j  centres  of  the  semicircles. 

3.  Consider  tP  =  ^"+«+«+l=0. 

Taking  the  same  contour  as  before  : 

(1)  Along  the  x-axis  z^x,  and  there  is  no  change  of  amplitude  in  z  or 
in  w. 

(2)  Along  the  arc  of  the  infinite  circle,  radius  R  say, 

ie?=y2*»H-«e*^*'''*'*^*   where  R  is  very  large, 
and  the  change  of  amplitude  is  (4n+2)^=(2n+l)ir. 

(3)  Along  the  y-axis  put  z=ir  ;  then 

w=  -r**H-«  +  tr+l=p(co8<^+isin^X  ^^7^ 

and  tan<^  =  ^— ^^,, (a) 

,^rf<^    (l-^-*''-^')-f(4n4-2)r*''+«     l-f(4?t-|-l)f*«H^ 

which  is  positive  for  all  positive  values  of  r.  Hence,  as  r  is  decreasing 
as  z  ti-avels  from  ^  to  0  down  the  y-axis,  ^  is  also  decreasing,  and  the 

decrease  is  from  (2M  +  l)ir  through  (2n+l)ir--  at  r=l,  where  tan^^oo, 

to  (2n+l)ir~ir  at  O.  That  is,  the  total  change  of  amplitude  in  passing 
round  this  contour  is  2nir,  which  indicates  the  existence  of  n  roots  in 
the  first  quadrant. 

(4)  If  we  tiUce  the  first  two  quadrants  as  contour  with  an  infinite  semi- 
circular boundary,  the  change  of  amplitude  is 

0  +  (4«  +  2)ir+0=(4n  +  2)ir. 

Hence  there  are  2n+l  roots  in  the  first  and  second  quadrants,  t.e, 
(n+1)  roots  in  the  second  quadrant 
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(5)  Consider  next  the  behaviour  in  the  fourth  quadrant. 
For  the  variation  of  z  down  the  y-axis,  OB'y  put  z=  -ir, 

V-  -r*"+*-ir+l=p'(co«<^'+«8in<^'),  say, 

rf<^'_     (4n4>l)>^*''•^«+l 

which  is  essentially  negative ;  and  r  is 
increasing,  therefore  ^'  is  decreasing,  and 
^'sO  at  Oy  and  again  at  B\  where  r^oo, 
and  there  is  a  loss  of  v  in  the  amplitude. 

In  traversing  B^A  there  is,  as  before, 
an  increase  of  (2n+l)ir  in  the  amplitude, 
whilst  in  traversing  A  0  there  is  no  change. 
This  gives  a  change  uf  2uir,  which  indicates  the  existence  of  n  roots  in 
the  fourth  quadmut.    Similarly  there  are  n  +  1  roots  in  the  third. 

Hence  the  localities  are  : 

n  roots  in  the  first  and  in  the  fourth  quadrants ; 
n  +  1  roots  in  the  second  and  in  the  third. 


EXAMPLES. 

1 .  Find  the  moduli  and  amplitudes  of 

(x  +  ly)",     log  (x  +  ly),     a«+'y,     (x  +  ty)'*+** 
8in(a;  +  ty),     co8(a;  +  iy),     sec(a;  +  ty),     tan-^(a;  +  iy). 

2.  If  2^=2  + ly,  show  that 

log  I  c*  I  =  a:  log  I  c  I  -  y  amp.  c. 


.c,  \ 
.  c.  i 


tan  amp.  C^y  log  |  c  |  +  x  amp 

3.  How  are  sin  Zy  log  Zy  tan"^  z  defined  when  2;  =  aj  +  ly  ? 
Show  that  if  2  *  a;  +  ly, 


-.-=nz 
az 


__  nyn—l 


dBinz 
dz 


d\os,z     \       d  ^      ,  1 

=  cos2,       "J      =  -,     :rtan~*«  =  :i — 

dz        z     dz  1  + 


4.  Discuss  the  locality  of  the  roots  of  the  equations : 

(i)  tt;  =  2r*-22rS  +  4^+r2  =  0; 
(ii)  w?  =  2r*  +  22;'-42r+12  =  0; 
(iii)  «;  =  ^*  +  6^8+ 16^2  +  20^+12  =  0; 
(iv)  t(;  =  -3r*- 6^:3+ 162r2_  20^+12  =  0; 
stating  in  each  case  how  many  roots  lie  in  each  quadrant. 
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5.  Find  how  many  roots  lie  in  each  quadrant  in  the  following  cases: 

(i)  wsz^-^-z-^-l  =0;  (ii)  ws2r**  +  2f+l  -0; 

(iii)  tra2*  +  «+l=0;  (iv)  trsa*^i  +  2f+l  =0; 

(v)  W32r**^i  +  2?2  +  l=0;     (vi)  ws«**+«  +  2r«  +  l  =0  ; 

6.  Discuss  the  localities  of  the  roots  of  the  equations : 

(i)  w=2«  +  22»  +  7;j*+102»  +  U;3«  +  a»  +  8-0; 
(ii)  ws<?»-6a;*  +  5-2«-30«2^.4^«24  -0. 

7.  Examine  the  nature  of  the  conformal  representation  of  the 
equation  kt'  » 1  +  2;  f or  the  cases : 

(i)  when  z  moves  on  the  circle  mod.  2r  =  c ; 
(ii)  when  z  moves  on  the  straight  line  y—l-^z; 
(iii)  when  z  moves  on  the  straight  line  y  =  c. 

8.  Find  the  radius  of  curvature  of  the  hyperbola 

x^  sec^  c-y^  cosec^  c^^a^ 

by  a  consideration  of  the  conformal  representation  of  the  equation 
Vf^acoszy  taking  for  the  ^-path  the  straight  line  x^e, 

9.  Supposing  ahv  —  z^f  and  a  to  be  real,  show  that  if  z  traces 
the  curve  (a;'-i-y*)'  =  a'(x'-3ay'),  then  w  traces  a  circle  at  three 
times  the  angular  rate.  Deduce  a  formula  for  the  radius  of  curvature 
of  the  above  2^1ocu8,  and  verify  your  result  directly. 

10.  Taking  the  equation  w -k- 1  -  (z -^  l)\  show  that  the  ir-path 
corresponding  to  mod. z=l  is  a  cardioide. 

1 1.  Examine  the  k^Iocus  in  the  case  w  =  cosh  log  z^  when  the  ^^locus 
is  mod.  2r=l. 

12.  Taking  the  relation  v^-Sw^z,  show,  by  putting  w  =  (-{■-, 
that  if  t  describes  the  circle  mod.  t^k: 

(1)  the  z  point  describes  an  ellipse ; 

(2)  the  three  t(7-points  corresponding  to  any  value  of  P  describe 
a  confocal  ellipse  and  form  the  angular  points  of  a  maximum  inscribed 
triangle.  [Habknbss  and  Moblxy,  Theory  oj  Functions,  p.  39.] 

1 3.  Discuss  the  conformal  representations  arising  from  the  equation 

w  =  log  Zf 

and  show  that  the  curvature  at  any  point  of  the  10-locus  is  pro- 

1  ds 
portional  to  the  value  <>^  ~  jt  at  the  corresponding  point  of  the 

f^locus,  ^  being  the  angle  between  the  tangent  and  the  radius  r, 
and  dt  an  element  of  arc  of  the  i?-locus. 
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14.  Suppose  K^  to  be  any  rational  function  of  ^(sx  +  ty),  and  that 
w  is  put  into  the  form  ^  +  (^  where  f  and  ^  are  real.  Suppose  that 
as  z  travels  in  the  positive  direction  round  any  contour  F  in  the 
x-y  plane,  ^/g  passes  through  the  value  0  and  changes  its  sign  k  times 
from  +  to  -  and  /  times  from  -  to  +.  Show  that  the  number 
of  roots  of  K^  =  0  which  lie  within  the  contour  is  \i)^- 1\  it  being 
further  supposed  that  the  contour  is  such  as  not  to  ipass  through  any 
point  for  which  both  p  and  q  vanish,  and  that  when  repeated 
imaginary  roots  ol  w  =  0  occur  they  are  counted  as  many  times 
over  as  they  occur. 

[Caochy.     (See  Todhuktsr,   Theory  qf  EqtuUions,  Art.  308.)] 

15.  If  ^  be  the  longitude  and  A  the  latitude  of  a  place  on  the 
surface  of  a  sphere  and  ^=gd~^A  : 

(i)  Show  that  the  coordinates  of  a  point  Xg^  Y^  of  the  stereo- 
graphic  projection  of  ^,  A  are 

Xg=^ae' 
Y, 

(ii)  If  A'm,  Y^  be  the  coordinates  of  the  same  point  in  a  Mercator 
projection  defined  as 

express  X^  and  Y^  in  terms  of  Xm  and  Y^n- 

(iii)  Considering  the  equation  w/a^e^'f'*  {a  real),  show  that  w  is 
the  stereographic  projection  of  a  point  on  the  sphere,  whose  Mercator 
projection  is  z, 

(iv)  Show  that  the  magnification  in  the  stereographic  projection 
X  (1  +sin  A)"\  and  in  the  Mercator  projection  x  sec  A 

(v)  Examine  the  stereographic  and  Mercator  projections  of : 
(a)  the  meridians  ;     (b)  the  parallels  of  latitude ;      (e)  a  rhumb  line. 

1 6.  If  f + 41/  =  {x  +!?/)*»,  prove  that  the  systems  of  curves  r"cos7i^  =  a", 
r*sinn^  =  6'»,  in  the  plane  ^-rj  correspond  to  straight  lines  parallel 
to  the  axes  in  the  plane  x-y^  and  find  the  value  of  the  integral 

l,.sn-2^^  for  the  rectangular  space  included  between  any  four  of 
them,  dA  denoting  an  element  of  area.  [St.  John's,  1890.] 

17.  In  the  relation  w=^csinZj  show  that  the  w-aurve  which  cor- 
responds to  a  rectangle  x^  ±t/2,  y=  ±A;  on  the  c-plane  is  an  ellipse 
with  two  narrow  canals  extending  from  the  extremities  of  the  major 
axis  to  the  nearer  foci,  and  that  the  interiors  of  the  respective 
regions  correspond.  [Forsyth,  Th.  of  F.,  p.  604.] 
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18.  Writing  Z^JT+iF,  where  X  and  Fare  real,  and  taking 
Z^sin?,  determine  a  simply  connected  region  of  the  plane  of  z 
which  is  transformed  conformally  into  the  half  plane  F>0. 

[Math.  Tbip.,  1913.] 


19.  For  the  equation  JX  +  tK=  tan  (Jir>/x  +  ty),  show  that  we 
have  as  corresponding  areas  the  area  ¥rithin  the  circle  ^*+y*  =  l, 
and  that  within  the  parabola  i/^i{\  -x).  Examine  also  the  nature 
of  the  correspondence  as  regards 

(i)  the  points  on  the  circumference  of  the  circle ;  (ii)  those  on  the 
diameter  F=  0.  [Math.  Tbif.,  1887] 

20.  If  ^-sin2JZ=sin-J(Jr  +  iF),  show  that  the  lines  X=const, 
y=  const,  correspond  to  a  system  of  confocal  conies,  and  that  the 
ratio  of  the  areas  of  the  triangles  z^^z^^  z^  and  Z^^Z^,  Z^  is  proportional 
to  the  product  of  the  distances  z^  (or  z^  or  2:3)  from  the  common  foci 
of  the  system,  the  points  Zj,  Zj,  Z,  being  the  vertices  of  an  infini- 
tesimal triangle  in  the  Z-plane  and  z^^  z^,  z^  the  vertices  of  the 
corresponding  triangle  on  the  ^-plane.  [Ox.  n.  P.,  1913.] 

21.  Show  that  f=  (^  + 0)^(2: -rt)*  gives  one  conformal  representa- 
tion of  the  semi-circular  area  x^-\-y^^a^^  y^O  on  the  plane  of 
z  —  x-\-i.y,  upon  the  upper  half  17  ^  0  of  the  plane  C=  (  +  ^y*  Explain 
how  to  modify  the  formula  so  that  ic  =  A,  y  =  0  become  f  =  0,  iy«0, 
and  a;-Xo,  y^y^heaomf^  f  =  0,  i;=l  {h^^a\  V  +  yo^<<**)- 

[Math.  Trip,  n.,  1919] 
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INTEGRATION.  CAUCHY'S  THEOREM  ON  CONTOUR 
INTEGRATION.  TAYLOR'S  THEOREM. 


1266.  Definition  of  Integration  for  a  Function  of  a  Gomplex 
Variable. 

Let/(z)  be  any  single- valued  function  of  z,  and  let  any  path 
of  z  on  the  z-plane  be  selected  which  does  not  pass  through  a 
point  which  makes  f(z)  infinite,  and  along  which  the  change 
in  f{z)  is  continuous. 


Sm 


Fig.  377. 

Let  Zq*  2;^,  Zg*  •••  2„,  Zn+i  (=«)  be  an  infinitesiwally  close  array 
of  points  on  this  path  from  an  initial  point  Pq,  («o)»  to  another 
point  P,  (2). 

Then  the  limit  (provided  a  limit  exists)  of  the  sum  when 
n  is  infinite  of  the  series 

(2i-2o)/W+(22 --2;i)/(2i)+(2s-- 2^/(22)+... +  (2--2«)/(0, 
when  the  moduli 

|2i-«ol»     ^2-2^1,     \Zz-h\  •••  \^-^n\ 
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are  each  indefinitely  decreased,  so  that  the  suooeasive  dements 
of  the  z*path  are  all  infinitesimally  small,  is  called  the  integral 
o{f(z)dz  for  the  selected  path,  and  is  denoted  by 


^f(z)dz. 


1267.  Obviously,  the  last  term  of  the  series,  having  an 
infinitesimal  modulus,  the  series  may,  if  desired,  be  supposed  to 
stop  at  the  term  (Zn"-2;^_i)/(z„_i),  as  in  the  case  of  a  function 
of  a  real  variable  (Arts.  11  and  12). 

1268.  This  definition  clearly  includes  that  of  functions  of 
a  real  variable  (Art.  11)  as  a  particular  case,  the  "selected 
path"  for  the  variation  of  z  in  that  case  lying  upon  the 
a;-axia 

1269.  Oenenl  Properties  of  an  IntesraL 

Properties  of  the  integral,  corresponding  to  those  of  Articles 
322,  etc.,  for  a  real  variable,  may  be  established.     Let  i^^  ^/(Zr)- 

Then,  in  the  first  place,  it  is  immaterial  whether  we  consider 
the  limit,  when  n  is  oo ,  of 

(Zl-2o)«'o+(22-Zi)W'l+(2s~22)W2+  ...  +  (2^1-Zjtr>  ...       S  (A), 

or  of 

(Z,-2o)*«'l  +  («2-"2;i)trj+(Z3~22)tr,+  ...+(«n+i-2jtr«+l  ...   ^  (B). 

For  the  difference  of  these  expressions,  viz.  (B)^{A),  is 

in  which  the  number  of  terms  is  n+1,  which  is  ultimately 
infinite,  but  an  infinity  "of  the  first  order,"  if  we  regaid 

as  an  infinitesimal  of  the  first  order. 


n+1 

Let  the  greatest  of  the  moduli  of  the  several  terms  be 

which  is  finite,  as  the  path  of  z  has  been  chosen  so  as  not  to 
pass  through  a  point  for  which  w  becomes  infinite.  Then,  since 
the  2-points  are  taken  infinitely  close  to  each  other,  and  the 
function  w  is  continuous  for  variations  of  z  along  the  path, 
|2y— 2r-il  is  *"^  infinitesimal  of  at  least  the  first  order,  and 
jwy— Wf-il  is  also  an  infinitesimal  of  at  least  the  first  order. 
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Hence  the  difference  of  the  {A)  and  {B)  series  cannot  exceed 
the  value  of  the  product  of 

(an  infinity  of  the  first  order)  x(an  infinitesimal  of  the  first 
order)  x(an  infinitesimal  of  the  first  order), 
ie.  a  finite  quantity  multiplied  by  an  infinitesimal,  and  must 
therefore  vanish  in  the  limit 

1270.  It  follows  that  if  w=/(2), 

ft  ft  r=»+l  n+1 

Wdz^\f(z)dz='^    (2r-Zr-l)/(2r-l)=2(Zr-2..0/(2r) 

1271.  Again,  since  the  sum  of  the  series 

(^-2j/(2o)  +  (22-2l)/(2l)  +  (2TI~2g/(2j+...  +  (2-2j/(2j 

may  be  divided  into  any  number  of  portions  which  together 
make  up  the  whole  series,  we  have 

where  fi.  f2»  fs'  •••  fr  are  the  values  of  z  at  any  points  taken 
in  order  upon  the  selected  path  from  Zq  to  z. 

1272.  Again,  consider  [  [f(z)±F(z)]dz. 

Provided  we  follow  the  same  z-patli  of  integration  in  both 
cases,  and  that  both  /  and  F  are  finite  and  continuous  between 
the  points  z^  and  z  on  this  path, 


f  f{z)dz  =  Llj^(Zr^,-Zr)f{Zr). 


u 

II 


Hence 


r  F(z) dz=U  i;(2.+i-2.)  F(zr). 

J&  0 


\'  f(z)dz±^' F(Z)  dz  =  U'^(Zr^^-Zr)U(Zr)±F(z,)] 

=  \\f(z)±F(z)]dz. 

And  the  same  is   true  if  there  be   any  finite  number  of 
functions. 

Also,  somewhat  more  generally,  if  2-4*/*  (2)  stand  for 

AJ,(z)+AMz)+.,. 


422  CHAPTER  XXX. 

for  a  finite  number  of  functions,  where  Ai^  A^,...,  are  all 
independent  of  z,  then 

I'  lAtfkiz)  dz=l^AtMz)  dz, 

so  long  as  the  same  z-path  is  followed  in  each  integration,  and 
the  conditions  as  to  being  finite  and  continuous  from  z^  to  z 
are  satisfied  by  each  of  the  functions 

The  coefficients  A^  may  be  any  whatever,  provided  they  are 
not  functions  of  z,  and  the  number  of  terms  in  the  summation 
is  finite. 

And  further,  in  these  results  each  function  has  been  sup- 
posed single-valued,  or  if  not,  that  the  same  branch  is  adhered 
to  throughout  the  integration  in  each  case. 

1273.  So  long  as  the  path  of  integration  from  z^  to  z  is 
finite,  and  passes  through  do  critical  points  of  /(z),  i,e.  points 
for  which  /(z)  becomes  infinite,  and  is  a  continuous  path  so 

far  as  variations  of  f(z)  are  concerned,  the  integral  I  /(z)  dz 
must  be  finite.  ** 

For  this  integral  is,  by  definition, 

and,  by  supposition,  none  of  the  expressions /(Zq),  /(z^),  .../(Zn) 
have  an  infinite  modulus. 

If  mod./(z,.)sJ^,  say,  be  the  greatest  of  their  moduli,  the 

modulus  of  the  integral  I   /(z)  dz,  which  is 

>  L<  2  mod.  (Zr+i—z^)  mod./(z,.), 

is  >  Lt  Kl,  mod.  (z^+j — z,.), 

and  L^Smod.  (z,.+i— z,.)=the  arc  of  the  selected  path  from 
Z0  to  z,  =/S,  say,  which,  by  supposition,  is  finite. 

Hence  the  modulus  of  the  integral  is  not  greater  than  K .  S, 

and  is  therefore  finite.  Hence  the  integral  itself,  I  /(z)  dz,  is 
finite.  •'* 

1274.  When  the  number  of  functions  /i(z),  /^(z),  f^(z), . . .  /„(z) 
is  infinite,  the  functions  being  each  single  valued,  or  if  multiple 
valued,  the  same  branch  being  adhered  to  throughout  the 
integration,  the  same  theorem  as  that  of  Art.  1 272  is  true  for 
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their  sam,  provided  that  the  sum  forms  a  series  whidi  is 
uniformly  and  oneonditionally  convergent,^  and  provided  the 
z-psLth  of  the  int^iations  lies  enUrely  within  the  cirde  of  con- 
vergence and  is  finite;  for  if  we  write  h,,  ti,,  h,,  ..,  for 
these  functioiis,  let  ./(2)=t^+tt,+i*5+..,+H.+*.,  where  R^ 
is  the  ronainder  after  n  terms ;  and  let  the  series 

ti,+u,+i»,+...  to  ao 

be  uniformly  and  unconditionally  convergent  for  all  points 
within  the  region  bounded  by  a  circle  of  radius  />,  then,  when 
n  is  indefinitely  increased,  \R^\  vanishea 


But 


l[m-p]d^=lKds, 


and  if  \R'\  be  the  greatest  value  of  \R^\  along  the  patli  of 
integration,  which  is  finite,  and  which  lies  witliin  and  does  not 
cut  the  circle  of  convergence,  then 

ls>[\Rdzl    I.e.  >\R\[\dzl 

>\R\  X  the  length  of  the  path  of  integration 
>\R\  X  a  finite  quantity, 
and  \R\  is  zero,  by  supposition,  when  n  is  made  infinite; 


if«' 


dz 


■■•  "If.* 


dz 


=0,     and  therefore 


whence  I   /(2?)<^2;=Sl    ^r^^^ 


where  the  path  of  integration  is  the  same  for  each  term  of  the 
series  and  the  conditions  of  the  series  are  as  stated. 

1275.  Cauchy's  Theorem. 

It  was  shown  in  Chapter  XV.  that  if  0  and  \jr  be  any  two 
functions  of  x  and  y  which  are  single  valued,  finite,  and  con- 
tinuous at  all  points  x,  y  which  lie  within  or  upon  a  given 
closed  contour  P  of  the  x-y  plane,  then 

I 

*  A  knowledge  of  the  general  theory  of  infinite  series  and  tests  for  con- 
vergency  will  be  assumed  here.  The  necessary  information  will  be  found  in 
Professor  Hobson's  Plave  Trvjonomttry^  Cliapter  XIV.,  or  in  the  Treatise  on 
the  Theory  of  Functions,  by  Harkness  and  Morlcy,  Chapter  III. 
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the  surface  integral  being  taken  over  the  area  bounded  by  the 
contour  and  the  line  integral  being  taken  round  the  perimeter, 
the  direction  of  the  integration  being  such  that  in  travelling 
along  the  arc  in  the  direction  of  increase  of  8,  the  area  bounded 
by  the  contour  is  always  on  the  left-hand  side. 

Consider  the  function  w=f{z)=f{x+iy)=:u+tVt  say. 

Then  u  and  v  being  conjugate  functions  of  x  and  y  (Diff. 
Calcy  Art  190),  we  have 

du        dv  •      J,    du    Zv 
By         ac  dx     dy 

Now,  from  the  above  theorem,  we  have,  by  two  applications, 

and  ^(vdx+udy)=     ]\\^-^)<^'<^y=^' 

Hence  j/(z)j2=     |(tt+it;)(i(a5+iy) 

=     |(urfa5— t;dy)+t|(t;(fa;-fuJy) 

=0, 

and  the  assumption  in  this  theorem  is  that  f{z)  is  synectic 
within  and  upon  the  boundary  of  P  along  which  the  integra- 
tion is  conducted.  That  is,  that  f(z)  is  a  single- valued,  con- 
tinuous function  which  has  no  infinities,  whether  pole  or 
essential  singularity,  within  or  upon  the  boundary  of  the 
contour.  This  extremely  important  theorem  is  due  to  Cauchy 
(Comptea  Rendtus  de  VAcad.  dea  Sciences,  1846). 

1276.   Deformation  of  a  Path. 

When  ty  is  a  synectic  function  for  a  definite  region  F  of  the 
2;-plane,  let  ACB,  ADB  be  two  ;?-paths  which  lie  entirely  within 
that  region.     Then  it  follows  from  Cauchy 's  theorem  that 

[  wdz(a\ongADB)+[   wdz(8L\ongBCA)=0, 

as  there  are  no  singularities  in  the  region  between  the  two  paths. 

Hence    |    wdz{aAongADB)  =  \    wdz(a]or\gACB), 

Hence,  as  far  as  the  value  of  the  integral  is  concerned,  either 
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path  from  il  to  B  is  defamuMe  into  the  other  withoat  alter- 
ing the  value  of  \wdz  along  it  When  one  of  these  paths  is 
the  straight  line  AB  itself  the  other  path  is  said  to  be  **  re- 

rB 


Fig.  378. 

concilable  with"  a  straight-line  path  of  integration;  and  it 
will  appear  tliat  such  deformation  of  the  path  from  A  to  B 
can  be  carried  to  any  extent,  provided  that  this  deformation 
does  not  carry  any  part  of  the  path  of  integration  outside  the 
boundary  of  the  region  F  on  the  x-y  plane,  for  which  the 
function  f(z)  is  synectic. 

1277.   Differentiation  of  this  Integral 

Writing  ^  for  z  and  taking /(^)  as  synectic  throughout  the 
singly  connected  region  F  of  the  z-plane,  and  starting  from 
any  selected  point  z^,  viz,  A  in  Fig.  378,  and  travelling  along 
any  path  to  2,  viz.  the  point  B,  both  terminals  and  path  lying 
entirely  within  the  boundary  of  F,  we  see  that  the  integral 

fiO  ^^  ^^  independent  of  the  path  of  approach  of  ^  to  the 

terminal  z.  Let  F(z)  stand  for  this  integral.  Then  it  follows 
that  F(z)  is  a  single-valued  function  of  z;  and  it  has  been 
shown  to  be^nit^  in  Art.  1273.  Let  z+Sz  be  another  point 
within  the  region  F  infinitesimally  close  to  z.     Then  F(z+6z), 

rt+U 

which  is  I      /(^)  d^,  is  also  independent  of  the  path  of  approach 

of  ^  ioz+Sz.  We  may  therefore  select  the  same  path  as  before 
from  Zq  as  far  as  the  point  z,  together  with  any  additional 
elementary  path  from  z  to  z+Sz  lying  within  the  region  F,  and 
along  this  /(^)  remains  finite  and  continuous  by  supposition. 
The  difference  between  /(f)  and  f{z)  for  any  point  of  this 
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elementary  path  is  therefore  infinitesimal,  and  therefore  we 

rz+iz 

may  write  I      /(O^f  *®  {/(2^)+€}&>  where  the  modulus  of  e 

is  infinitesimally  small,  ultimately  vanishing  with  that  of  Sz. 
Wherefore  F(z+8z)-'F(z)={f{z)+€}8Zy  and  therefore  the 
moduli  of  F{z+Sz)—F{z)  and  Sz  are  of  the  same  order  of 
smallness.     Hence  F(z)  is  continuous  at  the  point  z,  i.e.  at  any 

point  within  the  region  F.     Also  — y has  a  limiting 

value  independent  of  the  direction  of  approach  oi  z+Sz  io  z, 
viz. /(z),  when  \Sz\  is  made  indefinitely  small.  That  is  F{z) 
possesses  a  differential  coefficient.  F{z)  is  therefore  a  synectic 
function  of  z  for  all  points  within  the  region  F. 

1278.  Deflnitioii  of  Integration  regarded  as  a  Solution  of  the 
Differential  Equation  -t^=/(s). 

It  now  appears  that  the  integral  I  /(f)  df  defined  in  Art 

1266  as  the  limit  of  a  summation  from  a  definite  starting 
point  2^  to  a  definite  terminal  point  z  along  any  selected  path, 
both  path  and  terminals  lying  within  the  region  F,  and  the 
terminals  being  not  within  an  infinitesimal  distance  of  its 
boundary,   throughout   which    region  f{z)  is   synectic,  is  a 

solution  of  the  differential  equation  -^=f{z),  whatever  the 

starting  point  z^  may  be.  And  supposing  z^  to  have  been 
specifically  selected,  we  may  write  the  general   solution   of 

this  equation  as  y=C+  I  /(f)  rff,  where  C  is  the  integral  from 

any  arbitrary  point  of  the  region  F  along  any  path  lying 
within  F  to  the  selected  point  Zq.     In.  fact,  we  might  regard 

the  notation  y=C+l  f(^)d^  as  only  another  way  of  writing 

the  difierential  equation,  but  one  which  emphasizes  the  interro- 
gative character  of  the  investigation  it  is  proposed  to  conduct. 

1279.  Extension  of  Former  Definitions   of  Integration.     Be- 
moval  of  Limitations. 

So   long  then  as  F  is  a  singly  connected  region  in  the 
2-piane  in  which  f{z)   has  no  singularities,  whether  poles. 
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itial  nngiilamus  or  btnefthficwu  «od  the  padi  of 
the  integrmtian  lies  euunij  wjshm  Out  tfjuujn  fA  Y  and  the 
tonninab  do  not  lie  vitiiia  an  iafaoT  ■■■■ai  ^iaiannf  of  the 
booiidagy,the  identity  of  the  «MMiiiQp4ffrflfir«  viththatcrf 

a  sedation  of  the  difierensis]  eqnadoB  x=/'*  ^  fimmlXM^A 

Seeing  that  we  have  a  BCfde  of  crjunierixi^  an  j  mnhiple' 
yalned  fonction  of  z  as  rednecd  to  that  <tf  a  single-Tahied 
function  by  means  of  a  repfesestataoo  on  a  Bietaann  •  Sorfaee, 
and  under  the  ondersunding  spMfned  as  to  the  natore  of  the 
fonction,  the  path  of  the  integrauon  and  the  existence  of  a 
differential  ooeflkicsit,  we  nuhj  now  renr/re  the  Hmitataons 
of  the  definition  of  integradoD  m  spwifiMl  in  Art.  17,  VoL  L, 
as  to  the  reality  of  the  TariaUe,  and  ^A  th^  fanetion,  and  the 
stipulated  condidoa  as  to  th«  HXigk-Taltied  ^naracter  of  the 
fanetions  dealt  with.  We  may  ther^ore  regard  the  fnnetions 
which  have  been  sol»eqiient2y  treated  a«  «abjettff  of  integra- 
tion, as  functions  of  a  complex  TariaU^  with  such  alterations 
in  the  several  definitions  fA  tb<Me  fnnctioos  a«  may  be  required 
in  individual  eases  to  give  them  intelli^ble  meanings  in 
coosonanoe  with  soch  ^  ih^y  pofceae  when  functions  of  a  real 
variable. 

The  proofs  of  general  pn>poe»iticAxs  as  to  integration  given  in 
Chapter  IX.  (Art.  321  oriward^/.  which  were  there  established 
ander  the  understanding  as  to  reality  of  the  variable  and 
single-valuedness  of  the  function,  are  now  superseded  for  the 
wider  conception  of  the  nature  of  the  variable  and  the  function 
by  the  general  propositions  of  Arts.  1269  to  1274. 

1280.   Loops. 

As  the  property  presupposed  for  the  function  tr  may  cease  to 
hold  and  the  function  become  meromorphic  at  certain  points  of 
the  plane  by  virtue  of  the  existence  of  Poles,  Branch  Points 
or  other  singularities,  it  is  necessary*  to  consider,  in  case  the 
specific  region  T  should  include  such  points,  what  paths  there 
are  in  this  region  which  are  defonnable  into  a  straight-line 
path  from  any  one  point  0,  which  may  be  considered  the 
origin,  to  any  other  point  P  of  the  region.     Also  we  shall  have 

to  consider  how  the  integral  I   trdz  is  affected  when  the  path 
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from  0  to  jP  is  not  one  which  can  be  deformed  into  the  straight 

path  OP  without  passing  through  one  of  these  singular  points. 

Imagine  an  infinitely  extensible  and  contractible  inelastic 

thread  attached  at  the  points  0  and  P  to  the  plane  and  lying 

in  the  plane.  Imagine  a  pin  stuck 
perpendicularly  into  the  plane  at 
a  point  A,  It  will  be  obvious  that 
the  thread  might  pass  on  either  side 
the  pin,  or  it  might  loop  round  it 
one  or  more  times  as  in  the  paths 
in  the  diagram  OXP,  OSP  (which 
is  straight),  OYP  or  OZP.  In  the 
case  OXP  the  thread  path  can  be 
deformed  into  the  straight  path 
OSP  without  moving  the  pin  from 
the  point  A.  But  neither  of  the 
paths  OFP,  OZP  can  be  so  deformed 
whilst  the  thread  lies  in  the  plane 
without  removing  the  pin.  The  path  OXP  is  said  to  be 
"  reconcilable  with  "  a  straight-line  path.  But  the  paths  OYP, 
OZP  are  not  so  reconcilable. 


Fig.  379. 


1281.  The  path  OYP  is  "  reconcilable  with  "  a  loop  round  A 
consisting  of  a  straight  line  OB,  a  portion  BCD  of  a  small 
circle  with  centre  at  A,  a  straight  line  Dff  parallel  and  equal 
to  OB,  and  ffP,  and  the  thread  OYP  may  be  deformed  into 
this  "loop  and  line"  without  crossing  the  pin  at  A. 

The  radius  of  the  small  circle  may  be  regarded  as  any 
infifiitesimal  and  the  breadth  of  the  canal  BO  an  infinitesimal 
of  higher  order  than  the  radius  of  the  circle,  so  that  the 
angle  BAD  is  evanescent;  the  circle  BCD  may  then  be 
regarded  as  complete  and  the  banks  of  the  canal  OB,  O'D  as 
coincident.  Thus  B  coincides  with  D  and  O'  with  0,  and  the 
figure  will  be  as  shown  in  diagram,  No.  381.  The  portion  of 
the  deformation  consisting  of  the  small  circle  and  the  two  banks 
of  the  narrow  canal  starting  from  0  and  terminating  at  0 
after  passing  once  round  the  point  A  is  technically  known  as 

a  "Loop,"   and   the   integral    \wdz  taken  round  the  circuit 
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OBCDO  will  be  called  {A),  and  if  U^  be  the  integral  along  OP 
the  whole  integral  for  the  path  will  he  {A)+Ui  the  suffix  in 
such  cases  denoting  the  number  of  loops  that  have  been 
traversed  before  starting  upon  the  portion  of  the  path 
indicated  by  the  letter  to  which  the  suffix  is  attached. 

P 


O  O 

Fig.  380. 

If  2I  be  an  ordinary  point  of  the  plane  the  region  within 
the  small  circle  is  synectic,  as  also  along  the  canal,  and  {A)=0, 
The  value  of  w  on  the  return  journey  DO  is  the  same  as  that 
of  w  on  the  outward  path  OB,  and  the  integrations  are  of 
opposite  sign  and  cancel ;  and  P^ 

the  integral  round  the  small 
circle  separately  vanishes. 

No  "  loop  "  passes  twice 
round  the  same  point  A 
without  first  returning  to  the 
starting  point.  The  canal 
of  the  loop  is  usually  but 
not  necessarily  taken  straight 
(see  Fig.  399,  Art.  1294). 

1282.  If  the  thread  ini-  o 
tially  lies  as  in  the  path  Z 
of  Fig.  379,  passing  round  the  pin  twice  before  arriving  at 
P,  a  deformation  is  possible  into  two  loops  +  a  straight  path 
OP,  as  shown  in  Fig.  382,  the  points  0,  C,  0"  being  ultimately 
coincident.  The  value  of  the  integration  round  this  path  we 
shall  denote  by  I^(AA)+U^  or  (A^)+U^. 


Fig.  382. 
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If  the  thread  passes  round  the  pin  n  times  before  reaching 
P,  the  thread-path  will  in  the  same  way  be  recioncilable 
with  n  i^-loops  +  a  linear  path,  and  the  valae  of  the  int^;ral 

wdz  along  it  will  be  denoted  by  I^{A*)+U^. 

In  the  case  of  a  single-valued  function  the  suffixes  used 
are  of  no  account.  But  in  the  case  of  a  multiple-valued 
function  the  return  value  after  traversing  a  loop  is  not  the 
same  function  as  tliat  with  which  we  start  encircling  the 
loop.  Hence  it  is  necessary  to  keep  count  throughout  of  the 
number  of  loops  passed  before  starting  upon  the  next  in  order. 

1283.  Next  suppose  there  are  two  pins  stuck  perpendicu- 
larly into  the  plane  at  A  and  at  B.     Tliere  are  many  varieties 

of  thread  paths  along  which  the  thread  may  lie  from  0  to  P. 
P 


Fig.  383. 


(1)  It  may  be  deforinable  witliout  crossing  a  pin  (as  OXP) 
into  the  straight  line  OP. 

(2)  It  may,  if  in  position  such  as  OYP,  be  defonnable  as 
before  into  an  i4-loop  -f  a  straight-line  path  OP.    I=(A)-\-U^, 

(3)  It   may,  if  in  a  jKwition  such  as  OZP,  be  deformable 
into  several  il -loops  -f  a  straight-line  path  OP.    /=(i4")-f  y^. 
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(4)  It  may,  if  in  such  a  poHition  as  OTP,  be  deformable  into 
a  ^-loop  or  into  several  ^-loops  +  a  straight-line  path  OP. 

7=(B-)+l7,. 

(5)  It  may  be  that  the  thread  path  surrounds  both  pins  several 
times,  and  then  the  system  is  deformable  into  a  set  of  i4-loops 
and  a  set  of  ^-loops  together  with  a  straight  path  OP,  in 
which  case  B  may  be  encircled  as 
many  times  as  A,  making  each  time 
a  double  circuit,  or  there  may  be 
more  surroundings  of  one  pin  than 
of  the  other. 

The  notation  for  the  integrals  will  explain  itself. 


or  {ABY+V^, 

(ABY+(AD+V^, 
or   {ABY+(BQ+V^^^. 


1284.  A  loop  round  A  and  then  round  B  will  be  called 
a  *'  double  loop."  This 
term  is  often  confined 
to  the  case  when  0  lies 
between  the  points  in 
question. 

A  double  loop  is  de- 
formable as  shown  in 
Figs.  385,  386,  and 
I=(AB)+U^, 

In  the  same  way,  if  there  be  several  pins  A,B,C,  D,  say  four, 
any  thread  path  such  as  OXP  may  be  deformed  into  four  loops 
and  a  straight  path,  and  the  integration  will  be  represented  by 

I=^(A)+(B,)+(C^)+(D,)+U,    (Figs.  387,  388), 


Fig.  885. 


or  if  the  thread  encircles  a  pair  of  pins  as  in  Fig.  389,  the 
deformation  and  its  integration  will  be  represented  by 

I={A)+(B,)+{A^)+(B,)+(C,)+(D,)+U, 
(AB)+{AB\+{C,)+{D,)+U^. 


or 
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If  the  thread  encircles  three  pins  ABC,  aa  ebonn  in  f^.  3ftl, 
the  deformation  and  the  integration  will  be  indicated  by 

7-(J)+(B,)+(t7^+(.l,)+(B.)+(C,)+{DJ  +  i;,. 
and  umilarly  in  any  other  case. 


Fig.  387. 

It  will  appear  in  general  then  that  any  thread  path  may  be 
deformed  into  a  system  of  loops  +  a  straight-line  path, 
however  many  pins  there  may  be. 


1286.  H«thod  of  EzclDsion  of  Poles. 

When  a  pole  exists  within  a  contour  F  at  a  point  z=a  and 
not  within  an  infinitesimal  distance  of  the  boundary,  it  may 
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be  excluded  from  tlie  integration  by  the  artifice  of  altering 
the  boundary,  as  indicated  in  Fig.  392,  by  the  introduction  of 
a  loop  so  as  to  exclude  the  pole  from  the  new  contour  F'. 


Fig.  391. 


A  small  circle  EFG  is  drawn  with  centre  at  the  pole  0  (viz. 
2= a),  and  two  adjacent  points  of  it  EO  are  connected  with 
two  adjacent  points  DH  oi  the  original  contour  forming  a 
narrow  canal.  We  then  regard  the  boundary  of  the  contour 
F'  as  the  curve  ABCDEFGHA,  and  integrate  round  the 
amended  contour. 


Fig.  393. 


The  breadth  of  the  channel  DEOH  may  be  taken  as  zero 
throughout  its  length,  and  it  may  be  taken  as  straight,  so 
that  the  portions  of  the  integration  of  a  single-valued  function 
along  DE  and  GH  cancel  each  other,  and  it  leaves  us  with 
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the  theorem  that  \f(z)dz,  round  the  ooter  boondaiy  in  the 

saniie  of  the  arrow  at  J,  +  |/(2)(f2  round  EFO  in  the  aenae 

of  the  arrow  at  F,  vanishes,  it  being  supposed  that  f(t) 
possesses  no  singularities  other  than  that  at  2=a,  which  lie 

within  the  region  F.     Tliat  Is,  the  value  of  |/(s)<22,  taken 

round  the  outer  boundary  in  the  positive  sense,  t.e.  leaving 

the  region  always  to  the  left-hand,  is  equal  to  |/(«)c29,  taken 

round  the  inner  boundary  in  the  same  sense  relatively  to 
the  region  bounded  by  and  lying  within  the  inner  contour, 
as  indicated  in  Fig.  393. 

1286.   The  Integral  [^  dz. 

jz—a 

Suppose  then  that/(2)=^^,  where  ^(^) has  no  factors— a, 

so  that  there  is  a  pole  of  f{z)  at  z=a,  at  which  f(z)  becomes 
infinite,  and  that  the  point  a  is  not  within  an  infinitesimal 
distance  of  the  nearest  point  of  the  boundary. 

To  consider  the  value   of    |/(2)(i^,  taken   round  a  small 

circular  contour  with  centre  z=a  and  small  radius  />,  which 

will  not  cut  the  boundary,  put  «=a-|-p«**. 

dz 
Then =icZ^,  and  if  ^  be  infinitesiraally  small  we  may 

put  if>(z)=<p(ay 

Hence  [^|rfs=L(a)i(/0=i0(a)r(i^=2xi^(a). 

This  then  is  the  value  of  the  integral  conducted  round  the 
small  circle,  which  is  therefore,  by  the  previous  article,  the  value 
of  the  integration  round  the  outer  boundary  of  the  contour. 

Thus       -  "  dz,  taken   round   the   outer  boundary  of   the 
Jz—a 

contour  F,  =2'7ri0(a). 

Suppasing,  however,  that  the  point  a  lies  upon  the  contour 

along  which  it  is  proposed  to  conduct  the  integration,  at  a 

point  of  the  contour  at  which  the  curvature  is  finite  and 

continuous,  it  may  still  be  excluded  by  travelling  round   it 

along  an  infinitesimal ly  small  semicircle  with  centre  at  a  and 
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lying  within  the  bounded  region,  cutting  the  contour  at 
P  and  Q.  Then  after  putting,  as  before,  z^a-^pe^,  the  limits 
for  0  will  now  be  from  —  e  to  —  (e-fir),  where  —c  is  the  value 
of  0  at  commencing  the  small  semicircular  path  at  P,  and 
—(e+ir)  is  the  value  when  the  contour  is  recommenced  at  Q, 
We  then  have 

f^0(2)  ,  /taken  round  the  whole  contour\  r-<«+'>  ^n^a 
jqz—a       Vexcept  the  infinitesimal  arc  PQ/     J_.  ^^  '^^      ""  ' 

that  is,  Prin.  Val.  of  ^^dz=in^{a). 

1287.   The  Integral  f, </>(z)dz    ^^ 

Similarly,  if  there  be  several  poles  of /(z)  lying  within  the 
contour  F  and  none  of  them  within  an  infinitesimal  distance 
of  the  boundary. 

Suppose  «=«!,  z=a2, ...  2=rty,  to  be  these  poles. 

Let  f(z)^z TT — ^—^ — 7 r ,  where  d>(z)  is  of  definree  v, 

•"^^    (Z'-ai)(z—a^)..,(z—ar)  ^    '  e         » 

say,  in  z,  and  possesses  no  factors  z— «i,  z—a^, ...  or  z—ar. 

By  the  rules  of  partial   fractions,   we  have  a  result  of 

the  form 

/(2)=iSC«_,z-»-+iSC,.,_iZ-'-i+ ...  +  iSCi2+^o 

where  the  factor  a^—a,  is  omitted  from  the  denominator 
and  n  is  supposed  not  less  than  r,  or  if  n  be  less  than  r  the 
integral  polynomial  part  is  absent. 

The  first  part  of  this  expression,  down  to  /Tq,  constitutes  a 
function  of  z  with  no  poles  within  the  contour  F,  and  therefore 
its  integral  taken  round  the  boundary  of  F  contributes  nothing 
to  the  whole  integral.  We  may  construct  a  loop  for  each  of 
the  infinities  and  proceed  as  in  the  case  of  a  single  infinity. 

The   term  involving   ,  taken  round  a  small  circular 

Z~~  dm 

contour  with  centre  a„  contributes  to  the  integral 

{a,-a^)(a,-a^)  ,,.(a,-ar)' 
this  small  circle  being  taken  of  so  small  a  radius  as  to  exclude 
all  the  other  poles  and  not  to  cut  the  boundary. 
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Hence  the  whole  integral  taken  round  the  contour,  m 

f{z)  dz,  being  equal  to  the  sum  of  the  integrals  round  the 

small  circles  which  surround  the  several  infinities, 

=  2xiy) ^(^«) ; 

1    (a.-«i)K-»2)  •••  K-^O  ' 


1 


Fig.  394. 


w 

the  factor  a^—ag  being  omitted,  =2x1^  ^«»  ®*y»  where  the 
value  of  \  may  be  reproduced  as  Lti^oSf(iii-h S),  i,e. 


LU^i 


i>{(h+^) 


'V«i  +  <5-a2)(ai+<5-a,) ...  (a,  +  <5-a,)' 
and  similarly  for  X^,  Xj,  etc;    or  by  the   ordinary  rules  of 
partial  fractions. 

The  effect  of  pole-dusters  within  a  contour  will  be  discussed 
in  Art.  1317. 

1288.   EiTect  of  a  Branch  Point. 

If  the  function  w  be  multiple-valued,  say  two- valued,  but  each 
branch  being  continuous  and  finite  and  possessing  a  differential 
coefficient  at  all  points  of  a  certain  region  F  of  the  2:-plane, 

Cauchy  8  theorem  as  to  the  integral  of  lt(?(]?z  from  a  point  ^  to  a 

point  B  of  this  region  along  a  path  which  does  not  pass  beyond 
the  boundary  of  F  is  still  true,  provided  that  the  paths  from  A 
to  B  belong  to  the  same  branch  of  w ;  and  as  long  as  the  paths 
AGB,  ADB  of  Fig.  378  are  both  finite  paths  of  the  variation 
of  W|  lying  entirely  in  the  region  F,  or  both  finite  paths  of  the 
variation  of  w,,  the  theorem  stated  is  still  true,  viz.  that 

\w^  dz  along  ACB=  u^j  dz  along  ADB 


and 


vw^dz  along  ACB=\w^dz  along  ADB. 
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When,  however,  the  z-path  encircles  a  branch  point  in  one  of 
these  paths  from  A  to  B,  the  functions  ir^  and  w^  interchange 

values,  and  the  integrals  of  \wdz  along  two  such  paths  may 
differ. 

1289.   For  instance,  in  the  case  of  the  two- valued  function  w  defined 
by  the  equation  w^^l-^z^  we  have  two  branches 

and  there  is  a  branch  point  at  «=  - 1,  and,  as  will  be  seen  later,  one  also 
at  oo. 

To  examine  this  case,  put  t=  -  1+re*',  and  let  z  travel  round  a  small 
circle  of  radius  r  with  centi'e  at  z»  - 1,  and  let  us  start  with  the  branch 

Wi^  +>/r+i=  +Jre'\ 

P 


Fig.  895. 

Then,  in  encircling  the  point  -1,0  increases  to  0+2ir  and  e*'  becomes 
gi  (•+2.) 

Hence  w  has  changed  from  ^/re*•  to  N/re*^*+^,  i.e.  to  e^'s/rc*^,  and  has 
become  -y/re^,  i.e.  Wi. 

Now,  any  path  from  0  to  P  will  be  reconcilable  with  (1)  a  number  of 
loops  round  - 1,  (2)  a  straight-line  path,  and  the  integral  will  be 

Now»  (1)  in  case  of  a  path  such  as  OXP,  which  is  reconcilable  with  the 
straight  line  OP  (Fig.  395),  we  have 

Jq 

(2)  In  case  of  a  single  encirclement  of  the  branch  point 

{A)  =  j     Widz+  j  Widz-^  I    WtdZf 

where   /  represeuts  the  value  of  the  integration  round  the  infinitesimal 
rcle ;   and  this=  /     vre**(tre**)fl?0,  and  vanidhes  when  r  is  indefinitely 


ci 
small. 
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The  thirf  integral  ^^vi&= -jf"*Viif=jr"'ir,A^  for  wh- -Wk; 

We  thui  arrive  Vack  at  0  with  the  value  w»i0k,  and  with  tbie  valoe 
munt  continue  along  the  line  OP. 

Thua,  Vi*/   WtdM^-M%^ 

where  Ui  ia  the  contribution  of  the  path  OP  after  one  encurdemeiil  ol  A* 
The  whole  integral  is  therefore 

(3)  If  there  be  two  circuits  of  the  loop  before  reaching  P,  we  hare 

/»(il)  +  (i4,)+u,«  f    Wydz-\-  \widz-\-  jwtdz 

which  is  evidently Btf^,  and  we  note  that  {Ai)--{A). 

(4)  It  will  thus  appear  that  if  there  be  n  circuits  round  the  branch  point, 

/=[1 -(-!)«] Jf^    tri(fo+(-l)«i«,. 

sl\Txdx  is  [§(1  +.r)*]o'*=  -  j. 

Hence  the  values  of  the  integral  for  the  different  paths  are  : 

(1)  direct  path,  ««  ; 

(2)  one  loop + direct  path,       -  J-«t ; 

(3)  two  loops + direct  path,    tct ; 

(4)  three  loops + direct  path,  -|-k«  ; 
and  ao  on,  alternating  in  value. 

Hence,  if  ^^  \   •Jl-\-tdZj  and  t  is  thence  regarded  as  a  function  of  ti, 

say  rs«^(u),  we  have  «s«^(Kp)=:<^(- J-«t),  indicating  that  two  values 
of  the  urgunient  lead  to  one  and  the  same  value  of  z, 

1290.  In  the  case  of  any  branch  point  at  a  point  z=a  oi  a 
function  w=f(z—a\  which  is  such  that  Ltg^„\f(z—a)dz\  is 
zero,  as  in  the  case  considered  in  Art.  1289,  the  contribution 
due  to  the  circular  jwrtion  of  the  loop  is  zero,  being 


Jo 


and  vanishing  with  r,  since  Ltr^o\rf{r&')\  vanishes ;  and  the 
only  contribution  from  the  loop  is  that  due  to  the  two  banks 
of  the  canal  portion  of  the  loop. 
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If  the  function  w  be  two-valued,  it  has  been  seen  that  in 
passing  round  the  branch  point  w^  and  w^  interchange  values, 
and  the  contribution  of  the  loop  is 

Jo  Je  Ja 

and  in  the  case  considered,  viz. 

Widz=0,  Fig.  39a 


I 


whilst        I   ti72^^=|   ^1^2    and     /=2|   Widz={A), 

1291.    More  generally,  if  the  function  be  n- valued,  such  as 

so  that  u;=r"[cos(0+2X7r)+isin(0+2Xir)]*, 

1  if 
where  X=0, 1, 2, ...  n— 1,  each  branch  ti7,=a'r"«*',  where  a=one 
of  the  n^**  roots  of  unity,  changes  into 

and  there  is  a  cyclical  interchange  of  the  value  of  t(?  as  we 
pass  round  successive  branch  points,  so  that  w^=aWi,  w^=aW2, 
and  so  on,  and  a*=l.     (See  Ai-t.  1269.) 


So  in  this  case. 


becomes 


(2z+|  w^dz 


Z=(l  — a)|   w^dz. 


1292.  To  return  to  the  case  of  a  two-valued  function,  if 
after  a  description  of  the  i4-loop,  starting  from  the  origin 
with  value  w=w^,  we  pass  along  a  second  loop  round  another 
branch  point  B,  we  start  off  along  the  second  loop  with  the 
value  1^2  and  return  with  the  value  Wi,  and  for  the  two  loops 

/  =  I   ii?!  (iz-f- 1    M?i  (?2  +  I   Wj  dz 

+  \   w^dz+x   w^ dz+  I  w^ dz 

=  2 1   u?j{i2— 2I   Wj^dz 
Jo  Jo 

=(A)-(B),my, 
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and  this  we  shall  call  {AB)  for  shortness,  so  that 

{AB)={A)^{B). 
Similarly  (ABC) = (A)  -  (B) + (C), 

{ABCD)^{A)-{B)+{C)^(D). 

and  so  on. 

It  also  appears  that  in  a  double  looping  of  the  same  branch 

point  A,  we  have 

(AA)=(A)-(A)=0. 

In  a  triple  looping  of  A, 

{AAA)={A)-{A)+{A)=(A). 

These  peculiarities  are  indicated  in  the  notation 

(^««)=0,     (^**+i)=(i4). 
So  we  have 

{AB)=(A)-(B),    (BA)=(B)-{A),    {AB)  +  {BA)=0. 

{ABC)=(A)--{B)+(C)={AB)+(C)^(AB)+(C)-{A)+(A) 

=  (AB)+(CA)+{A), 

(A*BC)={AABC)=(A)-(A)+(B)-(C)={BC)=(AC)+(BA), 

{A'BC)  =  (A)-(A)+{A)-(B)+{C)  =  (AB)+(C)  or  {A)^{BO 

or  {A)+(CB), 
For  a  double  looping  of  any  pair, 

{ABAB)  =  (A)-(B)+{A)-(B)=^2{A)-2{By 

For  n-encirclings  of  A  and  B  we  may  write 

(AB)''=n{A-B), 

Again,    (B)={B)-(A)+{A)  =  {BA)+{Al 

(BCD)  =  (B)-(C)+(D)  =  {B)-{C)+(D)-(A)+{A) 
=(BC)+{DA)+(A), 

1293.  It  appears  then  that  to  integrate  round  any  com- 
bination of  these  branch  points,  the  whole  can  be  expressed 
linearly  in  terms  of  integration  round  any  one  loop,  say  the 
i4-loop,  together  with  an  integration  round  a  combination  of 
double  loops  round  pairs  of  otliers;  and  each  such  looping 
of  two  branch  points  is  expressible  as  the  difference  of  the 
integrals  which  accrue  from  integrating  round  each  of  the 
separate  branch  points  of  the  pair.  And  further,  that  for  a 
two- valued  function  the  value  of  the  function  on  final  arrival 
at  0,  and  before  starting  on  the  straight  part  of  the  path 
from  0  to  P,  depends  upon  how  many  times  the  path  has 
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surrounded  a  branch  point,  and  the  final  integration  along  the 
straight  path  adds  +u^  if  an  even  number  of  circlings  has 
been  effected,  and  —Uq  if  the  number  be  odd. 

Thus,  if  0  be  the  origin,  and  there  be  branch  points  at 
A,  B,  C,  Z),  E,  F,  G,  H,  a  path  in  which  B,  C,  A,  D,  E,  F,  A,  H 
are  successively  looped  before  returning  to  0,  and  then  passing 
to  P,  will  give  the  integral  of  a  two-branched  function 

(B)-{0+(A)-(D)+(B)-{F)+{A)-(H)+(-lf»c> 
and  integration  for  a  path  for  the  loops  round  B,  0,  A,  D,  E 
will  give 

{B)-(C)+(A)-(D)+{B)-{A)+(A)+{-iy«c. 
and  these  may  be  respectively  written 

(BC)+{AD)+(BF)+{AH)+v^. 

(BO)+(AD)+(EA)+(A)-v,. 

Now,  if  there  be  n  critical  points  A,B,C,D,.,.,  there  are 

— ^-H — '  sets  of  differences  (we  omit  the  brackets  for  short), 

A-B,    A-0,    A-D,    A-B,,,., 

B — C/,     B — Df    B — Ef  ... , 

O — -D,     O — Ef  ... , 

U — £f  . . . , 

and  only  n— 1  of  them  are  independent,  say 

A-B,    B-C,    C-D,    D-E,...\ 
for  any  other,  such  as  B—E,  may  be  expressed  as 

(B-0)+(C-D)+(D-E), 

Hence  the  value  of  I  U7(2z  taken  along  any  path  from  0  to  P 

must  take  one  or  other  of  the  following  forms : 

X  (AB)+fi  (BO)+p  (CD)+.„+k(EF)+u^, 

or  y(AB)+pL'(BC)+v{CD)+..,+K\EF)+(A)-'Uo. 

where  \  fi,  v,  ... ,  \\  /jl\  /,...,  are  integers,  positive  or  negative. 

1294.  If  there  be  no  branch  point  at  infinity,  and  if  w 
remains  finite  and  continuous  for  all  other  points  of  the  z-plane, 
an  infinite  circle,  with  centre  at  the  origin,  will  contain  all  the 
branch  points,  and  can  be  deformed  into  a  system  of  loops, 
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*s90ikt  immunfT  n>aod  a  braach  point 
cane  tU^y  lie  in  a  straight  line,  as  in  Fig: 


and  the 


Fiff.  996. 


U;tw<^n  iU'iH  circle  and  the  loop  system  being  synectic,  we  have 

ru;<i!z,tak<;n  round  the  infinite  circle.  =(^4)— (B)+(C7)— (D)+-.., 

and  \wdz  round  the  infinite  circle  will  be  a  definite  quantity 

which,  i/i  such  (uiHkH  as 

1 


w" 


W^--^r 


(z-a,)(2~a5j)(2-a3)(2-aj 

I 


(2  -Oi)(2  -aj(2-a3)(2-aj(2-a^)(2-aj' 
will  vanish.     For,  taking  the  first  of  these,  and  putting 

2 

and  Niinilarly  in  the  H«cond  expression. 


iL 


O 


e Q 


Fig.  399. 

TiiUH  in  such  cases  there  is  a  relation  amongst  these  differ- 
eiio».vi«.  (A)-(B)+{C)-{D)+...=0. 

In  the  case  of  four  branch  points,  the  independent  differences 
will  reduce  from  three.  {{A)-(B),  (B)-{C),  ((7)-(D)},  to  two, 
My  (il)-(B).  (B)-(0. 
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And  the  forms  possible  for  the  value  of  the  integration 
along  paths  from  0  to  P  will  be  comprised  in 

I=\  (AB)+^  (BO+u^, 

1295.  Representation  for  Large  Valaes  of  z ;  Branch  Points  at 
Infinity. 

To  represent  the  nature  of  the  function  for  values  of  z  at  an 
infinite  distance  from  the  origin,  take  a  third  variable  s^,  such 
that  02'=  1,  and  represent  the  travels  of  z'  on  a  plane  of  its 
own.  Then,  for  points  z  on  the  z-plane  which  are  at  great 
distance  from  the  origin  0,  the  points  z'  on  the  /-plane  are 
near  the  new  origin  C  on  the  /-plane. 

Taking  the  function 


w,= 


10,  = 


y/(z—a^)(z-'a^(z—a^) ...  («— aj 

which  is  a  branch  of  a  two-valued  function,  let  us  find  the 
branch  points. 

Let  0  be  the  origin  on  the  2:-plane  A^y  A^y ...  Af^,  the  several 
points  2=ap  z=a^,  ^  =  cts,  ... ,  and  let  P  be  the  point  z. 

Let  « = ttj + ^1^*** = ^1 + ^•2e**«= ttg + fjC***  = . . . . 

Then  ti;,=-7==  ,     ^    ^      .« 

Let  P  describe  a  small  circle  round  any  one  of  the  points, 
say  ttj.  Then,  after  the  completion  of  this  circle,  r^,  r^,  rj,  ... 
and  ^j,  ^3,  ^4, ...  have  resumed  their  original  values,  but  $1  has 
become  0i+2'jr. 

Hence  the  function  w^  has  become  -~,  i.e.  —w^  or  w^,  and 

therefore  there  is  a  change  of  branch  at  A^.     Similarly  at 
A^y  A^y Now  consider  the  case  when  2=00 . 

Using  the  other  representation  we  have,  writing  a^=—, , 

1       ,  ^1 

aj=— ,  etc., 

1  Ja^a^a^  •  •  •  c^n'  ^'' 


a. 


'VW    a()\z     a^/"\z'     a^J 
and  we  have  to  consider  the  behaviour  of  this  function  for 
values  of  z'  near  the  origin  0'  on  the  ^'-plane. 
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Putting  z'=^r€^,  we  have  ultimately,  when  r  is  very  small, 

M    mitt 

w=rh  ^,  and  when  z'  is  made  to  describe  a  small  circle  of 
radius  r  about  the  ^'-origin  0',  0*  has  changed  by  2x,  and  the 
function  becomes  multiplied  by  c**»,  i.e.  by 

(cos  nir  + 1  sin  nir)    or    cos  nir, 

Hencei  if  n  be  even,  w^  remains  unchanged,  but  if  n  be  odd 
u\  changes  into  —w^,  i.e.  there  is  a  change  from  branch  w^  to 
branch  w^. 

1296^  Thus,  in  the  cases 

w=  .  and    w=- 


w?,= 


V(«— ai)(2— Ot)  ^/(z—ai)(z—(ji^(Z'-a^(Z'-ay 

there  are  respectively  two  and  four  branch  points,  viz.  z^a^^ 
and  z=a^  in  the  first,  and  z=a^,  z=a^,  ^=0^,  z=a^  in  the 
second,  but  none  at  oo . 
But  in  the  cases 

1  ,  1         

—  —   and  ^^■=— — 

v(«-ai)(«-a^(«— Oj)  >/(^-'(ii){z-a^(z-a^)(z-a;j{Z'-a^ 

there  are  branch  points  at  o^,  o^,  a,  in  the  first,  and  at 
^1*  ^2>  ^>  ^4>  ^6  ^^  ^^^  second,  and  in  both  these  cases  there  is 
also  a  branch  point  at  oo . 

In  the  latter  cases  the  loop  system,  when  represented  on 
the  ^^'-plane,  will  be  as  discussed  previously,  the  origin  being 
also  a  branch  point  But  if  represented  by  loops  on  the 
2;-plane,  we  have  (taking  the  case  of  three  factors)  Oi,  a^,  a,,  oo 
as  branch  points  AiA,B,C,D  respectively,  the  latter  at  infinity, 
and,  as  in  Art.  121)4,  there  are  apparently  three  independent 
pairs  of  differences,  which  we  may  take  as  {AD),  (BD),  (CD). 
But  writing  w={(z—a^){z—ai){Z'-a^)y^,  we  have 

(i4Z))=2f  wdz,    (BD)=2\  wdz,    (CZ))=2  f  wdz, 

J  at  Joa  Jot 

and  we  shall  show  that  {BD)={AD)+{CD),  which  reduces  the 
three  apparently  independent  pairs  to  two  really  independent 

ones.    For  I  w  dz  taken  round  any  finite  contour  in  the  finite 

part  of  the  «- plane,  which  does  not  include  A,  B  or  C  and 
cannot  include  D,  vanishes ;  and  such  a  contour  is  deformable 
into  an  infinite  contour,  such  as  indicated  in  Fig.  400,  with 
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loops  excluding  the  branch  points.    Therefore  \wdz  round  this 

deformed  contour  also  vanishea  For  convenience  this  defor- 
mation may  be  taken  as  a  circle  of 
infinite  radius  centred  at  the. origin, 
with  four  loops  excluding  the  branch 
points,  the  canals  of  Ay  By  C  being  of 
infinite  length  and  that  of  D  finite. 
The  contribution   to  the   integral 

I  to  dz  which   accrues   from    these 

loops  amounU  to  {A)  -  (B)+(C)  -  (Z)), 
♦.«.  to  {AD)-(BD)+(CDY  The  re- 
mainder of  the  contour,  which 
consists  of  infinite  circular  arcs, 
along  each  of  which  the  same 
branch  of  ti;  is  adhered  to,  and  which 
each  extend  from  the  canal  of  one  loop  to  the  canal  of  the 
next,  contributes  nothing  to  the  integral.  For  taking  any  of 
these  arcs,  say  from  d=a  to  6=13,  where  2=7fe**  and  a<)8<27r, 

we  have  I  trG^z=i  I  zwdO,  and  therefore 

mod.  I  w  dz =mod.  I  ztrdd  >  I  mod.  {zw)d0. 

But  mod.(zti^)  tends  continually  to  a  limit  zero  as  mod.  z  is  in- 
definitely increased,  and  if  iC  be  its  greatest  value  for  points 

the  arc  from  0=a  to  0=/8,  I  mod.  {zw)dd  is  positive  and 

<iSC(/8— a),  and  therefore  also  tends  to  a  zero  limit.  Hence 
the  whole  integral  for  the  deformed  contour  is  that  due  to 
the  four  loops  only,  viz.  {AD)'—{BD)+{CD),  which  therefore 
vanishes.   It  follows  that  the  only  possible  values  of  the  integral 

f*  dz 

u=  I      ,  ==  are  of  one  or  other  of  the  forms 

Jb  >/(z-ai)(2-a2)(z— aj) 

p{AD)+q{BD)+r(CD)+u,y 

or  p{AD)+q\BD)+r\CD)+{A)-u„ 

where  j?,  g,  etc.,  are  integers,  and  that  by  virtue  of  the  relation 
(BD)=(AD)+(CD)  these  further  reduce  to 

\{AD)+^(CD)+u,    or    X{AD)+^\OD)+(A)-'Uo, 


on 
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where  X,  /u,  X', y!  are  integers, and  Uq  is  the  value  of  I    wiz\x^ 

any  straight-line  path  from  z  to  oo ,  which  does  not  paas  throagfa 
A,  B,  or  G. 

1297.  From  these  considerations  it  will  follow  that,  if  a 
quantity  z  be  defined  as  0(u),  and  given  by 

u=  [ 'A — _  =  \wdz,  say, 

the  possible  forms  of  the  result  being  limited  to 

n=\{AB)+u^.    or    u=\{AB)+{A)-xi^, 

and  the  same  point  z  being  attained  for  either  of  these  values 
of  w,  we  must  have,  when  we  regard  z  as  being  expre&scd  in 
terms  of  u,  z^^(u)=<f>[\(AB)+u,l 

or  =0[X(^J?)+(^)-tto]. 

0  must  therefore  l)e  a  periodic  function  such  that  an  addition 
of  (AB),  i.e.  (A)  —  {B),  to  the  argument  any  number  of  times 
makes  no  difference,  and  also  that,  if  (A)  be  added  to  any 
number  of  sets  of  integrals  round  double  loops  (AB),  the  same 
will  be  true  if  the  sign  of  Wq  be  changed. 

In  the  cases 

r* (h  r« dz 

"J.  Vl^^n^^H^-aaJ     *"       ^^"jo^/iz-a^Uz-a^iz-it^^z-a^ 

since  u=X(AB)+^{BC)+u^, 

or  y(AB)+^(Ba)+(A)-Uo 

in  both  cases,  for  Ay  B,  C  are  any  three  of  the  four  branch 
points,  we  have 

<p(u)=<f>[\(AB)+f,(BC)+u^l 

or  =  </.[y(AB)-^^,\BC)+(A)-u,l 

and  a  double  periodicity  of  z^<f>(u)  is  established. 

1298.  Period  Parallelograms. 

A  geometrical  illustration  of  this  double  periodicity  may  be 
given. 

Let  4*(z)he  a  doubly  periodic  function  of  a  single  complex 
variable  z  with  independent  periods  a>,  w',  viz. 

«  =  a  + 1/8,     0)'=  a'+ 1/8', 
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SO  that       <p(z)  =  <p(z+to)=<f}(z+2oi>)=,,. 

=  ip(z+w)  =  ip(z+2u>')=.., 

=0(2;+a)+a)')=...  =  0(2:+29a)+9a)')=..., 

where  p  and  a  are  any  integers,  positive  or  negative. 

Referred  to  any  set  of  rectangular  axes  in  the  2:-plane,  the 
points  (0,  0),  (a,  /3),  (a  +  a\  13+13^),  (a\  )8')  are  the  four  comers 
of  a  parallelogram  (Fig.  401). 


Fig.  401. 

The  adjacent  sides  of  this  parallelogi^am  make  angles 

tan-i^»     tan-i^' 
a  a 

with  the  X-axis.     It  is  called  a  period  parallelogram. 
The  four  points,  pa  +  iq^,  {p+l)a+i{q+l)P, 

{(p+l)a  +  a}  +  i{(q  +  l)l3+l3'}.     (pa+a)+i(qfi+^% 

will  equally  form  the  angular  points  of  a  parallelogram  of  the 
same  size  and  shape  as  before.  The  whole  z-plane  may  be 
regarded  as  mapped  out  into  a  network  of  such  equal  parallelo- 
grams by  giving  to  p  and  q  all  integral  values.  As  z  travels 
over  the  region  bounded  by  any  one  of  these  parallelograms, 
tp(z)  ranges  through  all  the  values  it  is  capable  of  assuming. 
If  z  travels  into  other  parallelograms  on  the  2;-plane  the  values 
of  0(0)  are  merely  repetitions  of  the  values  it  attained  at 
corresponding  points  within  the  first  parallelogram.  Thus 
points  similarly  situated  with  regard  to  any  elementary 
parallelogram  of  the  network  give  the  same  value  of  (f}(z). 
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1299.  If  </>(z)  be  Synectic  throughout  F,  so  also  are  its 
DilTerentUl  Ooeficients. 

We  shall  next  show  that  when  <p(z)  is  synectic  within  and 
upon  the  boundary  of  a  given  region  bounded  by  a  closed 
finite  contour  F,  all  its  differential  coefficients  are  synectic 
within  that  region. 

We  have  seen  that  if  a  be  a  point  within  the  region  and 
not  within  an  infinitesimal  distance  of  the  boundary, 

taken  round  the  boundary  of  F,  where  z=a  is  not  a  zero  of 

Let  z=a+Sa  be  an  adjacent  point  to  z=a  within  the 
contour  and  not  infinitesimally  near  its  boundary. 

Then  ^{a+8a)=J^  {    ^^^\   dz 

taken  round  the  boundary  of  F,  and  therefore 

^(a+ia)-^(«)=A.j^(,){_J___I_}d.. 

Now,  by  division, 

1        _    1     ,_Sa_,  (Saf 


z—a—Sa    z—a    (z—af(z—aY(z—a—SiC) 
Therefore 

round   the  boundary;    and  the  definition  of  a  differential 
coefficient  is  that  it  is  the  limit,  if  there  be  one,  of 

^(«+Ja)-»(a)    (^rt.l239). 

when  1^1  is  made  indefinitely  small.     Hence  we  may  put 

^(a+5a)-^(a)={0'(a)+e}^a, 

where  e  is  something  whose  modulus  ultimately  vanishes  with 
\Sa\. 
We  may  therefore  write 

or     ^'(„)_  1    (^^d,_-,_.+|±f Mf?^_       (1) 

^^  '     2xiJ(2  — a)*  2'jri J(2— a)*(2;— a— da)  ' 
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and  therefore  the  moduli  of  the  two  sides  of  this  equation  are 
equal.  And  since  the  modulus  of  the  sum  of  two  complex 
quantities  is  less  than  the  sum  of  their  moduli,  and  the 
modulus  of  the  product  is  the  product  of  the  moduli,  we  have 


mod.  [right-hand  side]  <  mod.  €-\ ^ — 


mod.  It vgf  ^  ' T-vCfa. 


Let  K  be  the  greatest  of  the  moduli  of  the  values  of  the 
integrand  as  we  travel  round  the  boundary,  which  is  a  finite 
quantity  since  <f>{z)  is  finite  and  z—a,  z—a—Sa  are  not 
infinitesimally  small.  Then  the  modulus  of  the  integral  in  this 
expression  is  less  than  K  x  Perimeter  of  Contour,  which  is  a 
finite  quantity,  the  perimeter  being  supposed  of  finite  length ; 


•••  -«*  ^(«)-2^J(-^«^^] 


m< 


K 

<  mod.  €+H-  •  rood-  ^a  X  Perimeter  of  Contour. 
2x 

Hence  diminishing  mod.  Sa  indefinitely. 

Therefore  ^'(„)=^  jj^d^. 

the  integration  being  in  all  cases  taken  round  the  boundary 
of  the  contour. 

In  the  same  way  we  may  prove 


^''(a)=2Lf_0(?)   dz,    etc 


(z^af 

For  if  z=a+Sa  be  a  point  within  the  contour  and  not 
within  an  infinitesimal  distance  of  the  boundary,  we  have 


Idz 


4^'{a+Sa)-<l,'{a)_  1    f        f         1  1 

*"**  ^tt  ~2irt]'*'^''l(z-a-Sa)*    (z-a)USa 

where  mod.  6  vanishes  with  mod.  Sa, 

2TriJ(z—af 
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It  appears  therefore 

(1)  that  ^  ^^ — ^-^  approaches  to  and  ultimately  differs 

by  less  than  any  conceivable  quantity  from  ^-^  I .  _  L^  dz, 

when  mod.  6a  is  made  to  diminish  indefinitely  without  refer- 
ence to  the  way  in  which  the  indefinite  approach  of  the  point 
a+^a  to  the  point  a  is  conducted.  Hence  <f>\a)  is  a  function 
of  a  which  possesses  a  differential  coefficient ; 

(2)  since  </>(a)  and  <f}(a+Sa)  are  by  supposition  single- valued, 
the  expression  ^^  ,  ^ — 2iJ  ig  also  single- valued,  and  also 
its  limit ;  so  <p\a)  is  single-valued ; 

(3)  0'(a)  \s  finite;  for  its  equivalent  ^ — 1/  _,   \2^^  ^^  ^"^^ 

that  the  integrand  is  finite  for  all  points  upon  the  contour, 
since  the  point  a  is  not  at  an  infinitesimal  distance  from  the 
boundary,  and  the  boundary  itself  is  of  finite  length  by 
supposition ; 

(4)  for  any  positive  infinitesimal  change  in  \6a\  there  is  a 
change 


|{0'(a-f^ct)-^'(a)}|>|^a 


ylira 


](z-'af^^\ 


of  the  same  order  as  \6a\  in  1 0'(a) |.  Hence  <j>'(a)  is  con- 
tinuous. 

Hence  ^'(a)  has  a  differential  coefficient  at  the  point  a,  is 
single-valued,  is  finite  and  is  continuous.  It  is  therefore 
synectic  at  any  point  a  within  the  specified  region  for  which 
0(a)  is  synectic. 

Also  ^'•(a)^^^dz, 

the  integration  proceeding,  as  before,  round  the  boundary. 
And  the  argument  may  now  be  repeated  with  this  result  to 
establish  the  successive  equations, 

r(«)=,-  [r^^dz...  ^'"'(«)=^  \r^%idz 

^    ^   ^     2Trt}{z—ay  ^       '     27riJ(2— aj^+i 

all  of  which  functions  are  synectic  in  the  region  for  which 
0(a)  is  synectic. 
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1 300.   Taylor's  and  Maclaorin's  Theorem. 

We  may  now  proceed  to  establish  Taylor's  Theorem  for  the 
expansion  oi  f(a+h).  Lei  f{z)  be  any  function  of  z  which  is 
synectic  within  and  upon  a  given  « 
circle  C  with  centre  at  z=a  and 
radius  p,  and  suppose  z=a  not 
to  be  a  zero  of  f{z).  Let  a+hhe 
another  point  within  this  contour 
and  not  within  an  infinitesimal 
distance  of  the  boundary. 

Then 


f(a+h)  =  J^{-^(^dz. 
■'^         '     2irt]z—a—k 


0 


Fig.  402. 


the  integration  being  conducted  round  the  boundary. 
Now,  by  division, 

a^{z-af^(z-af^'" 

A"        ,      A^+i  1 

-T/i — rv;n?+ 


z—a—h 


■f... 


+ 


+ 


_J_1 
:— a— AJ 


dz 


ZTriLiz—a  ](z—af  )(z—af 

^     J(«-a)»+i     J^27ri  J(^-a)»+i(0-:a-A) 
=/(a)+ A/(a)+ J-J"  (a)+ . . .  +^|j/n)(^,+ /^^^ 


2! 


Ji^  f 

**     27r£j(«-a) 


m 


where  /2«— ^      ..         r-.,. ,. 

and  putting  z=a-\-p&^,  we  have 

A'-n  1^ 


ci2;  taken  round  the  circle ; 


^-=2,r 


Let  the  greatest  value  of 


I 


jz—a—h 


Nl9 


da 


be  K,  which  is  finite 


z  —  a—k 

since  \f(z)  \  is  finite  at  all  points  within  the  circle,  and  the  point 
0=a+A  is  not  within  an  infinitesimal  distance  of  the  boundary. 
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Then 


1  tA»+* 


^Kde, 


i.e. 


\h 


■PI 


and  I A  K  p,  so  this  may  be  made  less  than  any  assignable 
quantity,  however  small,  by  increasing  n  indefinitely. 

Hence  the  convergcncy  within  the  circle  of  radius  p  is 
established,  and  th^  usual  form  of  Taylor's  theorem  still 
holds  for  a  complex,  viz. 

/(a+A)=/(a)+A/(a)+|]r(a)+...  to  oo 

for  all  points  within  a  circle  of  centre  a  and  radius  >  |(a+&)|f 
provided  f(z)  is  synectic  for  all  points  within  this  region. 

If  the  origin  be  at  the  point  z=a,  i,e.  a=0,  we  have  the 
same  result  as  for  Maclaurin's  theorem  for  a  real  variable,  vis. 

/(A)=/(0)+A/(0)+|-*/"(0)+... . 

with  the  same  limitations  as  before. 

It301.  Definite  Integrals  obtained  by  Oontour  Integration. 

Cauchy's  Theorem  of  Art.  1275  is  of  great  use  in  establish- 
ing in  a  rigorous  manner  many  results  in  definite  integrals 
and  in  furnishing  new  results.  In  such  investigations  the 
form  of  k;  as  a  function  of  z  is  at  our  choice,  and  the  particular 
contour  of  integration  is  also  at  our  choice. 

/dz 
— -  round  any  d<md  conUmr^  a  Imng 

tujfpoaea  reai. 

It  follows  from  Arts.  1275  and  1286, 

that  the  result  of  this  integration  is 

(1)  2irt,    (2)  rt    or    (3)  0^ 

according  as 

(1)  the  contour  encloses  the  point 

(2)  the  contour  passes  through  isa 
with  continuous  cunrature  at 
the  point ; 

(3)  the  contour  is  such  that  z^sa  lies 
outside  it 

Ikke  aa  oontour  a  circle  of  radius  R  (drawn  as  >  a  in  the  figure)  and 
OMtrtd  at  the  wigin. 


Fig.  ¥A 
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Put  t^Rt^;  thendz^iRe/^'de; 


s=2irt,  irt  or  0,  as  /(  >  a,  =a  or  <  a  ; 


whence 
whence 
and 


r 

/      755 — aS 2r7^»^=2ir,  IT  or  0  in  the  three  cases ; 

,    /P-2aficos(^+a«^^=:«^^>^)>    5(^"">»  ^<^<^>' 

p»__Mn^___ 

Jo    /2»-2ay2co8e^+a«**'"'" 

in  any  of  the  cases,  results  which  may  be  readily  verified  by  direct 
integration. 

1902.  Connier  the  integration  of  w^  — ,  where  k  it  real  and  poiitive^ 

round  a  contour  hounded  hy  (1)  an  infinite  semicircle  BCD,  centre  at  the 
origin  of  the  x-y  axet,  radius  R  (^co\{2)  a  small  semicircle  EFA,  centre 
at  the  origin  and  radius  r,  concave  in  the  same  direction  as  the  former,  and 
(3)  the  two  intercepted  portions  of  the  x-cucis,  viz.  DE  and  AB. 

w  has  a  pole  at  the  origin.    The  small  semicircle  excludes  this  pole. 
Examine  the  behaviour  of  the  function  when  z  is  infinite. 

«  s     ^  ^^^    «-****°*{co8(it«co8^  +  tsin(itiJcoe^)> 

Let^-iZtf**.    Thenw= 3-  = ^ — ^ ^1 

Re"^  R^ 

and  therefore  vanishes  in  the  limit  when  R  is  increased  indefinitely, 

so  long  as  sin^  is  not  negative;  that  is  from  ^=0  to  B^t  inclusive. 

There  is  no  pole  in  the  region  described,  and  w  is  synectic  throughout 

the  region.    The  total  integral  iwdz  taken  round  this  perimeter  thei*efore 

vanishes.     To  estimate  this  we  consider 
the  integrations : 

(1)  from  r  to  /Z  (==  00  )  along  the  x-axis  ; 

(2)  from  ^=0  to  d=ir  round  the  great 

semicircle  BCD ; 

(3)  from  -  /i  to  -  r  along  the  jr-axis  ; 

(4)  from  $—ir  to  0=0  round  the  small 

semicircle  EFA, 

(1)  Along  AB,y—0  and  dz=dx,  and  the  corresponding  contribution 
to  the  whole  integral  is  1    —  dx. 

Jf       X 

(2)  Along  BCD,  7?= constant,  z  —  Re^',  —  =  idd,  and  the  contribution 
to  the  whole  is 

/  V  ^^f  *^**^*  ^dd^p  te-*^  •*»  •  (cos  (iR  cos  0) + 1  sin  (kR  cos  $))  dO, 

which  ultimately  vanishes  when  R  increanes  indefinitely.  Therefore 
there  is  no  contribution  from  this  part  of  the  integration. 
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—  dz=  I      —  dx^  and  as  «  ig  negative  we  write  -« 


-I 


which  is  the  contribution  for  this  portion  DE  of  the  integration. 

(4)  Round  the  small  semicircle  the  contribution  is  /   0*^   i  dS^  and  r 
being  infinitesimally  small  this  becomes  -  I    id$=^  -vt. 
Hence,  summing  up, 

Jr     X  Jr      X 

t.e.  in  the  limit  when  r  is  indefinitely  diminished, 

f^^-e-J^  r«8inte,      ir 

ilr  being  supposed  positive,  which  is  in  accord  with  the  result  of  Art.  993. 

1303.  Consider  j  ——-dzy  where  k  is  a  real  positive  quantity  and  a  is  a 

complex,  vis,  a+ij3,  in  which  fi  is  positive. 

We  take  as  contour  the  x-axis,  an  infinite  semicircle  whose  centre  is 
^  at  the  origin  and  radius  R  (  —  cc\  and  an 

infinitesimal  circle  of  i*adius  r,  and  centre 
at  the  real  point  (o^  )3),  which,  since  fi  is 
positive,  lies  within  the  great  semicircle. 

There  is  a  pole  at  z^^a,  which  is  excluded 
by  the  small  circle.    Examine  the  behaviour 

of  ir= ,  when  z  is  infinite.    Put  z^Rer. 

z-a* 

e-*«"^*{cos(it/«cos^)+tsin(ifc/2sinW        ,  ,,       * 
Then  w= — ^ -r—^ ^ '-.  and  therefore,  as  in 

/?€*•- a 
the  last   case,   ultimately  vanishes   when   R  is  indefinitely   increased, 
provided  Q  lies  between  0  and  ir  inclusive. 
There  is  no  pole  in  the  region  hetroeen  the  two  circles,  and  w  is  synectic 

throughout  it ;  and  jwdz^O  when  taken  round  the  boundaries  in  opposite 
directions. 

(1)  Along  the  ^c-axis  z—x,  and  we  have  aM  the  part  contributed  by 
integrating  from  C  to  A^  ie.  -oo  toao, 

r        e^      ^^      r  (x-g  +  tfflCcosfcc+isinihr)^^ 

__  r*  {(x  -  a)  COB  Iz  -  fi  Mn  kx]  ,         /"*  (z-a)8inihr+ff  cosih;^ 
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(2)  Round  the  infinite  semicircle^  we  have  a  contribution 

r  e^^'  ff,c>,jg_r<^--*^''"^co8(feigco8g)+i8in(i^tfcoB^)}^^^^^ 
Jo  Be^-a  Jo  He'^-a 

which,  by  virtue  of  the  ultimately  zero  factor  e~**"'"*,  adds  nothing, 
R  being  absolutely  infinite  and  sin  $  positive. 

(3)  Round  the  infinitesimal  circle  DEFy  put  z^a-^re^. 

The  integration  round  the  perimeter  must  give  27rte^^*"*''^\  according 
to  the  general  result  of  Art.  1286,  t.e.  =  2ir  (i  cos  iba  -  sin  ka)€~^ ;  whence, 

as  I  f(z)dz  round  the  outer  boundary  ABCOA  is  equal  to  that  round 

DBF  in  the  same  sense,  we  have  by  equating  real  and  imaginary  parts, 

r-(x-a)sinte+ffcosfa:^^     2;re-*^  cos  fax, 

which  may  be  written 

^(kx 


i: 


°'Ldx==-  2ire""*^  sin  to. 


in  (kx  +  tan-»  j^) 


dx=     2ire  *^cosifca. 


1304.   In  the  case  where  )3=0,  the  centre  of  the  small  circle  lies  on  the 

x-axi$  and  a  semicircular  arc   DEF^  of  radius  r  and  centre  at  a,  0, 

replaces   the   complete   small    circle   before  g 

considered. 

To  consider  the  effect  of  this,  we  integrate  : 

(1)  from  C  to  D,    (2)  round  DEF, 

(3)  from  !•  to  ^,    (4)  round  ABC. 

For  (1 )  and  (3),  we  have 

'-r      ..  .  ,.*x  C  '  O        D«F    A 

(/        +/       )-^— cir,  Fig.  406. 

i.e.  when  r  is  infinitesimally  small,  viz.  the  Principal  Value  of 

dx. 


I 


—  ao  X*  -  a 


dz 


For  (2),  putting  z  =  a+rc**,    =  iddy  and  the  contribution  is 

r  being  infinitesimal. 

For  (4)  we  have,  as  before,  a  contribution  nil. 
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Hence  ultimately,  r  being  indefinitely  small, 
^^   cotikx+iHinkjp 


t.e. 


jr-a 


cLc-iriicaska-Hiahay^Ot 


COBkx  J  .     , 

ox  a:  —IT  Bin  Ikly 

•  -r  -  a  I  Principal  Values  boiiig  taken  ii 

each 


f     mnlsB  ,  , 


^ ^(is,  a  aiMl  6  Ma^  ml  mi 

poiiHw,  taken  round  a  contour  eontiaUng  of 

(1)  the  pontive  portion  tf  the  x-<uns  ; 

(2)  an  infinite  quadranial  arc,  eenire  at  ike  onfia 
afK2  radius  R  ( »  a> ) ; 

(3)  (4ej)OM<t«e;)oriiofi(/<ftey-aaM; 
Ah  in  the  last  two  cases,  the  function  vanisbei 

in  the  limit  when  1 2 1 »  oo ,  and  it  will  be  dear  that 
thoro  iM  no  pole  in  the  region  round  which  it  is 
propoMed  to  integrate. 
We  have  then 


FIr.  407. 


./O  X  JO 


L 


1: 


ide+ 


f.'- 


-«y_«-4ir 


rfy=a 


,„,     -    ^  .  .        ,     /■'*  (cofla«-co8  6a)  +  i(8inaa:-8in6x)  , 
The  flmt  intognil  =  /     ^ — ^ -dx. 

w 

Thosoc<md  integrals  r[e-«'^«'»*e^'^««»-e-*^'*»*e***«*^|irfd,  which 

.'0 

vaniHhim  wlM»n  R  —  co    by  virtue  of  the  exponential  factors  «"•*■*"* 
^-Mliiiif^  for  Hin  8  im  ponitive. 

Tliu  third  iiiUtgi-Rl  =»  -log-  by  Frullani's  Theorem,  or  by  the  summa- 
tion definition  of  an  integration  as  in  Ex.  1,  Art.  16. 
Hencu  wo  obtain  in  the  liniitp  when  R=co, 


I 

1 


**  C€max-c(whx 


dx 

/O  X 

results  previously  estiiblishetl. 


O     Jo 


*  Hinox-Hinbx 


(far=0, 


t-l 


—  dz,  where  a  is  real  and  <  1  and  >0, 

where  hy  i*~*^  we  understand  thai  particular  one  of  tie  values  whose  amplitude 
is  {a -I)  times  thai  of  z. 

There  are  two  polea,  t=0  and  z^  -  1.  There  are  also  branch  points  at 
the  origin  and  at  oo . 

Take  as  contour  an  infinitely  large  semicircle,  radiusJR  (  =  00)  ami  centi-e 
ftt  Of  the  oiigin  ;  an  iufinitesimally  small  semicircle  of  radius  p  and  centra 
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O  ;  an  in6nite8imall3r  small  semicitxsle  with  06011*6  at  z=  - 1  and  radius  />, 
the  concavities  of  the  circles  all  being  in  the  same  direction  ;  and  the 
remaining  portions  of  the  boundary  being  the  intercepted  portions  of  the 
x-azis  ;  the  whole  making  the  figure  ABCDEFOHIJA  (Fig.  406),  within 
which,  with  the  meaning  indicated  for  2^"^  the  function  is  synectic 


The  poles  are  then  excluded  from  the  contour,  and  the  integration  is  to 
be  conducted  along  the  six  parts  AB,  BOD,  DB,  BFO^  OH,  HIJA 
indicated  in  the  figure. 

/  —  l-pgA-l 
|-—  dx,  or  changing  z  to  -x, 


-/; 


!+<>(_  l)«-lji«-l 


l-X 


dx    or 


a«-l 


ji+p  1  - 


dx. 


dz 


(2)  Along  the  semicircle  BCD,  put  2=  -  1+pe**  ;   .*.   — ^^^idd. 

The  contribution  is  then   /    (-l+pe**)"""^td^,  or  since  p  is  infini- 


tesimally  small, 


(-ly-ij    KW«(-l)«ir= 


tire' 


Mw 


(3)  Along  the  straight  line  DE  the  portion  of  the  integral  is 
f-p      jja-l 

i-i+  iTx^*    or  changing  X  to  -«, 

-f    t^'^d.    or    e-r    5^<fa. 

Jl-p  1-X  Jl-pl-X 

(4)  Along  the  semicircle  EFO  we  have,  putting  z^pe^*, 

which  vanishes,  p  being  an  infinitesimal  and  1  >a  >0. 

(5)  The  contribution  from  OH  is  /     -z-^ — dx. 

(6)  For  the  semicircle  HIJA  we  have,  putting  2  =  ite**» 

which  vanishes,  since  R  is  infinite  and  \>a  >0. 


r 
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Let  7i  and  It  be  the  Principal  Values  of  /     -= dx  and  / dx,  i.«. 

^  Jo    l-\-x  J^    l-x 

we  then  have,  summing  up  the  six  portions, 

■'^+^1— .1'  yi-Pl_^.  yp    l+x 

and  /      f_cte=-/        f— cte. 

yi-pl-jT  yp      l-x 

sothat    -T   f^^(te+r    'flldx=^-(  [^'\r    )^dx, 
and  in  the  limit,  when  p  is  indefinitely  diniinish'ed,  becomes  ^  -1%; 

i,e,  -  (cos  air + ( sin  air)I% + ir(i  cos  an*  -  sin  air)  +  /i = 0  ; 

whence  /i-cosair/t^TrsinaTr,  "j 

- /fSin  air  +  IT  cos  a7r=0  ;  / 

therefore  Ii  —  ir  cosec  air  and  /t = ir  cot  air. 
These  are  the  results  of  Articles  871  and  1103. 

TrT^^fir  ^^  ^^  positive  values  of  a  and  6. 
There  are  poles  at  z=s  ±ib;  and  when  |z|  =  ao  the  integrand  vanishes. 


Integrate  round  an  infinite  semicircle  with  centre  at  the  origin  0  and 
radius  R(^cc\  and  round  a  circle  of  infinitesimal  radius  p  with  centre  at 
the  pole  lb. 

Then  the  integral  taken  round  the  outer  lioundary  =  the  integral  taken 
in  the  same  sense  round  the  inner  boundary,  and  the  latter  is 

27rtl^ — i:  =  r«'""*     (Art.  1286.) 

Over. the  outer  boundary  we  have 

riax  ^     gtax  ^     gUiRe'9 
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Writing  -x  for  x  iu  the  first  integral,  it  becomes 


and  the  first  two  integrals  combine  to  give  /      ^     ^  dx. 

r^— aR  tin  BgtoR  com  9 
^-z iRe  dd,  and  vanishes   by 

virtue  of  the  factor  e-«^»*"*^  when  R  is  infinite,  sin  $  being  poi»itive. 
Thus,  summing  up,  we  have 


r 


cos  ox 


d^F  =  Se-«^ 


/o   6^+^         26 
the  result  of  Art.  1048. 

1308.  Consider  the  integration  ofw— ^  ,  /or  real  and  positive  values  of 
aandb. 

The  poles  are  at  2=  ±i.b;  and  when  |z|=sao  the  integrand  vanishes. 
Take  the  same  contour  as  in  the  last  example. 

The  integral  round  the  small  circle,  whose  centre  is  i6, 

to  +  t6 
Over  the  outer  boundary  we  have 

Writing  -x  for  x  in  the  first  integral,  it  becomes 

f    2tj?  sin  ax 
which  combines  with  the  second  integral  to  give  /       ,, '^  dx. 

The  third  integral,  as  in  the  last  case,  contains  the  factor  tf~«*»*"*  in 
the  integrand,  and  therefore  vanishes  when  /Hs  ao ,  sin  6  being  positive. 

Hence,  as  the  integral  round  the  outer  boundary  is  equal  to  that 
round  the  inner  in  the  same  sense. 


/. 


"xsin  «x  ,      IT       . 
0    -W^x^'^^'-r-''' 


e"^ 


1 309.  Consider  the  integration  ofw=  -^g  ^  for  real  and  positive  values 
of  a  and  b. 

There  are  poles  at  2  =  0  and  2=  ±ib  ;  and  when  |«|  =  qo  the  integrand 
vanishes. 

Take  the  same  contour  as  in  the  last  two  cases,  with  the  adcIitioD  of  a 
small  semicircle  of  i^ius  />,  with  centre  at  the  origin,  to  exclude  the  pole 
at  2  =  0. 

Integrate,  as  before,  round  the  boundary  CDEFABC,  and  equate  to 
the  integral  round  the  small  circle  encircling  z  —  ib  in  the  same  sense. 
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Thus 


to  give  I 


Then  writing  -xiov  x  in  the  first  integral,  it  combines  with  the  third 
2t8in<Mr 
/o  «(6«+«»)' 

Since  p  is  infinitesimal  the  second  integral—  f    n^~  ~~^* 

The  fourth  integral  vanishes  for  the  same  reason  as  in  the  last  two  cases. 

1310.   Consider  j  fj^,<ff^  dz^  ci  and  b  being  reed  and  positive. 
The  poles  are  given  by 

^in+^s*'jj"V^«26zco8?^ti^+6j\==0, 

-/      2j+1  .    2«  +  l    \    ,  ±^»» 

I.e.  z—o(cos-5 — iritsin-g — vj—be     *»      , 

and  lie  upon  a  circle  of  radius  6  at  equal  angular  intervals  -,  the  ir-axis 

being  an  axis  of  symmetry  with  regard  to  the  poles  and  not  passing 
through  any  of  them.     Also  if  |2|  =  ao  the  integrand  ultimately  vanishes. 
We  take  the  same  contour  as  before,  viz.  an  infinite  semicircle  of  radius 
R(  =  co)  and  centre  at  the  z-origin  0,  the  x-axis  and  infinitesimal  circles 
of  radius  p  drawn  round  each  pole  as  centre. 

N^^  1  *°lt>-'^  1 1 

^^^"^  ^4.^-     2.     --7      ft,+l   xfci-l  /  2«+i   \ 

»=n-l  1  1 

^     \    „    /  2i+l    \w»-i  /  ft»+i    \* 
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the  poles  of  the  second  group  lying  outside  the  contour  of  integration, 
and  therefore  contributing  nothing.    The  pole  i  »6«    ^      contributes 


2tir 


2*+i  vm-i' 


2n 


/      2*+ IV 


Hence  the  poles  within  the  contour  contribute  in  the  aggregate 


•  «0 


Sf-i-l  \l»-i» 


7      &+T.  Y 


2«+l 


f«+l 


ue. 


*-l_iif^    *-2^»^    211 


=  -  2 


M-l      i)r       — odain 


iiP*=» 


+  tsin 


For  the  outer  contour  we  have 


,.( 


2t+l 


fl'+a6oos 


2i+ 


2n    "  '  2» 


-')]o) 


Fig.  411. 


vin      «nctr,  and 

combines  with  the  second  integral  to  make  /   |«^    ^^dr. 

The  third  integral  vanishes  when  A»«o,  as  it  contains  the  vanishing 
factor  e~^'^*  ;  and  since  the  integral  round  the  outer  boundary  of  the 
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contour  is  equal  to  tb«  mim  of  tbe  integrals  round  the  small  circles  whidi 
contain  the  poles  which  lie  within  the  great  semicircle, 


which  is  the  result  established  in  Art.  1067. 

It  will  be  noted  that  in  the  summation  above  in  equation  (IX  thMt  the 
imaginary  portion  vanishes,  the  poles  being  sjmmetricallj  situated  about 
the  y-axis. 

The  arrangement  of  the  poles  in  the  cases  n  =  1,  n  =  2,  x— 3,  a  — 4,  «»&, 
is  shown  in  Fig.  411. 

1311.    Consider  *?=  -r-r — ,  a  real,  positive  and  <r. 

Since  the  limit  of  this  expression  when  1^1=^0  is  -,  there  will  be  no  pole 

at  the  origin  ;  and  when  1^1  =  oo  the  integrand  ultiniatelj  becomes  zero, 
since  a  <  ir. 

Since  8inhir2=irz(l  +  |^)(l+o^)... ,  there  are  poles  at  z=  dk  c,  2=  ±2*, 

t=^  ±3i, ... ,  which  are  all  situated  on  the  ^-axis  in  the  z-plane. 

Take  for  the  contour  round  which  the  integration  I  wd!;  is  to  be 
conducted  : 

(1)  the  complete  jr-axis  ; 

(2)  the  ordinates  jr=  ±  /?,  where  R  is  infinitelj  great ; 

(3)  the  portions  CD  ;  FO  of  the  line  y  =  1  shown  in  Fig.  412  ; 

(4)  the  semicircular  arc,  convex  to  the  origin,  centre  at  2—1  and  of 
infinitesimal  radius  />,  viz.  DEFiis  shown. 

Then  all  poles  are  excluded  from  the  region  thus  bounded,  and  the 
function  is  synectic  in  this  region. 

-;— t dx  for 

_    .   .       .  _«  smh  rjc 


z^x  and  cU=dx:  or,  what  is  the  same  thing,  2  /    -;— r dx. 

°     Ja  sinhirx 


The  ordinates  BC,  OA  at  infinity  yield  no  contribution. 

For,  along  BC,  we  have        /   -r— ^ — ,  o  .     i  *  ^I/* 
'         **  Jq  ainhir(A  +  ty)      ^ 

•114  R  being  large,  sinh  ali  and  cosh  aR  may  be  written  i«^,  and  sinh  rrR 

ll|ld  cosh  irR  may  be  written  ^e'^. 
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Hence  the  integration  along  DC  reduces  to  J     ^j^       *rfy,  i.e. 

which  vanishes  by  virtue  of  the  zero  factor  «(«-•)'*  in  the  integrand,  since 
a  -r  is  negative  and  R  is  infinite.     Similarly  for  the  portion  OA, 
For  the  portions  CD  and  FO  we  have  respectively 

/•Psinha(t-f.r)j^.     ^^^      p*  8inha(i-i-jr)^ 
j^  siuhir(i  +  .r)  J-p  siuh7r(i+ or) 

Considering  the  first  of  these  integrals, 

sinh  a (i  +  ^)  ==  i  sin  a  cosh  ax + cos  a  sinh  ajc, 
sinh7r(i+x)=»  -  sinh  tto;  ; 

I  sin  a  cosh  cue + cos  a  sinh  ax 


:.  the  integi*al  becomes  / 


dx ; 


dxy 


f^  sinh  7r.{; 

and  writing  —x  for  jr  in  the  second  integral,  it  becomes 

__  /""sinh  a(i— J?)  ,  __      /  *  t  sin  a  cosh  ax  —  cos  a  sinh  ax 
J 9  sinh7r(i-a7)      ""     .'p  sinhTTJ? 

/    sinh  {I J? 
and  C/),  /Y7  together  yield  2  cos  aj    -t-t- —  dx. 

To  consider  the  contribution  of  the  infinitesimal  semicircle  DEF^  put 
«=»4+/>e**,  and  integrate  from  ^=0  to  B—  -tt. 

Thus  sinh  az — sinh  a(t  +  pe^*)  =  i  sin  a,  p  being  infinitesimal, 

sinh  ir2 = sinh  TT (t + pe**) = Trpe**  cosh  iri  =  -  ir/ie'*. 

The  yield  from  this  part  is  therefore 

/•-'I  sin  a,    .M    ,^.     sin  a  /•-"  ,/j 

-  /       -{pe'^^de)  = /      d$=  -sina. 

Jo      irpe**  'T    Jo 

Hence,  as  the  total  integral  round  the  contour  vanishes, 

a  r*  sinh  oj;  ,    .  -     -  f"  sinh  ax  ,       .      .      .     ^ 

2/     -r-r da?+0  +  2cosa/     -^-r — </ar+(-sina)=0  ; 

Jo   sinhiTj;  Jp  smhir^         ^  ' 

and  p  being  ultimately  zero, 

rsinh  ax  J       1  -      a  j      /^  si 

-T-r — flwr=sxtan«f    *nd     /      — 
sinh  IT J7  2        2  y-«  sr 


sinh  ax  J  ^  a 
-r-v — ar=tan7r. 
sinh  TTX  2 


coshoj 


1312.   Now  take  w—  — r — ,  a  being  real^  positive  and  <7r. 
Since  cosh  irz=(l  +4z')f  1  +  ^  V I  +  t2  )» ••• »  ^^®  poles  of  w  are  at 


I  3i  54      . 


1 


If  we  take  a  contour  consisting  of  the  x-axis  and  a  parallel,  y^o*  ^ith 
bounding  ordinates  x=  ±R  at  infinity,  and  a  small  semicircle,  convex  to 


the  origin  and  radius  p,  described  about  2»o^;  the  region  thus  defined 
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excludes  the  poles,  and  10  is  a  synectic  within  it,  so  that  /  wdg^O  when 

the  integration  is  conducted  along  the  contour  of  this  region. 
The  points  B,  C,  shown  in  the  figure,  are  supposed  at  oo ,  and  A,  0 

at  -00,  and  DBF  is  the  infinitesimal  semicircle  about  f  ^^  (Fig-  ^13). 

The  x-azis  contributes  /      — r — dx.  that  is,  2  /    — r — dx, 

J '•  cosh  irx     '  '    Jo  coukwx 


The  oixUnates  at  infinity  contribute 

/•*cosha(ig+iy)  pcosha(-ig+iy)    , 

Jo  coshir(iJ+ii^)   '''^    ^^'^    h  cosh7r(-iJ+iy)*''^' 

and,  as  in  the  former  case, 

cosh  aRf    sinh  a/2,    cosh  ir jR,    sinh  wB 
may  be  replaced  by    Je*^,    Je"*,    Je*^,    Je*^,  respectively, 
since  B  is  infinitely  large  ;  and  we  may  write 

cosh  a(i^+iy)-K*«"'^    cosh  ir(jB+4y)=K*e"y, 
cosha(-jB+iy)=i^^e-"*y    and    coshir(-IJ+ty)=le'*e-"'; 
and  the  two  integ^ls  become 

r^(a-»)iigt(a-ir)y^^y    and    -[*  e <*""">*  e" *<«""*>>' 4  dy, 

which  both  vanish  when  |{  is  infinite  by  virtue  of  the  ultimately  zero 
factor  «(«-")*  in  the  integrands,  a  being  <ir.    Hence  the  yield  from  the 
two  ordinates  is  nil. 
The  parts  CD  and  FO  respectively  contribute 


cosh 


°(^+  fi 


'-00 


cosh  a 


dx     and 


(-+5) 


and 


cosh  w(  x+Q-J  J__     coshirfjr+gj 

cosh  a  I  ar+ -g-  j=co8h  ax  cos  -  + 1  sinh  ox  sin  5, 
cosh  ir(  j.'+3-]=  I  sinh  ITT, 


dr. 


and  the  first  integral  becomes 


-f 


cosh  ax  cos  ^  + 1  sinh  ax  sin  ^ 
t  sinh  irx 


dx; 
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Md  similarly  writing  -a;  for  j:  in  the  second  integral,  it  becomes 


coshaf-s-jTJ  I 


cosh  cur  cos  -  -  &  siuh  ox  sin  3 


i  siuh  fcx 


dx. 


sinhor 
sinh  wx 


dx. 


Hence,  in  the  aggregate,  these  two  terms  yield  -  2  sin  5  /    -: 

To  find  what  accinies  from  the  semicircle  DBF^  we  put  z=^-^pe^^  and 
integrate  with  regard  to  6  from  ^=Otod=*-ir. 

Thus,  since  coRhar^+pe*']=co6^  to  the  first  term,  p  being  infinitesi- 
mal, and  coshTrfx+pe'^j^irpie'*, 


/ 


coshgf 
coshir^ 


dz  round  the  semicircle 


i 


2m,  O 

\ip€^a6^  -coso» 


and    the    total   integral    round    the    contour  a  0,  since    w   is    synectic 
throughout  the  region  bounded  ;  hence 


,  r"  cosh  ax 
Jo  cosh  irx 


dx+0 


«   .    a  r'si 


sinhoj?  ,  a    . 

-;— r —  da:-coe5=sO  ; 
smh  irx  2 


and  p  being  ultimately  zero, 

cosh  ax 


•i: 


— ^r —  dr=cos-+2sins  •  jjtano—secsJ 
coshTTX  2  2    2        2  2 


and  therefore    /   — ^ — dr^^sec^.    and     / 
Jo  coshTTJr  2        2  J-» 


cosh  ax  ,  a 

cosh  irx  2 


.iae 


1313.  Consider  w= — r — ,  whire  a  is  a  complex  oonslafU  =a+i)9,  in 

coahTTz'  "^  '^ 

which  P  is  not  negative. 
The  poles  are,  as  before,  «=i-,  ±*—  ,  ±— ,  etc.,  and  in  addition,  since 

jS  ^  ^ 

the  function  becomes  infinite  if  fix+ay^  -oo.     Hence  we  must  take  a 
contour  which  excludes  all  such  points. 


Fig.  414. 

The  region  bounded  by  the  positive  di 
x=^R  where  R-00,  the  straight  line  jr 
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centre  z— 3  and  infinitesimal  radiua  pj  viz.  CDE  and  the  portkni  EO  of 

the  ^^-axis,  containH  no  pole  and  the  function  w  is  sjmectic  throughout  it 
(Fig.  414). 


11ie  .r-axi8  contributes 


'"--'^*-4r. 


'n     fH 


'0   co8h  irx 

The  ordinate  AB  at  infinity  contributes  nothing,  for  the  integrand 

contains  the  factor  e~^,  which  vanishes  when  jr=ao . 
The  path  ^  =  A  fi-om  j'=R  to  x—p  contributes 


i 


dxj    for  cosliTT 


g+^)=.si 


sinh  irx. 


i  Hinh  iTj^ 
For  the  infinitesimal  quadrantal  arc  with  centre  5,  put  z=^  =  -^ptf*  and 


2 


integrate  from  ^=0  to  d«=  -  -  . 


This  yields 


1—1 W' 

.0    ^^-ik^f^V 


de. 


I.e.  p  beiug  infinitesimal, 


Jo  ^ 

The  portion  ^O  of  the  ^-axis  contributes 


r  - 


-•y,-ifiy 


i-pe~**e"*^ 


•^  'ft  COM 


p  coshiiry 
Hence,  as  the  total  integi-al  jwdz  vanishes, 


dr. 


cos  wo: 


f 


e   ^cos  our  +  tain  our) 
coshirx 


r    e-V^[coe(our-|)+isin(cur-|)] 
Jo  I  sinh  irx 

2/         .'0  C08WJr 

Hence,  equating  to  zero  the  real  and  imaginary  parts  and  proceeding  to 
the  limit  when  p=0, 


'{■ 


--e     ^cos'--i8i 


r„  I  sin  (  a.r  -  7^  ) 

co&nirx  Jo  smhirj: 


dc-  I  e 

.'0 


sinjSr  .  1    -•       B 


coairx 


Jo  COI 


smcur 


cosh  irx 


dx+e  ^1     «  ^— !-T cLv-l  e  •* — ^^dx-  ~^€^mn^ 

Jo  sinh  7r.r  Jo  cos  irx  8  | 


CONTOUR  INTEGRATION. 
If  ws  put  ff  =  0  in  the  first,  we  have 

and  changing  the  aigu  of  a. 


i. 


^Ar  +  e* 


^<le=ie'. 


and  aolvjug  these  equatiuns, 

f  CM  ax    ,        1        ,  a  C  eiii  OJf  ,       1  .      ,  a 

I    - — c — -aj  =  x»ecli  =  ,  I    -i-r — (ir  =  slanh  r . 

Jt  coahs-.i'         2         2'  A  wnhiTj;         2  2 

13N.  Comider    ig^  -__    ■  --■         ,,     ichert    l>p>0,    a    real    and 


There  ai-e  poles  al  i  — a«*"— ocoKaimsin 
infinite  semicircle,  radius  R  {  =  '")  and  cent 
x-axia;  and  a  small  circle,  radiuspand  centi-e  at  i 
(Fig.  406). 

The  contribution  from  integrating  along  the  x-aiis  is 

j— ^-2axco8a  +  a'         \}-''^h  )  a^-Zax<XMa-\-a* 
and  putting  ~x  for  x  in  the  first  integral, 


Ikke  M  contoui'  an 
at  the  origin  0  :  the 
at'*,  i.t.  (a  COS  a,  aain  a) 


'[, 


^.-^L^ 


0  2f-2ax 
Round  the  infinite  seniicircle  we  lia> 


.[ 


;i'^*-a«ff«"c«,a  +  a''''"-"'^' 


For  the  inliniteeimal  circle  putz  =  ats*  +  pg-'_   Jlie  result  is,  by  Art.  1S86 
2..       C^*/^'     ; 
and  p  being  infinitesimal,  this  becomes 


aCe"- 


B  the  integral  r 


i  the  outer  contour  is  equal  to  that  round 


Jo  j»-2<ti' cos  a +  «'■*■'      Jo  j'  +  Siu-coaa  +  o'       "Bina"        ' 
and  equating  real  and  imaginary  parte, 

r       x'lfx  r      -■**■  V     „ , 
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Hence 


x^dx  v      -_ ,  sin  pa 

Jo  a^+iaxcoBa-k-a*    sin  a         sinjpn* 


x^dx 


l>p>0. 

^    ^r    ^^^8inp(y-a)  I  ,r>o>0, 

a+a'     sin  a  sin  on-      *'' 


/Q  «'-2axcosa+a*    sma  siujpir 

the  latter  of  which  follows  also  from  the  former  by  writing  w-a  for  a. 


1315.  Consider  w— 


,n*s 


■y  where  a  and  b  are  real.    (0<6<r.) 


cosh* -cos  6' 
The  poles  are  given  by  cosh  z»  cos  6,  that  is 

«*-2cos6«'+l=0,    e'=cos6±tsin6,    t^i(2nv±b\ 

where  n  is  any  integer. 

These  poles  are  all  situated  upon  the  y-axis  at  distances  from  the  origin 
±6,  ±2ir±6,  etc. 

Take  as  contour  the  entire  x-azis,  the  ordinates  x=«  ±/{  (/{«ao),the 
straight  line  y=ir,  and  an  infinitesimal  circle,  radius  p  and  centre  Ssi6. 
Then  the  function  w  is  synectic  in  the  region  thus  bounded,  the  only  pole 
{z^'^ib)  which  lies  within  the  outer  boundary  being  excluded  by  the  inner. 


B 


-T" 

I 
t 
• 
I 
I 
i 

t 

t 
I 
i 


D, 


o 

Fig.  415. 

The  contributions  from  the  various  parts  are  : 

— r r*'*- 

9  cosh  X  -  cos  6 


cos  6 
(2)  From  the  ordinate  AB^ 

^ai(Jl+ty)  ^   /•«tf-«^(cosay2  +  isina/?)   .       ^ 

^0 


I 


-cos6 


where  R^co;  therefore  AB  contributes  nothing.    Similarly  C7>  gives 
no  contribution. 

(3)  From  BC^  viz.  y==w,  we  have 

z=a:+i7r,    dz^^dXy    co8hz=-coeh«    and    «"*'=tf~**.e'**. 
Hence  BC  renders 

y-iro^»as 

cosh  X  -  cos  b ' 


CONTOUR  INTEGRATION.  469 

(4)  The  integration  round  the  small  circle  gives 

sinhio  sin  6 

and  the  integ^tion  round  the  outer  contour  is  equal  to  that  round  the 
small  circle  in  the  same  sense.    Hence 

r   ^'^  ic— r   f"'^  -  ^\  e-*. 

y — 00  cosh  jr -  cos  6  J—»  cosh  jr+cos6    sin  6 

T   *         y      f*         cos  ox       .         f      r*         Rina*        , 

Let        /|=  /      — r rdr,     /,=  /       — r ror, 

'    y-oo  coshx-cosa  '    ^-00  cosh  X  — cos  6     ' 

7'=f*  __C08a«___,        7'_r*         sin  or        , 
*     i~ao  coshx+cos6     '      *  ~  J—oo  cosli  j?+cos6 

Then  Z.+'/.+e-'-CA'+t/.')'^*-*. 

And  therefore  /, +«"*•/,' ==-T^e~«*    and      A+e'^^/.'^O. 

*  '     sin6  '  ' 

Also,  if  we  wnte  ir-b  for  6,  the  accented  and  unaccented  letters  are 
interchanged.    Hence 

7,'+e— ■/i  =  4^e-«<'-*>    and    /,'+e-'«/,=0 ; 
*  *    sin  6  *  * 

and  solving  these  four  equations, 

-  _ /"*         COS  ax        ,  _  2ir   sinhg(ir--6)  '\  .  . 

*""./-«o  cosh  x-cosfc      "sinfc      HinhaTr      *  I 

7'=/**         cosog        ,  _  27r    sinh ab             I  .-. 

*  ~"J-»  coehor  +  cosft         sinftsinhaTr*  j ^ 

and  /2==//==0,as  is  indeed  obvious  beforehand,  since,  in  integrating  from 
—  oo  to  00  elements  of  the  integrands  for  which  x  only  differs  in  sign  cancel 
each  other. 

Obviously  other  results  may  he  deduced  from  these  by  various  selections 
of  a  and  6,  combined  with  addition  or  subtraction  of  the  results. 

For  instance,  in  the  formulae  for  /,  and  /,',  the  integrands  are  not 
affected  if  the  sign  of  a;  be  changed,  so  that 

/**        cosar        ,  _    v    8inha(ir-6)  .^. 

^0    coahar-cosft      "sinfc      sinhoTr      ' 

r*       cos  ax        ,  __    IT     8inha6  .  . 

Jo    coshx-fcoaft      ~8in6  sinh  air ^ 

Changing  6  to  -  -  6  in  (3)  and  (4), 

/••  sinhafs^  +  fc) 

_£2^^L_<ir=-^       ,  y      ' (6) 

Jo    coshx-smo         CO8  0       smhaTr 

sinh  a( --6) 

OOSOX  ,  V  \2         /  lox 

L«.j*  mm^X'^'Vaib         COS 6       Hmhair 
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Putting  a  =  l  in  (3)  and  (4), 

/■*        cosjr         ,  _    IT    8inh(ir--6)  ^_. 

Jo    cosh:r-co86      "sin 6      sinhir     ' 

Jo    coehx+eoab      ""sin 6  sinhir 

Adding  (3)  and  (4), 

f^    cos  gjr  crvsli  .r     . v      sinh  a(y  -b)  +  sinh  o^ 

.'o    cosh  2x  -  cos  26      "4  sin  6  sinh  air 

cosh  a(« -6 ) 
^_jr___V2_; (9) 

4  sin  6        ,  air 
cosh-^ 

Subtracting  (4)  from  (3), 

-_  sinhais— 6) 

r*         cos  ax         ^         ir^  \2       /  /,qx 

Jo    cosh  2,r  -  cos  26         2sin26        .  ,  air       ^    ' 

"  sinh  -g 

Writing  |-6  for  6  in  (9)  and  (10), 

/**     cos  ojr  cosh  .r     »  _     ir       cosh  a6  .    . 

.'o    cosh  2.1'+ cos  26   '  ~4co8  6       ,  air*  

cosh  -5- 

r*  cos  ajc  ,   _      ir       sinha6  ,    . 

.'0    co8h2j"+co9  26    '  ~  2  sin  26    .  ,  air* ^    ' 

sinh  -- 
2 

and  so  on  with  other- cases. 

1316.    Consider  w= ,  a  being  real  and  1  >  a> 0. 

1  -er 

Here  there  are  poles  wherever  «*=!,  i.e.  2  =  log (e^*^*)  =  2 Airi  for  any 
integral  value  of  A. 

Take  as  contour  a  rectangle  of  infinite  length,  one  side  along  the 
.r-axis  and  extending  from  .r—  -  ao  to  j:=oo ;  two  ordinates,  one  at  oc, 
one  at  -00  ;  the  line  y=ir  and  an  infinitesimal  seniicii-cle  excluding  the 
origin.  Then,  integrating  round  this  contour,  no  pole  being  in  the  region 
surrounded,  we  have,  with  the  notation  of  preceding  cases, 

-»l_e«         .'»  1  _ eP*** '^  Jp    i-e'        .'0  i  - e<'^+*''^    ^ 

In  the  limit,  when  p  is  indefinitely  small  and  R  infinitely  great,  the 

first  and  thiixl  integrals  together  give  the  Principal  Value  of  /  —  d.r. 

-«  .'— flo  1  —  e* 

{-i)dO  when  /a  becomes  indefinitely  small,  =  iir. 
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The  fourth  vanishes,  since  it  is  ultimately 

-X<j,_,re<«-l><*+*y>irfy    and    a<l. 
The  fifth  integral      ,  ^  fcosa^-f-i8max)e^^ 
The  sixth  integral  ultimately  vanishes  when  R  increases  without  limit. 


Fig.  416. 


Thus,Prin.Val.  of  / dr+(co8aw  +  i8inair)/       -<ir+nr=0. 

(irs=wco8ecair, 

-»l+<* 

and  the  Principal  Value  of 

/       cir=ircot  air. 

J-^  1-e^ 

This  result  is,  however,  only  a  transformation  of  that  of  Art.  1306. 

1317.   Effect  of  Pole-Olusten  within  a  Contour. 

If  several  poles,  say  n,  be  clustered  together  at  one  point  of 
the  ^-plane,  the  point  is  said  to  be  a  pole  of  multiplicity  n,  or 
to  possess  polarity  of  the  v}^  order  at  the  point  z=a. 

It  is  useful  to  note  that  in  applying  the  theorem 


to  the  case  in  which 


(n-l)!f    i>(z) 


2wi     I  (z-ay 
1 


dz 


-A^)-rM-n= 


(z— a)"    (z—a)*"* 

where  n  is  a  positive  integer,  we  have  <p{z)=l,  and  all  its 

differential  coefficients  with  regard  to  z  are  zero. 

C     dz 
Hence  I  z r^  round  the  multiple  pole  z=a  is  zero  for  all 

positive  integral  values  of  n  except  7i  =  l,  and  when  7i  =  l  we 
l^ave  f  dz  ^, 

]z-a~ 


iTTI. 
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It  follows  that  if  w  be  of  the  form 


{z-ar(z-hyt(z—c)\.. 

where  0(z)  does  not  contain  any  of  the  factors  2— a,  z—b, 
z^c,..,,  but  is  rational  and  algebraic,  there  is  polarity  of 
order  p,  q,  r,  etc.,  at  the  respective  points  z=a,  z=6,  2=c,  etc, 
and  in  putting  w  into  partial  fractions  to  prepare  for  integra- 
tion round  closed  infinitesimal  contours  surrounding  these  poles 
it  will  only  be  necessary  to  retain  those  partial  fractions  in 
whidi  2— a,  5— 6,  etc,  occur  to  the  first  power. 

And  supposing   that   the   result   of   putting  into   partial 
fractions  is 


A' 


+A+ 


z—a    z—h    z—c 


+-... 


+ 


■  4-  V^  — — V- 


then,  in  integrating  round  any  closed  contour  which  encloses 
all  these  critical  points  and  no  others. 


■ 


1318.  Moreover,  when  the  numerator  of  u\  supposed  rational 
and  algebraic,  is  of  degree  in  z  at  least  two  lower  than  the 
degree  of  the  denominator,  ^  +  ^-f  C+...  =  0  (Art  149),  and 

therefore  in  such  cases  I  u;ff2=0,  however  many  critical  points 

may  be  enclosed  within  the  contour,  and  whatever  the  degree 
of  their  polarity,  provided  the  contour  of  integration  contains 
all  the  polea 

It  is  worth  notice  that  if 

O],  Oj,  Oy, ...  be  the  zeros,  of  multiplicity  ;>,  9,  r,  etc, 

and  Oj',  C4',  a,', ...  be  the  poles,  of  multiplicity  p/,  9,',  r/,  etc, 

of  a  function  f{z\  so  that 


we  have 


f{z)        z-a^ 


-2 


z—a. 
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whence,  if  <f>{z)  be  any  other  function  of  z  which  has  none  of 
the  factors  z—a^\  z—a^\  etc.,  then 

the  integral  being  taken  round  a  contour  which  contains  all 
the  poles  without  passing  through  any  ot  them ; 

or  if  </,(z)  be  unity,  gJ^J^^  dz={i:p-j:p'). 

1319.  If,  for  instance, 

f(z)={z-a,Y{z-a^^z-a^^... , 


+ 


+ 


z—Uo    z—a, 


I  •••  J 


1       -^       ^2       -^       ^8 

and  if  we  integrate  round  any  contour  which  contains  some 
or  all  of  the  roots, 

27riJ/(z)  2iriL    J2— a^     ^Jz—a^         J 

for  all  the  roots  within  the  contour 

=P+9  +  "' 

==  the  number  of  roots  within  the  contour, 

counting  each  root  as  many  times  over  as  it  occurs  in  f{z), 

1320.  Again,  if  in  integrating  round  the  perimeter  of  a  closed 
curve  which  possesses  no  singularities  and  lies  entirely  in  a 
region  of  the  z-plane  in  which  i^  is  a  synectic  function,  then  if 
w  be  constant  along  the  boundary  of  this  curve  it  is  constant 
for  all  points  lying  in  the  region  thus  bounded ;  for  if  2=f  be 
any  point  of  this  bounded  region,  then  if  /(f)  be  the  value 
of  to  at  the  point  f,  then 

where  2  is  a  point  on  the  boundary;  and  if  /(z) = const. =il, 
say,  at  all  points  of  the  boundary. 


f^^=^,\ 


£  dz=^ —  •  A .  2ir£=i4, 

2— f  27ri 


for  f  is  a  pole  of  the  function 
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Hence,  for  all  points  ^  which  lie  within  the  boandary,  the 
function  w^f{^)  has  the  same  value  as  when  f  lies  on  the 
boundary. 

1321.  Further,  if  we  are  given  the  value  of  irat  all  points  of 
the  contour  of  a  region  within  which  u;  is  to  be  assumed  synectic, 
the  equation  /(f)  =  -L|M,f 

may  be  used  to  find  the  value  of  /( ^  at  all  points  within  the 
contour  For  if  f{z)  takes  the  form  xW  at  the  boundary,  the 
value  of /(f)  for  a  point  within  the  boundary  is 

2w.]z-r 

1322.  Ex.  SupiMwing  that  at  all  points  of  the  circular  contour  r»l  a 
certain  function  known  to  be  synectic  within  the  circle  takes  the  value 
COM  3^  -  a* coH  6^  +  »(Hin  36^  -  n'^  sin  0),  what  is  the  function  ? 

Putting  this  into  the  form  e^**-a*e**,  and  writing  «=e**,  <iz  —  te*^. 


/(f)=5^  C 


2iri.' 


i&Ue 


and  logl  being  loge^**,  where  A  is  an  integer,  we  have/(*)=Xf(f*  — a*), 
where  the  proper  integral  value  of  A  is  to  be  chosen  ;    and  putting 

f=e**,   we    have    the  contour   value    A («''*-<! V*).      Hence    A  =  l    and 
/(«)=«(z*-a*)  for  any  point  2  within  the  contour  r=l. 

1323.  (1)  Consider  w=-—fn  being  greater  than  0  and  less  than  1,  and  a 
real  and  positive. 

Here  there  is  a  pole  at  z  =  0.  We  may  avoid  this  pole  by  taking  a 
contour  consisting  of  the  portion  of  the  jr-axis  from  x=p  to  x=R,  a 
quadrant  with  centre  at  the  origin  and  radius  R  ;  the  portion  of  the  y-axis 
from  y^R  to  y=pf  and  a  quadrant  with  centre  at  the  origin  and  radius 
p.  And  we  shall  choose  12  to  be  oo  and  p  to  be  iniinitesimal.  Then  w  is 
•jnectic  in  the  region  thus  bounded,  and  we  have 
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The  'Second  integral  contains  the  factor  — j^^^_i    ,  in  which  sin  6  is 
positive,  and  vanishes  when  R  is  infinite. 

The  fourth  integral  vanishes  when  p  is  infinitesimal  since  n<l. 
Hence,  proceeding  to  the  limit  R=^oo  and  />=3  0, 


/; 


coeojr  +  isinar 


iir=[cos(l-n)|  +  isin(l-n)|]|*y-*«-«i'rfy; 


f 


cos  cur 


(ir=co8(l  -n) - 


ir  r(l  -n)  2 


1 


1 


a 


i-n 


/. 


0> 


sinor 


dr  — sin(l  -n) - 


n)  tt*~»»   sinnir    2r(n)o*~*        iitt 

'  '    '             C08^ 

nv  2 

irr(l-n)     ^''^~2"      1  TT TT  1 


a 


i-« 


r(»)     a*"*   sinnir     2r(n)a 


I— n 


sin 


nTT* 
2" 


giving  the  well-known  integrals  of  Fresnel  (Art.  1166). 

1324.   (2)  C<nmder  „=^_rj:|.--^.. 

Here  there  ai-e  poles  of  the  n+ 1*^  order  at  2=16  and  at  «=  —16. 
Taking  the  contour  to  be  the  infinite  semicircle,  the  jNazis,  and  the 
small  circle  about  z  =  i6  and  radius  p,  as  before,  we  have 


w 


where    0W  = 


1 


and  ^(»)(,j-»)-(y^;(y^? -(^"). 


1.^. 


(2n)!         1        _l(2n)! 


1 


Hence 


^— ^  round  the  multiple  pole  16. 


(26)««+»  (n!)* 


The  integration  along  the  jr-axis  is  I 


d*r 


iRe^'de 


or  2 


Jo   I 


<ir 


/. 


Round  the  infinite  semicircle  we  have  .  ^ 

vanishes  if  R  be  made  infinite.  ^   ^^*^  +6«)'H-i 

dr  w       (2n)! 


0   (x«  +  6T+'* 
,  which  obviously 


Hence 


r  _    d. 
Jo    (x^+i 


'0    (a-55+62)"+*    (26)*»«+*  (n!)* 
The  result  is  readily  verified  by  putting  .r=6tan^,  when  the  integral 
l)ecomea  , 

,    ^\i.,  dz  =  ^— r—  2irt,  as  above, 

we  might  follow  the  method  of  Art.  1317,  and  put  , .,,.,, rarET 

into  Partial  fractions  so  far  as  is  required  to  find  the  Pai'tial  fraction  of 
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the  form  -3-7.     We  then  proceed  thus  (Art.  144):  put  «=i6+y.     We 
then  have 

1  1 1         ^      fi    r  -i-nXj. 

y^»  (246  +y)"+»  "y*H-i  (246)»+i  L      ^**  "*"  ^  £16  "*"  * " 

1         1       (2n) ! 
"r(26)*H->  (n!)*' 

and  the  value  required  is  A  .  2iri,  i.e.  round  the  multiple  pole  at  f  »i6  the 
integral  is  ^gg^  j^^,  as  before. 

1326.  Coniider  w^f{z)sjjz — f^a^v  ^  *'**'  ^"^  positive. 

There  is  polarity  of  the  (n  + 1)**^  order  at  the  points  «»  ±  i6. 
Take  the  contour  as  before,  viz.  an  infinite  semicircle  centred  at  the 
origin,  the  x-axis  and  an  infinitesimal  circle  round  16. 

We  have,  putting /(^s^-^^l^,    <^(,)-^__j. 


+8 


and     <^«U«)-ita)   (,+,ft)n+i     i(*«J      «     (2+46)"+*+     1.2    ^"*'      '        (f+«6)*^ 
n(n-l)(n-2)  ,€*^(n+l)(n  +  2)(n  +  3)  ^,      ,^(n  +  l)(n+2) ...  (2ii) 

And  since    /.  _  \l^.i<^>   i*ound  a   multiple   pole   of   the  n*^  order, 


2t4 
=  — r  ♦<»)(oX  we  have,  putting  ih  for  a. 


-06       «  ^-06 


//«*-/(7^'^=It[m-(-^-iM-"-^ 


(n  +  1) 


^     1.2     ^"*'      *  (246)«H^         •••+*       ^     *'   n!(2i6) 

_2irg-^r    g*      ,(n  +  l)n      a*-^    .  (ti  +  2)(n+l)it(n-l)    a*"* 

~     n!     L(26)»+i+       1        •(26)»+»"*"  2!  (26)«+»  "*"••• 

,(2n)!        1      -[ 
■*■   n!    (26)*H-U* 
Round  the  outer  contour  we  have 

Putting  -X  for  x  in  the  first  and  combining  the  result  with  the  second, 

/        cos  cue  _M 

we  get  2/    TJTT^M^^-    '^^  third  integral  vanishes  as  the  integrand 
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contains  the  factor  e^'^^'^*^  which  vanishea  when  i?=ao,  sin^  never 
becoming  negative.    Hence  we  obtain 


cos  air 


.'o    (6»+j:*)'*+> 


dx^—L 


[{%abY 


+ 


n !  (26)«H-i 
.  (n  +  2)(ii  +  l)n(ii-l) 


2! 


which  agrees  with  the  result  of  Art.  1057,  writing  n  for  n+I  in  the 
present  result 

1327.  Consider  the  case  w^z^^^e"^^  where  k  is  a  complex  constant 
sa-ihy  in  which  a  it  positive^  h  positive  and  not  both  tero^  and  l>n>0. 

Since  n  <  1,  there  is  a  pole  at  the  origin.  Writing  s^re^^  I:  «»/)«~'^,  where 
/8  w  >r/2,  we  have  M,=:r»-V<»-*>*«-'*'«*<*-»«-'^«*"<*-«  which  cannot 
become    infinite,  except  at   z^O,  unless   cos{$-p)    be   negative,  i.e. 

^>)8+5,  or  <)8- o,  in  which  case  an  infinite  value  of  r  would  make  w 

infinite. 

We  shall  avoid  these  poles  if  we  take  a  contour  consisting  of  a  sectorial 
area  bounded  by  ^=0,  ^=a(<ir/2)  and  by  arcs  r—iJi,  r=^,,  where  Bi  is 
infinitely  large  and  /?,  infinitesimaliy  small.  The  region  thus  bounded 
is  such  that  w  is  synectic  within  it,  and  we  have 

•'^  Jo 


Fig.  417. 

The  second  and  fourth  integrals  contribute  nothing,  for  in  the  second 

the  integrand  contains  the  factor  /JjV^**'^^*'"^^  which  vanishes  when 
y?i  is  infinite,  since  we  are  supposing  a<ir/2,  and  therefore,  6  being 
<a,  0-P<irl2;  and  in  the  fourth,  the  integrand  contains  the  factor 
/?,*«""'*^®**^*~'*^,  which  vanishes  when  /?j  is  infinitesimaliy  small. 
Hence,  proceeding  to  the  limit  when  /?i-»-  oo,  /?,-»- 0,  we  have 


f  x^-^e'^e'^dx^i^j^  r^»e-^^'"^W. 


(1) 


IVH 


tl  h"W  wi"  i-liiifiM!  til*?  aii^r'i't  ''•f  tfj*  «^r^'r_  t-^   t.  "21  1«5 

iliM  II 


'•I 


?•  J=*r-' 


r  * 

=  *      ---  .      J   ••SHUT  r 


l«lllill  •illMWH  llllll    llli"  lllf !t»n.- Ill    I      Jr*"**~      if=— Tj-  2*  1? 

Jt,  C" 

I  Mil  il>iiil  k'     ii     i/mi'i  wi'II  an  for  h  i**?*!  one.  •■  '"Hrr  C"'i*il:T* 


\r... 


/ 


,N    I,,   **»rtmif.i'dx^  - 


rf/'j 


«*f  ^  :*£-"■-  -  « 


:-"f 


j». 


II  "       *  -1 

I  I  "I     l>i|iiitlHtii  (I)  iif  I  III'  prifvioiiH  article  frizes 

II 
•I   III    ll<   • 

/      ."   '.     '•■"   ■ ''"'" '^'ii.ri{Mii     .I'Oi  sill  a -/*cfm  a)}  Ai  =  /     . 


«— 1 r^a 


4r: 


*     •'iXWftxif 


•in. I     /      ■••    '.     ' '^   '"•'^' ..III  {i/ii      i(»iHiiia-/M-fi««)}dr=  /     .r"-i^    ■'«n&rir, 

'Mill  llllll  loiK  lull  nil!  llii«riiHi«  wIhmi  /i-O, 

/      ,"    ',     -*ii.^(Mii     ii.r  Hill  u)d>=  /     j:*»-»tf-«'ir=IIi!i?.] 

.'0  Q«      I 

/      !••   ',     "^ ■*mii(iiii     ffrMiiia)r/.i-0.  I 

II  itK  tinili  iph  Im  I  iim  Nil  riiiil  Mill  Mil  and  add,         ^ 
Mini  In  •iiii  Nil  llllll  riiN  Nil  and  Hiibtract,/ 

Mi'iililiitii         /      \^   'i"    """■•iMiM(ii.rHiii«)rir:.=  — j^-ccwna, 

/     ,••   «,.   •*•"-- mil  (•i.rMina)d:r.=  *''-'Hiuna. 
'ii  a"  > 

[( 'f.  Briot  and  Bouquet.] 
tr   )    III!  iiin   iilliiM   x\\\yS^\  wi«  havn  u|m)Ii  multiplication  by  cosy,  siny 
riiiil  milihrti'lliiH,  niid  l(,v  niii  y,  «*<iMy  and  adding, 

I     ,«  I,,   *»'''*'*''rt»M(ii.rMin  a  fy)ci.i*-     ^  *-'<>« (M«+y),| 

I     ,,«  1^   ■"'"■•Min  (iLrnin  a  ♦-'y)rf.f  -  -  \,- Hin  (wa  +  y).  I 

(«<7r/2,  l>n>0,  a  +'•.) 
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PROBLEMS. 

1.  I1 10^=^  z- I,  examine  the  value  of  I    wdz^ 

Jo 

(\)  via  the  branch  w  =  >Jz-  1  by  any  path  which  does  not  encircle 
the  branch-point  at  ^  =  1 ; 

(ii)  via  a  path  starting  with  the  same  branch  and  encircling  the 
branch-point  once. 

2.  Find  the  values  of 

f  sin  5r  .       f   sin  z    j       C  ainz    , 

taken  round  a  small  circle  whose  centre  is  at  ;s  =  a, 

3.  Find  the  values  of 

taken  round  a  small  circle  whose  centre  is  at  z»a. 

f  dz 

4.  Show  that  the  values  of  the  integral  1 7 ^rr-. r-. »  taken 

^       J(z-2)(2-4)* 

round  the  circles  | « |  =  1 ,  1 2 1  =  3,  1 2 1  =  5,  are  respectively 

0,     -iri     and     0. 

f  dz 

5.  Show  that  the  values  of  the  inteeral  1 7 — ^r^ jr-z j^, 

J(2-2)(2-4)(2-6) 

taken  round  the  circles  1 2 1 »  1 ,  1 2 1  —  3, 1 2 1  -  5,  1 2 1 »  7,  are  respectively 

6.  Show  that  the  values  of  the  inteeral   I  7 tt-z rr-r rr. , 

«         J(2-2)(2-4)(2-6)' 

taken  round  the  circles  1 2 1 «  1 ,  1 2 1 «  3,  1 2 1  =  5, 1 2 1 »  7,  are  respectively 

0,     TTl,     -  7iri,     2iri. 

f        (^ 

7.  Show  that  the  value  of  the  integral  I  -= — ^ 5,  taken  round 

J  2     —  ^2  T  ^ 

a  contour  consisting  of  the  or-axis,  the  ^-axis  and  the  arc  of  the 
circle  1 2 1  ==  2,  which  lies  in  the  first  quadrant,  is  ir. 

8.  Show  that  the  value  of  the  inteeral  1 7 rw-ri — tti  taken 

^        J(2-l)*(2»-|-l)' 

round  a  contour  consisting  of  a  semicircle  of  radius  greater  than 
unity,  with  centre  at  the  origin  and  its  diameter  the  y-axis  and 

lying  towards  the  positive  side  of  the  a^-axis,   is   -h7>  ^nd   the 
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NAniu  iiiU)gral,  taken  round  the  entire  drcumferenee  of  tke  eifde 
/*  f  f  f  *J/    0,  Ih  ~ .    Show  also  that  the  same  integral,  taken  latmi 

\]\n  nictanglo  l>oiindod  by  x  «  0,  x«  0'75,  y  =  ±  1,  i«  — =- . 

j-j — z-Tj,  taken   round  a 

which  MMiHiHtH  of  the  y-axis  and  that  part  of  any  aemiciTele  js!  >!« 
which  licN  on  the  positive  side  of  the  y-axis,  is  —  irt. 

[FoBSTTH,  7ft.  FmmeL^  pi  4±] 

10.  Up  Hiid  7  Ik)  positive  integers,  show  by  intagrating  I  -z — ^^ 

round  the  |M^rimotor  of  a  semicircle  of  radius  a  (supposed  >  1)i 
having  iU  dinniotor  coincident  with  the  axis  of  x  and  its  eentre  si 
tlic  origin,  that 


and  (hMluc.o  that  if  I  >  a  >  0, 


I 


J*     *     ,  IT 


d7.--r 


IqI-*  Sin  or  [Math.  Taip.,  1 897.] 

1 1.  When  is  H  function  said  to  have  a  polel    Distinguish  between 
a  |HiUi  imd  an  fssentitU  singularity ;  show  that  a  function  which  if 

everywhere  regular  is  a  constant. 

16**  dz 
7 rs — Ti,  where  a  and  J 
(z  -  of  +  6*' 

are  real  |M)Niiive  ({uantitics,  tjiken  round  a  suitable  boundary,  show 
that       f"      j,(Mijj  of*  ^y^.y  xcosa 

Jo  (X  -  «)«  ^A•^ ''■""*■  -"Jo  (a^  +  6«-y^)i  +  iay        S?^' 
r      Hill/  r  g-y(a«  +  6^  - y«) dy      irsina 

[I.  C.  &,  1906.] 

12.  Dotermino  a  function  which  shall  be  regular  within  the  circle 
1 2 1  :^  1 ,  an<l  shall  have  at  the  circumference  of  this  circle  the  value 

(o*~l)cosg  +  i(ag+l)sing 
a*-2a«co8  2^+l 

where  a^>\,  0  denoting  the  vectorial  angle.  [I.  C.  S.,  1909.] 

13.  Establish  by  contour  integration  the  result 

x^dx         _  «• 
o(x2-a«)2  +  62j5"26' 
b  being  positive.  [I.  C.  S.,  1910.] 


i: 
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14.  By  considering  the  contour  integral 


f 


j^rfz,     (0<a<l), 


round  a  rectangle  of  infinite  length  (x»  -oo  to  +qo),  and  finite 
breadth  (y^O  to  r)  with  a  small  semicircle  excluding  the  origin, 
prove  that  f  •      ^ 


J-oolT 


«*  [L  C.  8.,  190S.] 

15.  If  a,  6  be  two  quantities  each  of  the  form  a  +  j9c,  explain  the 

meaning  of  the  integration  I  <l>{z)dZf  and  point  out  in  what  cases 

the  value  of  the  integral  is  dependent  on  the  path  chosen  between 
the  limits.  [St.  Johk's  Coll.,  1881.] 

16.  Prove  that,  a  being  positive, 

poo  i*00 

er^^coax^dz^X   sin (a'« - a«) do' ; 

1*00  ^ 

er^Binz^dx^l   cos (a'« - a«) do'. 

[Smfth's  Pkizb,  1876.] 

1 7.  Evaluate  the  integral  I   ,_  ^ dz,  taken  round  the  unit  circle 

in  the  counter-clockwise  sense,  where  a  is  any  real  number  other 
than  ±  1.  [Math.  Trip.,  Pt.  II.,  IWO.] 

18.  Evaluate  the  integral  I  ■  ^^ — -dz,  taken  round  the  unit 

circle  in  the  counter-clockwise  sense,  where  a  is  any  real  number 
other  than  ±  1,  and  the  logarithm  has  its  principal  value. 

[Math.  Trip.,  Pt.  II.,  1920.] 

19.  Explain  what  is  meant  by  a  period  of  an  integral  of  a 
function,  and  investigate  the  periods  of  the  integrals 

[Math.  Trip.,  Pt.  n.,  1913.] 

20.  Show,  by  contour  integration  round  an  infinite  semicircle  and 
its  diameter,  that 

rx^dx    __v_  r    x^dx 

xHx4-l"V3'  Jox'-oj  +  l''"' 

^dx        \w   .    w      f     x^dx        4ir    .    2r 


f *    g*  dx        \v   .    V      [ 
Joi^T^Tl""T''''9'    Jo 


«••     ^         A        Bill         ^v       ' 
-,  -aj-fl      3         9 
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21.  Discuss,  by  contour  integration  round  an  infinite  semicircle 

and  its  diameter,   I  -5 — 55 =-,  where  p  lies  between  ±1  and 

0<a<7r.  -^ 

22.  Prove  that  I    logcos^(^0  — ^log^r,  by  consideration  of  the 

Jo  I       z 

integral  I  log  q ('^  +  ~)  ~  taken  round  a  suitable  contour. 

23.  By  consideration  of  the  integration  I  «—«'«'  dz  round  the  peri- 
meter of  an  infinite  rectangle  of  breadth  6/a',  establish  Laplace's 
integral  of  Art.  1041,  a  being  real. 

24.  By  consideration  of  I  e-^*^  dz  round  an  infinite  rectangle  of 
breadth  6,  a  being  real  and  positive,  prove  that 

re-HiV(««-w)cos  {ia*hz{x^  - 62)}  dx^^V(\), 

25.  By  integration  of  I  -^ — j-idz  round  an  infinite  quadrant,  where 
a  and  k  are  real  and  positive,  show  that 


i 


cos  lac  V 

?  +  474<'«  =  8S**^<"°  te  +  coe  fa) ; 

sin  far  -  «-**  .       «•  _4. .  .    ,  ,  . 

a^^.4a«    ^^  -  g^,  H»(8m  to  -  coa  to). 


CHAPTER  XXXI. 

ELLIPTIC  INTEGRALS  AND  FUNCTIONS. 

1329.  The  Legendriaa  Standard  Integrals  and  the  Jacobian 
Fnnctiomi. 

In  proceeding  to  the  further  consideration  of  the  Jacobian 
Elliptic  Functions  snu,  cnu,  dntt  already  introduced  in 
Chapter  XI.,  we  shall  adopt  the  same  order  of  discussion  as 
that  followed  in  the  description  of  the  ordinary  circular 
fnnctions  and  of  their  inverses  in  Trigonometry ;  viz. 

(1)  The  nature  of  their  Periodicity ;  (2)  The  establishment 
of  their  Addition  Formulae ;  (3)  The  examination  of  formulae 
arising  therefrom. 

We  have  defined  8n{u,k)  as  the  value  of  z,  which  makes 

f'  dz 

u=      ,  ,  where  A;  <  1,  and  cn(u,  k),  dn(u,  k)  are 

Jo>/(l— z*)(l— A:*2*) 
defined  as  >/l— z*  and  Jl—k^z^  respectively. 

1330.  Periodicity  of  the  Extended  OircnlarFimctioiiB. 

rdz 
.         ,  the  function 

sintt  being  considered  as  not  hitherto  known,  but  now  de6ned  by  the 

equation  z^sinu,  so  that  the  inverse  function  sin~~^z  is  i      . — -,  and 

z  is  not  restricted  to  real  values,  but  may  be  a  complex  variable. 

1331.  If  we  write  w'^z s,  u^  is  a  two-branched  function,  its  two 

1  -z* 

branches  being  w.  —  -^  ,  and  »,=  --7==,  and  individually  charac- 

Vl-z'  vl-z*^ 

terised  as  assuming  the  resjiective  values  +1  and  - 1  at  the  origin. 

The  branch-points  are  at  z=l  and  at  z=  -1.    These  points  are  also 

poles  of  the  function.    There  are  no  other  singularities. 
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The  region  between  an  infinite  circle  wbotie  oentre  is  the  origio  0,  aid 
a  double  loop  enclosing  the  two  branch-points,  is  synectic^  and  the  infiails 
circle  is  therefore  deforniable  into  and  reconcilable  with  the  dooUe  kw^ 

Hence,  consideiing  either  branch,  say  to,,  fwidz  taken  roond  the  inSaits 

circle  has  the  same  value  tM  I  Widz  taken  in  the  same  aenae  roniid  tkt 
double  loop. 


Fig.  41& 

Now  round  the  infinite  circle,  along  which  we  may  put  z^R^  and 
dz/z=^id$,  where  R  is  infinite,  we  have 

I tr,<fa=j  ^y=.=-j -,  |z|  being  very  large, 

1  r*' 

Wo 
Hence  /  Widz,  taken  round  the  double  loop,  is  also » Sir. 

Again,  in  integrating  round  an  infinitesimal  circle  whose  centre  is  at 
the  branch-point  z  =  l,  put  z=l+r«**. 


Then 


jw^dz^j^' 


irt'Ue 


s/2+re''y/-re' 


r^^C 


9 

4- 


€  ue 


>/2 


+re' 


0, 


when  r  is  indefinitely  diminished.     Similarly  the  integral   round  the 
infinitesimal  circle  with  centre  at  zs  - 1  also  vanishes. 
Hence  the  integral  for  the  loop  round  z^l  is  in  the  limit 

b/    to,(fz+f    iOi(2z+/    Wtdz, 

where  L  t9,ib  indicates  the  integration  for  the  circuit  round  z»l  ;  and 

Wi  baa  changed  into  lOj  after  performing  the  circuit  once  (Fig.  419) ;  and 
Wg^  "Wi,  this  reduces  to 
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Similarly,  the  value  of  the  integral  j  Widz  for  the  loop  round  z«  - 1  is 

where  e^  refers  to  the  circuit  of  the  infinitesimal  circle  round  c=-l 
and  /    Widx  vanishes.    Hence,  for  this  loop,  we  have 

Li-L.i=s  integral  for  the  whole  loop=2r  ;  / 

C      dz       V         .     r^     dz  IT 

the  direction  of  travel  in  each  case  being  the  "positive"  direction  as 
defined  earlier. 


Thus 
and 


O 

c 


OE 


j  Wi   * 


w. 


w. 


-*v^ 


Fig.  419. 


Fig.  420. 


Now,  if  one  of  the  branch-points,  say  z=l,  be  encircled  tmee^  the  path 
starting  from  the  origin  and  returning  to  it  after  two  encirclings,  may  be 
deformed  into  two  loops  round  the  point,  and  the  integral,  leaving  out 
the  integrals  for  the  two  infinitesimal  circuits  about  the  branch-point, 

which  vanish,  is  »  /    Widz-{-  j    i02d!z+  /    Wtdz-k-j^  Widz^  which  is  zero, 

and  iTi  has  changed  to  tr,  and  back  to  Wi  in  the  double  circuit,  t.e.  to  its 
original  value  at  the  origin. 

Thus,  for  a  loop  with  an  even  number  of  circuits  round  one  pole,  we 
have  a  zero  contribution  with  no  aggregate  change  of  branch,  but  for  a 
loop  with  an  odd  number  of  circuits  round  one  pole,  the  equivalent  is 

obviously  a  single  loop,   ==2  1    Widz=ir,  accompanied  by  a  change  of 

Jo 
branch  from  Wi  to  w%  on  arriving  back  at  the  origin. 

The  same  thing  happens  for  several  encirclements  of  z=  -1,  starting 

from  the  origin  with  value  Wi,  except  that  for  an  odd  number  we  have 

a  contribution  2  /     Widz=-v;  and  Wi  has  become  Wt  or  Wi  according 


as 


486 


CHAFTKR  TTYf 


number  of 


cftWInM^ 


Uier«  have  Ij^ea  an  odd  or  an 
point. 

When  hoik  bnuMh-point*  are  encircled  n  cimea  in  the  poafeaTediractaon, 
the  integral  will  be  m .  2x  with  ai>  change  of  bmaeb,  or  if  tkt  pair  be 

p   tnea  in  tht 


o 


c 


c 


o 


X 


o 


/• 


poaitiTe  dinetioii  and  f 
timea  in  the  ntigifiTediiee- 
tioB,  the  eoBtribntioB  will 
be(^*f)2r— 2n.x,  when 
a  ia  the  exeeai  of  the 
namber  of  poaitave  endrde- 
ments  orer  the  nnmher  of 
negatire  oneeu  And  aoch 
an  encireling  of  both  poiaU 
will  reaalt  in  ti^  being 
restored  aa  the  final  brandb 
of  the  function  when  a  hae 
returned  to  the  atartinf 
point. 

Now  anj  path  from  0 
to  z  is  reconcilable  with  t 
linear  direct  path,  together 
with  such  loops  aa  hare 
been  described  above  or 
some  combination  of  them. 

And  if  /    Wxdz  along  the 

•'0 

straight  path  be  called  «•, 
the  contiibution  to  the 
total  integral  from  O  to  x 
by  any  other  path  deform- 
able  into  the  straight  line 
OP  with  a  system  of  loope 
will  be  +ttf  or  —  «•,  ac- 
coi-ding  as  z,  after  having 
described  its  loop  system 
and  before  commencing  tbe 
porti(m  OP,  has  returned 
Ui  the  origin  with  a  value  Wi  or  a  value  w^  for  the  function,  and  the 
total  for  any  |mth  will  be  Uo  or  -Uo,  an  the  case  may  be,  together 
with  wliatovcr  may  accrut»  from  the  sevei-al  encirclings  of  the  branch- 
points. 

Thus  the  total  values  of  the  integral  /    Widz  are: 


Fig.  421 


(1)  for  the  direct  path  alone,  I    Widz=%i^\ 
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or 


=«• 


or 


n{Lx-'L^)+v.; 


n(Li"L^)-^Li-v. 
niLi-L-tHL^i-u.; 


-ii(Ii-L_i)+ii.; 


(8)  for  an  odd  number  of  circuits  of  one 
loop  +  a  direct  path, 

(3)  for  an  even  number  of  encirclements 

of  one  branch-point  +  a  direct 
path, 

(4)  for  n  encirclements  of  both  branch- 

points +  a  direct  path, 

(5)  for  n  complete  encirclements  of  both 

branch-points  combined  with  an 
odd  number  of  encirclements  of 
one  of  them  -f-  a  direct  path, 

(6)  for  n  complete  encirclements  of  both 

branch-points  with  an  even  num- 
ber of  encirclements  of  one  -f-  a 
direct  path, 

and  seeing  that  Li-L^i  would  be  replaced  by  -£i+£l.i  if  the  description 
were  in  the  opposite  direction,  these  results  are  all  of  one  or  other  of  the 

forms  2iMr+u,    or    (2|>-|-l)ir-iio,    i,e.  pw+i-lYv., 

p  being  some  integer  positive  or  negative. 

ft      ^ 

If  then,  in  the  equation  «»/       . ,  we  express  z  as  z»<l>{u),  it 

Jo    vl— «* 

appears  that  as  all  these  paths  lead  finally  to  the  same  point «,  we  must 

have  ^(tt)  the  same  for  all  the  paths 

-<^(m),    f.e.  <l>(u.)^4>{pwH-l)'^h 
and  the  general  solution  of  the  equation  ^(tt)a^(«c)  is  tt»j»ir+(-l)^. 
This  is  the  ordinary  result  of  trigonometry,  and  for  a  real  variable  it  is 
a  well-known  theorem  that  sin  u^sin  (pir +  ( - 1  )*«»}. 

1332.  Let  us  next  put  'Jl—ii^^x{u\  and  enquire  which  of  the  above 
values  of  u  lead  to  the  same  value  of  >/l  -  z^. 


-* 


Fig.  422. 


Clearly  the  function  J\-z*  has  the  same  value  at  F^  (-«),  as  it  has 
at  A  (z)  (Fig.  422). 

Hence,  besides  the  various  paths  which  lead  from  0  to  P  must  be 
considered  those  which  lead  from  0  to  P".    And  it  is  not  all  the  paths 
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which  have  been  considered  from  0  to  P  thus  restoring  the  VElue  s  at  P, 
which  <dso  restore  the  value  o/*Jl-zK  For  after  a  description  of  an  odd 
number  of  single  loops,  *Jl-z^  has  become  -  >/!-«•.  Hence,  in  order  to 
arrive  at  P  or  at  P'  with  the  value  +>/!-«*,  we  can  only  take  the  casei 
of  description  of  an  even  number  of  single  loops ;  also  a  double  loop 

traversed  any  number  of  times  will  restore  the  value  +^/l— «". 
We  therefore  have  the  following  cases  : 

(1)  for  a  direct  path  from  0U>  P,  u§; 

(2)  for  a  direct  path  from  0  to  P', 

(3)  for  an  even  number  of  loops  round  either  branch-point  1 

+  a  direct  path  OP,  J  "* ' 

(4)  for  an  even  number  of  loops  round  either  branch-point  \  ^ 
-H  a  direct  path  OP",  f 

(5)  for  any  number  of  double  loops  +  direct  path  OP,  2n#+iit; 

(6)  for  any  number  of  double  loops  +  direct  path  OP*,  2nr-iit; 

(7)  for  any  number  of  double  loops  +  any  even  number  of  ^  ^      •     . 
single  loops  +  a  direct  path  OP,  ) 

(8)  for  any  number  of  double  loops  -f-  any  even  number  of  ^  .      _ 
single  loops  +  a  direct  path  OP",  ) 

Hence  it  appears  that  the  values  of  u  which  lead  to  the  same  value  of 

Vl-z*  are  exactly  comprised  in  and  expressed  by  2nv±u^,  ue. 

if  \/l-r*=xW»     ^^^^  xW™X(*'*^=*=^X 
and  the  general  solution  of  the  equation  x(«)~x(^)  **  u^^w&m%. 

Thus,   defining   cosu    as    -f-Vl-z*,    where   «=  /  — ,       ^t    we   have 

Jo  +Vl-«* 

cosii=co8(2nir:£«),  and  the  solution  of  cosii=co6ii«  is  i««2iiir±«ft 
which  for  real  values  of  u  is  the  well-known  trigonometrical  result. 

1333.  Further,  in  the  case  when  on  the  whole  an  odd  number  of  single 
loops  have  been  described,  \/l-«'  has  on  the  return  of  s  to  the  origin 
become  -n/1-z*,  and  along  the  direct  path  to  P  we  have 

dz 


. 


and  along  the  direct  path  to  P'  we  have 

/-«      dz 


'*0> 


Jo  -s'\-z^ 
So  that  on  the  whole  we  have,  for  the  double  loops,  2mr ;  for  an  odd 
number  of  single  loops,  ±ir  \  for  the  final  path  OP  or  OP*,  ±ii,,  giving 
the  general  value  of  u  as  (2n±l)7r±M«  i.e.  (2A+l)7r±tto.  And  these 
values  will  give  -  VI  - 2'  at  the  final  position,  t.e.  x(t<)=  -  x((2A.+  l)iri«}, 
which  is  the  same  as  the  corresponding  result  of  trigonometry,  viz., 
X  being  an  integer,  cos.i«  =  -  cos  {(2X  + 1 ) tt  ±  n) 


PERIODICITY. 


489 


rdz 
/|—- j  it  is  also  direcUy  obvious  by 

expaosion  and  integration  that  «  is  an  odd  function  of  i,  iu  which  the 
first  tenu  of  the  expansion  in  powers  of  s  is  s;  and,  therefore,  by 
reTersion  of  series,  that  t  is  an  odd  function  of  «,  in  which  the  first  term 
of  the  expansion  in  powers  of  u  is  u.  Hence  it  appears,  from  this 
consideration  also,  that  if  x=^(tt),  then  ^(tf)=  -^(-«c).    And  farther, 

since  Vl-x'  is  an  even  function  of  «,  we  have  x(^)'^X(~^)*  -^^^ 
r*      *     1    •      T*     sintt    - 

1335.  Periodicity  of  the  Ellii»tic  FmictioiiB. 

We  now  turn  to  the  consideration  on  similar  lines  of 

f* dz 

''=JoV(l-z«)(l-A;V)' 
where  X;  is  a  real  quantity  <  1 .    This  may  also  be  written  as 


u 


f^         d0 
""Wl-ifc«si 


sin^e 


where  2= sin  ft 


Let    K^[  ,         f      , 

where  i^+k'^^l. 
The  function  defined  by 


and 


y/_P  dz 

Jo^/(l-22)(l-^'V)' 


(l-z2)(l-A:«2«) 
is  a  two-branched  function,  viz. 

1 


'      '  V(1-2*)(1-A;V)' 


Wo=^- 


1 


having  four  branch -points  A,  B,C,  D,  viz. 

1  1  1  1 

2  =  ^,      2=1,       ^^"'J'      Z——\, 

symmetrically  situated  about  the  origin  on  the  x-axia 
Let  P  be  the  point  2. 

.P 


O 

Fig.  423. 


B 


.r 


There  are  no  branch-points  other  than  A,B,G,D  (Art.  1296). 
These  branch-points  are  also  poles  of  the  function,  and  there 


^5^"^ 
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are  no  other  singularities  of  any  kind.    We  shall  first  ocmsider 

1 

the  integration   I     .  ,      ,  the  path  of  the  Integra- 

tion  being:         Joy(l-2-)(l-AV) 

(1)  along  the  a;-axis  from  x=0  to  x=\—p,  viz.  0  to  £  in 
Fig.  424 ; 


B  A  -^ 

Fig.  424. 

(2)  round  the  small  semicircle  LMN,  centre  at  z=l  and 
radius  p ; 

(3)  along  the  a;-axis  from  x=\+p  to  r— /o,  viz.  NR  in  the 
figure ; 

(4)  along  a  quadrantal  arc,  centre  at  z=t  and  radius  p, 
viz.  RS, 

In  this  integration  which  passes  the  point  JS,  where  z=l, 
the  sign  of  \—z  changes  at  B  and  the  integrand  becomes 
imaginary.  We  have  then  to  examine  the  behaviour  of  the 
factor  sll—z  as  we  pass  round  the  semicircle  LMN,  but  do 
not  complete  the  circuit,  about  the  branch-point.     Put 

2;=l+p6*^ 

Then  'J\  —  z=^J—pe*,  and  in  passing  round  the  semicircle 
LMN  above  JB,  Q  decreases  from  Q=ir  to  0=0,  and  J\—i 
changes  from  the  value  V— pc*'  at  £  to  the  value  J—-p«^  at 

N\  that  is,  its  value  has  been  multiplied  by«~2  or  — «  in 
passing  round  the  semicircle. 

Therefore  w^  becomes  iw^  in  passing  over  B. 

If  we  pass  under  B,  we  have  a  change  in  Jl—z  from  the 
value  v/— pe*'  at  L  to  the  value  J — pe''^''  at  N,  and  therefore 


ir 


the  value  at  L  would  be  multiplied  by  e^  in  passing  to  iV; 
that  is,  %v^  would  become  —iw^. 

Since  the  value  of  J\—zdXL  may  be  written  as  v/p,  where 

p  is  I— x,  X  being  the  abscissa  of  L,  it  becomes  —ijp  at  N. 
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where  p=^x—l,  x  being  now  the  abscissa  of  N^  and  along 
NR  there  is  no  further  change  of  amplitude.     Hence 

From  0  to  L      Jl  —  z=Jl-'X,  x  increasing  from  0  to  1— /t). 

From  LioN  \     

round  LMN    J  ^/l-2=V-/^«*^  0  decreasing  from  ir  to  0. 

From  N  io  A     >/l— 2=  — «%/«—!,  x  increasing  from  l+pioj. 

The  factor  J\—kz=\lY  —  kx  from  0  io  R,  But  A  being  in 
this  case  a  branch-point,  we  take  a  quadrantal  arc  with  centre 
A  and  small  radius  p,  avoiding  the  branch-point 

Put  2= T +/>€*•     Then  Jl—lcz=J-'kpe'*/m  which  ^  decreases 

from  6= IT  to   6=-^,     We   thus  have  as  the  contributions 

from  OL,  LMN,  NR  and  RS  respectively, 

p-<» dx r> ipe**  de 

,-.v(.-i)(i-A.^)  ""^  j,-.v{a+p-f-i}(-v')(2+v') 

and  when  p  is  indefinitely  small  the  second  and  fourth  vanish 
and  the  first  is  ultimately  K.  Transform  the  third  by  writing 
kh^-k-h^x'^^l;  whence 

Hence  the  third  becomes  ultimately 

J ixV-1) (1-^2^2)    'J A    k) Jiz:]^^  k' sfY^^^  k'x' 

Jov/(l-a:'2)(l-A:'V«) 
1 

that  is,  I     .  o-~    lo  ^=^H"<^'>  via  a  path  ahave  B, 

J  0  \/(l  —  ic2)  (1  —  ^2^2) 

and  =K—iK\  via  a  path  below  B. 

It  follows  that  m(K+iK)=\, 


ip**«l 


XXXL 


I  .     -         .         . 

ni 

• 

C 

=«|.Hdt 

\i- 

i      i                 ,1 
^  .  »ic  at  X- J 

IsaL  KflooUKn 

=\^- 

-»«p=a 

Alt 


Ji^l— i*ici*#    .'i^  I— *»•!— iVt 

r       ^'^  f  "     - 


>=»>. 


ea.X='v  «ai  •i«t  JC=*  I  — i*=^*, 


Jl     xl  — C 


IOsl  Ii  AJfn  AEc«Hir5  c: 


riK*.T  ITTIIL  la*i- 


*  = 


zj  ■fxyKTwiiiL.  "liiAC  %  35  Ji£  :ol3  r^jcorii  :c  :  w^coe 


»  1.   sul 


:c*.  CT  r^T^rsbrc  :f 


:£ 


I   —  * 


cc  d 


odd 

Uy  and 


CL  ii 


Tcsiiiv.     These 


^   — »  =dii«« 
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1339.  The  EUiFtdc  Functions  of  0,  K,  K+iK.     Oollactad 
Bflcolti. 

We  thus  have 

an  0=0,  en  0=1,  dnO=l, 

8nZ=l,  cnZ=0,  dnJC=Jfc', 

8n(Z+iir)=J,    en(Z+jr')=-^.    dn(Z+jr')=0. 

1340.  General  Values. 

We  shall  now  consider  the  variety  of  values  of  u  which  will 
aocme  from  the  integral 

('  dz 

JoN/(l-2*)(l-ifc^«) 

in  integrating  from  the  origin  to  the  point  P,  viz.  z,  along  the 
different  paths  which  may  occur,  as  was  done  in  Art.  1331,  for 

dz 


£ 


Wl-2*' 

There  are  four  branch-points  A,  B,  C,  D,  and  four  loops 
and  it  has  been  seen  in  Art.  1294  that  for  such  a  system  any 


path  starting  from  0  and  terminating  at  P  is  deformable  into 
and  reconcilable  with 

(1)  a  straight  line  from  0  to  P 
or  (2)  a  straight-line  path  from  0  to  P,  together  with  a  com- 
bination of  loops, 
and  that  in  any  system  of  loops  about  four  branch-points 
there  are  two  and  only  two  groups  which  give  different  values 
to  the  integral  taken  from  0  to  P,  viz. 

(i)  those  which  consist  of  the  integrations  for  sets  of  double  loops  -f  a 
direct  path 
or  (ii)  those  which  consist  of  the  integrations  for  sets  of  double  loops  +  a 
single  loop  +  a  direct  .path. 
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Uoreovur,  resuming  the  notation  of  Art  1S9S,  may  two  of 
the  wx  possible  double-loop  systems  may  be  selected  aa  iaib- 
pendent.  This  time  we  shall  take  these  twodoaUe-loopqniNDS 
aa  {AB)  and  (BD),  and  {B)  as  tbe  principal  angle  loop;  and 
remembering  that  after  every  travel  round  a  ioi^  the  txao^Mi 
of  the  function  interchange,  we  have 

«=X(4B)+,*(BZ>)+«„    or    «=X'(^B)+/(B7))4-(B)-S 
aa  the  only  possible  forms  of  the  result,  where  «,  denotes,  u 
before,  integration  along  the  straight-line  path  OP  starting 
with  the  branch  w,,  i.e.  the  same  branch  with  which  the  wboit 
integration  was  started  from  0. 


nita 


Now  (A)=\   w,dz+l  Witfa+I   Wjdz,  where  I  tn^dz 


to  the  integration  round  an  infinitesimal  circle  with  cmtn 
at  A,  which  vanishes ; 

the  +  or  the  —  according  aa  we  pass  over  or  under  B  in 
arriving  at  A ; 

{B)=2^  K^dz=2K; 

{0=2(  'w^dz 2[*w,dz=-2(if±,K'); 

(Z))=2f    w,dz=-2\'widz=^-2K; 

and      (AB)={A)-{B)=±^i,K',    (BD)=(B)-{D)=4K. 
Hence  the  general  values  of  the  integral  which  accrue  are 
«=2AiK'+4^K+Wo  1  where  X.  ^.  X',  /  «* 

or  u=2\'iK'+i^'K+2K-Uo,)     integers; 

that  is,  u=2ptK'+2gK+{—  Ij'u,,  where  ;j,  5  are  int^em 

If  we  write  3=^(!O=0("o).  it  follows  that 

*(«o)  =  *{2M'+2jX-|-(-l)'«,}; 
and  taking  q  an  even  integer  — 2r, 

i>{u^)=t,(2piK'+irK+u^), 
n  that  2iK  and  ^K  ajj^ndept^tident  periods  of  this  fnncuoo- 
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Conversely,  it  follows  that  the  general  solution  of  the 
equation  #(w)=0(wo)  is  u=2piK'+2qK+{—lYu^,  and  0(m)  is 
the  Jacobian  function  sn  u. 

Hence  sn  Uf^=sn(2ptK'+2qK+(''  l)%o) 

or,  which  is  the  same  thing,  putting  (— l)'ti0=v, 

8n{2piK'+2qK+v)=an(-'iyv=(—iymv. 

As  particular  cases  of  this  double  penodicitj,  we  have 

«^[4(j:+ijr')+w]=etc. 

1341.  Having  defined  2;  as  a  function  of  u,  ^^(u),  by  the 
equation  p  (£2 

let  us  examine  the  periodicity  of  the  expressions 

regarded  as  functions  of  t^. 

Let  P  and  P'  be  the  points  2  and  —2  respectively.  Then,  as 
2  travels  from  0  along  any  path  which  terminates  either  at  P 
or  at  P^,  starting  with  the  respective  branches  for  which 
x(0)=l  and  ^(0)=1,  we  are  to  arrive  at  P  or  at  P*  with  the 


Fig.  426. 


values  +>/l— 2*  and  +Jl—k^z*  respectively.  And  this  will 
be  effected,  provided  that  either  no  change  has  occurred  in  the 
branches  of  the  functions  in  the  paths  followed,  or  provided 
that  in  either  case  an  even  number  of  such  changes  have 
occurred.     Such  changes  of  branch  occur 

in  xW  a^  c&ch  looping  of  B  or  of  2>,  but  not  of  -4  or  C  j 

in  ^(u)  at  each  looping  of  A  or  of  C,  but  not  of  B  or  D. 
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Hence  in  the  case  of  x(^)  ^^^  number  of  times  a  single  loop 
has  been  formed  about  B  or  about  D  must  be  even,  but  a  doaUe 
loop  round  B  and  D  may  occur  any  number  of  times.  A  double 
loop  about  A  and  B  counts  as  a  single  loop  about  JB. 

In  the  case  of  >/^(ti)  the  number  of  times  a  single  loop  has 
been  formed  about  A  or  about  C  must  be  even,  but  a  double 
loop  round  A  and  C  may  occur  any  number  of  timea  A  double 
loop  about  A  and  B  counts  as  a  single  loop  about  A. 

Again,  if  the  integral  for  the  direct  linear  path  OP  be 
denoted  as  before  by  Uq,  that  for  OP"  is 

r'  dz  ^     f* dz ^_ 

Jo  >/(r-2*ja"-jfc^«)     Jo>/(i-2«)'(i-->2»)     "•■ 

It  has  been  seen  that  for  the  variety  of  paths  from  0  to  P 
the  general  value  of  the  integral  u  is 

u^^MAB)+^{BD)+Uo    or    u=\\AB)+,jL\BD)+{B)-ti9^ 

It  follows  that  the  general  value  of  the  integral  from  0  to 
P  will  be  expressed  by 

u=\(AB)+,ji(BD)-Uo    or    u=\\AB)+^\BD)+(B)+u^; 

that  is,  for  those  which  terminate  at  an  unspecified  one  of  the 
two  points  P  or  P', 

u=\(AB)+fi(BD)±Vf^    or    u=X{AB)+^\BD)+(B)±ti^. 

Now  amongst  those  solutions  which  restore  to  the  inde- 
pendent variable  either  the  value  z  or  the  value  —  z,  some 
arrive  at  P  or  at  P'  with  the  value  +n/1— 2*  and  some  with 
the  value  —  >/l— 2*  for  x(w)»  and  similarly  with  the  values 
+Jl—kH*  or  —  >/l— &*«"  for  ^(u) ;  and  those  solutions  which 
arrive  with  the  values  —  >/l— 2*,  —  n/1— A;V  must  be  removed. 
To  do  this  in  the  case  ;((m)ss/1— 2*  it  is  only  necessary  to 
select  those  cases  in  which  the  number  of  single  loopings  of 
£  or  of  2>  must  be  even ;  that  is,  X  must  be  even  and  X'  must 
be  odd.  And  in  the  case  of  ^(w)ss/l  — A:*2*  we  must  select 
those  cases  in  which  the  number  of  single  loopings  of  A  or  of 
C  must  be  even ;  that  is,  X  and  X'  must  both  be  even. 

Thus  for  >/l— 2*  the  form  of  u  is 
u=2m(2iK')+^4,K±u^  or  u=(2m'+l)(2tK')+,ji'iK+2K±u., 
in  which  the  coefficients  of  2iK'  and  2K  are  both  even  or  both 
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odd,  le.  in  one  expression  u=p(2iK*+2K)+g^K±UQ,  where  p 

and  q  are  integers ;  and  for  Jl—kH^  the  form  of  u  is 

u=tm(2iK')+ ^^K±u^    or    u=2m\2iK')+^'^K+2K±u^. 

lA,  in  one  expression,  u^^pK -\-2qK±u^,  where  jp  and  q  are 
integers. 

Thus  ^/^^«=  X(w)==  x{v(2iK'+2K)+q^K±u^) 

and  >/l-A*j«=^  (w) = y^r  (4pii5C'+  2gE  ±  tio). 

The  functions  0,  x»  V^  are  plainly  sn,  en  and  dn  respec- 
tively.   Thus 

8nt;=sn  (2piK+2qK+(-\)9v),    with  periods  2iK\  4E, 
cxiv=isn{p{2iK+2K)+q\K±vl  with  periods  2iE'+2jFC,  4X. 
dn  v= dn  (4piE'+  2^E  ±  v),  with  periods  4iE',  2E. 

Each  function  will  have  returned  to  its  original  value  when 
the  '  argument  *  has  been  increased  by  any  multiple  of  ^iK'  or 
of  4Z,  which  are  therefore  the  whole  periods  for  the  group  of 
functions,  though  individuals  of  the  group  will  each  have  twice 
performed  the  whole  cycle  of  their  values  in  these  intervals. 

1342.  We  may  exanune  this  periodicity  of  en  u  and  dn  u  from  a  aome> 
what  different  point  of  view.  Defining  cnu  as  +>/l-z'  and  dnii  as 
+>/l-Jfc*i',  and  noting  that  «=  ±1  are  the  only  branch-points  of  *J\-^ 


and  i^  ±r  are  the  only  branch-points  of  "Jl  - 1^2*^  so  that  an  odd  number 

of  loopings  of  B  or  D  would  change  the  biunch  of  <>/l  -2*,  whilst  an  odd 

number  of  loopings  of  il  or  C  would  change  the  branch  of  >/l-tV,  and 
remembering  that 

{A)^2{K+iK'),    (J5)  =  2Jr,    (C)=-2(j:  +  iir'),    (/>)--2jr, 
we  have  en  [u + (il)]  =  en  «,    en  [u + {B)]  »  -  en  «, 

and.*.       cn[u+2(Jr+iJr')]  =  cn«;    and    cn(u+2Jf)« -cnn ; 
whence  cn(ii+4J?)» -cn(u  +  2JL)scn«. 

Tlierefore  2{K-^iK')  and  4K  are  periods  of  en  «,  and 
cD[u+2X{K-^iK')-¥4fiK:]^cnu, 
cn[u-¥2k(K+iK')+2fiK]^''Cnu    (ft  odd); 
i.e.  en[«  +  2XiJf'+2(X+ft)jr|--cn»    (ftoddX 

en[u+2Ai^'  +  2(X+/i)irj=     c^ti    (ft  even). 
Similarly         dn[u  +  (il)]=  -dn«,     dn[«+(B)]=dn«, 
i.e.  dn(«+2Jr)=dnii;    and  dn[«+2(JS:+ij:01= -dim; 

whence  dn[u-^4(K  +  iK')]=  -dn[«  +  2(J:+*J:0]=dnii. 

■.I.e.  II.  2 1 


4d8 
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Farther,        dn(u-^2tK')^     dn(»+2ir+2tJS:0= -dn% 

f.6.  dn(«+2AJr  +  4/itjr')«diiu  ;  dn(«+2Xir+V^0- -«!«>«»' /»^«**. 
We  niaj  sum  up  'these  results  coacisely  thus : 

8n(tt 

cn(«- 
dn(tt 

1343.   Values  of  sn  m,  en  lu,  dn  iti. 


Let  lu- 


JO' 


I        _^ ,  and  put  sin  6=i  tan  0,  an  imaginary 

transformation.     Then  coe0(^=isec'0(2^  and  coB0=8ec^; 
then  f*        i8ec^0rf0        _  f»         d0 

~Jo>/l--ifc'*8inV' 
8n(tt,  *'). 


lU 


-r 

Jo) 


sec^Vl+A^tan** 
/.  0=am(u,  A:');     /.   sn {tu,k)=t 


./v  » 


cn(t6,  ky 

whence  cn(iu,  k)= — -, — ttt;  dn(itt,  k)= — ;  '  |^. 
^        ^     en  (it,  k)         ^    '    '     en  (u,  A; j 

These  relations  are  true  for  all  values  of  u  real  or  complex. 

1344.  The   Addition   Formulae   for  Legendrb's  Fibsi 
Integral.    Euler's  Equation. 

Letu,^j^^.  ^^^^JT^'  ^^^^"^  Z=(l-z»)(l-A^^ 

Then  Xj = sn  u^ ,     Xj = sn  Wg . 

Consider  the  differential  equation 


dx^    I     <^2^()^ 


(A) 


where    A'i  =  (l-a:i2)(l-A:V)»     -Yj=(l-V)(l-^*)- 
Let  x^  and  Xj  be  regarded  as  functions  of  a  third  variable  t, 

such  that     .  _dx,      ,_  ^  da:,  ^ 

^i=^=VXi;     then  x^^-^'=-s/X^. 

and  V=l-(A:2+l)Xi«+A;V;     i^J'=l~(^^+l)a;2* +**«,*; 
whence,  differentiating  and  dividing  by  2x^  and  2x^  respec- 
<^^vely,  i;j=-(/c24.i)a;^4_2/c2jc^s.     ^.^  =  - (jfc2  + 1 ) aj^ + 2A:«a:5» ; 
Thus        a-jiCg   —  x^a?!    =2A:«(Xi2-a:22)a:^x2, 


whilst 


x^x^ — «2^aj  J*  =  —  (Xj* — x 


,«)(l-AAt,«*,«)/ 
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Hence  ^i^J^fi^ 

whence     log  (aCiic,— ijic,) = log  (1 — kh^^x^) + const, 


%,e. 


1—I.*7.«a'2"~     '  "  l—Wj.  S3.2  ^' 

Another  form  of  the  Integral  of  (A)  is  obviously 

^1+^2= J-T^+J    "^  =const.=(7. 

It  appears  therefore  that  when  u^-{-u^  is  constant,  so  also  is 

x^JX[-\-x.JX^ 

-^ — ,0    99     a  constant. 

One  of  these  constants  must  therefore  be  a  function  of  the 
other,  say,  (7=0(0'). 

Hence    *._\,    g'   ^  ^=0(^l+^2)»  ^^^  ^^®  ^o^"*  ^^  0  ™*y 


sni 


be  readily  identified.     For,  since  tti=|    -j=  and  ^2=1    -t=,  it 
is  clear  that,  J^  ^-^  J«  ^^ 

if  Xi=0  and  therefore  -Vj=l,  we  have  itj=0, 
and         if  012=0  and  therefore  X2=l,  we  have  1*2=0. 

Putting  U2=0,  we  have  <l>(n^^x^=^n  u^.  Hence  the  form 
of  the  function  <f>  is  identified  as  the  elliptic  function  sn. 
Thus  we  have 

/      ,      ,  _  x^JT^^Jl  -  l^x^^+x^JV^^Jl  -few 

^''^+''2^ l-fe«aj,V ^ "' 

.      ,      ^_gm|Cnf<2  dnteg+^Pt^cnti^  dntt, 
«n(t^-hfy-  l-ifc2gn«w,8n«i*2 

Remembering  that 

sn'  Uj ,  i.e.  ^ —  sn  Uj ,  =  en  Uj  dn  w^     and     cn'ttj  =  —  sn  ttj  dn  u^ , 

this  formula  may  be  written  as 

For  shortness  write  sni/i=8j,  sntt2=82,  cnUi=Ci,  en  1*2=02, 
dn  Ui=rfi,  dn  tt2=<^2  *"^  1— fe^  sn*itj  8n-U2=Z). 

Then    fai(u^-\'U^={8y(^d^-\-8^c^d^)ID  or  ={s^s^+8^()ID. 


t.e. 
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[Compare  the  ordinaiy  additioo  tonanla  of 

trriiten  =«,Cj+«/r,  or  =«iV+Vi'»  ^'*-  *^  •■■^  ^ 
elliptic  function  formols  when  t=0.] 


tkeabofiv 


1345,  To  oWtin  ea(ffi+«t)>  ^^  ^^® 

/.  cn(wi+i£j=(qc,— «Arf|(y/A  the  pontiTe  sign  bemg 
taken  ^jecaii^e,  when  u^^O,  each  side  most  faeeome  c^^  Thk 
may  >je  aluo  written 

cn(Wi+iis)=(«,c,-Ci'r,')  D. 

[f^^mpare  with  the  trigonometrical  formula  for  cq8(ii^+«^ 
which  may  be  written  c^c^—SyS^  or  c,c,— c/r/,  where  C|=eo8«|, 
etc.] 

I'Wh  To  obtain  dn{Ui+u^,  we  have 
rln»(u,  +  u,)  =  l— **8n*(tti+i^) 

and  ^(u^^-u^=^(d^d^—1^B^i\8^ID,  the  positive  sign  bong 
taken  hf*caum.%  when  1^2=0,  each  side  must  become  i^.  This 
may  Jie  writt*;n  as 

VU7.  DeriTed  Ratnlts. 
From  tfie  three  formulae 
sn  (wj  f  Wj)  -  (if ,c^j + s^ydy)/D, 

dn(wi-hti2)=(rfjrf2— ^^^iVi^aVA  - 

sn  (Wi-W2)=(5iC2rf2-*2Cirfi)/A 

en  (Wj  -  Mj  =  (c^c^+8,8jd^d^)ID,     \  (II). 


we  obtain,  by  changing 
the  sign  of  u,, 
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The  addition  and  subtraction  of  formulae  (I)  and  (II)  in 
pairs  gives 

sn  (Ui+wJ+sn  {Ui—u^=^     28^c^D, 

sn  (Uj + Wj)  -  sn  (Ui  -  u^)  =     28^^d^lD, 

en  (Wi + Ug) + en  (u^  ~  u^)  =     ^i^J^* 

en  (Wi+u^— en  {u^—u^^^  —  ^^a^dJD, 

dn  (f*i+u^+dn  (u^—u^=     ^idJD, 

dn  (w^+uj— dn  (t*^— W2)=  —  2A**j5^Cj/D, 
ReplaciDg«i+i4  and  «,-«,  by  Ui,  (7,  respectively  and  writing  jy  for 
1  _|J8n*^^4^8n«  ^^^^,  we  have 


(III). 


en 


en 


BnC;,+»nC;.=     2sn^«cn^dn^yi>', 
ana,-snl7,=     «  sn ^ en ^ dn ^^/ly, 

17,  -  cn  t/,=  - 2  sn  — *-^ — •  sn  — l- — ?  d^  _l_ — 3  (jn __L_ — ? //y^ 
dnr7,+dnl^,=     Sdn^^li^dn^^^/iy 

dnl7,-dn  l/,=  -Si'sn— L5 — 'sn— ^-^ — »cn— L5 — 'en— J-s — ^  U. 

Again,  by  division  of  corresponding  formulae  from  groups  (I)  and  (II), 
and  writing  <,  or  tn  «i  for  tan  am  u,  and  etn  u,  for  cot  am  ii| ,  etc., 

tnK±u.)-^^^^^^^^-j-^^^2^, 

etn(u  iti)_^^'^*»^«^^^^^^°^'^^°^^^°"'^°^ 
'  'i<v2s±«3Ci<f,    ctntfjdntts^ctnii,  dnn, ' 

1348.  Following  Cay  ley's  noUtion  {EUipHc  FuncUona,  p.  62),  with  a 
slight  modification,  let  us  write 

iJ  - 1  -  Ptfi*  -  *•*,«  +  ifc  V««* = til"  -  f^^t^Ci* = i,*  -  *  VCf*, 

«i'«t'  =  '8^1,     -  CtCi'  =  ^1 ,     «iC  A  =  ^1 . 


CHAPTER  XXXI. 


mgrt  Uh 


A    number    of    identical    reUtioiu    iniDiediataly   i 
capital  lettors.     We  have 

(1)  ^.■-^.■=.,V-<.V=»i'<i-«.*)(i-f«i')-«.'(i-«i'Xl-t^i') 

(2)  B,'-JJ,«-e,V-<:Ai"-(l-*i'Xl-V)-'.V(l-***i^(l-f«.') 

=(i-*.'-V+*'<iVXi-f»iV)=0»- 

(3)  0,'-0,'=d,«<i,'-.fV»i'<iV-(l-f»i'){l-t*«i')-*'*,VO-«i'}ll- 

=.(1  -  jrt,'  -  f»,»+  fV«i*Xi  -  f »i'»i')-  flft 

Hence  p        -  -  -q—    -       j^       - D. 

(4)  S.«-S,'-(l--,'Xl-«,'Xl-Jy»i')(l-':'V)-{I-t')'«.V 

-(l-»,'-«,'  +  tV*.'Xl -''»»*- *''i'+t'«i*»i»)-««- 

(6)  r,'-r,'=..*(i-*v)(i-<.')-».'(i-ivxi-«.") 

=(''i'-»i')(i-*S'-i^.'+*'«.'V)-ffi*- 

(6)   u.'- l/.--.,'{i -..'Xi  - *V)-V(i -'.'XI -*•'.') 

Hence       P(5,'-5,')=e(r,'-r,")= J((l/,'-P,')-PeJ(. 
Abo, 
(7)  (B,+B,)(C,-0,)=le,i:,-vA'iiHV.+**»i«Ae.) 

-  .,i,  ( 1  -  i»*,«  -  *•*,•+ A**,'*,')  -  i*«,<«,*e,<:A^ 
=  ic  fi^,d,-k"t,t,)D= {8 1 +St)D, 
and  siniilarl;,  or  chaugiog  the  sign  oF  »,, 

(B,  -  B,)(C, +C,)  =  (S,  -  3,)D. 
(8)  (C,  +  C,MJ,-^,)  =  {rf,d,-i'*,*,e,c,H«,«A-».<iA) 
=  *,c^,{l-f',*)-.,eA(l-i'*,') 

-«,Vii'<*.(l-«i')  +  M.*«.tyi(l-»i'> 

={*,cA-».eAM' -***>•■'. ')=(r,+r,)J>, 

and  aimilarly,  or  chantcin^;  tlie  sign  of  «|, 

(C,  -  C,)(Ai+A,)={T,  -  T,)D. 

+*,'i,c,ii,(l-AV)+»i«i'Ci<i.<l-**«i') 

and  aimilarljr,  or  changing  the  uign  of  s,, 

(Ai~A,){Bi  +  B,)^{U,-U,)D. 


^~D. 


■xr-y^ 
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With  this  notation,  it  follows  at  once  that 


sn(«4-u,) 


en 


cn(i»i-i«,)= 


Ux-Ut\ 
A,-A,' 


/>         Bj  +  JJ,    C7i  +  C7, 


dn(tt,-u,)  = 


i? 


Ci  +  Ct    Ai  +  At 


A,-¥A,' 


1349.   A  number  of  identities  immediately  appear. 
For  example,  since 

{B,+B,)(A,-A,)^D(U,-U,) 

(B,-B,){A,+A,)=^DiU,+  U,\ 

BiAt-BtAt=DUi    and    J5iil,-B,i4i=/>^„ 


and 
we  have 

and 


1350.   More  important  however  than  such,  are  the  following  : 

2i4  2A     ^ 

sn  (ttj  +  tt,) + sn  (wi  -  «,) = -^ ,      sn  (m^  +  m,)  -  sn  (m^  -  ii,) = -^* ; 

2J3  2J3 

cn(«i  +  tt,)+cn(w,-?<t)  =  -^,      cn(Mi  +  M,)-cn(«i-i/,)=~; 

dn(t<i  +  u,)+dn(Mi~i«,)=-^,     dn(tti  +  i/,)-dn(i/i-u,)  =  -^, 

which  B,ve  the  formulae  of  Group  (III)  in  Cayley's  notation. 

X      /  V    A,*- A  J    PD    P       8ii*Ui  -  sn'it,  .  ,       ,, ,_ 

8n(u,-fuOan(ii,^ii,)=— ^— ==-^  =  ^=^^_^^^^^^^^^,^^  or  (V-V)/A 

/      .      >      /  N     B,^-Bt^    QD     Q    cng^^-8n«tt,dn»tf^       ,   ,       2^jv,r, 

cn(ii>+ti,)cn(ii,~u,)  =  -i-gH-  =:^-§-  1  -fc»sn»ii,sn»ii,    ^"  (^»'-^M')/A 

J    /      .      \j    /           \     C^-C^     RD    R    dn2it,-A*sn*u,cn*u,      ...     u  •   9wt^ 
dn  (li, + «.)  dn  (u»  -  II.)  ^ ^^-i-  =  ^  -  5  =     l-ifc»8n»tt>HiVii,     ''''  ^^*  "  ^^'^  ^i  )/^  I 

l+8n(ui+u,)sn(u,-ii.)=l+     ^  !.V/4,»  =<'*«'+'i^«'VA 

1  -  sn  (u, + ti.)  sn  (tt,  -  ti.)  ==  1  -     ^  !!lr/j^\  =  (^1* + «i'«i')/ A 

1  +  fc'sn  (u,  + 1*.)  sn  (II,  -  u.)  =  1  +  A»  fT^^  =  (^a'  +  i^^i V)/A 

l-l;*sn(ii,  +  u,)sn(fii-ti,)=l-ifc«^ii^^^  =(*«i«+*'c»««,»)/A 
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l+cn(«4+«,)cn(u»-i*,)=l+|4^^1    =(<Ji«+<J.«)/A 


[l+8n(iii+ih)][l+8n(«i-i»,)]=8n(iH4-«,)+Bn(«i-iiJ+[l+«n(«4+«Jan(ih-«J 

-(2*,<?A+c,«+«iV«*)/D=(c,+«AJ«/i>. 

Again,    cn(ii,-fih)dn(«|-u,)=    ^^    «.      2)  JP 

and  8o  on  for  other  ca8e8. 

Jacobi  gives  a  list  of  33  such  results  {Fundamenta  Nova^  pp.  32-34). 
These  are  quoted  by  Cajley  {Elliptic  Functions,  pp.  65  and  66)  and  bj 
Greenhill  (Elliptic  Functiotu,  pp.  138,  139). 

Several  have  been  worked  above  as  illustrative  of  the  method  to  be 
followed.  They  are  too  numerous  to  remember,  but  any  one  of  them 
may  be  readily  obtained  if  wanted.    This  list  we  append  as  Examples. 

Examples.    (Jacobi.) 

1351.   In  each  case  the  denominator  2>=1— F^^**,*,  and  the 
previous  notation  is  adhered  to,  viz.  8nUj=5x,  snUj^^s*  ®^ 

Establish  the  results  following  : 

1.  sn(vi+i«i)+sn(i»,-ttj)  =     2sicA/D. 

2.  sn(i«i+u,)-8n(i4i-fi,)  =     2s^idilD. 

3.  cn(ui+i«i)  +  cn(i4i-tt2)  =     2ciCt!D. 

4.  en  (ui + lii)  -  en  ( Vi  -u%)  =  -  2siS^dtlD, 
6.  dn(tt|+i«i)  +  du(tti-tt2)=     2didt/D. 

6.  dn  {ui + Mi)  -  dn  (ui  -  n,)  =  -  2k'SiS^iCtlD. 

7.  sn (vi  +  u,)  8U (ui - i£j)  =W-St^)ID. 

8.  l+8n(Ui+tt,)8n(Mi-tt,)     =(c,2 +  «!%*)//). 

9.  l-8n(Mi+t*i)Hn(tti-«,)     =(Ci«  +  «aW)/^. 

10.  1  +  ifc^sn  (tti  +  «,)  sn  (1*1  -  u,)  =  (rf,*^  +  kWct^VD. 

11.  1  -  ik^sn  (ui + ttj)  sn  (ui  -  u,)  =  (dj^  +  khtW)lD. 

12.  l  +  cn(ui  +  tt,)cn(tti-tt,)     =(ci2  +  c,2)/D. 

13.  1  -  en  (t«i + It,)  en  (tt,  -  «,)     =  ( Ji2<i,2  ^  s^H^^)ID. 


r  i^fc  -ffiiiTfc.;  ■!->*■ 
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14.  l+dn(ui+i«,)dn(i*i-i«t)  =  W+*')/iK). 

16.  1  -dn(Ui  +  ttt)dn(u,-ttt)=i«(«iV+««V)//>. 

16.  (1  ±  sn  (lii +«,) }  (1  ± 8n  (uj  -  m) )       =  {Ct±sA)VD, 

17.  {l±8n(ux+tia)}{lT8n(«i-i«J}       =^{Ci±s^,YID. 

18.  {l±l;8n(u,+i«,)}{l±ibRn(tt,-Ua)}=(i,±i»iC,)*/D. 

19.  {l±ib8n(u,+i*.)}{lTib8n(u,-i«,)}  =  (di±A»,Ci)VX). 

20.  {l±cn(ux+iia)}{l±cn(ui-iis)}      =(Ci±c,)«/D. 

21.  {l±cu(i*i+iia)}{l=Fcn(u,-i/0}       -(«A=F«A)«/X). 

22.  {l±dn(«x+«,)}{l±dn(ux-«t))      =(di±dJV^. 

2a  {l±dn(ui4-«,)}{lTdn(i*i-i«.)}      =P(«iC,T#iCi)»/D. 

24.  8n  (ux + ««)  en  (itj  -!«,)=  («iCid, + «tcA)/D. 

25.  8n(ui-i«,)cD(i»,+iia)=(*iCiia-«iCirfi)/^. 
2a  8n(ui+Ua)dn(tti-tt,)=(«idiC,+«Aci)/2>. 

27.  an  («i-i«,)dn(ui +!«,)  =  (« Ac, -«irf,Ci)/2>. 

28.  cn(Ui+Ua)dn(tti-i«,)=(CicA<^-i^««i<0/-D. 

29.  cn(t*i-ttt)dn(«i+i«,)=(cicAd.+*^«i««)/-D. 

30.  8iD{aiu(«i  +  ifa)+ain(ui-«i))»20iCi<i,/Z). 

31.  8in  {am  (k^  +  Kt)  -  am  (^i  -  «,)  }  =  ^^c^/D. 

32.  C08 {am (wi + itg) + am (ui-Ut)}  =  (ci« - 8i^*)/D. 

33.  cos  (am  (ui +«,)- am  (tti -!«,)}  =(c,*~»,*cii*)/Z). 

To  the  above  list  it  ie  convenient  to  add  for  reference  : 

(a)  cn(iii4-ii.)cn(ti,-th)  ^(ct^-s,W)ID^(c,^-»tW)ID. 

(b)  dn  («i  +  «,)  dn  (ui  -  m) = W  -  *Wci«)//) = W -  *»«i'ct«)//). 

(c)  {dn(tti+t«i)±cn(tti4-i«J}{dn(i«i-t«i)±cn(ui-tt,)}  =  (Ciia±Cirf4)*/D. 

(d)  {dn(tti+ttt)±cn(u,+tt,)}{dn(tti-tt,)Tcn(i»i-i«,)}  =  *^(#iT««)*/A 

[(c)  and  (d)  ai-e  given  by  Greenhill,  B.F.,  p.  262.] 

1352.  Periodicity  of  the   FnnctioiiB  considered  by  aid  of  the 
Addition  Theorem. 

Starting  with  the  addition  formulae  in  which  i)=l  -A;'«iW» 
an  (til  ±  w«) = {SiC^i  ±  8^dj)ID  ;    en  (Ui  ±  «,)  =  (CiC,  T  *i«A<t)/iK)  ; 
dn  (ui  ±  «,)  =  (did,  T  kUiS^Ct)ID  ; 
and  putting  Ui—w,  tt,=JSL,  we  have,  since  sn  JT— 1,  en  Jr=0,  do  ^1=1^, 
sn  {u  +  K)= (sn  «  en  iiT  dn  iiT + sn  JT  en  u  dn  ii)/A 

where  i)  =  l  -Fsn*ti=dn*tt=d'', 

c  ifc'*  ife' 

t.c.  8n(tt+JSr)=     ^,    cn(tt+iir)= --J,    dn(u+JSL)=-2^, 

sn(tt-iir)= -^,    cb(u-K)=     -T-,    dn(ii-Jfir)=T^. 


mmmm 


w.- 
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Putting  u-^K  in  these  fonuulae  in  place  of  k, 

aii(»  +  4A-)  =  ^^g±M}=     ,,     cn(t.+4jr)=     e,        dii(t.+4X)=A 

Hence  the  functions  have  all  returned  to  their  original  values  with 
period  4K.  It  will  be  noted  that  dn  u  was  restored  with  two  additions 
of  Kf  and  that  sn  u  and  en  u  took  the  same  value  but  the  opposite  sign 
after  two  additions  of  K. 

In  the  same  way,  since 

sn(Jf +  i-ir')=^,     cn(Jr  +  iJrO=  -^,    dn{K  +  iK')^0, 
we  have     aB{u-\-K-\-iK')-r.cd/D,    where    Z)  =  l -!?•»*.  r^^c* ; 
/.   sniu+K+iK')     =     ^,    cn(u+Jr  +  iif')     =-'^,    dn(t»+Jr+ijrO     =     — , 

KC  KC  C 

sn(t»+2Jr+2tJr')=-*,       cn(u+2X+2tJf')=     c,        dn(t»+2iC+2i-ir')« -* 
sn(iH-3Jr+3iJr')=-^,    cn(i»+3Jr  +  3iJf')=-'^'.     dn(u  +  3JS:+3*-ir')=* -^» 

sn(u+ 4^  +  41^0=     *,       cn(u+4ir  +  4iJ:')=     c,        dn(u  +  4JSr  +  4t-ir')=     * 

and  all  the  original   values  are  again  acquii*ed  after  an  addition  of 
4(JL  +  tjr'),  and  it  will  be  noted  that  after  two  additions  of  K-\-iK\ 
en  u  resumed  its  original  value,  but  sn  u  and  dn  u  resumed  their  original 
values  with  the  opposite  sign. 
Writing  u-K  for  u  in  the  several  cases  of  the  last  form, 


sn(«  +  t^') 


dn(«-/r)  1  ,         „,, 


id 


=  -7-,    dn(tt  +  i/r') 


•  — » 


sn{u  +  K+2iK')  ='Bn{u-K)    =     ^,    cn(u+ K +  2iK')  =     ~,  dn{u+ K  +  2iK')  ^ -^^ 


m(u  +  2K  +  ^K') 


i,  cn(ii  +  2/:  +  3i/C')=-^.    dn(u  +  2K  +  3iK')=    ^. 


8n(tt  +  3ir  +  44/C')=     8n(u-A')    = -^,    cn{u  +  3K  +  4iK')=     ^,  dn(u-\-3K-\-4*K')=    j 

the  last  three  being  the  same  results  as  for  the  functions  of  u-^^K. 
Again,  writing  u- K  for  u, 

cn(tt- AT) 


8n(tt  +  2<0 


dn(u-K) 


=  «. 


cn(u  +  2iA") 


=  -e. 


dn(ii  +  2i^')         =-d, 


cf 


•n(M+iS:  +  3i/:') 

•n(ii  +  3(A")        -T       .        „.-, 
*  Jb  en  (u  -  A )    iM 


^.  ,     cn{n+A''  +  3i/C')  = 


1  dn(tt- A")     1  .    ,  „  „,. 

-e:.     cn(u  +  3iA  ) 


^,  dn(tt  +  A'  +  34A")=-— , 
Arc  '  c 

,-,  dn(n  +  3«A  )        =     -. 

ks  t 
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Writing  «+ JT  for  «  in  the  functions  of  u-\-K+iK\ 

i  +  2K  +  iK')=    ^^ag±g=--^^.    cn(«  +  2A'+»iP')=  ^.  dn(«  +  2iir  +  *jr')=  -  7, 

i-i-SK  +  iK')  =-^--^J_^^  =  -^^,  cn(«  +  3ir  +  »n=   ^'.  dn(tt  +  3/r +  »/:')=    - 
rriting  «+  AT  for  n  in  the  functions  of  u+2K  +  2iK\ 


k'a 
c 


A'/i 


it* 


t  +  ZK+2iK')=-Bn{u  +  K)    =-^,   cn(tt  +  3iC+2iA:')=-^,    dn(tt +3iir  +  2iiC')=-^ 

1353.  We  exhibit  these  results  for  arguments  of  form  u-^-pK+qiK'^  in 
tabular  form  for  reference. 

If  A  stand  for  the  word  denominator  we  have,  tabulating  the  numera- 
tors only  and  indicating  the  several  denominators, 


+o.jr 

+if 

+2Jf 

■{•ZK 

+  4Z 

s 

c 

-« 

-e 

« 

O.^K' 

e 

-A'* 

-c 

V8 

c 

d 

A' 

d 

kf 

d 

A  =  l 

A=d 

A=l 

A=d 

A=l 

1 

d 

-1 

-d 

1 

+ijr' 

-id 

-ik' 

id 

iV 

-id 

-ike 

ikk'e 

-ike 

ihkfB 

-lAc 

A=*« 

A=ke 

A^ks 

A-ifce 

A^kB 

s 

c 

—  9 

-e 

s 

+  2tJf' 

-c 

A'* 

e 

-V8 

-c 

-d 

-k' 

-d 

-V 

-d 

A=l 

A=d 

A=l 

A=d 

A=l 

1 

d 

-1 

-d 

1 

+3tjr' 

id 

lifc' 

-id 

-ikf 

id 

ike 

-iW;'* 

ike 

-ikV% 

ike 

A=ks 

A=Ac 

A^ka 

A-=kc 

A^ks 

8 

c 

-8 

-e 

9 

+  4iJf' 

C 

-ifc'* 

-e 

V% 

e 

d 

fc' 

d 

V 

d 

A-1 

A=d 

A=l 

A=d 

A=l 

If,  for  instance,  dn(ii  +  2JL +3iJl')  be  required,  we  look  in  the  group  of 
the  third  column  and  fourth  row  and  find  numerator  =^ike,  denominator 
B  ks,  and  the  result  is  i  en  u/sn  u. 

The  vertical  order  in  each  square  is  8n(  ),  cn(  ),  dn(  ),  A. 

llie  fifth  column  and  fifth  row  exhibit  the  fact,  that  after  an  addition 
of  4K  or  of  4iK'  to  the  argument,  each  of  the  functions  returns  to  its 
original  value,  and  shows  their  double  periodicity.  The  value  of  any 
function  of  the  forms 

811  {u  +pK + qiK'),    en  (u-\-pK+ qiK'),    dn  (t*  +  pJT + qiKX 
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where  p  and  q  are  integral,  can  now  be  written  down  ;  e.g, 

cn(u+5Jf+lliJf')=cn(M+Jf+3tJfO=**7*»' 

The  tabulation  is  given  by  Cayley  {E,F,,  p.  77)  with  a  slightly  different 
notation. 

1354.  Putting  u—0,  all  the  functions  in  the  table  for  which  A»ifci 
become  infinite. 

There  are  four  such  groupn,  t.e.  twelve  of  the  functions.  Ckyley  pointa 
out  the  importance  of  their  ratioa  even  when  themselves  infinite*  and 
writing  /  for  the  infinite  factor  l/i;snO  we  have,  remembering  that  e«l 
and  d—\^  in  this  case 

sniJT"      cruK'      duiK'      Bn(2K^LK')      cn{2K+iK')      dn(2Jf+tJgO 
1  -I     ""    -ik  -1  4  ^^ 

Bn3iK'    cn^iK'    dn^K'    fin(2K-^3tK')    cn{2K^2iK')    dn(2g-H3tJfO    . 
'      1      "      4      ■"      lA      "  -1  ""  -I  "  ik 

1355.  Formula  for  Biii2ti,  etc.    Daplication  Formulae. 

Putting  U|  =  U]=u  in  the  addition  formulae  and  writing  t^  c^  d^  D 
respectively  for  sin  tt,  cos  li,  dn  u  and  1  -  ib*sn*u, 

(1)  sn  2u^2scdlD,  (2)  en  2u = (c^ - <«rf«)/Z) = (1  -2«« +*•««)//), 

(3)  dn  2u = (rf«  -  *«««c«)/Z) = ( I  -  2**j« + i:V)//>. 

Hence  we  deduce,  writing  /  =  tn  tt=  sn  u/cn  u, 

(4)  1  +  en  2m  =  2c*/Z),  (5)  1  -  en  2m  =  it^jD, 

.-V  l-cn2M     ^j,  ,-v        -       l-<*flP 

(8)  1  +  (In  2u  c.  ifijD,  (d)  1  -  dn  2u  ->  2i*(V/Z>, 

(12)  l^dn|»^  ,     tv^cn2u+dn2» 

^    '  l+en2M  *  l+en2M    * 

.        1 -hen  2m    c»  ^l-hen2M_,     Pc«_l;'« 

<^^>  n:dF2i=35'  <^^)  ^  -^rTdir2ii=^"^-3i» 

4;^-hdn2M-l:*cn2u_f 
*•*•  l+dn2tt  "<P' 

*tex  ,     ,,l-cn2u     1     L,  t     J9  fc'*+dn2M  +  i*en2ii     « 

(15)  l-fc*,  .  s    o   •=l-i:«^«  =  (P,     I.e. .  .  ,    o =<P, 

^  l+dn2M  l+dn2M  ' 

(16)  cn2tt+dn2tt=2c?(P/Z)    and    ^i^^!i^^^  =.  c*. 

(17)  From  (15)  and  (16), 

sn'tt en'tt        _  dn^M __        1 

l-cn2tt~cn2M  +  dn2M~F*  +  dn2tt  +  fc»cn2tf""l+dn2u' 
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1356.  Dixnidiation  Formnlae. 

By  writing  ^  for  k,  we  have 

^itl-cntt         ,tt    cnit+dn«      ,  ^u    k'^+dnu  +  i^cuu 
*"  2"l+dnii'     ^"  2~    l+dnu  '    ^°  2  l+dn«         ' 

1357.  Again,  since 

dn  2it-  en  2ii=2ifeV/A     1  +cn  2u=.2c«/A     1  +dn  2ii»2<^/A 

A'* + dn  2u  -  i^  en  2it «  2*'"/ A 

i;V  c»       _       <<«  ib^ 

we  have    j,n2u-cn2ii    l  +  cn2u    I+dn2u°"ifc'«+dn2it-*«cn2it' 

and  patting  ^  for  ««  we  obtain  further  formulae  for  sn  - ,  en  5,  dn  3,  viz. 

,M  dn  It -en  It  ,«         fe^(l+en«)  ,  ,«         fc^(l+dn«) 

*°  2"'ifc'«+dnii-i^cnii»    ^"  2"A'«+dnit-*«enii'    ""  2"'it'*+dnit-t»euf*' 

1358.  Triplication  Formnlae. 

Writing  «]»«,  iit»2u  in  the  addition  formula  for  8n(iii+itf)y 

an  3ii»(8n  u  en  2ii  dn  2ii+ sn  2ii  en  u  dn  «) (1  -  i'sn'u  8n'2iiX 

and  substituting  for  8n2ii,  en2iif  dn2ii  their  values  from  (IX  (2X  (3)  of 
Art.  1355,  we  obtain,  after  a  little  reduction, 

sn  3tt/8n  tt  =  {3-4(l+*2)»*  +  6i:»«*  -  **««}//>', 

and  similarly         en  3ii/en  « = (1  -  4«« + G*^**  -  4**^ + **«*}//>', 

dn  3tt/dn  u=  {1  -  4AV+6ib««*-4P^+**««}/Z)', 

where  /)'  =  1  -  6i^«* + 4A»(1  +  ib«y»  -  aH«». 

Cayley  gives  also  the  following  results,  which  may  be  verified  without 
difficulty : 

l^^./)'=(l-2.+2*«*»-*«#*)»;    !j±^.Z)'=(l  +  2«-2A»^-W)«; 

V-^^.//  =  (l-2A«+2Jhr'- *««*)»;  l±4^./>'=(l+2Af-2W-ft«««)i. 
l  +  i;8nu  ^  '      l-csnti  ^  ' 

The  formulae  for  sn  Xti^  en  Aii,  dn  An  for  the  cases  As 4,  5,  6  and  7  are 
also  given  by  Cay  ley  {Ell.  F.,  pp  78  and  81  onwards^  bat  tbeee  formulae 
rapidly  become  more  and  more  complicated.  Acoording  to  CSajlej  the 
cases  As6  and  A  =  7  are  due  to  Baehr  (Orunerfs  Arekiv,  xxzvL  ppi.  1S5 

to  176). 

1359.  Dimidiation  Formulae  for  the  Periods. 

^ «    1  -  en  K         ,t£_cnu+dnM      ,  ,f*     iP*4'dn««fli*qi 

""  2"l+dnti'    "^"2-    1+dni*   »    ^"5"         l+dnn 

give  many  results  for  the  functions oiH-\-p--\-q-^^p and q beinf 
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Putting  u  =0  in  the  foruuilae  of  the  table,  and  therefore  «sO,  c»  I,  d^^  1, 

/i-cnX         1  K       IcnK+dnK      •JJT 

~  \l+dnJr""vmk''    '^"2~A(    l+dnJf    "'TI+T' 


K 

«"2 


dn 


f=v 


ir'*-fdnZ>i^cnJf 
l+dniT 


=>/*' 


^'"-y     =VTTdi7Tr'=Vr:TS/a=«>HV-i=:;^; 
— = Vr+-dnT7rT^-o^~;^=;7ii(^^-^*-^*'^^^>  • 


2 


ir4-tA:^_^/F'+dn(/r-fiX^)4-t^cn(J£:  +  t/ir^) 
^"      2      "^  l+dn(ir+tA")  _ 

The  reader  will  find  no  difficulty  in  completing  for  himself  and 
tabulating  the  various  results  for  the  cases  p=Oy  1,  2,  3;  ^'^'O,  1,  2,3w 
Such  a  table  is  given  by  Cay  ley  (E.F.^  p.  74). 

1360.   We  now  have 


S  V  r-^  .  sIV  +  -F=L=  Cd 


8n(ti  + 


l-Ii^t^ 


i+fc' 


en 


i„(„+f)= 


ds/kf  -  k^8 


1  _v/fc^ 


l-ifc2,2 


rf-(i-y)^ 


i+ifc' 


with  many  similar  results,  and  such  results  may  Ije  thrown  into  other 
forms.     For  example,  we  may  show  Uiat 

/      K\         1       d  +  sc(\+k')         (       K\     JIT'  c'-k'f^ 


A  GENERAL  PROPOSITION. 
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1361.   Other  formulae  may  be  obtained  by  direct  application  of  the 
diniidiary  formulae  to  the  results  for  2u-k-pK-\-qiK\  e.g. 


whence        »■''(''+ 2J=i+dn(2,.  +  i^) dn2u  +  y     ' '*^' 

and  many  other  formulae  are  similarly  obtainable. 

1362.   A  General  PropositioxL 

Let  17  be  a  function  of  tliree  variables  0it  ^s*  ^>  between 
which  there  is  a  connecting  relation,  viz. 

and  suppose  the  function  C^  to  be  such  that  when  any  one  of 
the  three,  say  ^3,  is  i*egarded  as  a  constant,  then  V  vanishes  in 

one  of  the  two  cases  (^1=^3,  ^2=0)  or  (^2=^8*  ^1=^)'  *^^ 

TsTJ  7)11 

provided  also  that  ^t"  A^i=oT"^^2»  ^^^^  V  must  be  zero 

alwaya  ^^  ^ 

For  if  ^3=const.,  ^^3=0  and  d<p^/^</>^+d<pJA</>^=0,  t.e. 
d</>J^</>^=  —dipj^ip^—^*  say,  and  this  would  have  been  equally 
true  if  the  connecting  equation  were 

But 

.'.  £^=con8t.=C  say.  But  in  the  case  (^=^,  ^2=^)» 
t/=0;   .-.  C=0.     Therefore  £^  vanishes. 


1363.  Case  I.     Let 

r^de         r^do         r 


^d0 

oAe 


and    t^sWj+ti,— U3. 


Then 


dU 

3u, 


du 


3^1    A^/    3^    A^j' 


and 


|^A^,-g^A^3=l-l=0. 


Also,  if  <l>i  =  <f>3  and  ^^=0,  we  have  Ui=U3  and  t42=0,  t.e. 
Uj+Wj— Uj=0.  Hence  the  conditions  of  the  general  theorem 
are    satisfied,    and   Uj+Ug— U3=0  always,   t.e.   according   to 
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Legendre*8  notation  F^'\'F^=F^,  which  is  the 
formula  for  the  first  Legendrian  Integral 

That  is.  F{Am  u^)-{-F(ai,m  i*,)=l'(am  14), 

Another  mode  of  treatment  (Art  1342)  of  the   equation 
d^/A^j+iI^A^=0  led  to  the  result  that 

HnUjCnti^dnti^+snt^cnUjdnUj^ 
1  — i*8n*Uj8n*Uj 

when  0,=:oon8t,  so  that  ii,=const;  and  as  («f|=iCy,  ^==^) 
satisfies  this,  the  constant  is  sn  11,,  so  that 

Ui+ti^=Mi-»^^p^^^,  as  before. 

1364.   Case  II.     With  the  same  definition  of  u^,  tf^,  u^,  and 
*»ting  f*.  [4,  f4.       , 

Jo  Jo  Jo 

and  t/eWj+Vj— Vj— Psin^sin^^sin^,  then,  proceeding  as 
before, 

^1  ^^^-B^^^'^^^^t^^i""  **^^  ^  sin  ^  sin  ^ 

— A^[A^— it'  COS  ^  sin  ^  sin  ^ 
=(A^)*— (A^j)*— it^sin  ^[A^i  cos  </>^  sin  ^2— A^cos  ^sin  ^] 

-*,^(l-5,^(l-i«»j^l/(l-*»»,^,«) 

=0. 

Also,  if  ^j=0, 1^2=0  and  if  ^i=08,  Vi=t>3,  and  .".  17=0  in 
this  case ;   /,  £^=0  always,  and 

.'.  t;,+r2— t;5=it*8in^i8in^sin^; 

and  writing  v^=E<l>^,  v^=E(f>^,  ^3=^^,  viz.  the  Legendrian 

notation,      ^^^  4.^0^_^0^=ifcs  sin  ^^  sin  ^^  sin  ^ ; 

and  since  ^,=amWp  ^2=ainu2,  ^3=amtt3=am(Uj+U2),  we 
have 

which  constitutes  the  addition  formula  for  the  second  class  of 
Legendrian  Elliptic  Integrals. 


HlftBM.dBh.~PV, 


I  V    V  ft!      ■'       »• 


ADDITION  FORMULAR 
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1366.  Casern.    Let 


11^2= etc.,    11^3= etc., 


lo(l+n8in«^)Ae' 
where  ^i=amU|,  etc    Then,  putting 

ftLTt 
j-|-^,    an=(n+l)(n+t«), 

P__       n  sin  ^1  sin  ^^  sin  ^ 
1 + n— n  cos  ^j  cos  0,  cos  ^g* 

we  may  verify  as  before  by  the  general  theorem  that  17=0,  i,t. 

n^+n^2-n^=-7=tan-»fiN/i    or    -7=  tanh-»fi>/^, 

which  is  the  addition  formula  for  a  Legendrian  Integral  of 
the  third  class  (see  Cayley,  BJ.,  pp.  104  to  106). 

The  work  of  this  verification  is  necessarily  somewhat 
cumbrous,  and  it  is  found  best  to  proceed  to  discuss  the  Third 
Legendrian  Integral  n(d,  n,  ib)  after  a  modification  of  its  form. 

Taking  9=amu  as  before,   j7i=T-rt=3 — •    Let  n=— ifc*sn*a, 
*  (20    Ad    dnu  ' 

a  being  not  necessarily  real ;  then  the  transformed  integral  is 


n(e.  n.  A)= J  j_-^^-iL__. 


But  instead  of  considering  the  original  function  n(0,  n,  i),  it 
is  convenient  to  consider  a  somewhat  different  form  n(ti,  a). 


defined  as 


1 


*  y  sn  g  en  g  dn  g  sn^u  du 
0         1— it*sn*gsn*u 


The  connexion  between  n(u,  g)  and  11(9,  n,  i)  is  then 

sin'^dd 


n(ti,  g)=A^sngcngdng| 


o(l+nsin«9)Ae 

*«  ,      P(l+nsin«e)~l^^ 

=— sngcngdngi   7^-; «/i\a/>  w 

n  Jo  (l+nsin*S)Ad 

=- sngcngdno{Jf'(e,  *)-n(d,  n,  Jb)}, 

and  the  new  function  is  proportional  to  the  difference  of  the 
first  and  third  Legendrian  forms. 
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1366. 

These  f onctioiLS,  denoted  respetdrdy  by  Z{m),  H{uX  B{u\ 
are  defined  as 

with  a  constant  of  int^jation  in  the  aeeond  ease,  such  that 
zz£:,  and  k  being  the  modulus  in  each  case:    Abo 


J?i  in  the  first  of  these  Jacobian  Elliptic  FonctioDS  is  the 
complete  Legendrian  Integral  of  the  aeeond  kind  with  limits 
0  and  IT  2  (Art  375). 

1367.   Ohrioos  ELementaiy  PropertieB. 
aearly  Z(0)=0    and    Z(~ii)=-Z(ii). 

Also    Z{u)-\-^  «=  pdn*iirftt=r Aei»=lf(e)=lf(amii) 

E 

in  the  Legendrian  notation,  ix,  Z{u)=B{aanu)—-^u  in  that 

notation. 
Again 

©(**)=\ «  and     H{u)=^ mue'^ 

Also    e(-«)=V^J'"'">'=^e-^-'^-'*'(l=-«) 

H(-u)=>j'ksn{-u)e{-u)=-^saue{u)=-H{u). 
Also  £r(())=0     and     U^.^iM^JWK. 

Tlius  Z(tt)  and  H(u)  are  odd  functions  of  u,  and  0(u)  is  an 
even  function  of  u. 

13G8.   Properties  of  the  Second  Legendrian  IntegraL 

(i)       lf(-^)=|^    A«d()=-[*Axrfx.(«=-x).  =-'»(# 

(ii)    £(x±^)=j^  A0rf(9=(r  +  p*)Aerf0 

=  (J^  +£   )  ^X  ^X'  (e=ir+x  in  second).  =2ffi±«f 


■  ■>-*«i*»*^.  .  ..   _   . 


ZETA  FUNCnONa 
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(iii)  E(2Tr±<f>)==2Ei+E('jr±^)=iE^±E(if^%  and  generally 
E{nTr±<t>)=2nE^±E(<l>),  ie,  E{mr±&mu)=:2nEi±E{&mu), 

(iv)  Again,  with  w=  I    ~-,  v=\   A</>dd>f 

Jo  ^Y         Jo 

0 = am  u,    v=E  (am  u), 

and  if  0=0,  m==0  and  t;=0,  t.e.  i^(amO)=0;  whilst  if  0=^, 

u^F^^K,    v^Ei,     ie,E{&mK)=Ei. 
(v)  Moreover  ^(am  u)+i^  (am  ^)—-S  am  (w+jfiC) 

=A;*8nti8in  o  8n(u+A)=A:- — t ; 

2      ^  '  dnu 

/.  ^am(u+^)=     E (am u)+E,-k*^'^^^^ ^, 

Also  -Eam(u-g)=-^(amu)+^i+fe'^"j^^°^. 

1369.   Addition  Formula  for  the  Zeta  Function,  etc. 

The  formulae  for  dn(v+t;),  dn(u— v)  of  Art.  1347  give 

J  9,    ,    .      1  9/        .         -yoSnucnudnuanvcnvdnt; 

dn*(u+t;)— dn2(u— 1;)=  --4a;- t= — f^ — « i-vi ; 

^    '    '  ^        '  (1— Aj^sn^wsn^v)*         ' 

and  integrating  with  regard  to  v  from  t;=a  to  t;=M, 
[z(w+t;)+§(u+t;)][[V[z(u-t;)  +  §(u-t;)]]^^ 

_       2    r sn u en u dnu "]*""* 


t.e. 


sn^u  Ll  —  Fsn^u  sn* 
{z(2u)+j2w-~Z(u+a)-jMw+a)} 

+  (Z(0)+^ .  0-Z(t*-a)-^^  (u-a)} 

2  sn  u  en  t*  dn  u  /        1         _  1 \ 

\1  — Aj*8n*u     i  — Aj^sn^asn^u/ 


=  -2Jfc2 


sn'^w 
snucnudnti      sn^w— sn^a 


1— fc^sn^u    '  1  — fc'-^sn^asn'^t* 
=  — ifc28n2u8n(ti+a)8n(M— a)    (Arts.  1351  and  1355); 
/.  Z(l»+a)+Z(tt-a)~Z(2u)==A;«8n2u8n(u+a)8n(u-a).    (I) 
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Putting  a=0,  we  have 

Z(2o)-2Z(u)=-Jf>ni!i<rm>u.     (D) 

Adding  ^   ^ 

Z(u+a)+Z(»-a)-2Z(«)-f«i2»{j^^5^-0.'.} 

--i-«i2-"'-^!i:^°>>, 
1  — jfc-sn'won^a 

U  Z(u+„)+Z(.-,)-2ZW=  -2f 'YJ^^^I;;^''';  (nl) 

and  writing  «+a=u,.  «— a=tt,,  2u=«,+«,,  Eq.  (I)  becomes 

Z(u,+«j)=Z(u,)+Z(aJ-i*sntii8nt(,8n(tt,+tt,),  (IV) 

which  constitutes  an  addition  formula  for  the  Zeta  Fancti<m. 

1370.  Substituting  forZ(u)  its  value  fi(amu)—-^u,  we  have 
B{»rou,)+fi(ftmU()— 5(atn«,+u,)=it*8nH,8n«,8n(»,+<(J, 

viz.  the  addition  formula  of  the  Second  Legendrian  Integral. 

If  in  (IV)  we  write  «,+ii,+u,=0,  we  have  the  symmetrical 
form 

Z(u,)-(-Z(w,)+Z(ti,)=  -)t»8n  «,  an  w,  an  u,. 

1371.  From  (III),  we  have  at  once 

e-Cti+g)  .  e-ju-u)    „«'(«)_     ^^snttcnudnusn'a 
e{u+\,)  +  W^        e(«)-  l-it*8n'««n*a    ' 

U        [|og^(Hi^|||^J_-;=     [,og(l-fc.8n»„anV];. 
^'-  ^^^wIm5^*^W=      1-A'sin«asn.« (V) 

1372.  If  we  integrate  with  regard  to  a,  instead  of  with 
regard  to  u,  from  0  to  o, 

'"«i(S)-^"^<"'=-™<°'"' (''' 

and  interchanging  u  and  a, 

logg-j^{-2»Z(=)=-2n(t.,  .) (VII) 

n(.,<„-.oge-(g}', 


THETA  FUNCTIONS^  ETC  517 

which  expresses  the  Legendrian  Integral  of  the  Third  Kind  in 
terms  of  the  Jacobian  Zeta  and  Theta  functions. 

There  are  in  this  form  two  arguments  only,  viz.  u  and  a, 
instead  of  the  three,  6,  k,  u,  in  the  Legendrian  form  (see 
Qreenhill,  E.F.,  p.  192). 

1373.  From  (VI)  and  (VII), 

n(u,  a)-n(a,  u)=uZ(a)-ciZ(u) (VUI) 

Since       n(u„  a)=u,Z(a)+llog||^^}, 
n(ti,.a)=ti^(a)+ilog|^^, 

and       n(u,+u„  a)==(u,+tgZ(a)+ilog|gj±5^^, 

we  have     !!(«,,  a)+II(«j,  a)— n(«i+ttj,  a)=tlogO,  \ 

.  e(«,-a)eK-a)e(«.+U,+  a)  [  (IX) 

"~0(«,+a)0K+«)0(«,+«,-a)'  J 

which  is  a  form  of  the  addition  formula  for  the  Third 
Legendrian  Integral.  Various  forms  of  the  function  (l  will 
be  found  in  Cayley,  E.F.,  pages  157,  etc.,  and  The  Messenger  of 
McUh.,  vol.  X.  (Glaisher). 

1374.  In  this  brief  notice  of  these  important  functions,  we 
have  in  the  main  followed  the  course  suggested  by  Dr. 
Glaisher  in  his  note  in  the  Proceedings  of  the  Lond.  Math.  Soc,, 
vol.  xvii. 

1375.  Integration  of  Expressions  involving  the  Jacobian  Func- 
tions. 

[We  shall  write  s,  c,  d  for  sn  ii,  en  «,  dn  u  respectively  when  desirable 
for  abridgment.] 

.,.r  ,  f      dcnu  f       dcnu  1    .  ,    .ifccnn 

(1)  I  Biiudu  —  -  /    i      .      -^—  -  I  =  -T  sinh  * — TT— 

^  W  J  Vl-A»8n»f«        J  >/fc^+**cn«tt        *  *^ 

1,     dniA  +  4;cntt    1.         Id-ke  ^,       - 

=  -  ;^  log p =  ]^  log  y  j:^'  ^^  ^*'"®r  forms. 

(2)  I  en  udu  =     I    ,     ^"     -  =  J  »\n-^(k  sn  li)  =  y  cos"*(dn  u),  or  other  forms. 

{Z)  jdnudu^     lde=e=Mnu. 

{i)jsn^udu^     pr(l-dn"u)dM  =  i(tt-J&amu)«^|tt-(zit+^i*H. 
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(5)  fcD^niii^     ^j(dn^u-k^du=^{BMmu-l^u)^^{(zu-i-^uyif^ 


1    ^.  2**- 1   •  -1/1.  X 


(9)|dn»ttdii=     |(l-*28in«^i«d=-2^d  +  j»in2d= 


2 -J?-    **  • 
2 

etc. 


(10)  /     —       =  -  / ,  which  suggests  putting  v=- ;  whence 

,.    f  i?i  «  -  (Uy^  -  f  ,  ^J'„_=  -cosh-(|;)=  -cosh-(Jla^\ 
<")  /^-     ^"^^^"«  y-i  dy^lc-t^du^  ^=^„  c-^; 

137C.  Again   .^, log «nu=     ^- ^= -d«-Fc^-?^=     A*^-;^, 


log  en  u=  -  J =^  -d^  +  ]c^8' =-=  -  *V  - 

*  du  c  -^ 


«2 


Hence 


■^Jogdnu= -*2  "^  '^=  _itV  +  P««-A:*^  =  ~-rf«. 
(lu'    ^  au  a  d'     a* 

(13)  /  —^  = +u-J&amtt. 

^     ^  J  dn*u        ilf''     dnu        ik^^ 
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1377.  Other  positive  or  negative  integral  powers  of  8d>«,  cn«,  dnn 
may  be  integrated  with  regard  to  u  by  the  reduction  formulae 
of  Examples  24,  25,  26  at  the  end  of  the  chapter,  which  can  be 
verified  at  once  by  putting  respectively  P=s«*~*ocl,  c*~*ocl,  rf*~*«c 
and  differentiating. 

1378.  Again,  by  aid  of  the  Period  formulae  of  Art  1352,  via. 
^=8n(ii+ir),  3=-pcn(tt+jr),  J-     pdn(i*+Jf), 

^=A8n(tt+iir'),  ^=-*cn(u  +  4jr),  5--Jdn(ii+»ir'X 

C  C  IK  0  IK 

we  may  readily  deduce  the  integrals  of  integral  powers  of 

c     d      s     d     e     8 

Thus,  for  example, 


3'     «'    «'    c' 


1  /        „  .  ,,Hnucnu\ 

=  r5 1 **-'»»'"  w  +  *^ — 1 V+const. 

k*  y  dn  u    / 

1379.  Again,  since 
TT,       .      /'■^ib^sn'ttsnacnadna  .      cnadna/""/  1  -N, 

we  have  |    .j — rs — = s-  = t —  IT  («,  a) +«, 

Jo   l-«;*8n*a8n*ti    cnadna     ^       ^ 

t.e.  I    , — 5 +1    , — 5 =2    T — n(tf,a)  +  uL 

^0   l-«;sna8nu    jo    l+^Hnasnu       Lena  an  a  J 

whilst 

r  ^^  -  f "  dtt  __  ["     2feenasntt     , 

Jo   l-ifcsnasnti    Jo  l  +  ifc8na8nf«~"Jo   1 -Ar^sn^asn'u 

= ! — I    (snu+a+snu-aiaii, 

on  a  (In  a  jo 

which  is  integrable  by  (1),  Art.  1375  ;  whence  by  addition  and  subtrsction 
the  two  integrals 

I    = — i ,     /    -. — i are  determined. 

jo    l-ibsnasnu       Jo    l+fcsnasnu 
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PROBLEMS. 


1.  Show  that        T- 


ducnudnu~ en  2u  +  dn  2u         [Ox.  IL  P.,  190S.] 

2.  Prove  that 

(a)  >/(l  -k^'8nUi){k'  +  dn2u)lJTT¥:^  1  -  (1  - ik')  8n« tt ; 

(b)  N/(cn  2u  +  ik'  sn  2u)  ( 1  -  ik^  gn*  u)  =r  tib'  sn  u  +  en  li  dn  v. 

3.  Prove  that  the  equation  of  the  osculating  plane  at  the  point  m 
on  the  curve  a; »  a  sn  u,  y  —  bcnUy  2;  =  c  dn  u  is 

a  be  [Ox.  II.  P.,  1902.] 

4.  IfM=      {(a2  +  a;2)(i2  +  a;2)}-iarfa;,  show  that 

Jo 

a;  =  6  tn  M,  (mod.  >/a«  -  i2/a)»  «  >  ^-    [Ox.  II.  P.,  1902.] 

5.  If  the  functions  sn  u,  en  u,  dn  u  be  defined  by  means  of 

^  sn  u  ==  en  tt  dn  tt,     t-  en  tt  =  -  sn  w  dn  u,     t-  dn  ti  =  -  ik*  sn  u  en «», 

snO  =  0,     cnO=l,     dnO  =  l, 
prove  that        (i)dn«tt=l  -^-^sn^w^l -ik^  +  jk'cn^u; 

/. .X  sn  ti  en  t;  +  en  tt  sn  V  .       t      ,.        . 

W J tj 18  a  function  of  w  +  r. 

dntt  +  dnt; 

[Ox.  II.  P.,  1901.] 

I =  dx 

6.  If  xw2-j3^co8<l>  and   the    differential     /,     ^  a  75^=^    is 

transformed  into  .  ,      .  .    ,  £nd  the  values  of  a  and  a. 


\/i  -  sin-  a  sin*  </>' 
7.  Prove  the  following  results : 


[Caids,  1885.] 


11 

K 
2 

3^ 

2 

A:+2tA" 
2 

3X  +  2iX' 
2 

2 

2 

an  V 

1 

1 

1 

1 

t 

1 

Vl+it' 

Vl  +  ifc' 

>/l-k' 

s'l-k' 

s^ib 

V 


3i/r' 


2/r+3iir' 


X  +  i/T' 


3A:+iic- 
2 


K-\-Zf.K' 
2 


3JK>3i^' 
2 


snu 


—  t 


■Ji 


^k^    V4^'    ^'^   .^ 


und  find  the  values  of  en  w,  dn  w  in  each  case. 

[See  Table  in  Cayley,  E.F.,  p,  74.] 


■  iifi  II    mr^   V 
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8.  If  tan  \w  sin  <^  =  sin  ^  =  x>Jl  -xVVl+a;'*,  prove  that 

J<^>/r^"2V^JoN/r-tan«Jirsin«t^    "**  ^"^JoVl -tan'^rsinV 

[Math  Trif.,  1896.] 

9.  Prove  that  en  \iK'  dn  \^K'  4-  sn  JiA"  =  -  i ( I  +  >/F)  >/m 

and  dn  }iA"  ^  sn  \iK'  en  Ji^'  =  -  i{  1  +  VrTF}  >/£ 

[Math.  Tbip.,  1896.] 

10.  If  tn  tfj  =  2\  dn  u^ ,  tn  Wj  =  Tj  dn  tt„  dn  i/j «  Z)j-*,  dn  ii^  »  /),-^ 
show  that 

/•\  *    /     .      \         ^1  +  ^2  J    /-x  *    o         2tnttdntt 

(Otn(«.  +  «,)  =  ^j-^-^^,    and    (..)  tn2«=^  _^.^  j^,^. 

11.  Prove  sin  [am  (tt  +  v)  +  am  (i*  -  r)]  =  2  sn  it  en  n  dn  t?/Z), 

1  +  dn  («  +  r)  dn  (n  -  r)  =  (dn'u  +  dn'r)//), 
where  /)  « 1  -  ik*  sn'w  sn*r. 
Prove  that 

.^        f      K\  1  il'«  +  ai  1      rf  +  (l+ifc')«; 

12.  8n(tt  +  -^)   =   , =   ,  ^ '— 

1  ld  +  (\^-k')sc       Idn'lu-^k' 

Vl+^''  V(i  +  (I-ik>"V     ifc'  +  dn 


13.  cn(^«  +  ^j   =y ______ 


sn2M 
2ir~' 

[Catley.] 


/_^  c2 - k's^       .t;    /l-sn2tt 
"Vl+ifc'     c  +  ,<ki  -^^Vit'+dn-itt 


14.  dnrM  +  -j^j   = 


/p  d-(\  -k')8e _   ipcd-k-kfs 

«:,    /l4-ifc^dn2u-ik« 
^^'  V  Jk'  +  dn2w 


-  a;*  sn  2m 


15.  8i.(^n  +  ^j--^       j^^,  _  Y_____ 


A;  sn  2tt  + 1  dn  2w 
^jfc  'V  sn  2w  -  I  en  2tt 

1^        /^    .'A        ll+'icc-Lsd       /r  +  ikl-ib 
16.  cn(«+-2-)  =  V-FrT)P  =  V-J-c-TT5 


[Caylit.] 


/1+A;     /l- 


-  fo2    c-  isd 


dn2t£4-ifcen2M 
/r^''    c+^ ~ v/J 'V  en  2ti  +  i sn  2n ' 
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n.  dn(.*f  )=7ratg=^. 'J^ 


V- 


sn  2n  -  I  cri  2u  - 1/;  dn  2m 


sn  2u  - 1  en  2u 


18.  8n(^u  +  -^^j^y_p-^--^^^j^p-p^ 

^J_     /    kcn2u  +  ik' 

"  n/J  V  en  2ti  +  tifc'  sn  2%'  [Caylky. J 

19.  Show  that 

(ii)    c2^/(i  =  c2^-C^  +  rf^ 

(iii)  s«:^-=  -c-«-s«(i2, 
'      aw  s 

(iv)dn3(u  +  ./r)=^4g). 

20.  Show  that  8n«(Wi  +  w^)  -  sn^{v^  -  w^)  =  2  ^  ^''^^fj^;,- 

21.  Show  that 


...    r    /l~cn2ti,  , 

(0   I   \hi 7-aM= -logenti, 

Jo  Y  1  +en2tt  ^ 


en  2u  ,  1  ,     J 

,    ^    aw  =  -  fi  log  an  u, 


....    r    /l-dn2u,  1,       , 

(")  JoVrTdn^^^^^'-X-^"^^"'*' 

(iii)  J   snu^j-^ 

wj:Vi^:*-i"*[^ra'.„(»4)]. 

22.  Find  the  values  of 

/.v   f         t  /..v    fsn«  ,  /...x    fsn^ttdnw  , 

(.)  JcnuA.,       (u)  J— i«.       (II.)  ]-^^iii^<i«- 

23.  If  /,=  I  (sn «/)"(/«,  show  that 

(n+l)i«/,4,-n(l +i»)/,+ (n- l)/,_,  =  *--><W. 

24.  K  /,=  |(cntt)"<itt,  show  that 

(n  + 1)  W^  -  n  (A  -  *•«)/,  -  (n  - 1)  *'»/^,  =  c-»«i. 


-HHi     M     LL«li^    ^ . -^     i.-.^ 


I .  .-1.  .A— J"  4 
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25.  If  /^=  r(dnM)'»fl?w,  show  that 

26.  If  /^=  f(^T^^'  8^<^^  ^^^^ 

(«  +  l)A:«/„^-n(l+^»)/„+(n-l)/^=-A:'«^, 

and  obtain  reduction  formulae  for  I  (  t —  j  du  and  I^t — r^  similarly. 


5gn-l 


27.  Prove  that 


-  sn  t;  on  tt 


..    1 +dn(u  +  r)_  .^sHMcnv 

sn  (m  + 1>)  dn  v  -  dn  u 


[M.  Trip.  II.,  1915] 


....  dn(u-r) -ciiiu-v)     dnwcnv-cnttdnr 

(n)  — ^^ ) ^^ ^  = . 

'  8n(?*-t')  snu  +  snf 

[Sir  J.  J.  Thomson.] 

28.  Show  that  sn  (Wj  +  Wg) 

[M.  Trip.  II.,  1889.] 

29.  If  Mj,  Wgj  ^3»  ^4  ^e  any  arguments,  and  a*,  y,  ;?  respectively 
denote 

sn  (ti^  -  Mj) sn  (Wg  -  1/g)     sn  (u^  -  Wg) sn  (Wg  -  n^)     sn  (u^  -  tig) sn  (w^  -  w.^) 
sn  (m^  +  ^ )  sn  (Wj  +  tf g) '    sn  (?/^  +  u^)  sn  (tig  +  1*1)'    sn  (m^  +  Mg)  sn  (ttj  +  m^)  * 

prove  that  a*  +  y  +  ^r  +  ary?  =  0.  [M.  Trip.  III.,  1885.] 

30.  If  Xam  denote  the  function 

sn  (ux  -  «m)  en  (wx  +  w^)/cn  («x  -  «^)  sn  (wx  +  w^)* 
then  ''f^\^^^i^l'^2y^^\  +  ^41^23  +  ^42''^si  +  ^43^12  =  ^-       [M.  Trip.  II..  1889.] 


31.  Find  the  values  of  |dn«t/M,  1-j — ,  I du. 

J  Jdnw  J  SUM 


32.  Prove  the  formulae 


[M.  Trip.  U.,  1888.] 


(i)  3ldn*urfw=: 2(1  +^•'2)ezn m  +  A;»sn wen wdn u - Ic^u, 

/••v  ,,«fsnw(/t«  .       ^       ...      dnt£ 

(n)  k^\- =  ezn(w  +  iir  +  tA:)  + , 

^  '      J 1  +  sn  u  ^  '     en  1* 

i 


(iii)  k\    ^nudu^-^XogYz'^, 


K 


F  u 
where  ezn  u  =  -j^  +  zn  w,  and  zn  u  is  Jacobi's  Zeta  function  Z{u). 

[M.  Trip.  II.,  1888.] 
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SS.  Show  that  8n(a;  +  ir)  =  5»  Bn{x-^2K)^  -«,  m{ix)^itin{x,k). 

[M.  Trip.,  1870.] 
Prove  that^  if  /)=  1  - ife%V» 

34.  (i)  cn(ii,+f4)cn(Uj-i£,)  =  (Ci«-V^j«)//)-(V-«i«,*)//>; 
(ii)  dn  (i»i  + 11,)  dn  (u^  -  m,)  =  (rfi«  -  *  V«i*)/^  =  W  -  *^i  V)/^- 

35.  (i)  en  (i»j +  1I5)  en  («|-ii5)  +  8n(Ui  +  w,)  811(1*1-115) 
(ii)  en  (Ui  + 115)  en  (Uj  -  «,)  -  sn  (u^  +  ttg)  an  (u,  - 11,) 

(iii)  dn  (Uj  + 1*,)  dn (Uj  -  u,)  +  ife'sn  (tij  +  «,)  8n  (Uj  -  n^) 

=  (rf,«-ib«5,V)/^J 
(iv)  dn  (Uj  +  u^)  dn  (w^  -  ii^)  -  A^^sn  (tt^  +  u^)  sn  {u^  -  n^) 

-(rfi*-^^V)/^. 

qfi    /:x  l-8n(tt-a)    l-8n(ii  +  a)      r8n(/ir- a) -sn ttl « 
^^'  ^^  l+8n(u-o)' l+8n(u+a)     \8n(A'-a)  +  8ntf/ * 

("\   ^  •^^8"(^^•<*)    1  ~^8n(m-a)      n  -ib8na8n(lt  +  A)l* 
^  ^  1  -ik8n(i»-a)'  1  +A;8n(M  +  a)"' \1  +A;8na8n(u4-A)J 


87.  (i)  tn(i»  +  a)  +  tn(M-a)  = 


(ii)  tn  (tt  +  o)  -  tn  (u  -  o) 


2  sn  tt  en  u  dn  a 
cn^a-dn^asn^u' 

2  sn  g  en  g  dn  <4 
cn*a-dn*g8n*tt' 


88.  Verify  the  identity  k^k'^S  -  k^C  +  D  -  k'^  ^  0,  where  S  denotes 
the  product  of  the  four  sn  functions  with  arguments  ii±v,  u±w, 
C  denotes  the  product  of  the  four  en  functions  and  D  the  product  of 
the  four  dn  functions  with  the  same  arguments.    [M.  Trip.  II.,  1914.] 

39.  Prove  that  the  length  of  the  curve  of  intersection  of  two 
right  circular  cylinders,  whose  axes  are  at  right  angles  and  radii 

a,  b  (a<fc),  is  8a  I    (:j — ,g  .  ^^j  d4»,  where  k^^a^/b'^;  and  verify 


the  result  when  -a  =  6. 

40.  Prove  that  the  relation 

Mdy 


[St.  John's,  1886.] 


dx 


i» 


{(I  -y«)(l  _XV)}T      {{l-x^)[\  -iV)}* 

where  if  is  a  constant,  can  be  satisfied  by  an  equation  of  the  form 
yV^  U,  in  which  [7,  f^are  integral  polynomials. 
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41.  Show  Uiat  the  envelope  of 

ff\cn  ic  dn  tf  +  ik  sn'  ii)  -  a;  (dn  u  -  ib  en  m)  8n  u  »  db  sn  ii 

is      kP  +  Q  +  ^x=0.    where    P*  +  (;^)  -1,     «»  +  (~)  -1- 

[This  is  St  Laurent's  result  for  the  caustic  by  refraction  for 
parallel  rays  falling  upon  a  circle.     See  Heath's  OptieSy  Art.  108.] 

42.  Show  that  the  envelope  of  the  straight  line 

k;^z  sn  tt  +  (en  u  +  ib  dn  ti)  y  »ib  sn  tt(dn  u+ ib  en  u) 


IS  -f-z 

k 


=+-(i?)*]*^*['-<*^)*]*- 


[Catut  on  Oaustiot,  PA.  7*r.,  1856.] 

43.  A  particle  under  the  action  of  a  central  attraction 

moves  from  an  apse  at  distance  //(l+«)  with  velocity  y/fi{l'^e)/e; 

show  that  the  orbit  described  is  //r»  1  +ecn  6,  mod.  l/>/2. 

[Tait  and  Stxble,  Dyn,  t^fa  PariieU^  p.  393.] 

44.  Show  that  Euler's  Equations  of  motion  of  a  body  about  a  fixed 

point  under  the  action  of  no  forces,  viz.  A  -^r  -(B-C)  w^^s  ^  ^» 

*J5^-(a-^)«3cai-0,     C^«-(^-5)caj(a5  =  0,  are  satisfied  by 

«!  =  a  sn  X(<  -  t),  Of,  =>  6  en  \(i  -  t),  Wg  =  c dn  A(<  -  t),  provided  the  six 
constants  a,  &,  c.  A,  r,  A;  be  suitably  chosen 

[KiBCHOFP.    Set  RouTH,  Rig.  Dyn,] 

[For  the  treatment  of  these  equations  by  aid  of  the  Weierstrassian 
functions,  the  reader  is  referred  to  Greenhill,  Ell,  /*.,  Arts.  104-114.] 

45.  Prove  that 

[M.  Trip.,  1888.] 

46.  Prove  that 

.     2/      I  ir'\    ^-^     C-i5     C-kD-ik'^S         D-kC 

where  <S,  C,  Z)  denote  sn  2ti,  en  2tt,  dn  2ti  respectively. 

[M.  Trip.,  1888.] 


47.  Prove  that 


P     /dn2u  +  cn2M,       1, 
JirVdn2u-cn2«'^"°g'°g''°''- 


--   — -   -  Ml        _■■     ■    ^m^ 


:-J-.^l_ -^-^naMMBHIBtnMMMH 
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48.  Show  how  snmu  may  be  expressed  in  terms  of  snu,  where 
m  is  an  integer;  and  if  m  be  odd,  prove  that  the  numerator  of 
1  -  sn  mil  when  so  expressed  consists  of  a  perfect  square  multiplied 

by  the  factor  1  -  (  -  1)*^"*"  *^8n  u,  [Cayley,  K.F,,  p.  90.] 

49.  If  k'^=  -co,  where  w  is  an  imaginary  cube  root  of  unity, 
prove  that         j  _  8n(ui-a»^)«     1  -  sn  w  /I  -  w sn  w\8 

1  +  sn (o)  -  a»2)tt  ~  I  +  sn  u  \i  +  w  sn  1*/ 

50.  Prove  that 


-     jn  cn^(u-^v)cn^{u-v)  \  i 


.      , g  cn'{u  +  V) cn'(!i -v)\^ 

dn^(u-f-p)dn«(tt-y)V   ^,, l^k^snHsnH 

l-A;2sn2(M  +  v)sn2(tt-t;)  j  1  -  Jk28n2M  -  /l-SsnSt;  +  ^•'«sn2tt 


sn^p' 
[Math.  Trip.,  1878.] 


51.  Prove  that 

snw __  en \u dn ^u .  en  j-w dn  Jt* .  en  Jm dn  1m  . . . 


F" 


tt 


[Math.  Trip.,  1878.] 

52.  Prove  that 

1-snM^  1   cnH(^  +  ^)dn2^(m-A") 
l+snw     ifc'2  sn^iCw  +  A') 

[Math.  Trip.,  1878.] 

53.  Show  that  if  U==8n(n-^a^)Bn{u-{-a2)sn(2u-^a^-^a^\  then 

J  Udu  =  -  ^^^log  [1  -  k^sn^u  +  aj)  sn^u  +  a^)]. 

54.  Show  that 

02 {x  +  g) Ql^(y -f  o) @{x  +  y-2a) _  1  -  Jl-«8n«(j;-o)sn»(y -a) 
02 (a;  -  tt)  02(y  -  a)  0(a;  ^  y  +  2a)  ~  1  -  kHn*(x  +  a)  sn«(y  +  a) ' 

[GLAI.HHKR.] 

55.  Show  that 

f*  cntt-snttdnw  ,       1,      f  ,, — ,,      /       K\} 

I    ; 1 — ati  =  .-,log  wl+A;sn  (m  +  -^)  \, 

Jocnw  +  snttdnu         Jk     ^  (  \       2/ J 

56.  Prove  that  in  a  spherical  triangle  ABC^  obtuse  angled  at  C, 
we  may  replace  cos  a,  cos  6,  cos  c,  cos  A,  cos  B,  cos  C  resjjectively  by 
cnu,  cnr,  cn(M  +  v),  dnw,  dnv,  -dn(w  +  i'),  and  then 

C082j3  =  1  -  k^sn^u  sn'v, 

where  p  is  the  perpendicular  arc  from  C  on  AB,  and  point  out  any 
other  analogies  between  elliptic  functions  and  spherical  trigono- 
metry. [Math.  Trip.  III.,  1884.] 


■l^—  J 
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57.  Prove  that 

(i)0(2i*)-|^j(l-^'^8n*ti); 

(ii)0(3u)  =  ®^^|®W(i_^ 

58.  Prove  that  Z(ii)  = thftF*  +  *'^(*^  «=  )• 

^  '         cut*         2a A  ^ 

59.  Solve  completely  the  differential  equations 


dSi 


dhk 


(i)  -^  +  n^n  +  att^  =  0 ;     (ii)  ;.^-  +  n^u  +  )9tt»  =  0. 


rf/2 


Show  that  in  case  (i)  u  is  of  the  form 


di^ 


[Math.  Trip.,  1878.] 


n»a-&' 


l-cn-s^(/-T) 


with  ' 


l  +  cny,(<-T) 


f62  =  (a-m)2  +  n2, 


K^    2   , 
r2  =  Q«^ 


U 


or 


K 


Us  -a-(a-i)tn2^(<-T) 


=  6  +  c, 


•  with  ]  a:2   1  , 


JT  AT 

or     tt  =  ccn2y;(/-T) -68n*^(/-T), 

and  in  case  (ii) 

K  V^     1 

ii=-acn^(<-T),  with  (a2  +  6«)^-2  =  a2,    :^=.l^(a«  +  i2). 

[Sol.  S.H.  Problems,  1878.] 

60.  Prove  that  if  a  uniform  chain  fixed  at  two  points  rotate  in 
relative  equilibrium  with  constant  angular  velocity  about  an  axis 
in  the  same  plane  with  the  line  joining  the  two  points  and  free 
from  the  action  of  gravity,  the  form  of  the  curve  assumed  by  the 

chain  will  be  given  by  y  =  b&nK-y  the  axis  of  rotation  being  the 
*^**  ^^  ^-  [Grbenhill,  M.  Trip.,  1878.] 

61.  Differentiations  being  denoted  by  accents,  show  that 
cn^M     8n''«_,2      dn^w     cn'^.^j      sn"!*     dn''M_ 


en  u     sn  u 


dn  u     en  u 


sn  u     dn  u 


62.  If 


dx 


dy 


in  an  integral  form. 


=  0,  obtain  the  relation  between  x  and  y 

[Math.  Trip.,  1876.] 
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63.  Transform  the  differential  (fo/>/(l -a^)(l -ifcV)  into  a  like 
expression  having,  instead  of  k,  the  modulus  2y/k/(l  +  k). 


64.  Accents  denoting  differentiations,  prove  that 


(i) 


sn"w 


sn  n,  sn  f«, 
cn'w, 
dn  II,    dn'u,    dn'^u 


en  tt,     cn'w,     cn'u 


-k'^;        (ii) 


sn  tt,  sn  «, 
en  It,  cn'tf, 
dn «,    dn'tf. 


8n'"H 


en*"!! 
dn'"« 


65.  Show  that 


(i) 


»», 


<P, 


S8, 


8* 


^k'^scd; 
[Mathews. 
p.  349.] 


(ii) 


cnu,  enu,  cni/,  cnu 

cnfi,  dntt,  entf,  cnu 

cnu,  cnu,  dn?i,  cnu 

cnu,  cnu,  cnu,  dnu 


See  GaaiKUiLL,  H.F,, 


8A:'*cnusn*j| 


66.  Show  that  for  four  arguments  u^,  u^,  v^,  v,,  if  differentiations 
of  the  elliptic  functions  with  regard  to  their  respective  arguments 
be  denoted  by  accents. 


dn2tf|. 

dn  2u2, 

en  2u2, 

cn2U| 

cn2ii|. 

en  2u2, 

dn  2u2, 

dn2ui 

dn2t;i. 

dn  2v^y 

en  2^2, 

cn2t;^ 

en  2»j, 

en  2^2, 

dn  2^21 

dn2t;i 

16ifc'« 


X  [  [/j  Fj  sn^ttj  sn^Vj  -  t/jFj  sn'Ui  sn'v,], 


where 


£^, 


f/. 


^, 


l-A;'sn*Ui     l-ifc^sn**/,     1-A;*sn*t;i     I  -  k^sa^v^ 


-1. 


67.  Show  that 


1,  cnu,  dnu 
dnt; 
dnu; 


1,     en  9, 
1,    cnu7. 


-ikW^Um 


v  +  u; 


sn 


v-w^-^'''"h"l 


68.  Prove  that 
sn*(tt  +  v),     8n(u  +  t;)8n(u-f), 
en*  (u  +  r),     en  (u  +  v)  en  (u  -  r), 
dn^  (u  +  r),     dn  (u  +  v)  dn  (u  -  v), 


8n*(u- r) 
cn*(u  -  v) 
dn*(u  -v) 


l-ik2sn*| 
[Ox.  II.  P.,  1914.] 


^k'\s^CyC^-^d^ 


[Math.  Trip.  II.,  1913.] 
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69.  If  m'  +  n'  =  1,  prove  that 


W         9 

Jo  Jo 


co8*^8in*<^rf^(i</> 


0  Jo  (1  ~m*8in2^)*(l-n«8in*<^) 


Jo  Jo 


sm^eco%^4>ded4i 


'^•""^n! 


0  (1  -m28in2^)*(l-n*Bin«<^)*' 

wi'co8*^  +  n*co82«^         .^..     .       du     ,. 
,         ,  .  -  --  ,        ^  dudji^  then  3— =  0. 


[7. 1891.] 

71.  P  and  Q  are  points  one  on  each  of  two  circle8  in  parallel 
plane8  with  a  common  axis  through  the  centres  (7,  C  at  right  angles 
to  the  planes;  CC -b  and  the  radii  are  A  and  a,  PQ  =  r  and  the 
angle  between  the  planes  C'CP  and  CCQ  is  e.     Evaluate  the  integral 

ncos  € 
dsds'f  the  integrations  extending  round  each  circle,  and 

throw  the  result  into  the  form 

where  /*|  and  E^  are  complete  Elliptic  Integrals. 


CHAPTER  xxxir. 

ELLiraC  INTEGRALS  (continued),     THE 
WEIERSTRASSIAN  FORMS. 

1380.  It  wa-s  stilted  in  Chapter  XT.  that  the  integration  of 
I  -  ^  where  0  is  a  rational  (iiiartic  function  of  x,  could  be  made 
to  depend  by  a  suitiible  homo^-aphic  substitution  upon  the 

177 — .>\Ti"^  iv-^'  \vhQVQ  k  is  real  and  <  1, 
o\/(l  — 20(1  — A;-2-) 

and  the  properties  of  z  when  expressed  as  a  function  of  w,  as 
also  those  of  -JX  —  z^  and  Jl  —  k-z^  have  l)een  discussed  in  the 
last  chapter.  This  is  the  Legendrian  and  Jacobian  mode  of 
procedure. 

A  more  modern   method    is   due  to  Weierstrass.     In  this 

method   the   same   inte^-al,   viz.    1-^,  is   shown   to   be  also 

reducible  by  a  suitable  homographic  transformation  to  the 

form   u=  I   -p====^,  where  I,  J  are  certain  constants, 
Jz>J4fZ^—Iz—J 

viz.  functions  of  the  coefficients  of  Q,  and  of  the  constants  of 

the  homographic  transformation  formulae.     The  function  w, 

regarded  as  dependent  upon  z,  is  considered  as  the  inverse 

function,  and  z  expressed  as  a  function  of  ti  as  the  direct 

function.     It  is  usual  to  write  z=^(u),  or  p{u,  7,  J)  if  it  be 

desired  to  put  into  evidence  the  values  of  I  and  J.     p(u)  is 

called  the  Weierstrassian  Function. 

The  letters  g,^,  g^  are  very  conmionly  used  instead  of  I  and 

J,  but  as  powers  of  these  letters  occur  very  frequently  there 

appears  to  be  IcvSs  risk  of  error  in  practice  if  we  use  the  7,  J 

notation. 

630 


WEIERSTRASSIAN  ZETA  AND  SIGMA  FUNCnON& 


531 


(dx 
1381.   The  modes  of  reduction  of  the  general  integral  j-^ 

to  the  respective  Legend rian  and  Weierstrassian  forms  will 
be  discussed  at  length  in  the  next  chapter.  For  the  present 
we  shall  be  occupied  with  an  examination  of  the  nature  and 
properties  of  the  function  p(u)  and  the  allied  functions  ^(u) 
and  <r(tt),  respectively  defined  by  the  equations 


f  (u)  =  -  JpM^w=^  log  <r(t4). 


These  are  respectively  referred  to  as  the  Weierstrassian  Zeta 
and  Sigma  functions. 

1382.   Preliminary  Remarks. 
The  general  binary  quartic 

possesses  two  invariants  for  a  linear  transformation 

viz.  /  s  a^a^ — 4aia,+  3a/, 

the  quadratic  invariant,  or  quadrinvariant, 

a,,     a,  I,  the  cubic  invariant,  or  cubin- 


a, 


ao, 


a, 


2' 


a 


3' 


a 
a. 


3 


variant. 


If  a  transformation  of  this  kind  has  reduced  the  original 
quartic  to  the  form 

0 .  x*+4Z3y +6 .  0X2y2+4<f3'xr3+a;r*, 

then  for  this  new  form 


r=0.a;-4.1agr'+3.02: 


4a3'and  J'= 


0,  1,      0 

1,  0,     a 
0,    ttg',   a/ 


3 


=  —  a 


4  > 


and  the  form  has  become 

Y(^X'-rXY^-J'Y% 

or  if  Y  be  unity,  4X^— 7X— J,  the  accents  being  dropped  as 
the  meanings  of  1  and  J  will  be  obvious. 

1383.   If  ej,  ^2,  63  be  the  roots  of  the  equation  4^^— /z— J=0, 
80  that  ^7?—lz—J=^z—e^{z—e^(z—e^,   we  shall   lose  no 
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generality  in  assuming  for  the  present  tliat  ^p  e,,  e^  are  all  real. 
For  it  will  be  shown  that  if  two  of  these  quantities  be 
complementary  imaginaries,  say  e^,  63,  then  a  substitution  of 
the  form  ^—*ji=(z—e^)(z—e^)/{z—e^)  will  reduce  the  integration 

dz 


to  the  similar  form 


iiJA 


'f>/4(f-.»,)(f-.>,)(f-.»j' 

where  rj^,  1^2,  »/3  are  all  real  constants  such  that  i;i+»72+^8~^ 
(Art.  1456).  We  therefore  assume  for  the  present  that  e^,  e,, 
€3  are  all  real,  ei+e^+e^=0  and  e^  >  c^  >  e^     We  also  have 


2 


^  — ^l^2^3' 

1384.  The  Differential  Coei&cients  of  fp{n). 

f*  dz 

The  integral  p-i(2)=us  I  "^    ==  is  made  definite  at 

J«  'sl^T^—Iz—J 

the  upper  limit,  the  integrand  vanishing  when  z  is  infinite. 

Differentiating,  ^^ -sIAz^~Iz^J,  i.e.   ^(tt)=  -N/4f?»(tt)-/p(ti)-j; 
i.<f.  ^*(tt) = 4fj3(u)  -  /p(tt)  -  J.     Hence  also 

|?-(t*)  =  [360p«(tt)-  18/]|?'(tt)  =  (3602«- 187)2',  etc. ; 

whence  it  appears  that  the  successive  differential  coefficients 
of  fp{u)  with  regard  to  u  are  alternately  irrational  and 
rational  functions  of  p(u). 

1385.  Periodicity  of  ff(u). 

It  has  already  been  seen  that  the  function  to  defined  by 

ti;*= 1/4(2— Ci)(z—e2)(^ ""^3)  ^s  ^  two-branched  function  having 
branch-points  at  z=^e^y  z=e^,  z=e^,  and  at  2=00  (Art.  1295), 


^'  I  where  X,  /u,  X',  p!  are  integers. 
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and  that  in  consequence  I      .  has  three 

Jr  v4(2--ei)(2;-e2)(2;-e3) 

periods  20)^,  2a)2>  2<03,  where 

I«  iiOO  /•<» 

tpds;,    <oi=l    wd^;,    0),=  I    u;d«, 

these  periods  being  not  independent  but  connected  by  a 
linear  relation,  viz.  w^— ft)2+A)3=0.  Of  the  three  we  shall 
consider  2«|  and  2a>3  to  be  the  independent  perioda 

We  have  also  shown  that  if  Uq  be  any  definite  value  of  the 

integral  I    w  dzy  say  that  obtained  by  integrating  along  any 

straight-line  path  extending  from  0  to  oo,  which  does  not  pass 
through  any  of  the  points  z=^e^,  z=^e^,  «=«8»  ^^®^  ^  other 
values  are  comprised  in  the  system, 

n=2X«i+2/xa)8+tio» 
tt=2X'a»i+ 2/0)3+ 2< 

In  consequence  we  have  fp(2mcDi+2?k«)3d:u)=p(u),  where 
m,  n  are  integers,  an  equation  which  expresses  the  double 
periodicity  of  the  function.  And  this  is  equivalent  to  the 
statement  that  the  most  general  solution  of  the  equation 

p(u)=p(u0)  is  w=2mo>j+2no)3d:W0,  m,  n  being  integers. 

Further,  it  follows  that 

p'  (2ino>i+2no)3+u)=p'  (u),       p'  (2ma>,  +  2n6)3-u)=~p'  (w), 

p"  (2in«i+2n6)2d:u)=|j"  (u), 

p"'(2ma)i+2n«,3+u)=p'"(^>»  p'"(2ma>,+2na,3-u)=-p'"(t4), 
and  so  on. 

And  in  the  special  cases  when  m=n=0,  we  get 

F  (-t4)=p  (u),     p'  (-t4)=-p'  (w), 

9'\-^)=9'\^\    P'"(-t^)=~P'"(t*),  etc. 

1386.  These  resulU  are  obvious  from  another  consideration  ;  viz.  if  we 
consider  (42^  — /z-J)~'  as  expanded  in  a  convergent  series  of  negative 

powers  of  z,  that  expansion  will  begin  with  the  term  — t  + Integrat- 

1  2z*  ^ 

ing  between  2  and  00,  we  have  «=—+...  ;  and  squaring,  u' =-+...,  and 

2'  * 

therefore  by  reversion  of  series  1= -5+ even  powers  of  t«,  t.e.  p(tt)  is  an 
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evvn  function  of  u.     [This  exjuinsion  will  be  found  carried  out  in  Art. 

1416.1 

Thus  ^'{u\  ^"(tt),  p'"(tt)...  are  alternately  odd  and  even  functions  of 
u,  whence  i>(-ii)-p(t«),i?'(-t*)=  -p'CuX  f/(-«)=p"(iiX  etc,  as  sUted. 

Further,  «ince  these  series  for  p(tt),  f>\u\  p"(u\...  all  start  with  a 
neKative  |H>wer  of  u,  it  will  be  clear  that  p(OX  ^"(0),  ^"(0),...  are  all 
intinit^",  and  the  oi-ders  of  these   infinities  ai-e   re8i)ectively   tho«e  of 

1      1      1 


«<*   M 


s»  «i» 


,  so  that,  for  instance, 


gl(w)_ 


lAu-*'o!z7sV[=Ltt 


1387.  The  Addition  Formula  for  the  Function  p{u). 


dx 


Consider  the  solution  of  the  Eulerian  Elq nation  -7y^    ,^ 
for  the  ca.se  when 

Let  u=J    ^~,  v=J     -1^^,  ie.  jr=^(u),  2/=P(v).     Then 


^.=0 


du 


=-'^'  ;'f=-^^  -*^  '^«+'^^=-Ct+i;p=«- 


Thus,  one  form  of  the  intecrral  is  t«+v=C,  a  constant.  ...(1) 
We  can  obtain  another  form  of  the  integral  as  follows : 
Introduce  another  variable  t  such  that 

dx  _      dy  _        dt 
and  let  x+y=P. 


Then       -=^ 


dP 


dt_ 
x-y 


dP 


I.e.  -7-=  — 


JX-JY 


s/X-^/Y        x-v'     "^'   di 
Differentiating  with  regard  to  t, 
d^P  1     r    1     dX-JX       1     dY  JY 


x-y 


d^p^ i_r_ 

dt^         x—y\j2t 


jXdc  x-y     %JY  dy  x 


-1 

-2/ -I 


{^-yf  Vx-y    x-y\ 


ix-yf[2\ 


\fdX    dY\     X-Y 
dx      dy  /      x  —  y 


]■ 


ADDITION  FORMULA  FOR  9(n). 


635 


%.e. 


Now 

g+3^=12(x»+y»)-2/,    and    |=l=4(x»+xy+y»)-/; 

.    «PP_2(z«-2xy+y«)_  iP   ^_.dP 

©■_„P+<.,  „,  P.>(f)--c-. 

where  C  is  a  constant (2) 

Now  this  equation  having  been  obtained  on  the  supposition 

dx       dtj 
that  --=+-T^=0,  i.e.  that  t4+t;=a  constant  C,  it  appears  that 

C  is  a  constant,  provided  that  C  is  a  constant;   i.e.  C  is  a 
function  of  C,  say  ff>(C).     We  thus  have  the  equation 

and  we  have  to  identify  the  form  of  the  function  <f>. 
Now  _       _ 

P=x+y==:p(u)+p(v\    and     -v-=— -^^ ^-=^-^ — t-i-^ 

^(ti+t;)=-    ^-^'- — »-i-'     — ic— y 
^^  4Lp(w)-F(y)J  ^ 

+  4arV + 4a^*]/4  (x  -  y  )*. 
Now  let  V  diminish  indefinitely.     Then  p(v)  or  y  becomes 

infinitely  great,  and  we  have  <l>(u)==Lt  -T-^^=^x=p(u)f  and  the 

form  of  <f>  is  now  identified   as  that  of  the  Weierstrassian 
function  p. 


%.e. 


Hence 


^=i(fy-^(«+'')- 


That  is    y(u+.)+p(«)+^(t,)=i[y'g;_ffJ, 

which,  as  it  expresses  p(u+v)  in  terms  of  p(ti),  p(v)  and  their 
differential  coefficients,  forms  the  addition  formula  for  this 
function. 
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1388.   Symmetrical  Form. 

Taking  a  third  function  w,  such  that  u+v+w=:0,  then 

Therefore  we  have  the  symmetrical  form 


'M+'W+-M-j[^lS^T 


_  1  rp'(f)-i>'(tr)f^i  rp>Hp>)-i« 


by  symmetry,  and  therefore 

fp'(u)^9'(v)^fp'(v)-fp'(tv)^9'(w)^p'{u) 
p(u)-fp(v)      p(v)-p(w)      F(tr)-p(u)  • 
whence 

P{«)  [P'{v)-9'W]+V{v)  if?'M-V'(**)]+V{«>)  [P'(«)-P'(«')]=0, 
and  we  liave  the  symmetrical  relation 

1,      |J(M),       p'(u)      =0. 

1,    F(v).     f?'(v) 

1389.  Various  Besolts  derived. 
In  the  formula 

change  the  sign  of  v.     Then,  remembering  that  p(— t7)=p(«) 
and  j?'(-v)=-j?'(v)  (Art.  1385),  we  have 

whence 

J'(ti+t;)+p(u-t;)  +  2p(u)+2p(t;)=     ^gg|±?^)-,  ^ 

p(u+t;)-p(a-t>)  =-,  ^^r^^!1i2' 

1390.  Take  a  function  of  x,  y,  viz.  /''(x,  y\  such  that 


so  that 
and 


F{x,  x)='ki^-Ix-J=p'\u\ 
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Then 
p{u+«)+p(«-«)=2 ^^^±^ 2 2(a!+y) 

={2xy(x+y)-mx+y)-J)/{x-y)*=^F(x.  y)/(x-y)» ; 
whence  p(«-„)+p(«+«)=^|^M  ; 

also  p(„-„)_p(«.H)=;P^<^53^.. 

.   oruic^    lJ'{p(«).P('>)}-p'(")p'(f) 
•  •  P(«+*J-2  {p(«)-p(t-)}» 

1391.  In  the  formula 

„.+.Hf(.)+.(.)-i[^{^']'. 

let  V  approach  to  ultimate  coincidence  with  u.     Then 

=i(|ilogP(«)}*. 

1     {6p*(tt)-i/}* 
4  4f»»(M)-/t»(M)- J- 

1392.  Hence 

which  is  a  rational  function  of  f{u). 

1393.  Moreover 

±lo^»'(u)-±  P"(")_P"'(«)P'(«)-P"'(«) 
rf„,logJ'W-d„p'(„)-  pt(„) 

=  [12t»'«(«)p(a)-4p'»(«){p(2«)+2p{tt)}]/p'»(u)=4|.(«)-4fK2«); 

.-.  f»  (2u) = p  («)  -  -  g-^  log  |»'(U). 

1394.  Another  foi*m  is 

Since  p(2ti)='^  ^        '^  )  '         x     r  »  we  have 


or 


4|3(2li)-|?(M)  = 


3/ip'(u)-t-a/p(tt)-n/' 

4  {P(t*)  -  «,)  {F(u)  -  e,}  {p(ii)  -  «J 
ABC 


>(«)-«/ p(ii)-e,^|>(tt)-e,' 
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where    A  =  (3/e,2 + gje,  +  J /*)/4  («!  -€,)(«!-  e,) 

=[(«««.  -  «i')(«.e,  -  4ei«) +9ei«e,e,]/(ex  -  e,)(ex  -  e,) 

=  («f^,  +  •2«i*)''/  (e«e,  +  2e,«)  -«,«,  +  2et« = («!  -  e,)(e,  -  e,)  ; 

1395.  Put  v=2u  in  the  formula 

p(t^+t^)+F(t^    ''^"{p(u)-p(i;)}«- 

Then  y (au) + P (ti) = j^^if)!!'/ff/« >  so  that  p(3u)  can  be 
expressed  rationally  in  terms  of  p(u). 

1396.  Now  put  v=nu.    Then 

y(n+l)u+p(n-l)u=fy(7)'P/")>. 

which  expresses  p(n+l)u  in  terms  of  p(nu),  |p(n— l)tt  and 
|9(ti)  in  rational  form,  whence  p(n+l)u  is  a  rational  function 
of  p(u).  Thus  it  appears  that  p(2u),  p(3u),  p(4u),  eta,  can  all 
be  expressed  as  rational  algebraic  functions  of  p(u).  But  the 
expressions  for  these  successive  forms  rapidly  increase  in 
complexity. 

1397.  Again,  using  the  formula 
and  putting  v=2u,  3u,  etc., 


p{^u)—fp{2u)=  — 


{p(3u)-p(u)}*' 


p(n+l)ii-|g(n-l)u=-,  V  /^;  ;,,, 

from  which  p(3m),  p(4u),  ...  may  be  successively  calculated; 
and  it  is  noticeable  that 

p'(2tt)p'{«).     P'{3«)p'{«).     P'(4u)p'{«).... 
are  all  rational  algebraic  functions  of  p(u). 


*■   ■  ■  .1 
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1398.  General  Value  of  p(nn)'-p(u).     Schwarz. 

We  shall  show  later  that  the  general  form  of  p(nu)  is  given 

by  the  formula  ,#       ,# 

p(nu)-p(u)=-f'-^^\ 

where  >/r^  is  expressed  in  terms  of  Sigma  Functions. 

Schwarz  has  shown  that 

1    (P 
p(nu)-p(tt)=--j  j-^log^r^. 

where  >/r,=  ,-  ,o.o.      / — Vttt^  and  A-  stands  for  the  deter- 

/^       {1!2!3! ...  (n— 1)!}*  ** 

inmant 


The  method  of  establishing  this  result  is  pointed  out  by 
Greenhill  {E.F.,  p.  300,  etc.),  but  the  proof  lies  outside  the 
scope  of  the  present  account. 

For  immediate  purposes  we  may  establish  a  difference 
equation  which  will  suffice  to  give  us  the  values  of  the 
function  ^(nu)—p{u)  in  terms  of  p(u)  for  low  values  of  n, 
such  as  n=3,  4,  5,  6,  etc.,  which  is  all  that  we  shall  require. 

1399.  A  Difference  Equation. 
From  the  formula 

^{v+u)+p{v-u)={2xy{x+y)-lI(x+y)-J}/{x-y)\ 

where  a:=|?(ti),  y—p{v),  we  have,  by  putting 

v=nu    and     p(nu) — p{u) = R^ , 

p       ,  p         2x(x+R,)(2x+R^)-hI(2x+Rn)-J    «^ 


2x 


I.e. 


Putting 


^(4<c^-Ix-J)  +  {6x^-hI)Rn+2xRn* 
=^[9'{u)+R,^"{u)}IR,\ 

X,  =  r(^)  =  ar«  -  J/,     X3  =  P'^M  =  4x5  -  /^' -^, 


(I) 
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where  the  suffixes  of  x  denote  the  degree  in  x  iu  each  cane,  the  differenee 

equation  is  Rf^x-^Rn^x  —  ^^  J^l — ^i  with  the  starting  equatioiui  JBi^O, 

■"ii 

i?,=  -^,  whence  i?j=X3_(X3_7X«-XlL  -^S  say,  where  Xi=XiX«-Xi* 
Xs  X4  X« 

The  suffix  notation  will  suffice  until  the  case  of  Rg,  when  a  second 

factor  of  degree  12  occurs  after  Xit  ^^^^  been  used.     We  majr  denote  this 

second  factor  by  <^i|. 

1400.  Other  forms  of  the  difference  equation  may  be  oonveDient^  and 
may  be  used,  now  we  have  found  R^^  for  we  may  eliminate  Xt  ^^  Xs»  ^ 
both  of  them. 

Since 


Xs 


Rn+l  Rm  +  Rn  Rm-l  ~  Xf  "*"  ^ 


and 


xk. 


Rn+i  ■B«+ 1  +  Rm-¥l  -R*  =  Xl  +  fc>        * 


we  have 


=0; 


B^, «.+,  -B.B^,=  -X3  (g-^  -g^^y 

it.  *-+«=f^«--»^(i--»— ): (") 

or  again,       («^,+i?JiS+,-(i?,+,  +  i?,_,)i?.«  =  Xi(i^+i--B-).    (I") 

From  either  of  these  equations  or  by  another  application  of  {I\  R^  can 
be  found  ;  after  which  we  may  eliminate  both  Xt  &nd  Xs»  ^^^  ^^"^  ^ 
equation  connecting  the  Rs  of  any  five  consecutive  suffixes,  viz. 

R^n  +  l{Rn  +  Rn+t\       Rn+ly       1 
RnHRn-l  +  R.^l%     Rny  1 

Ri.i(R^,+R^\    B^,,     1 
whence  (^M-i  -  -»")(-^>-f i "  j^?-i)(g."±i,zA-«) 

I  (Rn-l  -  Rn^Rn-i  -  Rn+l)(Rn-l  '  Rn+t)  _  q       ...(IV) 

in  which  a  factor  has  been  inserted  for  symmetry. 
Now,  putting  n=2  in  (II),  we  may  readily  show  that 

^4  =  -  ~i  y  ^»»ere  x„  =  Xs*  X«  -  X4'  J 

AsXa 

putting  n=3  in  (IV),  we  similarly  get 

•"6-        — ~  s       »  wnere  9i2  — Xn     X«  » 
Xi» 
and  putting  n=4, 

X3X4   9l2 

and  so  on. 

From  the  seveial  connecting  equations, 

X«~XjX4-X3>       Xu=XsX«~X4>      */*12=  Xif~  Xo  > 

^=xi*)hAi-Xii".  •tc.. 
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we  can  I'eadily  exprem  Xe*  Xit>  ^t>  ®^»  ^^  terms  of  the  original  quan- 
tities Xs»  Xs*  X4)  ^  ^^'^^  ^^^  successive  values  of  p(nu)-p{u)  may  lie 
obtained  in  terms  of  .r.    Collecting  the  results,  we  have 

p(2i.)-p(«)=-X«,    |,(3»)_p(tt)=-2kXj,    p(4«)-p(t.)=-XaH, 

X]  X4  Xi  X( 

y(5i.)-t»(«)=-^X«X«<^ii,    p(6,)_p(«)=_JCB^,etc., 

Xi«  XsXi  9iJ 

and  the  notation  shows  the  nature  of  the  factorisation  of  the  several 

numerators  and  denominators. 

If  we  change  the  notation,  and  write 

etc.,  with  yJTi  =  1,  we  get 

p(2«)-p(tt)=  -!^».    f?(3«)-p(ii)=  -^S 

p(6ii)-p(ii)=-^,  etc. 

1401.  Factorisation  of  ^3,  etc. 

If  we  consider  the  solution  of  p(2it)=p(tt),  we  may  infer 
the  factorisation  of  Xv  ^-^^  V^s* 

The  equation  gives  2u = 2mw^ + 2nw^  ±  u.    Therefore 

u = -K-  »i  +  -ft-^s    or     2ma)^ + 2na>3. 

The  principal  solutions  are 

2(0|     2(1)3     2a)|     20)3     2(tfj     2<03, 

and  any  other  solutions,  such  for  instance  as 

4^     2w^     4«,     6a»3 

are  merely  such  that  when  added  to  one  or  other  of  the  four 
principal  solutions  we  obtain  a  complete  period  Hence  the 
factors  of  X4  are 

X.-V',-3[p(«)-p(^)][p(«)-f(^')] 
and  since  Xi— 3p*(^)"~t^F^(**)— 3»/ip(w)— yV/*,  we  have  various 
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results  from  the  consideration  of  various  symmetrical  functions 
of  the  roots  of  the  quartic  X4=^  *»  ^^^  instance 

and  similar  resulu  will  follow  from  a  consideration  of  the  equations 
P(3i«)  =  P(m),  f?(4»/)  =  ^(M),  etc. 

1402.  Let(?,  =  4(.i-f,)(.r-e,.)(x-e-j),  .r  =  f»(tt),-/  =  V>(t?),  2  =  i?(if).     Then 

=  (F W  -  i^C^^'MM^Ct^  +  '^)  -  '•i^.     That  is 
NV(t;+tr)-e,{^(t) - p(ir)}  =  v'/T^ ^'(zZ^^Jj^TT^  _ ^/^^  v'(y-e^)(jy-ea) 
with  two  similar  equations. 

14a3.  It  will  be  noted  that  ^iv-\'ir)-e^,  i'('<'  +  w)-<^2»  P(«  +  «')-«3  »** 
perfect  squares. 

1404.  In  the  same  way 

with  two  similar  equations. 

1405.  If  2a>p  2ft)2,  20)3  be  the  three  periods,  then 

(Di  — ft)2+a)3=0      and      |?(a)i)=^i,  P(«2)=<^2»  PW=^8» 

and  since  ^1  +  ^2+^3=^'  ^'^  ^**^®  P(ft>i)+P(ft>2)+P(*^3)='^- 
Also 

F(2w)-|p(a)i)  = 
where 

Then  this  quartic  function  Q  is  a  perfect  square.  For  the 
solutions  of  p(2u)=^(wj)  are  given  by  2u=2\(»)i  +  2fjiw^±tt\- 
That  is  M=an  odd  multiple  of  ^Wj  +  a  multiple  of  cdj. 


^'(ri^Hll9Hu)+2Jp(u)+^^P       __    Q 


fo, 


ft)i 


Now  -^  and  -^+0)3  are  the  only   independent   solutions, 
for  any  others  are  merely  such  that,  witli  one  or  other  of 
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these,   they   make   a  complete   period.     Therefore  the  only 
different  factors  of  Q  are  the  two 

P(^i)-9(^)     and     p{u)-p(^+a>^, 

which  must  therefore  be  repeated.     It  is  therefore  indicated 
that 

p(2ti)-p(a,0=[pW-p(|^)J[F(u)-p(|i+««s)J 

no  coefficient  being  required,  because  in  fp{2u)  the  coefficient 
of  f\u)  is  to  be  l/p'*(u),  which  is  so. 

The  actual  factorisation  is  given  in  the  next  article,  which 
will  show  that  the  repetition  could  not  be  such  that  one 
factor  is  repeated  thrice. 

1406.  Since 

/=  -4(e/53-V);  2y+e,/  =  4e,(e^  +  0;  A/*+e,/=(eA +  «!«)», 
p(2w)-e, 

=  [p*(tt)-4e,p3(ii)-2(e./!3-Oj^(„)+4e,(e^+e,«)p(ii)+(e2e3+V^^^ 
=  tt^u)  -  2e,p(«)  -  (6,63 +e,')]Vp'^M) 
=  [(F('0  -  e^)^  -  (6.6,  4-  2e,2)  JVp'^u), 
Mrhich  shows  the  actual  factorisation  of  Q. 

1407.  The  value«of  fpCj\  P(^*  +  <^«)  *re  therefore 

e,  ±  Ve^  -I-  2e{\    i.e.  e,  ±  VSe,*  -  J/, 
and  since  f^f  —*  j  lies  between  e^  and  oo  we  take  the  positive  sign  for  Fv  'oM* 
[See  Art.  1410] 

1408.  We  have  also  the  relations 

«'ft')+«'(¥+'^)=2''=2«'<'-»)=«'(l')-P(^+«'»)=i-^«''> 

with  other  results.     For  instance 

Vp(2»)  -7,  =  -  [p(«)  -  f?(|')]  [p(«)  -  pd' +«,)]/<»'(«), 
where  the  negative  sign  is  chosen,  because  when  u  is  very  small 

F(2»)  =  j'-„     P('«)  =  i,    P'(«)=-|,- 

1409.  Putting  z  =  e,,  Cj  or  63  in 
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Then 


^^^■'"^^^"iiFC^^P^ 


=  {4^-/z-y-4(«+2e,)(«-e,)*}/4(z-e,)2 

and  12e|«  -  /  =  4(ei  -  e,)(e|  -  ejX    J  +  8e,3  =  4e,  (ej  -  e^)(e,  -  ej- 

Hence  F(t*+Wi)-p(ctt,)=(ei-0(f,-C3)/(2-e,),  (1) 

*.e.  {F(tt+«i)-P(wi)}{p(tt)-p(u>,)}  =  *('«>,) -pK)}{p(u>,)-p(«3)},  ...(2) 
with  two  similar  results  by  a  cyclical  change  of  suffixes. 

1410.  We  may  therefore  write  the  result  of  Art.  1394  as 
4|»(2tt)=|J(ii)  +  p(ti  +  «,)+|»(M  +  u>,)  +  |J(M  +  u>3).     [M.  Trip.,  188a]  ...(3) 
Other  identities  may  be  established.    Thus,  since 


-«! 


we  have  p'(,+«,)=iiz±)gc:f!.V(„), 

If  in  (1)  we  put  u—  -|<oi, 

'=J^(^)     *"^    P(^) - «i  =  ± >^(«i  - «j)(«i  - «3).    (See  Art.  1407.) 

J  I***         //« 
;^— =-  and  is  real ;  and  as  z  increases  from  f ,  to  oo , 

u  decreases  from  ci»|  to  0  and  passes  the  value  a>,/2  in  the  interval 
Hence  the  value  of  z  corresponding  to  -^t  ^^^^  ^^  ^i^p  ^^^  between 
e,  and  oo ,  and  is  therefore  >  ei.    Hence  we  take  the  positive  sign,  and 

p(|)=«.  +  N'(e.-«,)(«.-«>X 
Also,  since  p'(^)=  -n/4(z-Ci)(2-0('-0»  ^®  h&ve 

P\^)=  -V4{>/(e,-e,)(«,-e3)){e,.-e,+N/(e,-e,)(e,-e3)}{e,-e,+V(e,-«^(«,-«01 
=  -  2%/(e,  -  e^(ej  -  «,)[>/«,  -  e,  +  %/«!  -  e  J. 
1411.  It  may  also  be  shown  that 

|/(^)=  -24N/(«,-e3)(e,-e3)[v^e,-  e3  +  ^/e;^", 
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1412.  Again 

Therefore 

|/ (ii)p'(i» + u,,)  P'(t*  +  <«2)F'(« + w,) = 16(e,  -  «.3)«(«3 -«,)*(«!- «2)*, 


and 


^^^»    A..or(u)e^,=^,^_J.;V,:?^.^^(.-e.).-(.-,),  with 
two  similar  results. 
.'.   adding 


whence 


1414.  Weibrstrassian  Periods  in  Terms  of  Leoendrian. 

We  have  now  to  examine  the  relationship  between  the 
Legendrian  and  Weiei-strassiau  systems.  Taking  e^,  eg,  e^  as 
the  roots  of  4z^—Iz—J=0,  and  supposing  them  all  real  and 
6j  >  e,  >  Cj,  the  period  2ft>j  is  defined  as 

Jei  >/4(2;-ei)(2:— e2)(z-65) 
and  is  a  real  period  («  >  ^i  >  ^g  >  e^). 

Let  ;?— e^ =(6^—63)  cot*  0    and     A:*— ^ — ^ 

which  is  positive  and  <1. 

Then    z—e^=e^--€^+{e^— Cg) cot* 0 = (e^ — Cj) cosec* 0 — (e^ — Cj) 
=  («i-«8)(l-**8in20)/sin20, 
and  «— C3=(ei— egVsin^fl;  also  d;?=— 2(6^—63) cosec*0 cot 0d0. 

Again  z=e^  gives  0=Tr/2  and  0=00  gives  0=0; 

— e.)  co8ec*0  cot  0  8in*0  dd 


«!-«» 


2  Jo         /p._p\T 


(61-63)^  cot  0>/l  -  A:*  sin'*^ 
_     _2_    p Jd 

^/e.  —  C.  Jn  \/l  — , 


2Z 


2tt)« 


^^1 — ^  J  0  \/l — A:*  sin*  0    Ve^— e. 
Again  («  real,  and  passing  below  2=«i,  see  Art.  1335), 

or         dz 

'      J.,N/4(2-e,)(s-e5j)(2-ej) 

ofplfl  dz  . 
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Let  0=«jCO8*d+ej8in*d. 

Then     e^—z^ie^—e^sin^B,    «—ej=(«i— ejcoo'd, 
and  z-e^^ie.-e^il-k'^^n^e), 

where  k'^^hUh^i^^Hh^l^k'^ 

ifc'  being  positive  and  <  1.     Also  dz=^2{e^—e^wk0 cos  Odd, 
Again  z=e^  gives  0=^;  2=«i  gives  ^=0; 

9/    _    ,_2       1       r  €»         _     2g- 

Finally     2a>,=2r   ,  ^         ^^^     ^^ 

I  Jf,     J*,  /  \/4(2— «i)(2— ej)(2— e,) ' 


.-.  2( 


U  iV4(Ci-2)(ej-2)(2-e5) 
Let  z=e^sm^O+e^coe^0] 

:.  c— 2=ei-ej8in«d-C3(l-sin«d)=(ei-C5)(l-i*8in*d). 
ej— 2=(e3— 65)008*^,    2— ej=(ej— ejsin*^, 
dz=2(e^— e^  sin  0  cos  Odd] 

z=e^  gives  d=0,  z=e^  gives  ^=h  5 


Hence    aj= 


£ 


«-./(:' 


-Jf' 


(kfc 


«•= 


and  «i— «2+a>3=0,  as  it  should  be. 

1415.  Connection   between   the  Jacobian  and  Weisb- 
STRAssiAN  Elliptic  FuNcmoNa 
In  general,  taking 

dz 


J.  v^4(2-Ci; 


i)(z-e^)(z-e^) 
Put  z=e^+{ei^e^)cot^0,  and  we  have 


(«i>^>«s)- 


u=-==\     ,  =r,     where  ifc*=-^ — -'. 
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Then  6 = am  Je^ — e^u, 

F(«)=«.+(«,-e.)cot^^=e,+^=e,+^g(l-|5^8in*^). 

U.  |j(u)=ej+(ej-gj)     ,  /     ^  , 

P(t*)=C3+(«i-«8)— TT— "'    (^) 

which  may  also  be  written  as 

dn2>/^;^ti=^5?^,     (B) 

wliich  show  the  connection  between  the  Jacobian  and  Weier- 
strassian  systems. 

1416.  Expansion  of  ^(u)  in  Powers  of  n. 

Taking  « = J      i    .         ==,  and  «  >  e,  >  e,  >  «j,  we  have 

tt=/   ~iM""i("2  +  "i)       <^>  *"<i  *  convergent  expansion, 

-,i+"  +  2.4.5,|  +  2.4.7,r2.43.9,f+-- 

We  have  to  reverse  this  series,  and  expand  z  in  powers  of  u.    Squaring, 
we  notice  that  u*  is  a  rational  function  of  ;,  viz. 

^  1  ^  /         1  ./        1        . 

?r  20  «V     28  u'r 

=   o  +  0  +  7r;rM*  +  ;r^tt*  +  ...  to  the  first  three  terms, 
tt*  20         28 

As  z  is  obviously  an  even  function  of  ?<,  we  may  conclude  that  the 
expansion  is  of  the  form 

where  A^,  ^g, ...  i*emain  to  be  found.     As  the  work  of  reversion  of  series 
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U  somewhat  laborious,  we  may  now  use  the  differential  equation  i"'—  ISn' 
(Art.  1384)  to  determine  the  coefficient!  from  this  point. 

.  A.    ,„/4J,     P\     A,    ,„/6/).    3IJ\ 

.b.«»,  ir;->!(eT*!m>    sl-'HTi'+iSo)' 


'''■'"■-^"-^g"-^i«'-^g:3ra''-^i!'.».7.ii' 

1417.   It  apjieara  that  piu) — j  vanishes  with  «.     That  ia,  for  verj 

1        "       PM-S   ; 

amallvaluesof  u,p(it)  =  -,.     Also  Lt,-^       ^|       ~^>^^ 

Again  P(ti)p'(i»)  + -j  vanishea  with  «. 

Moreover  the  expaiiaionii   of  p'(ii),  )/'{ii),  f'lu),  etc.,  u«   now  all 
known  to  aeveiiil  terms. 


Since  f(K)=  -jp{«)du=^\og<riu).  we  have 
A1«J     ff{K)d»  =  logu+0-2j- 


"2'.3.5".7         8^.3.5.7.11 

j.ll.iaU.s'    7'/       "■■  ^ 


,h-J^*J^^-    IPl        ■'*'        1 

^■■■JL*     2\3.6>.7.ir"J' 


La  II  ili^K+C 


— j:7"l'.3>.i'.7.1l"-" 
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EqurtiooH  (A)  and  (B)  give  the  eipHOsiona  of  the  Zvta.  and  Signin 
functioni. 
The  coDBt&nta  of  inlngmtion  are  in  bath  cHoee  taken  lero.    That  ia, 

{{■)  -  -  and  log  ^^  are  taken  as  vaniahing  with  u. 

1419.  We  note  that  both  ^(u)  and  (r(u)  are  odd  functions  of 
«,  and  that  in  consequence  f(— «}=  —  f («*),»(— u)=—ir(u)- 

Alsothat     f(0)=5o,    f'W=»>    r(0)=«>.etc, 

o-(0)=0,     <r'{0)=l,     <r"(0)=0,     <r"'(0)=0,     ff"(0)=0, 
o-'(0)=-i/,etc, 
and  for  small  values  of  u,  ^(u)=-,  o-(u)=u. 

1420.  Addition  Forhdla  fob  thb  Zeta  Function. 
Integrating  the  equation 

with  respect  to  r.    {("-"J+fC'+tJ-^J^^Z^+O; 
and  putting  B=0,    p(i))=3o;     .-,  2^(m}=C; 

.-.  f(„-,)+f(.+,)-2{(„)=-jSi-j.   (1) 

Also  f(«)  being  an  odd  function,  f(u— v)=  — f(ti— «). 
Hence,  interchanging  u  and  v  in  equation  (1), 

-f(.-«)+«.4,,)-2{W— ^-jj2!L_ ,2) 

Hence  adding, 

f(.+.,-M-{,.,^>|gt|^  ,», 

or  writing  «+!-=  —  »  and  remembering  that 

|.(-«)=i.{w).   ^{-w)=-CM. 

where  u+i>+w=0.     [See  Greenliill,  E.F..  p.  205.] 
Changing  the  nigii  of  u  in  (-1), 

f,.-.,-fM+fM^^?|l±|>>.   W 


CBAFTBB  SXXn. 


1421,  By  ditfereDtiating  (3)  and  (4)  with  regard  to  «, 


7,f(«- 


do"'   ilirH-ri')' 


whence  p(»)-,(«+»).'  i  t^M^^i', 

Pl»)    PI"    "I     2  Ju  f  (u)-p(») 
1422.  Addition  Fobhula  fob  the  Siqha  FtnionoN. 

Integrating  f (u-»)+{(«+.)-2f(«). 
gaid  to  u, 


P'M 


p(o)-p(«) 


with  re- 


log  ,r(«-.)+log,(»+«)-21og«-(o)-log{p(ti)-p(«)}+0; 
and  since,  when  u  is  indefinitely  email, 

<r(u)=tj     and     p(«)=--i. 


log»(-«)+log  "■(»)='*.* 
whence 


log- 


f(..-.),r(u+i,) 


Putting  ii=nw,  we  have 
p(n«)-p(u)- 


''(A-PC)}+C-0; 


.p(ti)-p(«) 
=PW-P("). 


ir(w-l)Mir(n+l).M 


1423.  If  we  integmte  with  regard  to  v  instead  of  with 
regard  to  u,  we  have 

-log^(«-e)+loE„(«  +  e)-2t.fM-£  J>La,; 
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whence 
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1424.  Starting  with 

and  integrating  with  regard  to  u, 

-  logo-(t,-«)+log  ,t(u+v)-2u^{v) J][  p(ffp(^,)'^" ; 

*  <r(v-u)        Jo  p(u)-p(v) 

1425.  Since  ^i^(!^=^=  _p(„).  we  have 

1426.  In  the  result 

o-(t«-t>)a(t«+t))^    .._    .  . 
<r«(«)<r«(»)  "^^  '    *^^  '' 

make  v  approach  indefinitely  closely  to  u.    Then 

<r*(tt)         •^"    <r(tt— v)        -^^-^^  — cr  (tt— v)         "^  ^  ' 
for  cr'(0)=l  (Art.  1419).     Hence . 

cr(2ii)= -<r*(u)  p'(t*)=(- l)V^'(u)  p'(ti). 

1427.  Differentiating  F(2ti) -§?(«)=  -  i  x-,  log  p'(ti),  we  have 

2p'(2i*) -!/(«)==  -  J  ^,logp'(tt),  etc., 

2«p<"»(2t»)-F'-»(^)=  -}5i^,logP'(ti). 
Integrating  the  same  equation, 

-K(2«)+f(«)+C=  -J  jilogP'(«)=  -i^y 

and  taking  u  indefinitely  small,  we  have  in  the  limit 


2    Su^tt^  4 


2J  +  1/ 

2     ,     4»'    ■■  "■ 


whence 


Again  integrating   -  Jlog<r(2i«)+log<r(tt)  +  C'=  -}logp'(tt), 
and  diminishing  u  indefinitely, 

-Jlog2i«+logti  +  C'=-ilog(-|3)  =  Jlogtt-Jlog2-}log(-l); 

•    C'=-}lo8(-l); 
^  fc*:;:7o=T='^®«S^\»  ••*•  <^(2u)= -o-*(w)|?'(ttX  as  found  before. 


■iiii  •    I  I   rrii 


hH9^"~«i 
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1426l   PmsaigBs2mt^f 


fK«.>-fH.)=  - 


1   ^ 


1429.  To  ind  4r<4BX  ve  kire 

=  -a^(.).f^(.>f»'(i.X 
aad  bj  aid  of  these  raalu  ve  might  proeeed  to  iod  o^5«),  o^teX  «^ 

143a  ConwpofMiiiig  to  Baler's  Theorem, 

CM  ^  oo«  2^  CM  2*  ^ ...  ow  2»-*  ^= an  8^  i*  sio  tf. 


---  i^%= -«^(^'-)' 


<r(3*^«)  _ 


<r(2"«) 


ff«(a"-*«) 


I^(S^-X- 


wbenee  ;^i^  =  -p'(2^'«).|»'«(2^«)-F^(«^«)- -f»"^(«X 


1431.   Writing  ^,  for -^,  we  have 


f?  (<ni)— »•=     (<ni)"'^i''  *  \<r(««) J  o«(««)o«(«) 

=P(«)-P(»«); 

/.  p(««)_^j(«)=-^«^4-- 

The  value  of  ^^^^(k)  found  by  Schwarx  has  been  fihown  in  Art.  1398, 
expressed  in  temiH  of  differential  coefficients  of  f  (■). 

Suppiffing  the  functions  R^  to  have  been  found  in  terms  of  f9(m)  as 
explained  in  Art.  1399,  etc.,  ^.  can  a]»>  W  expressed  in  the  same  manner. 

For 


=  (-1) 


li 


o-(2u) 


and  ^2=     ,. — ^=  -^{u),  v^i  =  l;  whence  (n> 2) 


^J 


'n-~l  =  (  ~  *)  *         •'^n-l  ^-2  -Rm— 3  •••  ^3~    •'?""     i 


■  ^.^  l^l^^^p-  I 


WEIERSTRASSIAN  FUNCTIONS.  653 

1482.  General  Form  of  the  Differential  Ooefldente  of  p{u)  with 
regard  to  u. 

Writing  P,  Pj,  Pg,  etc.,  for  f?(u),  p'(u),  p"(u),  etc,  for  short, 
we  have  pt^  4P»_  /P— /, 

P,=6P*-J/,  P3=12PPp 

P^=12Pi«+12PP, 

^aP^+bP+c,  say,  P,=  (SaP^+b)P,, 

P^=  6aPPi«+ (3aP2+  6)P2 

=a,P*+iiP^+CiP+di.  say,  P,=(^P^+2b^P+c,)P,, 

P3=(12a,P^+2&i)Pi«+(4aiP»+26,P+c,)P, 

=a,P«+6,P»+C2P*+dj8P+e2,  say, 

P,=(6a2P*+36^+2c,P+d,)P„ 
etc.; 

whence  it  appears 

that  P^,P^,P^,  ...  are  all  rational  functions  of  P 

and    that  P^,  P^,  P^,  ,,,  contain  an  irrational  factor  P^. 

If  we  suppose  these  equations  solved  to  express  the  various 
powers  of  P  in  terms  of  P,  P^,  Pg,  ...,  we  have 

I*'=UP,+\l).         1^=1  (P,-hP-c), 

7'»=i{p,-^«(^4-W^-c)-|(i^e+J/)-d,P-e,}.etc.; 

whence  it  appears  that  any  positive  integral  power  of  P 
can  be  expressed  linearly  in  terms  of  P  and  its  differential 
coefficients,  and  that  the  general  result  will  be  of  the  form 

P-=AP^,_^+BP^,.^+CP^,_,+,.,+KP^+LP+M, 

in  which  no  differential  coefficient  of  an  odd  order  occurs,  and 
the  coefficients  are  all  functions  of  /  and  J  not  involving  the 
variable  and  readily  calculable  in  the  early  cases. 
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Ii33.  Intflcimtioii  of  Batumal  Intflffnl  A]«rtnie 
p(tf)  with  ngud  to  If. 

It  follows  from  the  last  article  that 


[ 


+KP^+Li{u)+Mu+%  eooat, 

in  which  the  Zeta  fonctioo  appears  from  the  integrmtioo  of 
the  term  LP. 

Any  rational  iut^ral  algelnraic  fonctioQ  of  p{u)  and  f'(^)> 
i^e.  of  P  and  P^,  can  now  be  integrated.  For  if  it  be 
separated  into  two  parts,  the  first  containing  all  the  even 
powers  of  p'(u)  and  the  second  all  the  odd  powers,  then 
after  substitation  of  \P*—IP—J  for  P^,  we  have  a  result  of 
the  form  ^(/')+x(^)^i>  ^  '^^  X  being  rational  int^ral 
algebraic  functions  of  P.  And  when  ^{P)  has  been  expressed 
as  explnined  above  as  a  linear  function  of  P  and  its  differential 
coefficients,  each  term  is  directly  int^raUe.  And  if  x(^)  ^ 
expressed  in  powers  of  P  each  term  of  x(^^\  ^  directly 

iutegrable.  for  {p^P^du=P^^^  (r+l). 

Moreover,  since  P^P^=-^  (  — t-t  ),  which  is  of  form 

it  appears  that  P^P^  can  be  expressed  as  a  linear  functi<Mi 
of  P  and  its  differential  coefficients,  and  that  the  same  is  true 
of  x(^)^i'  X  being  rational  and  int^^raL  Thus»  whatever 
rational  algebraic  functions  of  P,  ^  and  x  ^"^y  be,  the  integral 
part  of  ^(P)-rx(P)Pi  is  expressible  in  the  form 

and  is  integrable  with  respect  to  y  and  expressible  in  the  form 

l-kU.  Thus,  for  example,  to  int^prate  (f («)+!>'(•*)}*  ^^ 
regard  to  ii,  we  have 
{P^P^^=P'^P,'^2PP,  =  4P^^P*'-IP-J'r2PP^ 


1' 
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1435.  If  we  differentiate  equation  (1)  of  Art.  1420  with 
regard  to  u, 

and  an  interchange  of  u  and  v,  or  a  differentiation  of  (2)  of 
the  same  article  with  regard  to  t%  gives 

a  further  differentiation  with  regard  to  v  gives 

-ri^-v)+nu+v)-2r(v) 

P(u)-p(v)   [f(w)-f(v)P   [fM-fW 

etc. 

Thus  we  can  form  fractions  containing  [f(w)"-F  (*')]*» 
[p(t*)— f?(t?)]*,  etc.,  in  the  denominators  with  no  functions 
of  u  in  the  numerators,  and  this  will  presently  be  found 
useful  (Art.  1443);  and  since  f'(^)=— p(w)i  we  have 

^(i^,=f(«-f)-f(«+t»+2^(»). 

[j»(u)-|»(t))]*    "^^        '^*^^  ^  '       ^'-  '    p(«)-f(v) 

r   i^f^^^l  ^it=-f>'{»-v)+f>'{.u+v)-2pXv) /''^'"\  , 

[F(«)-P(w)]*  P(m)-P(w) 


etc. 


3p»p"(f) 


Integrating  with  regard  toju, 
P'(v)  J  o(M)-p(„)=^°g  "^  («-«)-log  <r  («+«)+2«f  (t;)+const., 

-«'"<'')jp(u)-p(t;)" 
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Each  such  inte^al  is  therefore  expressible  by  means  of 
those  which  have  preceded  it,  the  first  being  completely 
integrated.    So  that  all  such  functions  as 

1  1 L__  etc 

f(u)-a'    [V{u)-ar    [p(u)-a]»'       ' 

are  integrable  and  expressible  in  terms  of  f,  ^  or  o-  functions. 

In  the  case  where  fp(v)=e^,  e^  or  «,,  we  have  t?=«i,  «j  or  i^ 
and  f'(v)=0. 

We  now  have  from  the  second  result, 

P»  J^(^=-f(«-'«')-f(«+«)-2«'. 

with  corresponding  suffixes  for  e  and  co,  replacing  the  fifst 
integration  above,  and  so  on  for  the  other  cases. 
Andf>"(«i)=6«i*--i^=26^3+4«i*,  etc. 

1436.   As  a  particular  case,  if  we  put  p(t;)=0,  v  is  a  constant 

r*        dz 

defined  by  v=|      ,---     ^   ==.     And 
^        Jo  Ji^-Iz-J 

p'"(t;)  =  12j?(v)f>'(t;)=0,  p<«^>(t;)=-12J,  etc.; 

whence  the  successive  integrals  \znfy    [^y  J  p»i^' ®*^ 
may  be  at  once  expressed. 


1487.   The  integration  of  the  ftmction 


1 


(a=f=e^,e^ore^ 


u     w   I  A  Pin)- a 

may  now  be  enectea. 

Let  a=p(i;),  which   defines  v  as  a  certain  constant,  viz. 
v=\    j.._j  _j .  and  p  (v)  =  -  J^a^ —la —J.     Then 

J?  (w)  -  a     2j?'  (r)  I.  p  (u)  -  ^  (r)      p  ( w)  -  p  (v)  J 


=  -,J-Jf{«-t')-f(«  +  f)+2f(t')]    (or  by  Art  1435); 
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whence 
du 


]^;{i;^i:i'=^p^^ 


1    loge^(.)^^;iZ^!+const 


1438.  Art  1435  shows  that  we  also  have 
*''*^''^1ep(^oT f  («-t>)-  f  (u+t>)-  2«  f,(v) 

2p'»(t')|j^^^^j,^ p(u-t;)+F(u+t»)-2uF'(t>) 

and  so  on. 

1439.  Integrals  of  form  f   f  ["^   du,  [,    f^^^  .du  are  of 
course  directly  integrable  as 

log[f  (tt)— a]    and =^  i^-T-r — ^--7. 

1440.  Integrals  of  form  I    ,}  '^du,  where  ^  is  a  rational 

integral  algebraic  function,  can  be  integrated  by  expressing 
jF  in  a  series  of  f  omi 

and  then  dividing  b}'  f(u)—a,  thus  reducing  the  integrand 
to  the  form 

and  each  of  the  terms  of  form  \f^{u)  may  be  treated  as  in 
Art.  1433,  whilst  the  integration  of  the  last  term  is  effected 
above. 


1441.   Integrals  of  form 


f, 


F[p{u)]du 


[p{M)-rt][p(M)-fe]...[p(«)-*] 

follow  the  ordinary  rules  of  Partial  Fractions  in  the  first 
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place  with  an  integration  of  the  several  terms  of  the  form 


above. 


pM 


which  accrue,  following  the  roles  deeeribed 


1442.   Ex.  Thus 


i[P(«)-o][P(«)-ft][P<«)-e]    J  ''(«-6)(a-c)p(.)-«"" 


where 


-f 


^(a-6)(a-c)p'(irO*'^^       cCn  +  n,)' 


<& 


,  Mi=etc,  it3=etc,  and 


p'(iij)=  -'jAa^-Ia-J,  etc 

1443.  General  Summino  Up.    Completion  of  the  Method. 
We  can  now  consider  the  general  case  of  the  integration 

of  a  function  of  form  {A+ 8^0)1(0+0^0),  where  A,  B,  C,  D 
are  rational  algebraic  functions  of  x  and  Q  is  a  rational 
integral  algebraic  function  of  x  of  degree  3  or  4,  thus  extend- 
ing the  result  of  Art.  318.  By  exactly  the  same  process  as 
in   Art.   318,   the   function   may   be   thrown   into   the   form 

U     M      1 
■f-^ .  — ^,  where  V,  F,  M,  N  are  rational  integral  algebraic 


V'^N 


functions  of  x.      The    transformation   x=a^-{ — ^—   may  be 


«-«! 


applied  to  both  parts,  or  to  the  second  part  only,  for  \y^ 

is  directly  integrable  in  terms  of  x  by  the  rules  of  the  tirst 
seven  chapters.  But  for  the  sake  of  uniformity  in  the  result, 
let  us  suppose  the  same  transformation  is  applied  to  both 
parts.     Then,  having  determined  fi  and   i;  so  as  to  reduce 


dz 


-=  to  the  Weierstrassian  form ,  — -,  let  us  put,  as  in 

Art  1432,  f{u)^P,  f(u)^P^,  etc.,  where  u  is  F'M^)-  Then 
VjV  and  MjN,  which  are  functions  of  a,  take  the  forms  V'lV 
and  M'jN'  respectively,  where  V\  V\  M\  N'sltb  rational  integral 
algebraic  functions  of  P,  or  what  is  the  same  thing,  z ;  and 


I    I  ^   ■      I 
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where  V'lV  replaces  —U'fi/V'{z-fi)\  and  V,  V  are  rational 
integral  algebraic  functions  of  z,  %,e.  of  p(u)  or  P,  and  M\  N' 
are  also  rational  integral  algebraic  functions  of  P. 

Now  D'/V  and  M'/N'  can  both  be  expressed  partly  as  an 
algebraic  series  of  powers  of  P  and  partly  as  a  series  of  Partial 
Fractions. 

Suppose 

yn  ^SXr^+Z  ^p Qy    and     jw=L,\r  +2  .p n/vy» 

which  are  the  most  general  form& 

Then  \prP,du=^^;  j^^=_-i^^P^.;    and 

[  p^ />=log(P— /8),  so  that  all  the  terms  of  I  ™Pjcit4  can  be 
integrated  in  terms  of  P,  %.e,  of  f(u). 

Also  IP^du  has  been  shown  in  Art.  1432  capable  of  integra- 
tion, and  the  method  to  be  followed  has  been  there  described. 

Finally,  the  integration  of  terms  of  the  form  I  ^ — ^  or 
\rB — w^  ^^^  ^®^  discussed  in  Art.  1435.     The  total  result 

is  therefore  expressible  by  aid  of  the  Weierstrassian  function 
p(tt)  and  its  associated  Zeta  and  Sigma  functions,  and  the 
addition  formula  for  each  has  been  established. 

This  therefore  completes  the  theory  of  the  integration  of  the 
most  general  algebraic  function  of  nature  {A+BJQ)I(C+Dy/Q), 
where  Q  is  of  degree  3  or  4,  the  cases  of  Q  being  of  degree  1  or 
2  having  been  completed  in  Art.  318. 

1444.  Illustuative  Example. 
Consider  the  integration 

dz 
Let  z=o{u,  0,  —4),  i.e.     —  =—du;  and  let  a,  /8  be 

V4(2;'+l) 


two  eODshiote  defined  by  F(a)=2,  f()8)=1. 
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Thenf.»=36,p''0)=8.  p"(<,)=6.2'=24,p"09)=6.1»=6, 
and  we  have         ^  t         u         a.  i     \ 

Hence,  by  Art.  1437, 

t,_„+,.>,„g.u„.,d^)_«._i_,^^,„lgr| 


and  C  ia  to  be  determined  so  that  U=0  it  u=0.    Simplifying, 


-f(«-ffi-i'(»+ffl-2«-^)^  logeX" 


'(■■-<3)1 


3loge>«- 


t("-»)      13 


_^loge«i« 


'("-a 


And  when  u  is  diminished  in  definitely, 


[     «'     J 

'3  , 


Therefoi-e  subtracting, 
P-jU+jloge""' 


»(«+«)     8,/2 


loge<«l»! 


r(|8-») 


where 


«-f-'(»,o,-«),  „-p-'m,  fi-f-'m- 


XUb.  For  further  develnptnent  nf  thix  [wrt  of  th«  Theory  of  Elliptic 
Punctionii,  the  reader  luuit  be  i-eferred  to  eoiiie  book  eipreal;  desliuit 
with  thii  Boction  of  the  subject,  Buth  hb  Pififewmr  Sir  George  Orefnhill^ 
treatiiw,  where  be  will  find  a  large  nmiiber  'it  ipi_v  elegant  applioitiorn nf 
their  uie  to  the  problems  of  litj^bei'  Appli«l  MHlheniatirs,  and  ■  ni 
'e  account  of  theni  Chan  xpxcn  idiiiitM  here. 
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1.  Reduce  the  integral 


PKOBLEMS. 


(h 


y/4(x  -2){x-  S)(2x  -  5)(3^  -  5) 


(2<a;<2.5) 
1 


to  the  Weierstrassian  form,  by  putting  a:  =  2  +  -.     Show  that  the 

moduli  of  the  integral  are  2/>/5  and  I/n^S,  and  that  u  =  f?~^{  l/(^  -  2)}. 

Show  also  that  «=  - -dn"^^/Az^,  mod. -^. 

>/5         V3J-5  s/b 


2.  In  the  integral  u  =  I 


dz 


s/4^-20z-2S 


,  show  that  if 


2^>«1>«2>^S» 

(ii)   C(u)  =  l-|ii».lu*-lu^-...; 
(iii)  <r(M)  =  u-j^tt*-ggtt7-.... 


JiN/(4x^  +  17a;  +  4) 


,  show  by  putting 


n/(4x'^  +  17a;  +  4)  (2*2  -  3a;  + 1) 

that    the   integral    is    reduced   to   AVeierstrassian    form.      Prove 
also  that 

-XA•"■-»«)=3!5^"-'(^/[l?l•^^• 

4.  Show  that 

32p'^{u)p{2u)  =  64p«(t*)  -  80  V(u)  -  320/^(tt) 

-  20/ V(ii)  -  16//p(u)  +  (/»  -  32J«). 


Also  show  that 
factor. 


if  2tt= r 


7^3-2^-1 


,  P'{2u)  contains  f9(u)  as  a 


-7=^==,  the  roots  of  the 

equation    p'(2t»)  =  0    are    given   by    fp(u)  =  a(^/3±l),    aw(s/3±l), 
a^(>/i±l)t  where  w  is  one  of  the  unreal  cube  roots  of  unity. 


z^  -  ia^ 
Show  also  that  p(2u)  -  fp(u)  =  -  f^-g ^^  and  that 

f>"»-24{5p8(tt)-2tt»). 


IL. 
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6.  If2u-I  .1 tk.t .. 


7.  For  any  Weiei-strnMiaii  Integral,  show  that 

8.  It  u-fr\t,  64,  -80),  shotr   that  the  values  of  fC^)  tai 
pf  ^  +  »sj  are  4  ±  3s/3,  and  that 

p'Wv'pau  -  4  +f^»)  -  8fi(ti)  -  1 1  =0. 
Show  also  that 

P'(»  +  -.)--27p»/{f(«)-4)',i 


..,..£ 


P(»  +  -.)--27p-(")/(f(»)-4|',l 
p(u  +  »,).  1V(«)/{P(«)-11'4 
P'(«  +  -,)--51p(u)/{p(u)  +  6)'.) 


{(.-.,)(.-«,)(.-.,Hi 
(i-.,)(.-..) 


|,  tratieform  the  integral  by  the 


and  ahow  that 


>-p(|vgF^)(.:^),o,(./_'g(;'i;,). 

10.  Prove  the  relatione, 

(i)    ,7^«)o-(.+,»)„(.-»)  +  „l(,),(»+«),(„-„) 

+  cr'(tt).r(«  +  c)ff  (u  -  »)  =  0. 
(ii)  p(.),'(«)t(.  +  »)„(,  -  »)  +p(,)„<(,),(„  +  ,),(»-.) 

+  p(..)eVl.).(.  +  .),(»-,)-0. 
(iii)  p^«).7'(»).7(.  +  l.)-(.-l«)+p^.)»»(e)„(t.*tl),(,-.) 

+  P'(»KW'(» +  »)"■(• ->| 
. ,H(.M.)^ir)(p(,)  - p(«)|  {p(«)  - p(.))  (,(.)  -  ,(,)(. 
(iv)  ir{e+w)ir(e-w)iT(tt+i)cr(a-at) 

+  (r(w+w)cr(to-ti).T(e+z),r(e-«) 
+ <r(tn- p>7(u  -  »)<r(te + i;)<r(«  -  «)  -  0. 

(V)  ^•lu)„»(.  +  ..)„>(.-»)  +  ..'(.),^(»4-l.),«(«-.)  ^B 

-3o^«),7"(.).7"(«), (.+  »),(.-»). (u.  +  «),7'<(,        ^(«+,)»(,-,> 

11.  If  u^p-'(j,  /,  J),  find  the  values  of      ^ 


Jp-(.),tJ'4,i,,      (/J"i,    ^ 
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12.  Find  the  values  of 


W^-  h^'-  W^  Im  Im  \^. 


) 


13.  Prove  that 

2  (pu  -  e)  (fw  -  jw)^ J?  (r  +  w)  -  e]*[j?  (v  -  it)  -  e]*  =  0, 

where  the  sign  of  summation  refers  to  any  three  arguments  u,  v,  ir, 
and  e  is  any  one  of  the  usual  quantities  «p  e^,  e^, 

[Math.  Trip.,  1896.] 

14.  Prove  that 

8p'(«)p'(2u)-p'«(i.)  -  3/p(u)  -  18J-4Z<*»"^«^*<^» -'«)'. 

15.  Prove  that 


v/p(2u)  -  «,  +  y/p(2u)  -  e.,  +  v/p(2ii)  -  e,  =  { 1 2p«(»0  -  /  l/ip'Cn). 
16.  Show  that 

4  L(2u)j?'(n)rftf  -  ip»(w)  +  log  ipn  -  eJ-Kp*  -  «2HF«*  "  ^s)-. 


where 


1 7.  If  «/»(!*,  t»)  =  -^M^  «"•^^•^  show  that 
^        '      <r(tt)<r(») 

(i)  <^(u,  v)'l>('u,  -  V)  -f?(tt)  -  p(t;) ; 


(ii)  «/»(n,a),)«<^(i»,  -<«>i)->/p(tO-7,. 

18.  Putting  ^^^^7t^e-«*C(«^)  =  (r,(M),  etc.,  etc.,  show  that 

cr  (2f*)  =  2<r  («)  <r,  (tt)  o-jCt*)  <rj(M). 

[Grkknhill,  E.F.,  p.  208.] 

19.  If  the  function  (^(ti,  v)  be  defined  by  the  equation 
show  that  (i)  <t>(v,  »)  <^(«,  -  »)  =  j»(«)  -  j»(r) ; 

Hence  give  the  general  solution  of  the  following  case  of  Lamp's 
Equation,  viz.  i  J2« 

y  rfu^       r\  f     r\  f'  [Gbmnhill,  E,F,,  p.  210.] 
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|i|   - 


.p;(.+t)+i 


;  ,  ■'•WW 
Iii,  p-(«)p(.)-n.-Mi,'(.)    ...,„..,,. 


tf'fu  -  pi  +  ^-^'o(u  -  el 


p("+>Hi 


WpW,; 


-(p»+p'(«)ll''(»+»). 

21.  Obtain  from  the  definition  of  the  function  p(ti)  the  fannulae 

(a)  |.(t.  +  r)  +  p{n)4-pM  =  »,=  ;         (I.)  |»(«)-p(«  +  .')  =  ^. 
where  2ni- (p'(«)  -pMl/lpM-jsIf)}-  [Math.  Tbip.  11.  I9IB.) 

22.  Prove  that 


+  ((") 


'      Pi")    1 
2pM-eJ" 

23.  Prove  that  irj{2ii)  +  cr^{2ji)- 2ir;j'{«)(r^'(i(),  where  A,  /i  are  *iiy 
two  of  the  integers  1,  2.  3.  [M*tu.  Trip.,  IS90.] 

■24.  If  S(i4)-p{u  +  (o)+p(u}-e.    o-  =  «'-e",    prove  that 

»iid  [&»]'  =  4  (aw  -  £,)  (S«  -  £j)  (S«  -  £,), 

where  £,,  £a>  ^s  "•'^  respectively  «  ±  (9e*  -  ir^)i  and  -  2e. 

[Haul  Thip.  11.-,  1»ISl] 
25.  Show    that    the    function    ((»(ti)-«,}^    is    a    single-valned 
function  of  k,  and  obbiin  its  periods  and  its  addition  equation. 

[Math.  Tkip.  IL,  IBIA.] 


^■«"h.>.,-.J'- 


,,«)i' 


verify  tbftt  sin  ^  ii 


oxpreBsible  as  a  single-valued  function  of  u  in  the  form 

(sin  *  -  sin  a)/(siii  if.  + 1)  =  i  (I  -  sin  a)  siii»(pu,  i), 
where 
j«-J(i-Mii««in/3),  t=  =  i(l- 

37.  State  tli6  properties  of  the  cilipti 
that  then  k  saiiif^VBlued  function  (i( 


md  »W-  > 
Dt&tang  ' 
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[Math.  Trip.  II.,  1916.] 


28.  With  the  notation  of  the  last  question,  show  that  if 

(i)  a{u  +  ta)a{u)  =  a'(<a)—  -a^(Jw); 
(ii)  2a(u)  b(u)  c{u)  a(2u)  =  a»  -  aMi<«) ; 

(Hi)  £  {J-«(«)}^^ti  =  log[Jt*{MiO  +  ^(«)}]. 

29.  Prove  that 

(i)  F(i<»')  +  F(i<«  +  *-')=«2ei; 

(ii)  F(i«-)-F(i<-  +  ^')-2{(.i-^2)(ei-e3)}i; 

(iii)  j?'(}a,)  =  -  2  {K  -e,) {e,  -  e,)}^{e,  -  e^)*  +  {e,  -  e,)h), 

[Math.  Trip.  II.,  1913.] 

30.  Prove  the  formulae 

o    en  o  en  j8  -  en  (a  +  j8)    dn  a  dn  j8  -  dn  (a  +  j8) 
"""^"^^ dn(a  +  /3) = fc2  en  («  +  /}) ' 

and  hence  verify  Cayley's  theorem,  that  ifa  +  ^  +  y  +  8  =  0,  then 

k''^  -  k^k'^  sn  a  sn  /?  sn  7  sn  5  +  /;'  en  a  en  j3  en  y  en  5 

-  dn  a  dn  ^  dn  7  dn  8  =  0. 

Prove  independently  that  with  Weierstrass'  notation  the  addition 
theorem  may  be  expressed  in  the  form 

(«2  -  «8)<^i«  ^\P ^i7  +  (H  -  «i) «^2« "^J^ ^'if  +  («i  -  ^^K* <^8^ ""sr  =  o> 
where  a  +  j8-H7  =  0;   and   show   that  the  equivalent  of  Cayley*s 
Theorem  is 

(«2  -  ^s) ^l"  ^"1^  ^a  ^l^  ♦•  (^'S  -  ^l)  ^i°-  "^iP  ^27 '^2^  +  (^'l  -  ^2) «^8*<^8^^87  *^8^ 

+  («2  -  «3)  («3  -  ^1)  («1  -  ^2)  *^<*  <=^^  «^7  <^^  =  0» 

where  o  +  )3  +  y  +  5  =  0.  [Math.  Trip.  II.,  1890.] 


31.  Show  that  ^)  =  J{p'(u)r(u)  -  p"«W} 


[Math.  Trip.  II.,  1889.] 
Show  further  that  this  result  when  expressed  as  a  function  of  p{u)  is 

3^(a)-fV(«)-3Jp(i/.)-^^*. 

32.  Evaluate  (i)  {{^(u)-p{v)]^du;      (ii)  J{p(u) -p(r)}-2rfu. 

[Math.  Trip.  II.,  1889.] 

33.  If  one  straight  line  cut  the  cubic  curve  y^  =  asfi -^  bx -k- e  in 
(^i»  Vih  (^2»  ^2)*  (^3'  ^3)*  *"^  *  consecutive  straight  line  cut  the 
curve  in  (xj  +  cfo,,  yj  +  rfyi),  etc.,  prove  that 

dxjy^  +  d^Jy^  +  dxjy^  =  0.    [Math.  Trip.  I.,  1914.] 
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34.  If  a  variable  straight  line  cut  the  cubic  y*  =  ar*  +  &i;*  +  ca;  +  rf 
at  the  points  (a;^,  yj),  {x^,  y,),  (Xj,  yj),  and  a  contiguous  straight  line 
cut  the  curve  in  {z^-k-dx^,  yi  +^yi)i  etc.,  prove  that 

(ii)  dxjy^'{-dxjy^'{-dxjy^  =  0,  [Grkbnuill,  E.F.^  p.  170.] 

35.  Show  that  [^(wi  -  w)  -  «j][|Mi  -  ej  =  (e^  -  ej  («!  -  eg)- 

36.  If  u-l  (a:*  +  a*)-i(a:"  +  i*)"i(ia:,  express  x  as  a  single-valued 
function  of  u,  [Math.  Tbip.  II.,  1919.] 

37.  Prove  that  =  /  v/    "  \»  where  l^  m,  n  are  the 

numbers  1,  2,  3,  taken  in  some  order.  [Math.  Trip.  II.,  1913.] 

Cx  ^/ 

38.  Develop  a  proof  that  if  fi=  I     ,         ,  ,       ,,    .  then  x  and 
^     ^  Jo  7(1-0(1 -**<") 

>/l  -  2^  are  single-valued  functions  of  u.      Explain  clearly  what 

conditions  the  path  of  integration  must  satisfy  and  how  you  fix  the 
value  of  the  integrand  at  every  point  of  the  path. 
Express  a;  as  a  single-valued  function  of  u  when 

dt 


-i 


lo  >/(!  -  20(1  +  /-)  *    l^^''"-  ^^^^'  11»  **^*1 

39.  If  2a>|  and  2a>3  be  a  pair  of  primitive  periods  of  the  elliptic 
functions,  c    /(o,\  \  s 

(0  Show  that  Ei^.-|-^^^j^-^^f 
(ii)  Ifx 1±L ,  then 

p(5)-pK) 

aj*  as  —  .    .         and    sc*  -= 


<?)  F(<-,)^2p(^) 


Hence  show  hpw  to  express  the  coordinates  of  a  point  on  the 
quintic  y'^x(x^  - 1)  as  elliptic  functions  of  a  single  parameter. 

[BoRNSiDE,  Proc.  L.Af.  Soc.,  1892.] 
40.  Show  that 

E(3u)  -  3A  (u)  -  i,6i«5*  +  4(ik«  +  it^)6*-3il-*^- 

[Math.  Trip.  II.,  1913.] 
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ELLIPTIC  FUNCTIONS  IConthiued).     REDUCTION 
TO  STANDARD  FORMS. 

1446.  PraliminuT  Oonsidentioiu. 

Taking  the  general  integral  I  — ^  ,  where  P  is  any  rational 
algebraic  function  of  z,  and  Q  the  quartic  function 

we  now  proceed  to  show  how  it  may  be  reduced  either  to  the 
Legendrian  fonu  or  to  tlie  Weierstriwsian  form,  oa  may  be 
desired. 

1447.  We  shall  assume  that  the  several  coefficients  occurring, 
viz.  a,,  a,,  a,,  a,,  a,,  are  all  real  constants. 

The  roots  of  a  biquadratic  Q— 0  with  real  coefficients  must 
be  either  (1)  all  real,  (2)  two  real,  two  imaginary,  or  (3)  all 
imapnary. 

The  rootfi  of  a  cubic  equation  with  real  coefficients  must  be 
either  (I)  all  real,  or  (2)  one  real,  two  imaginary. 

Further  imaginary  roots  occur  "  in  pairs,"  and  are  conjugate, 
I  v«,  of  fonn  a*t3,  wherfl  a,  fi  are  renl  and  i  =  7— 1. 

Hence  when  a^i=0,  Q  mual.  factoiiisc,  ut  the  least,  into  two 
I  real  quadratic  factors,  and  it  nmy  furtliL'r  factorise  into  two 
1  linear  factors  and  one  irreducibli;  (juaclratic  factor,  or  into 
nonr  linear  factors,  the  coefficients  of  sucli  factors  being  all 
beal 

■    And  when  a,=0,  Q  must  f'-'itoilNe,  at  the  leoHt,  into  one 
W  -«1  Ihttmr  fnott^rr  and  unei^^^uible  cjuadratic  factor,  or  it 
^L     '  W  iuba  Ihr^e  real  lin^^KKjra. 
^^^      hopniseiit  wt^  aha^^^^nr  dg^O. 
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IMS.   Thfl  iDTUiMlU. 

Now  when  any  binary  quartic 

is  subjected  to  a  linear  trans fortnation 

so  that  Uie  modulus  o[  the  transformation  being 

1 1,.  %  i 

Q  takes  the  form 

m(a„:  o,',  a,',  a,',  a/){X.  1')*. 
the  quadrin variant  l=a„a,—'iaiaf+^^  is  of  order  2  aud 

weight  « ; 
the  cubinvariant  J=a,0jaj+2o,o,fl,— a,o,'— o,fl,*— a,*  is 
of  order  3  and  weight  6  ; 
and  if  /',  J"  be  the  same  functions  of  the  new  coefficients  in 
Q-.vfe  have  ;'=i</,  J'=AV,  so  tliat  I '*;J ■*=!*/■  J*;  and  tliia 
is  an  absolute  invariant,  being  independent  of  the  letters  of 
the  transformation  formulae. 

Now  amongst  the  four  lettei-s  /,,  m,,  I,,  m^,  there  are  Uiree 
ratios  at  our  choice,  and  sufficient,  if  they  can  be  detoruiiocd, 
to  make  either  a/  and  a,'  both  vanish,  or  a,'  and  a^'  both 
vanish,  and  in  eittier  case  we  shall  have  a  third  choice 
between  the  three  ratios  still  available  for  any  other  pnrpoM 
of  simplification  which  we  niay  desire.  The  choice  msldn^ 
o,'  and  a,'  vanish  is  tlie  Legendrian  plan  of  attacking  the 
problem  of  reduction.  The  choice  making  a,'  and  o,'  vaniB^ 
is  the  Weierstrassian  inetliod.  The  lattj>i-  i^  the  more  u 
and  the  simpler.     We  shiill  therefore  consider  it  tlrsL 

1449.  &Bl>ocnoii  to  the  Weiebstra&sian  Fout. 
If  at=a^=0,  the  invariants  becoms 

r=-i<i'a'     J'=—a.'^a' 


Of  becomes  Y  (^^X^ 

and  iih""'!  II  miiinn  At  our  dit 
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We  could  tnske  it  unity  by  a  proper  Jinal  choice  amongst 
t)ie  tmuH formation  letters.  For  tlie  tnoinent  we  reserve  the 
choice.  Iri  any  case  we  liave  seen  that  it  is  posaible  to  trans- 
form Q  to  tlie  form 

where  K,  g^,  g^  are  certain  constants  wliich  are  functions  of 


h. 


Jx. 


1450.  Now  let 

and  let  the  i-oots  of/(z)=0  be  o,,  a,,  a,,  o,,  bo  that 
/(a;)=a,(x-«,)(x-a,){z-o,)(a;-«J. 
From  what  precedes  it  appears  that  by  a  proper  choice 
amongst  the  letters  l^,  m,,  l^,  m^,  in  the  homographic  sub- 
stitution x={l^z+m^)j{lfZ+m^,  f{x)  may  be  reduced  to  a  form 
in  which  the  term  in  z*  is  absent  in  the  numerator. 


Noi 


and  if  we  make  our  first  choice  amongst  iJte  three  disposable  ratios 
Ijitn^ilf-.m^lo  beli=atlt,  we  shall  have 


~h: 


z-1 


and  the  two  quantities  ft, 
We  now  have 


are  still  at  our  disposal. 
Z  —  i)       Z  —  n    \  a^—a,/ 
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In  order  to  arrange  that  the  term  in  z*  in  this  namenbir 
iiliall  be  absent,  we  shall  make  ike  choice  of  a  rebUion  brfwen  •, 
and  fi,  viK.  that 

3,.,(^+->_+_i-). 

^U^— Oi         Uf— (It        U|  —  tlj' 

and  we  ttill  hait  one  choice  I'fi  am-mgst  the  constants  at  our 
disposal. 

Moreover,  since  dx=—p,dz,{z-iff,  we  have 
dx —fL<iz 

\'fi')     v'n»^(«»  -  a,)(a,  -a.)(<i,-  «,) 


1 


.s/(=-'+;r^)(=-'+^(-'+;i^' 

Let  us  Noir  mate  our  fiHol  choice  amongst  the  disposable  Inuu- 

formmion  conslaHls.  such  that 

^  =  |a,(a,-a,)(a,— uj(a,— aj- 
Then,  since  /(z)=(i,(r— a,)(x— a,)(j— oj)(i— a,),  we  have 
— /'(j)^(j  -a,)(j— aj)(i  -aj+t*nna  containing  (»— <ij; 

whence 


— /(o•)=(•^-«l'(''•-"i>K-«J)"=- 


=J/(a.V 


A^in. 

^/'(j)=(r-uJ(x-o,)+(i-aJ(*-at)+(x-aJ(r-<g 
■^  +(r-a,)(T-at)+{«-<iJ(«-,4) 

+  (x-aj(*— i^g 
whence 

and  aince  T=g(    ■_ 


this  ipves 


■  */■(■'»  I 
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Thus  fi  and  17  are  now  found,  viz.  /u=l/'(ao),  n^^^Tif'i^^^ 
and    ,-g---=  .    ,  ,  where  a*,  a.  remain  to  be  expressed. 

^lf{x)     ^^^-^g^-g^  a         .  .         . 

And  seeing  that  the  relation  x=aQ+r:^  gives  an  infinite 
value  to  z  when  a:=ao»  we  have 

and  if  this  integral  be  called  u,  we  have  :s=|9(u). 

1451.   If  e^,  e^.e^he  the  roots  of  42*--^2«— ^,=0,  we  have 


^  +  ^2"I~^S — ^»       ^l^2"^^^8"l~  Vl — — "T' 


^1^2^S""  ^  ' 


Moreover,  regarding  ^^—g^—Qz  as  the  form  assumed  by 
the  transformed  quartic  function  (a,,,  ttj,  Og,  a,,  oJ(a;,  y)*,  viz. 
0.2*+4ai'2;»+6.0.2*+4tt8'2;+a/,  we  have  a/=l,  <=-}</,, 
a^=—g^\  so  that  /'=srj,  J'=^8- 

Also  we  have 


1 


ao 


12 


t.e. 


=  To^o[-2(ao~a2)(ao-aj,)+(ao-«i)(ao--as) 

+  (ao--ai)(ao— Og)], 


Similarly 


^2=T9[(«o—a8)(ai"-«2)  — (ao— aJCag—as)! 


«8=  22 '■^"®~"*^^°^~**^^""^"®~°2)(a8— ai)]» 

thus  expressing  the  roots  of  the  cubic  42^—^2^—^3=0  in 
terms  of  the  roots  of  the  quartic  Q=0;  and  therefore  g^,  y^ 
or  what  is  the  same  thing,  /'  and  J\  are  now  known  in  terms 
of  oq,  aif  Oj,  03  and  a^. 

We  shall  now  for  convenience  drop  the  accents  from  /  and 
J  as  being  no  longer  necessary,  and  these  letters  will  therefore 
be  for  the  future  understood  to  refer  to  the  new  form  of  the 
quartic  function  0.2*+42^+6.02*— /z- J,  and  henceforth  use 
/  and  J,  as  in  the  previous  chapter,  instead  of  the  letters 
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g^  and  g^  respectively  as  may  be  desirable,  and  the  accents 
can  be  restored  whenever  we  wish  to  institute  a  comparison 
with  the  corresponding  symbols  belonging  to  the  original 
quartic  Q. 

1452.   Our  transformation  is  now  complete,  and  we  liave 

^  C' dx ^  r  dz 

J-tv^Coo.  «i»  «2»  ^»  «4)(^»  2/)*    J«  ^iz^—Iz—J 


< 


dz 


=  p-^(2,  /,  J), 


'«  JHz-e^)(z-e^)(z-e^) 
the  transformation  to  effect  the  reduction  being 

"•+2-,V/'(«o)' 

1453.   To  find  the  Legendrian  Moduli,  the  Boots  of  Q=0  being 
known. 

The  transformation  formula  may  be  written 


z=n+ 


M 


we  have  also        <?i='7+ 


x—ao 


and    .'. 


I.e. 


z—e^=- 


oi  -  «o 


/X         iC — Oi 


4  ao~"«i  ^~ao 


similarly    2_c,=«« /M  5z:^.   2_,    «. /M  5::^ 

4  oo— -a2  a*— " 


ao  4  GQ—a^  »— Oo 

Also  the  Legendrian  moduli  A:,  /c'  may  be  readily  expressed 

in  terms  of  oo,  a^y  a.,,  03.     For  since  (Art.  1414) 

k^ = (^2  -  e^)/(e^  -  ^3),    A;'^ = (c^  -  C2)/(«i  -  ^3), 
we  have 

_Jl 1_ 

f.9  _qo— Qa    "o~q2_(«o~<^i)(q3~q2)_f^    ,,    ^    ^  \ 

1 1__      (a©— 02)  (03 --"i) 

^^ 1_ 

^^^ao-gg     ao-at^(g^^3Kgrzg2)^{^^^  „^^  „^^  „^j 


1 


1  («o-a2)(ai-a3) 


"0"""8       °0~"l 
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1454.  CoMe  to  find  tlie  Legaidriaa  Moduli,  avmilaUe  wkon  the 
Sooii  of  ^=0  mn  vakiiowiL 

We  may  obtain  an  eqoation  for  the  determination  of  the 
moduli  k  and  k^  for  the  case  in  which  none  of  the  roots  of 
Q=0  are  known  and  are  not  readily  obtainable. 

Since  A*=(«i--«s)/(«i--«J  and  i'*=l— 4*,  we  have 


and 
■wher 

ice 

-       *! 

■l^- 

+«,=0;j 

-(!+*'*) 

-1) 

and 


y-(i+ifc*)(i+ik'«)(A^-ifc*)' 


Therefore     VJ^IIj^=^_ 


12(1 
Writing  ifc«*^=P, 


z:pr.=27 


whence 


4(1 -P)»       •  (2+P)«(l-4P) 

P« 

(1~P)» 


27P« 


=^0-27?)' 


and  -^  is  an  absolute   invariant,  free  from  the  modulus  of 
transformation,  viz. 


a 


o> 


a 


i> 


V(a^4-4aia,+  3a,«)» 


a, 

a,,     a,,     a^ 

when  expressed  in  terms  of  the  coefficients  of  the  quartic  Q. 

This  cubic  for  P  may  be  solved  by  C!ardan  s  method,  and 
thus  the  product  J^k"*  can  be  found;  and  as  l^+kf*=:l,  both 
k  and  k'  can  be  found. 


dr 


1455.   Illustrativb  Examples. 

Ex.  1.    Consider  the  inteirral  hb  /       . 

*  -'-»Var^  +  17jr»  +  9x»-5x 

Here  there  are  obvious  roots  of /(j:)=0,  viz.  x—0  and  !•=  -  1, 
/'(r)  =  12.r»  +  6lj:«+18x-5,    /"(j:)  =  3ar«+102r+18. 
Taking  the  root  jr=  -  1  as  a«, 
/(-1)=16,    /-(-!)= -48,    /x=J/'(-l)=4,    ij-ATC-l)' 


-2. 
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Hence  the  proper  reduction  formula  is 

^     z-rf  ^  +  2         z  +  2 

Then    /(j)=a:(j7+l)(ar«+14r-5)  =  jr(j:+l)(j  +  5)(ar- 1) 

,  ,  ,^  „      ,,,  =64(.-2)(z-l)(z  +  3)/(.+2)*, 

and  da:  =  -  4<fc/{«  +  2)^ ; 

.       dx dj (fc 

>//(J)~     %^4(e-2)(«-  l)(z  +  3)~  ~v'4z'-282  +  24* 
Also  0?=  -  1  gives  «=  oo  ; 

••   ''  =  rV^i7S  =  p-^(^.28.-24)    and     ,  =  ^(^,. 

In  this  case  e,  =  2,  «,=  !,  e^=  -3,  *^=(«s-e3)/(c,-e3)  =  4/5,  F«=:l/5, 


?<«)=«•+ -?7I^= -3  + 


sn*(W5)  Rn2(ttN/5) ' 

^    jr+5'  ^5  y    jr  +  5 

Ex.  2.     Take  the  same  example,  and  start  with  the  root  j=0. 
Here         ao  =  0,    /'(0)=~5,    /'(0)=18,    /x=-5/4,     17  =  3/4, 

j:=  -  6/(42  -  3),     (jU=20  dzfiAz  -  3)2, 
/(j:)=1600(z-2)(2-l)(z  +  3)/(4«-3)«, 
['    dx     ^  /•'  & 

^0  >//(^)     /—  >/4z»- 282  +  24* 

h  >/42*-282  +  24     \ya       A    J^A^-2^-\- 


281  +  24 


J.    >/423-28^  + 


24 


«>-l 


Hence  z=^(2(ji}i-u)  =  ^{u),  as  before. 

Ex.  3.  Examine  the  same  integral  with  the  substitution  .t'=5  r — ^. 

D "~  ^ 
4^-5 


»^        .        40sd8  .  ,       4*2  ^n       20 

Then  d^=7z — :=r,,    '^+l  =  ^r~^»    '^"*'       5^^' 


Hence 


(5-*«)2 


5-«« 


3jr-l=r4 


5-««* 


(i« 


-j^  I      ,  ;     .'.   «  =  sn(W5);    mod. -7=, 

;/5io  N/{r^')(l-K)  ^^ 


which  agrees  with  the  former  result  (Ex.  1),  in  which 

6 


p(t<)=-3+^    and    jr=-l  + 


p(u)  +  2 


=  .1+J^,  =  5''-^ 


5-^~    5-««' 


So  f ar  f     ■ 
real  nii-^  • .    ■     ' 
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partmentR  between  the  asymptotes  as  shown  in  Fig.  427, 
establishes  the  fact  that  i;^,  tj^,  173  are  essentially  real  quantitieB; 
y=»/3  and  y=ri2  *^^^®  ^^^c  maximum  and  minimum  ordinates  rf 


Fig.  427. 

the  graph,  and  the  line  y=ni  =  —  ^^i  is  a  line  parallel  to  tbe 
OS-axis  at  a  distance  twice  as  far  below  that  axis  as  the  centit 
is  above  it. 

1457.  Anal3rtical  Examination  of  the  same  TransfonnatioiL 

If  the  root«  of  any  cubic  ao''*^  +  3<ii.i.-"  +  3(/,.r  +  fl,  =  0  be  aj,  Ot,  09,  «• 
have  ao*(«t  -  «i)*('is  -  ai)^(«i  -  o-t)*  =  -  27tio*A,  where  A  is  the  dtscrimiiMilk 

(Burnside  and  Paiitoii,  Th,  ofMq.^  p>81| 
and  the  roota  are  all  real  or  one  real  and  two  imaginary,  aooording  it 
A  in  -'•  or  +'•. 

In  the  cape  of  the  cubic  4i-''-/.r- J^O,  with  roots  Cj,  e,,  f,,  we  hiTe 
flo-4,  a,  =  0,  a,=  -J/,  a,=  -J;     A  =  4V«  +  4.  4(- J/)>=  -  J?(/»-X7A 
and  (e.  -  e,ne,  -  e,^«  (e^  -  e.)«  =  ,i«  (/•  -  27  J»). 

The  roots  are  then  all  real  or  one  leal  and  two  imaginary,  according tf 
P-27J^  is  +*•  or  -".  In  the  case  we  are  considering,  viz.  one  real,«y 
e,,  and  two  imaginary,  viz.  «2=p  +  i^,  ^=P-^9i  P  '"*d  q  being  real,  ftsl 
«!  =  -  2p,  so  that  «i  +  et  +  «»  =  ^>  we  have 

/3-27J2=16(2ig)*(9p2  +  g«)a=  -64^*(9p«+g*)«=  -'•. 

But  when  we  transform  by  the  equation  y  =  jrH ,  where 

we  have  f,  =  ei  +  /?,  ^,  =  61-/?,  7;,=ei  +  2/?,  7;,=fi-2JB,  tj^s  ~2ei; 
and  in  the  new  cubic,  4_^y^-/'//- J'  =  0,  we  have 
n  -  ZIJ'^ « 16(7,,  -  v,Y{Tit  -  'rj,f{yu  -  VtY  =  16(4/?)«(3e,  -  2R)«(  - 3«»-Uf 
=  256iP(»e,«  -  4i?«)»  -  256  (5p«  +  g»)  ( 16p«  -  4^)«  « +*•. 
Hence  all  the  roots  of  the  new  cubic  are  real. 
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1458.   Illustrative  Example. 


Integrate  us  I  : 

Jm  >/a-*-12jr»+64r*-100j:  +  67 

Here  j:=  1  is  an  obvious  root  of /(x)  =  0, 

/'{:ir)=:   4.i-«-36a:«  + 108a? -100,    /(1)= -24,\ 
/"(.r)  =  12jJ-72j:  +  108,  /"(I)  =  48;    / 

.-.   /x=l/(l)=-6,    7,  =  2V/'(1)  =  2- 

The  transformation  formula  is  x=cu+— ^  =  1 rr. 

We  also  have 

/(ir)  =  (j^-I)(^-n.r*  +  4ar-67)  =  (x-l)(ar-3)[(j?-4)«  +  3]; 

hence  two  roots  for  x^  and  therefore  also  for  z,  in  the  transformed  equation 
will  be  imaginary. 
The  transformation  is 

"'"•^"(jrip:  "hence  j^  ^j^^=j^   -^===p-'(*.  0.  -4). 
Transform  further  by  the  rule  of  Art.  1456. 

Therefora   i;,=2V3-l,    »h=-2\'3-l    and    »ji  +  'h+'Jj=0, 

_(z-%^+l)«  (i  +  N^+iy. 

A  N/(i+  l)(y-%)N/(«+  l)(y-.j,) '  V4(y-i,,) 
•'»N/4(y-i,,)(y-7,^(y-,,)    -V  ^i(j,-2)(y>+iy-U) 

In  order  of  magnitude  the  values  of  the  t/s  are 

tyj=2s^3-l,    Ty,  =  2,    7;3=-2>/3-l; 

,                                   ,,     3  +  2>/3    4  +  2n/3_„,-  J7e« 
whence  P  = ?=- = -~ —  =  wn'  75  . 

4>/3  8 

Thus  y = jf>(w)  =  2  +  4n/3  —    .^.-  ,  mod.  sin  75* ;  whence  we  can  exprem 
*  and  X  in  terms  of  w.         8n«as^3u 


,  1  ,    /v  +  1-2n/3 

and    u  =  — 77=.  en"*  \l -— p 

2-^3  >y+l+2>/3 
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We  have  cn«24/3-u=y(^>-f  ^^J, 

^-H-2n/3 
Vy+l+2>/3 

1  .     /2(7-r)x-hJ»)-v/3(l-x)(3"^  ,       ,    .    ,-., 

=  —77=  en  *  \/  — ^ 7=^ — ,  (mod.  sin  75  I 

2^3  >2(7-5^+j»)  +  N/3(l-a:)(3-.r)  ' 

1459.  Reduction  to  the  Legendrian  Form. 

We  next  turn  to  the  other  method  of  reduction  referred  to 

Cdx 
in  Art.  1448,  which  endeavours  to  express  1-^  directly  in  the 

f  dx  ^^ 

Legendrian  form  J-^=_==^,  (A*  <  1). 

1460.  Preliminary  Oeometrical  0on8ideration8. 

It  will  be  convenient  to  consider  the  expression  Q  made 
homogeneous  by  the  introduction  of  the  proper  power  of  y 
where  necessary,  and  written  with  binomial  coefficients,  as 

and  to  imagine  it  to  have  been  factoiised  into  two  quadratic 
factors  with  real  coefficients,  as 

Q=(ax^+2hxy+  by^)(a'a^+2h'xy+by^. 

Consider  the  two  concentric  conies  whose  equations  are 

ax*+2ftxy+by*==F,     a*a^+2h'xy+bY='0; 

F  and  G  being  at  our  choice,  we  may  select  them  so  as  to 
give  real  intersections  P,  Q,  R^  S,  which  will  always  be 
possible  if  one  of  the  conies  be  an  ellipse.  Then  it  is  plain 
that  PQRS  is  a  parallelogram  concentric  with  the  conies,  and 
that  as  PQ,  QR  form  a  pair  of  supplemental  chords  of  both 
conies,  the  lines  through  the  centre  drawn  parallel  to  the 
sides  of  the  parallelogram  form  a  common  pair  of  conjugate 
diameters,  viz.  OX^  OY  It  is  therefore  possible  by  a  change 
of  axes,  to  the  axes  OX,  OF,  to  remove  the  term  in  JTY  in 
each  of  the  two  conies  simultaneously  by  the  same  linear 
transformation,  viz.  (x=\X+/uLYy  y^yX-^-f/Y),  say;  X,  M. 
X',  jui'  being  all  real  when  one  of  the  two  conies  is  an  ellipse, 
or  when  both  of  them  are  ellipses ;  and  the  conies  becoming 

AX^+BY^=F,    A'X^+RY^=G, 


■■c  -  _    
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Q  can  thus  be  reduced  to  the  form 

Q'm(AX*+BY*)(A'X*+B'Y*), 
or,  as  we  may  write  it, 

Q'miA^X*+6A^X*Y*+AJ*. 

We  may  obviously  make  a  further  reduction  by  putting 
Xi/A^=(,    YijA^—ti,    thus  reducing  the  quartic  Q  to  the 


canonical  form 


«  =  ^*+6X^,«+.»*. 


I'ig.  428. 


Fig.  428. 


h, 
b', 


If  both  conies  be  hyperbolae,  the  common  conjugate  diameters 
may  be  imaginary  lines.     But  in  any  case  their  equations  are 

xy,      y^   =0. 
—k,     a 
—  /t',    a 

(Smith,  Conic  Sections,  p.  196.) 

We  may,  however,  readily  avoid  an  imaginary  transforma- 
tion. For,  as  has  been  seen,  the  only  case  in  which  it  could 
occur  would  be  that  in  which  both  conies  are  hyperbolae,  as  in 
the  case  shown  in  Fig.  429,  where  there  are  no  real  inter- 
sections. In  this  case  the  factors  of  Q  are  all  linear.  Call 
them  (1),  (2),  (3),  (4).  Then,  instead  of  taking  the  hyperbolae 
(1)(2)=^,  (3)(4)=(?,  we  might  take  the  hyperbolae  (1)(4)= 2?*, 
{2)(S)=0  (Fig.  430),  and  with  a  proper  choice  of  F  and  0  we 
can  ensure  real  intersections  and  real  common  conjugate  axes 
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i(>  wliich  wo  can  refer  the  system.     We  infer  therefore  from 
tlu'se  cDiisideitktions  that  it  is  always  possible  to  remove  from 


fcf  a  f«ri 


shape 
k  kalvmn 


fs 


I , 
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I.  It  has  been  shown  that  when  a^^O,  we  can  always,  by 
the  transformation  x=(p+qz)/{l+z\  remove  odd  powers 
of  the  variable  from  the  radical,  p  and  q  being  real. 

It  remains  to  show  how  the  necessary  values  of  p  and  q  are 
to  be  found 

II.  We  shall  show  that  the  same  transformation  will  also 
reduce  the  integral  to  the  desired  form  in  tlie  case  when 
0^=0. 

III.  That  by  a  further  transformation 

or,  which  is  the  same  thing,  z^={A+Bsin^6)l{C+DBm^0\ 

the  form  now  arrived  at  can  be  still  further  reduced  so  that 

dsc 

-—.  becomes  a  constant  multiple  of 

Jv(l-8*)(1-W)    *"■    Jvi-)fc*sm«e'    ^^^^^- 
The  ratios  A  :  B:C:  D  are  at  our  choice. 

IV.  That  starting  with  the  integral  I  ^-y=,  where  M,  N 

are  rational  integral  algebraic  functions  of  x,  we  obtain  after 
the  transformation  x={p+qz)/(l+z)  a  result  of  form 

[</>(z^)+zylr(z^)]dz 


i 


I 


s/(A,z^+B,)(A^^+By 

Z\fr{z^)dz 


and  that  whilst  I  ,       «   ^  «  =^=^  can  be  reduced  by 

iJ(A,z^+B,)(A^^+B^)  ^ 

earlier    rules,   the    portion    I   ,   ^    ,  ^''  ===    can    be 

^  J^{A,z''+B,){A^^+B^) 

expressed  by  means  of  Legendre's  Integrals,  and  that  there- 
fore by  these  means  I  ^   -^  can  in  all  c&ses  be  reduced  to  a 

system  of  algebraic,  logarithmic,  circular  or  hyperbolic 
functions  together  with  one  or  more  of  the  three  standard 
L^rendrian  forms  F,  E  or  11. 

Hence,  as  in  Art.  318,  the  integral  [        ^^da;,  where 
are  rational  algebraic  functions  of  x,  and  Q  is  now 


lilJI 


to  tlw 


.  "in**.  ^  X 


TXT  siL  :c  afes- 


*.=-: 


of 

BOW 


<ipxolie  facCorised 


3  — n    1  — 


tjf 


Now    (.tt-u^-4,\-X  Att-Xu) 

S.U-*.  -2XX  >^-4iu-Xn(tt'-X'*)=JP.  say. 

So  p— 7=(u— u  mX  — X»  and  f*— g=/L  (X'— X),  whence 
p  and  g  are  found. 

This  completely  determines  the  necessaiy  transformatioo, 
and  we  shall  show  that  K  is  real:  so  that  in  all  cases 
p  and  q  are  real. 

Tlie  form  of  Q  is  now  reduced  to 

Q^a^HHiz^-^gU-J^.j)  (1  +  r)*. 
A]!¥t  dz=(q—p)dz  {\-rzf. 


dx 


Therefore      — -^=— ? i     •  — ^ 


(fr 


v'Q     va^/Zi/'    v(2-^r3f)(t«+ff') 
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1464.  Hezt,  to  ezunine  the  Beality  of  K. 

(i)  When  the  roots  of  Q=0  are  all  imaginary,  X*</it  and 
X-*  <  /x'. 

Let  M=X*+/)*  m'=X'«+/»'*.    Then 

A'*=(m+/-2XXT-4(;u-X*)(/-X'«) 

=(X*+P*+X'*+/»'*-2XX')*-4/)V 

=[(x-xT+(p-/,T] .  [(x-xT+(/,+/,T] 

and  is  essentially  positive.     Hence  K  is  real  and  p^  q  both  real. 

(ii)  When  Q=0  has  two  real  roots  and  two  imaginary, 
X*— ^i  and  X'*—//  have  opposite  signs,  and 

in=U+Ax'~2XXT-4(M-X*)(/-X'*) 

=(/li4-/a'— 2XX')*+  a  positive  quantity  =+''•. 
Hence  K  is  real,  and  therefore  also  p,  q  are  both  real. 

(iii)  When  the  roots  of  Q=0  are  all  real,  say  a^,  a^,  a^,a^ 
arranged  in  descending  order  of  magnitude,  we  may  take 

2X=  — (oi  +  Qg),  jjL=aia2f  2X'=--(aj+a4),  ^1=0^04] 
/.  X^=(;,+/-2XXT-4(yu-X«)(/-X'*) 
=[0^02+ QjO^-  i  (ai+ a2)(a3+ aJP 

—  J  [40^02- (qi +  03)2] .  [4a,a4-(a,+  aJ«] 

=(ai-a4)(a2—a8)K-a8)(aj-aJ, 

which  is  again  positive,  and  therefore  K,  p,  q  are  all  real. 

In  the  case/=/',  we  may  put  z-\-f=u. 

Then  Q^a^HH\u^+g—p)(u^+g'-'P),  and  the  required 
form  is  taken  without  further  reduction. 

1465.  n.  Case  when  ao=0. 

In  this  case        Q^^a^Qi?-\-(Sa^+^a^+a^. 

The  case  0^=0  need  not  be  considered,  as  the  integral  would 
then  reduce  to  a  standard  form. 

One  factor  of  Q  must  now  be  real.  Let  e  be  the  real  root  of 
Q=0. 

Then  Q=\a^{x—  €)(x^-\-2\x+  fj),  say.     Then,  putting 

x=('p-\-qz)l(\-\-z\  as  before, 
x-€=[(f-'€n(q-e)z](\^z)l(\-\-zf  =  H'(z^+2fz+g')l{\+zY 
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say.  and  -r»*l\r^*i=if(=«4-3^+^)/(l+2)«.  as  before    Tlien 
pw^^wdiI^:  as  in  Art.  14(>3. 

and  n»akin^/=/=i\  p^q=iU  ^nd  pq+\{p+q)+pL=:0 
Then? f orv  ;» —  ^ = ^.  p^  = — ScX — /i,  whence 


Thu^    (i)    if    the    factors   of   jr*+2Xx+M   be  imaginaiy. 
X*  <  u.  /)— f  is  hmJ.  And  therefore  p,  q  are  both  real ; 

(ii)  if  the  factors  of  jr*J-iVr+/i  be  real,  let  the  rooto  of 
Q=0  be  ^1.  r^.  ^,.  amuiged  in  descending  order  of  magnitude. 

Then  we  may  take  €=<|.  X=—  ^^    i  /«=Vj»  ^"^^ 


which  is  real,  since  ^|>^^>f|:  and  j»,  9  are  real  in  thi»  case 
also.  And  the  rest  of  ArL  1463  still  applies,  and  the  reduction 
to  the  Legendrian  form  is  effected  as  before,  Q  becoming 

,  dx       q—p  ^^ 

1466.    We  liave  therefore  in  all  cases  reduced  the  differential 

^  i/}  one  of  the  forms  G — --- ,  where  C  may  be 

>JQ  v±(r*±a«)(«*±i8*) 

taken  a  real  constant  function  of  a^,  Oj,  a^,  a,,  a^  of  known 
value  and  ci,  /8  both  real.  For  if  siaJOff  or  J^aJtW  be  of 
unreal  form,  we  may  replace  them  hy  *J—a^H'  or  J'^^Aa^BW 
carrying  the  ne<;ative  .sicrii  into  the  other  radical. 

The  case  v'—(s*+ a*)  (5*4-/8*)  is  obviously  unreal  and  need 
not  hi  discussed,  as  we  are  now  dealing  with  real  functions. 

1 4^17.    III.   We  have  therefore  only  to  consider  the  reduction 
of  the  fiv«*  cases: 

( 1 )  J-^(z'^W^^) ;     (2)  J~(z^^a^W^^~) ; 

(:^)  J  f  (2«+a*)(2*  -/:^) ;     (4)  v/-(2*-fa*)(2*-/5i*); 

(r>)  x/h(2M"a*)(?-H5^. 
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The  final  substitutions  to  reduce  these  five  cases  are  all  of 
the  form  2;*=(i4+58in*6)/(C7+Z)8in*0),  where  the  values  of 
the  ratios  A:B:C :D  are  to  be  suitably  chosen.  We  consider 
each  case  in  detail. 


1468.   Case  (1),  J{z^-  a«)  (2«-  jS*) ;  a«  >  ^.     This  is  unreal  if 
2*  lies  between  a*  and  j8*. 

(i)  a>p>z.     Put  2=/88in  6,  k=-fi/a. 


^r  dz  Ip  pco60d0 

Jo  ^/(^*-a«)(2«-/3*)~i8Jo  V(tt*-j8*sin*0)co8* 


0 


aJn 


(20 


1 


=-am-ift 


'o>/l~ifc*sin«0     a 
Hence  2=^8 sn aw;  mod.  ft/ a, 

(ii)  z>a>  p.     Put  2= a cosec 0,  k^PJa. 

I* & If*     —g  cosec  0  cot  gdg 
z  ^/(^'»-a«)(^«-^)~~aJo  N/cot«0(a*cosec«0-^) 

=     -I  =-am  *g. 

«JoN/l-**sin«(9     a 

Hence  2;=a/snati;  mod.  /8/a. 

^^,^,,^_f         ^g  ir      <^e 


ifc«8in«0 


=-(f-r)-=4-==-(A'-am-0). 
aVJo      Jo/N/l-**sin*0     a^  ^' 


where  ^  is  the  complete  elliptic  integral. 
Hence  z=alsn{K—au')=a  dn(aw')/cn(au'). 


1469.   Case  (2),  N/-(2«-a*)(2*-"/3*) ;  a*  >  ^S*.     This  is  un- 
real if  2*  does  not  lie  between  a*  and  /8*. 

Put  2*=a*- (a*-^)8in*d,  i.e.  a*co8*d+^sin«A 
Then  a*-22=(a*- ^)8in«d,     z*-^=(a^-fP)co»*e, 

_»  /  •     /09X       sin  ^  cos  ^(W 

rfZ=— (q»— ^)  ^ 

'^  Va2-(a«-)8*)8in*^ 
Jzv/-(22-a*)(2*-/^)     aJoVl-ik*sin«0     a 


where  A;*= 


(22- a*)  (2*-/^) 

a*  or 
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Hence  

2*=a*cn*(aM)4-)8*8n*(aM),     i.e.  z=adn{au),     moA  a/1~^- 


1470.   Case  (3),  v^(2*+a*)(2*-)S').    This    is  unreal    unless 
2*>/8^.     Put2=)Sseca 

f'  rfz  _p         gsec^tangrffl 

^V(r*+a«)(r*-;S*)"~Jo  V/3*tan«e08«sec«e+a«) 
_f*  ^g  1        r  dS  (j^^     a«     \ 

Jo>//8*+a*cos«d     >/a«+)8*JoVi-ifc«sin«e'  V        a«+i8*/' 

=-=-ain-*d. 


=*r_ 

aJo^/l~ifc*sin«(9     a 
Hence  2=)8/cnf-T-j. 

1471.  Case  (4),  >/-{«*+ a«)(r*-/8*).     This  is  unreal  unless 
2*</8*.     Put  2=-- )8  cos  a 

M=f'^__^____=r  -/gsingrfg 

"■;7;?+FJoVi-*«sin«^"")8''°'  ^'V^-?+^/ 

Hence  z=^cn('|''),  mod.  ^^^^. 

1472.  Caae(5).  N/(2«+a*)(r*4-i8«);   a«>/8*.     Put  2=^8  tan  ft 

aJo>/l-ik*8in«0     a  '  \  a*     / 

Hence  2=^8 tn (aw)  (mod.  'V 1—  j)- 

For  convenience  of  reference   we  exhibit  these  cases   in 
tabular  form : 
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1 

a 

ft? 

1              f        1 

? 
II 

31- 
f 

fc 

i 

I 

s 

if 

III 

i 

III 

II      II     « 

X 

i 

4ja 

•al? 

to 
T 

i 

■«ra. 

■ai? 

r-ia 

■tj 

aua           QUO 

5 

• 

1 

5i 
+ 

> 

i 
1 

1 

QiQl           a    a 

■    '            1    ' 

us 
J    ^ 

fl 

Jl    u 

11 

H     II 

B    II 

1 

¥ 

A                  A 

=a 
A 
A 

A 

V 

A 

? 

11 

i<b. 

■»  A 

i"" 
-> 

+ 

1 

s 

■> 

+ 

1 

■9«0                            -                      I        M        1      « 

, 

.      1 
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1174.  Tlie  Hon  Q«iieral  Cam  {¥r^- 

Here  M,  N  are  any  rational  algebraic  fnnctionB  of  x,  &nd 
Q,  as  before,  ={00,  Op  a,,  a,,  a,]{x,  1)*.- 

By  a  proper  choice  of  p,  q,  the  traosformation 

has  removed  terms  of  odd  degree  from  Q.  M/N  becoinee  a 
rational  algebraic  function  of  z  separable  into  two  parts,  the 
one  aa  even,  the  other  an  odd  function  of  z,  expressible  as 

M/N^,f,(z»)+zx{z*y 
Hence  If  ^Is  reducible  to  J^)..+j^)^. 

By  putting  z*=y  the  second  integral  is  immediately  reduced 
to  a  form  integrable  by  earlier  rules. 

We  have  therefore  only  to  consider  the  first  integral. 

Now  <p{z*)  is  itself  separable  into  two  parts,  the  first  in- 
tegral, the  second  fractional,  and  is  expressible  as 


^(z*)  =  2Xj"+2 


X' 


But  both 


l-7T=  dz  and  I  — 


dz 


I,  by  integration  by 


parts,  or  the  use  of  reduction  formulae,  be  connected  1 
the  integrals 

Cdz       fz«<fe 


f ^^^ 


(Arts.  271  to  274). 


Accordingly  all  functions  of  form  l-v^^i  where  M,  N,Q 

are  of  the  forms  specified,  can   l>e  reduced  to  a  series  of 
known  integrals,  together  with  one  or  more  of  the  integrals 

dx  ....    f*  3^dx 
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The  second  of  these,  viz. 

t*JtN/(l-««)(l-it«Z») 

=j^  X  (first  integral)-!^  ry  ~_^  dx 

Therefore  any  such  integration  as  I  ^  -^  can  be  effected 

by  aid  of  the  three  standard  Legendrian  forms 

F(e,  k),    E(e,  *),     n(e,  *,  n) ;  *  <  l.    (See  Art  371.) 
The  same  is  true  of  the  more  general  form 


discussed  in  Art.  1443. 


[A±BJQ 


^dx 


1475.  The  Case  when  the  Factorisation  of  Q  is  unknown. 

To  effect  the  foregoing  reduction,  a  knowledge  of  the 
factorisation  of  the  quartic  Q  has  been  presupposed.  When 
there  is  a  preliminary  difficulty  in  this  factorisation,  we  may 
still  obtain  the  desired  form  by  a  use  of  the  invariants  /  and 
J.  Suppose  the  quartic  made  homogeneous  by  the  intro- 
duction of  a  suitable  power  of  y,  and  expressed  as 

Q=aoa;*+4aia:»y+6ajX«y»+4a8xy»+a^y* 

=(a„  04,02,  ag,a4)(x,y)*, 

and  let  it  be  reduced  by  the  linear  transformation 

x=l,X+fnJ,    y=l^X+m^Y 
to  the  form        Q'^K'.  »i'»  <.  <>  0(-^»  Y)'- 

Let  A^Iintj— {2^1'  ^^^-  ^^^  modulus  of  the  transformation. 

Then  xdy-ydx=A{XdY-YdX) 

J  xdy—ydx     .  XdY—YdX 

%.e.  writing  a;/y=u,  X/Y=U, 

du  .  dU 

V(a0,ai,a2,as,aJ(t/,  1)*        s/{a^\  a/,  a^\  a^\  a^)(V.  1)* 

where  u=/ry  ,     ^ 


SdO  csAersA  TTTin 

Aim 


mrft  eooneccefi  with,  f,  J",  the  aoBie  fimetiaas  of  tke 
Iea«s,  by  the  n^iatioiiff  t=X^l,  7'=AV,  whnee  P  J*==nJ^, 
ia  wiiich.  we  hjkTe  aa  abioliite  brrwxiMat  free  fro^  the  eo- 
effidentu  of  the  trmx»f ormatum  formnimt, 

Sfipponn^  the  raciiis  £^ :  in^  rl, - "4  ^  hsre  bees  aa  diosni  as 
to  make  o^'^^O  and  c,'=0.  as  has  been  shown  to  be  posBhle, 
with  real  vmtues  of  these  ratiaB,  (f  takes  the  form 

which  can  now  be  sopposed  expressed  as 

sod  we  hsTe  to  sbow  that  p,  f  can  be  foond  in  tenas  of  the 
onginal  eoeffieients  a,,  o^,  a,,  a,,  «,. 
We  have 

fl,'=a,',    «,'=0.     6«j'=«,'<^+f).    a,'=0,    <=•,'«• 


^'=V-  ^  (P+?)  «.'W-^'(P+?)*=gj0»+?)l36«-(j'+f)']; 

-•  T«    'n    ^' 


whence  /^-27J'_       w(p--y)^       . 

or  putting  p=/)7, 

(p«4-  14p-f  If      4 .  27/»      16K'  ^^' 

27       /•  . 

where    K=-rTm — T^frni  *n<i    is    a   known   function   of  the 
4  i'— 27«/* 

original  coefficients.     This  is  a  sextic  equation  to  find  p,  viz. 

the  ratio  of  p :  q, 

1470.  Solution  of  the  Seztic. 

The  equation  is  obviously  of  the  reciprocal  class,  and  therefore  its 
folution  maj  be  reduced  to  that  of  a  cubic,  and  the  cubic  may  be  aoU^A 
by  Ckrdan's  method. 

Writing  the  eqation  m  J^^= j^,  p„t  (pi  -p-*).-^. 


UKiafli^ 


REDUCTION  TO  LEGENDRIAN  FORM.  591 

Then  p-\-p~^  +  14=16  jr—-  ,  and  the  equation  becomes 

(s5?i)"/{S)"=i^->'='^<»-> 

Now  adopting  Cardan's  method,,  put  S'^rj+i;  then 

and  taking  rf(—\K, 

y+'^j-  -3+Jr=0,  a  quadratic  for  rf. 

Hence  rj  and  (  can  be  found,  and  therefore  also  6.    Suppose  Oi  a  real 
root  of  this  equation,  then  p*  -p"""  =  4/>/6'7-T|  and  therefore 

p*  +  p-*=2^/5^f3/v/6^^.  

Thus    >/iS=(2+>/57T3)/N/Sr^    and    p=(7  +  ^i+4Veyi+3)/(^,-l). 
Then  a  value  of  the  ratio  p:q  has  been  found,  say  Pi'.qi,  where  P|,  gi 

are  specifically  known  numbers,  so  that  p/i>i  =  9/9i=')  say,  which  remains 

to  be  found. 

rru  du A  dU 

Thus  =— —    J  ^  , 

^/(«o,  «i,  «s,  «s,  «4)K  1)*    va«  V(f7«+Pi#)(£^'+g,«) 
Putting  U^JsU'y  we  have 


Finally,        A=  V?=  'n/^(p'+  14w+g«)=  yj^W-^UPiqi-^qi')  ; 

whence  -=  =  ^^ r^^l — ^,  and  «  m  now  known,  which  completes 

the  determination  of  p  and  g.     We  therefore  have 


f  du  ^/p^Hl4p^g,+g^^  f 

;>/(a„a„a„a3,a,)(t*,l)*      ^  12/  J, 


dc;' 


1477.  Cayley  points  out  that  if  one  of  the  roots  of  the  sextic  for  p  be 

M  ,\.  *•        •       r  *k     *         (p*+14p  +  l)»     (a«+14a+iy    ^    , 

p^a^fp,  the  equation  is  of  the  form  ^    .   ^.v^     =- — .   _  i\4     »  *"^ 

that  the  solutions  of  the  equation  may  be  written 

^'  ^^  ('«?)'.  (m)'  imr-  (m 

which  the  reader  may  verify,    [^liptie  Functions^  p.  320.] 

1478.  When  a  reduction  to  the  form 

dU 


f  dU  ,  r 


'{U"+p){m+q) 

has  been  effected,  then  in  case  p  and  g  are  both  real,  i.e.  9a^>a^'a^^  this 
factorisation  will  suffice.  But  in  a  case  when  p  and  q  are  imaginary, 
t.«.  9a^'*<aQW  we  put  C7=An/(1  +  T)/(1- T),  and  we  observe  that  oro',  a/ 
could  not  be  opposite  signs,  for  if  so  ^a^>a^'a^'. 
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We  aliall  choou  X  =  'V^,  wblcb  will  be  real.     Webftve 

'•>■" T^- 

.=[V5,-/«-=..-,][r..^S±^]/„-r,, 


wliich  ia  now  of  real  form,  since  a('a/>9((,''  for  tlie  cMe  cuiuidered. 

1479.  Illustbativb  Exmifix. 

It  will  be  initrjctive  t«  consider  one  case  from  several  pnlnta  of  view. 

Tike 


(a)  Firat  let  ua  reduce  it  to  the  Legendrian  form. 

j;'-6i"  +  4i+6  =  (jt-3)(j:'-ac-S}. 
Put  x=  (p+p)/(l  +A    Ar^  (J  -J»<t/(1  +*)•. 

*-3=[(p-3)+(5-3)(](l+«V(l+i)».    (SeeAtt.  146&.) 
.r'-ir-2-[{p  +  9r)'-8{;.  +  90(l+*)-8(l-t-')'l/(I+')'- 
Putp-a  +  j-3  =  0,  p7-(p  +  g)-2  =  0,  I.e.  p+S  =  6,  pj  =  8. 
Take  the  solution  ))  =  4,  q  =  2. 
Then 

x-3  =  (l~i')/(l+j)',    i'^-a.r- 2  =  2(3 -*»)/( !+!)»,    <fc= -2<ij/(H-j)». 
Aiao.ci:3  g;ive»;sl  ; 

"  *3j,  Vfi-.'Hl-ir'r 
3'>/|(X-an-'i),  X'  being  the  real  quarter-period,  mod.  l/^/3  ; 


(.=.»in  S) 


.n(lf-UN'|)  =  on(«V|)/dn(t.v'j), 


l->    dnn 


'Sji- 


u-JSji 


m,  mod.  l/%/3. 


Jt«    dntisi^+cnu\/3/2' 
(b)  Next  let  ua  reduce  to  the  WeieretrssBtan  form. 
J*  — 6j!'+4.f+6  being  alreadj'  a  cubic  expresaion,  it  ia  only 
remove  the  term  involving  the  tujuare  of  (he  variable.     Put  .t: 
a!-3give«(  =  l. 

(.r-3)[(*-l)*-3]  =  l(4«>-Vi+Y,''),    I=^^    J=''^': 


"   "''Jj  */4i'-V''  +  w"'^  "■'•  ' 
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and 


4n/3 


l^=Un»15', 


ft»,= 


#C 


=     (Alt.  1414), 


it  nof  being  the  same  as  JT  in  solution  (a),  the  modulus  being  a  different  one. 

.-.  ....(«- ViWi^)^ ^-±4 ^^^  ^; 

••  dn«(« con  16') " (X - 3) ton  lb'  + 1    ^^"^  '^*^ 

and  (x-3)t»nl5'=^°;<*"^?°:>-l-^'";|"'^i';) 

^         '  cn*(uco8l5)  cn'(«cosl5) 

le.  ir-3=Unl6Un«(uco8l5');  mod.  V3(v'3-1). 

(c)  The  results  arrived  at  by  these  two  processes  are  of  different  form, 
the  moduli  being  different 

Take  the  integral  /     .  =.  occurring  in  the  Legendrian  reduction. 

•'j  >/l-isin*6»  *  * 

I'ut  I  ."'!°^=(24->/3)cot«<^  so  that  when  6=^%,  <^=|. 
1  *r  sin  u  AS 

--  .    A    l-cotl6"cot»<&  ^     2>/cot  15"  cot  <^ 

Then        sine^^i— — ttts — zi^i    cos6^=i-- — r-TTs — ri5:> 

1+ cot  15  cot'*  1+ cot  15  cot*o 


cot'<^' 

,^  _  2\/cot  15°  coeec*^  rf  <^ 
^^~     l+cotl5*cot«<^     • 


and 


Hence 


1    .  ,^     2  l  +  4cotl5*cot«<^+cot»l5*cot<<^ 
^     3*"'  ^""3  (l+cotl5°cot«<^)« 

_2      cot»l5^coaec*<^  /,     cos30*   .  ,.\ 
~ 3  '  (l+cotl6**cot«</>)« V      co8«  15'  ""^  *^)' 


^'"yJzL  Vl-Jsin'd        VsA  >/aStT5^Vl-A«sin><^A        coslS"  / 


(^<^ 


Thus 


-_j_r_ 

006  15.'^  >/l  -  A*8in*<^    cos  15 
^=ani(ir-uco8l5°),  (mod. 150" )» 


^     [A'-am-»<^]. 


,  .     .  ,«.  ,-ov    cn(Mco8l50  J  >/cos30 

whence   8in<p  =  sn(A-McoBl5  )  = -5 — ; =^^5.,    mod. i-ro-» 

^         ^  '     dn(ttco8l5)'  cos  15 

co8<f>  =  cn(X-iico8l5')  =  Unl5''7^,"^"l^!|    (Art.  1352). 
^         ^  '  dn(uco8l5  ) 

Hence  cot  <^ = tan  1  r>'  tn  {u  cos  1 5*), 

and  jr-3=cot  15"  cot2<;>  =  Un  15°  tn»(ucos  15'), 

which  is  the  same  result  as  that  obtained  in  solution  {b). 
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1480.  Landex's  Transformation. 

From  the  above  example  it  appears  that  the  redaction  of 
in  elliptic  integral  to  the  Legendrian  form  is  not  unique. 
The  transformation  a 


ir=3  + 


l+si 


and    a;=3+cot  IS'oot*^ 


both  succeeded  in  Buch  a  reduction,  but  the  moduli  in  the 
two  casea  were  different. 

For  the  general  theory  of  such  transformationa  the  reader 
is  referred  tofCayley  (E. Functions)  or  Greenhill  iE.f\tnctione). 

One  well-known  transformation,  however,  must  be  noticed 
before  leaving  the  matter,  viz.  that  due  to  Landen. 

TakiDg  two  variables  6,,  6,  connected  by  the  equation 
8in(2$i—6f)=fiBin6^,  so  that  d|  and  d,  vanish  together, 
we  have  cot(2e,-et)(2di9,-rfdi)=cote,dff, ;  whence 


Wi-  cot{2fl,-fl,)=rWi{cot  (2e,-9,)+cot  fl,}= 


sin  9i  Bin  (29,-d,)' 


ain  2$,       cos  [29^-0^)"  ^\- ft*  sin*  d^ 
Also  sin  28, .  cot  flj— cos  2fl,=Ai.  cot  flj=(;i+co8  2ej)/ain  23, ; 
.-.  cosec»e,=(l-|-At'+2|iCosM,)/sin»2tf, 

.     2'  p  de, ^r* 

"  l+;"l      /,        ii     777    J.  >/ 


0  \'l  — ;j*sin*f 


,  «=am-'(fl;,,i)=- 


-i^-m 


or,  what  is  the  same  thing, 

flini',=an^^«.  (mod.^)i    sin8,=sntt,  (mod.^), 
or  putting  Xj^sind,,     x,— sindj, 


■«*«M^BHBH=7-c3a«- 
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so   that  u=8n-i(a:j,  ;u)=r-n — sn-^faj,,  z— -^).    and    therefore 

u  is  expressible  in  either  of  these  ways  as  an  inverse  elliptic 
function. 

Writing  X  for  ff^  and  X'=f-r^,  t.«.  X«+X'«=l,  we  have 

2  1  —  X' 

r—; — =14-X',  M=T-r-r/i  *nd  the  connection  between  a:,  and  x, 

is  obtained  from  the  initial  formula 

sin  (2^1  "0^)==/^,  sin  dj,  viz.  2xi»JT^*  J\-x^ -  (1  -  2aji*)a;2=;ua;2 , 

*•'•  7ri^=l+M-2x>'  whence  a,,=(l+X)«,Vrrj^.- 
Therefore  

This  is  known  as  Landen's  Transformation. 

For  many  such  results  and  other  transformations,  see 
Greenhill,  E.F,^  pp.  55,  56,  and  Chapter  X.  Greenhill  gives 
a  very  elegant  interpretation  of  the  above  transformation 
with  reference  to  the  motion  of  a  pendulum  (pages  318, 
319,  JSr.F.). 

In  such  transformations,  when  F(d,  k)  becomes  MF{d2,  ^')» 
F  representing  the  first  Legendrian  Integral,  M  is  technically 
known  as  the  "  Multiplier,"  and  the  relation  between  k  and  J(f 
is  known  as  the  "  Modular  Equation."  Thus,  in  the  foregoing 
case  the  multiplier  is  i(^  +  M)>  ^"^  ^^^®  modular  equation  is 
X(m+1)=2v/^ 

1481.   Illustrative  Examples. 

f*  dx 

Ex.  1.     Reduce    v=  / 


vn  _s  Vjt*  4- ar»  +  20.r»  +  56j?  -  20 

to  Btandaid  Legendrian  form. 

We  have  C;  =  a:*  +  8a:3^.20j:2  +  56x-20  =  (a-»  +  2x+10)(.rS  +  ar-2). 
Here,  with  the  notation  of  Art.  1463,  A  =  1,  /ia=  10  ;  X'=3,  /=  -  2, 

W+(j>+g)  +  10=0,\  giving  p  +  g=6, 


f+(j>+g)  +  10=0,^  giving  p  +  g=6,       \ 
+  3(j>  +  g)-2=0,J  ;>5'=-16,j 

^-«'    }    and    x=^'=^. 
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**+2i+l0=I0(8+^)/(l+.)',    j"+ftr-S=JO(n-»»)/(l+»)», 

<ir=-lCWt/(l+«)'; 
dx^ dt 

which  ieC>iae4,  Art.  1473,    Pul2=i\/TTcoi0. 
Th  '*'  ^/iT■iog<W  1  de 

and  the  liiuila  for  x  correspanding  to  0  and  9  for  0,  are  ^/lT  -  3  t«  x. 

Th,™fore       ,=    >     f'^=^ =  J-F(eM\ 

_,    I      8- 


BUN/Sacr 


(mod.  A*'M). 


o,=  l,    a,  =  2.    fl,=  tf,     a,=  14,    o,--20, 
/=<V'(-4a,a,  +  3rt,'=  -»!(«, 
y=  iW,  +  2a,ii,o,  -  cv,' -  o^i»  -  o,' =  -  V?. 

P-aTJ*   y.a'.u 

lOfli'         2'.  37'  ■ 
Hence,  following  the  notation  of  Arta.  147S,  1476,  our  equation  for  S  i> 
a*.  37' 
~3>.5».H  * 
8.37, 


To  iimpliff ,  let 

■   '^    3VllV^^         }'  99      00' 


6'    (i .  .17 
3V11 
of  which  an  obvioua  root  ia 

Hence    6' 


ib 


Therefore 


-£-  =  5-  = 


Then  A=.\  j^(9'- 14  .ft.  11 +  11')-n'*, 

■nd  _.Af  -JidV  _r  dV 

"'  •Js/(U-»-ft)CU'»+U)"'iV(U''-9)((/-'+n)' 

Let  f  =  3secf.    Then  ^  =  ^'11-3 gives  0  =  0,  (7'  =  3,  tf  =  0  ; 

j-'        |l    III         ^fctf  III  I  ^ 
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f'  x^^dx 
Ex.  3.    Consider  the  integral  us  /    ~. ;  [Legendre,  Exercices^  p.  56]. 

This  does  not  become  infinite  in  the  vicinity  of  jrsQ  (Art.  348). 

Put  jr=(l +«»)"*,    dr=-3*(l +««)-*<&,    1-j:»=:(3  +  3««+«V/(1 +«')' ; 

J.    n/««  +  3««  +  3 
The  factorisation  of  the  desired  form  {U^+p){lP+q)  w 


("* 


3  +  »%^\/  ,  .  3-tN/3 


> 


2    yv  •     2 

Therefore  p  and  g  are  complex.     Following  Art.  1478,  put 


and  2=  00  gives  7*=s  1,  and 

«*+3i«+3  =  [(6-3N/3)r«+(6  +  3>/3)]/(l-r)«; 


.,r 


3*     p dr 


2 sin  15- ;,  s/(l-7^)(7'«  +  cotn5') 

3*       ,«    3*       .**->/3    3*       .^-^->^-l 
=  — -  cn~»  7^=  -s-  en  '  - — =  =  -^  en  *  — i — 


Uf. 


2^"    '      2  ""     ^+y/z     2 

^_3*.„-il-2s/2x<cosl5 
2  l+2N/2:r*8inl5 


x~^+>/3-r 

,  (mod.  sin  15*). 
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PROBLEMS. 

1.  Find  the  values  of  /  and  J  for  the  quartic  function 

and  show  that  4A'-/A-J-0.     Form  also  the  Hessian   of  the 
quartic,  and  the  discriminant. 

2.  Examine  the  modification  in  the  reduction  to  Weierstrassian 
form  which  accrues  from  the  quartic  Q  having  one  root  o,  zero, 
t  e,  a^  —  0.     Show  that  in  this  case 

"     12     Vttj     Og     Oj/         ^       "     12     Vaj     Oj      a,/ 


and  that 

3.  If 
and 

show  that 


'     ^     12     \ai      aj     ttj/ 

l/-,-V«s' 
P  =  a2-a3,       0  =  03-0^,       i^^ttj-o^, 


^OL^  —  Oi^^         K 


«8-"4» 


a. 


/-^(p^F^+e^e^+T^^TT*), 


a, 


•^=  -Th(QQ!  -  ^^)(tiR  -  ^m^P"  -QQ\ 


432 


and 


a, 


6 


A  3  /8  -  27  J2  «  ^  piQ^B^P^Qf^R^ 


Also,  if  iSj  =  Sttj,  iSj  =  ^ttjttg,  ^8  =  Saja^aj,  iS^  =  ttjajOja^,  show  that 


a„ 


/=^(l2^,-3V3  +  5,«),     J  =  ^3 


12,  -3^j,         2^j 

—  3oj ,         2o2 ,      —  3oj 

2^2,      -  35„       125, 

4.  If  <^=a:*  +  6Aa;y  +  y*  and  the  Hessian   U^^\  *"'     **  I, 
show  that  H-k4>\aii  perfect  square  if  A;  =  A,  -  }(X  + 1)  or  -  J(A  - 1). 

2n/2 


6.  Show  that  f>-i(e,  76,  -  1 20)  =  ;;-^  sn^*  ^;=^  ;  mod. 


6.  Show  that 


n/^  +  5'  2>/2 

r-V.28,-24)  =  -^dn-»7iI-5;n.od.-|. 

7.  Show  that  p->(«,  36;  0)  =  ~  cn-»  J-^^  ;  mod.  4=- 
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8.  Keduce  the  integral  u  =  I    -= 


dx 


TOr*  +  253rc8  -  327a;«  +  179a;  -  35 

to  Weierstrassian  form,  and  show  that  M  =  fr-i( rj.     Show  also 

that  it  can  be  expressed  in  a  Legendrian  form  with  a  modulus 


iyiz.«  =  -i8n->^12^. 


9.  Show   that  if  e^>e^>e^  and   e^-^e^  +  e^  =  0,  the  substitution 
g^gg-f  ^  g  ^  will  convert  the  Weierstrassian  Integral 

2 


#•00 


(/^ 


into  the  Legendrian  form 

1       f«  dx 


a;2)(l-jk2a;2) 


^2~^8 


-«. 


where  A;'  =  -^ — 8^  and  conversely  that  the  substitution  x^^-^— 
will  convert  the  standard  Legendrian  form  into  the  Weierstrassian. 

dz 


10.  Reduce 


f 


to  the  Legendrian  form 

dx 


z  ^\z(z^  -  9) 

N/6Jov/(l-.T2)(l-Ji;V 


11.  Show  that 


i: 


^lz(z^  -  4) 
12.  In  the  standard  Leccendrian  form  I     , 


and  show  with  the  usual  notation  that 

dz  ,      2 

=  «n~i  -■- . 

v/2r  +  2 

, ,,    =  discuss 

s/(\-x^)(l-kh^) 

the  degenerate  forms  assumed   when  k  =  0  and  when  A; » I ,  and 

state  to  what  forms  sn~^jE,  cn~^a;,  dn  x  and  tn  x  ultimately  degenerate 

in  these  cases. 

13.  Discuss  the  integration  of  the  degenerate  cases  of 

f dx^ 

]>J(x-a){x-P)(x-~y)(x-8y 
(i)  when  a  =  )9,     (ii)  when  a  = /^  =  y,     (iii)  when  a  =  )9  =  y  =  S. 

14.  Discuss  the  integration  of  the  degenerate  cases  of 

r  dz  f«l>«2><'8.        \ 

it  Ji(z  -  e^){z - e^)(z  -  e^y      Uj+fij  +  eg^'O/' 
(i)  when  ^g^'^si     (ii)  when  ^j^ej,     (iii)  when  «i=s«2  =  «j. 
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2tt 


(2<x<2-2). 


15.  Express  both  in  Weierstnssian  and  in  Legendiun  noutki 
the  integration  rm  ^^^ 

16.  Make  use  of  the  substitution  z*  +  z^  — ST^  to  reduce  the 

integral  u  =  I    jt===  to  the  form  of  an  elliptic  integral,  and  redixe 
Jo  vi  +a:* 

it  to  the  standard  Weierstrassiau  form. 

17.  Use  the  substitution  /»  =  (1  +x  +  2*)/(l  -z)»  in  the  int^^noioo 

f«=l    r  :  and  show  that /-p(-7=,  0,  1 ). 

Ji(l«x8)l  V>/3         / 

18.  Show  that  if 

J2  n/(x-2)(63:-11)(11j-21)(3z-7) 
-F->(j5],  304,-960)==lsn-i4^/j^     (mod,  ^/!). 

1 9.  Show  that  the  solutions  of  the  sextic  equation 

(p2  +14p+l)»  _  (ffi-^Up^+l)^ 

'^.  h-  (liD'  i\^'-  (^"  »-  (}?S' 

[Caylm.] 

20.  Transform  the  integral  u  =  I    j  into  one  in  which  r  is 

Jo(i  -x*)! 

the  variable  by  the  relation  4j:^(1  -jfi)-::^^  and  the  result  by  putting 
^'  =  1/(1  +y2) ;  and  lastly,  by  the  further  transformation 

y  =  4^3  tan*; 
showing  that  sn  f -7  u  j  =  ^ ,     (mod.  sin  1 5'). 

Hence  show  that  «=  1*927622... ,  and  verify  this  otherwise. 

[Bbrtrand,  I.C.t  p.  6ST.] 

21.  Show  by  Landen's  Transformation  2  sin  (2<^  -$)  =  sin  0  that 


are 


r*      de      _  4  p 

Jo>/l-iSS?    '3  Jo 


(/<^ 


0  \/l  -  5  sin2</> 


I  Vnmt    • •-. . 
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22.  Express  by  means  of  the  Weierstrassian  elliptic  functions 
P(^)y  C(^)>  ^(^)  ^^®  results  of  the  following  integrations : 

...     f«       Zdz  ,.  .  ....     {*  dz  /n         \ 

(iii)   r ?^i=.     {2<^); 

J«  (x-l)(a;~2)va:'-5a;*  +  4x  +  6 
(v)  I  ,     (a5<l). 

23.  Express  by  Weierstrassian  functions  the  second  liCgendrian 
standard  form  |   sl\ -k^sm^Bde. 


24.  Express  by  Weierstrassian  functions  the  third  Legendrian 

standard  form  I    

Jo{l-a^ 


ih^)sl(\-x^)(\-lM) 


25.  ifti^wnp  ,  ^    , 


prove  that 


>/{a«  +  a;+l)(3a*  +  a;  +  l) 
x(-J\\  en M  -  sn  m)  =  2 sn tt,     (mod.  >/^).    [Ox.  II.  P.,  1913.] 

26.  If  t«=  isf*  ^^  prove  that 

Ji>/ll06a:*-904a:«-210a;«  +  8x+r  ^ 

a;(3  en  tt  -  2  dn  tt)  =  dn  w,     (mod.  1/5).     [Ox.  II.  P.,  1916.] 

Cx  dx 

27.  If  ti  =:  I   r  express  a;  as  a  single-valued  function 

Jo{l+a*-2x*)* 
of  u  by  help  of  (i)  Jacobi's  functions,  (ii)  Weierstrass'  functions. 

[Math.  Tbip.  II.,  1914.] 

Prove  that  a:>/3  dn  (uJS)  =  sn  (m V3),     (mod.  >/2/3). 

28.  Show  that  the  integral 

is  transformed  to  the  integral 

by  the  relations    y^  =  {a^  -  a^) {x  -  a^)/(a2  -  a^) {x  -  a^), 

k^  -  (ttj  -  ai)  (ag  -  fl  ^/(ag  -  a^)  (a^  -  a  J, 

and  obtain  an  expression  for  the  general  value  of  the  former  integral. 

[Math.  Tbip.  II.,  1913.] 


602  CHAPTER  XXXTIL 

29.  A  heavy  particle  attached  to  a  fixed  point  by  a  light  thread 
of  length  a  oscillates  under  the  action  of  gravity  in  a  vertical  plane. 
Show  that  the  height  of  the  particle  above  the  lowest  point  of  its 
path  at  time  t  from  the  lowest  position  is 

2aBin^^Qn^(yJ-i\     (mod.  sin- j, 
where  2a  is  the  whole  angle  of  swing. 

30.  Show  that  the  potential  of  a  uniform  thin  ring  at  any  point  is 


iyina  I    r, 

Jn{{r2-V)(r2^-t^)}* 


where  y  is  the  constant  of  gravitation,  m  the  mass  per  unit  length, 
a  the  radius  of  the  ring,  r  the  distance  of  the  point  from  a  point  of 
the  ring,  r^  and  r^  the  least  and  greatest  values  of  r.     Prove  also 

that  the  potential  may  be  expressed  in  the  form  8ym  — — —  K,  where 

Tj  +  rj 

K  is  the  complete  elliptic  integral  of  the  first  kind  with  modulus 
(^2  -  »i)/(^'2  +  n)-  [Ox.  II.  P.,  1914.] 

31.  A  heavy  elastic  string  which  is  uniform  when  unstretched  is 
passed  through  a  smooth  semicircular  tube  which  is  held  in  a  vertical 
plane  with  its  vertex  upwards.  The  radius  of  the  tube  is  r.  The 
modulus  of  the  elastic  string  is  equal  to  the  weight  of  a  length  r  of 
the  unstretched  string.  It  is  obserAed  that  the  two  equal  |>ortions 
which  hang  vertically  outside  the  tube  are  each  equal  in  length  to 
the  radius.  Show  that  the  unstretched  length  of  the  portion  which 
lies  within  the  tul>e  is 


,l*^""'4'  H-^)- 


[Ox.  II.  P.,  1916]. 


32.  Assuming  that  the  law  of  central  attractive  force  under  which 
an  orbit  u=f{$)  can  be  described  is  given  by  P/hHi*^u-{---T^,  show 

that  if  a  particle  describes  an  orbit  r  =  a  en  ^v'3  under  the  action  of 

a  central  attraction  /uiti^  the  modulus  of  the  elliptic  function  is  3'\ 

[Ox.  II.  P.,  19ia.) 

33.  A  particle  of  unit  mass  is  projected  horizontally  with  velocity 
Uy  and  moves  under  gravity  in  a  resisting  medium  such  that  the 
path  is  a  portion  of  a  circle  of  radius  a.     Show  that  the  motion  will 

cease  after  a  time  ^ydn-' i'K  (mod.  2"*).  ^^^  ^^  j,^  ^^^^^ 
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34.  Show  that  the  area  A  bounded  by  the  y-axis,  the  asymptote 
«=  1  and  the  curve  f(x -\)(x-  3)  {{a; -  4)«  +  3}  =  1  is 

I        1 14  -  3v3     f      J    .    ,--o» 
-^  en-* r-s — I    (mod.  sm  75  ). 

35.  If  ^  be  the  area  in  the  positive  quadrant  bounded  by  the 
curve  2y^a;(x-  +  4x+l)  =  3,  the  coordinate  axes  and  an  abscissa  7, 
show  that     j^  ^.  1  )/(^  _  1 )  .^  dn  ^/^n  A,     (mod.  tan  ir/6). 

36.  A  ring  is  generated  by  the  motion  of  a  circle  such  that  its 

plane  passes  through  the  centre  of  an  ellipse  and  a  perpendicular  to 

the  plane  of  the  ellipse  through  the  centre,  and  the  centre  of  the 

drole  lies  on  the  ellipse.     Show  that  the  volume  of  the  ring  is 

^wKbe\  where  h  is  the  semi-axis  minor  of  the  ellipse,  K  the  complete 

elliptic  integral  of  the  first  kind  with  its  modulus  equal  to  the 

eccentricity  of  the  ellipse  and  c(<h)  the  radius  of  the  circle. 

[C.8.,  1895.] 

37.  Prove  that  the  equation  of  the  osculating  plane  at  any  point 
of  the  curve  x  =  a  sn  t^  y  =  6  en  u,  ^  —  c  dn  u,  (mod.  k\  is 

-il-2(l-A;*)8n8tt-|A;2cn8M  +  -dn8tt=l-A;«. 

[Ox.  II.  P.,  1902.] 

38.  An  elliptic  wire  of  semi-axes  a  and  b  moves  so  that  its  plane 
is  always  parallel  to  a  fixed  plane  while  its  centre  describes  in  a 
perpendicular  plane  a  circle  of  radius  c  which  is  greater  than  either 
a  or  b,  and  the  minor  axis  is  perpendicular  to  the  latter  plane. 
Prove  that  the  ring  surface  formed  by  the  circumference  of  the 
wire  cuts  itself  in  two  hyperbolic  edges,  and  that  its  volume  is 

where  K  and  E  are  the  complete  elliptic  integrals  of  the  first  and 
second  kinds  with  modulus  a/c.  [Math.  I'rip.  1886.] 

39.  If  the  modulus  k  and  the  amplitude  <f>  of  the  elliptic  integral 
F(4>,  k)  be  given  by  A;  =  cos  tt/I  2,  cos  </>  =  2  -  n/3,  then  will 

F(4>.k)^{J^r(^)}/{3Kr(i)], 

[J.  C.  Malet,  Jg:.7\,  9677.] 


CHAPTER  XXXIV. 

CALCULUS  OF  VARIATIONS.    (Section  L) 

1482.  To  ascertain  the  greatest  or  least  values  of  which  a 
given  function  is  susceptible  under  specific  conditions,  it  has 
been  found  necessary  in  the  Differential  Calculus  to  allow  it 
to  grow,  and  then  to  find  the  magnitude  attained  when  the 
rate  of  growth  stops.  And  methods  have  been  fonnulated 
by  which  this  rate  of  variation  can  be  ascertained  and  tests 
constructed  for  the  discrimination  of  maxima  values  from 
minima  values  and  from  other  stationary  values  which  the 
method  may  discover. 

The  functions  considered  in  the  Differential  Calculus  have 
all  been  expressed  directly  or  indirectly  in  terms  of  a  set  of 
one  or  more  independent  variables  not  usually  involving  signs 
of  integration,  and  if  any  dependent  variables  have  occurred 
in  the  functions  under  discussion  their  connection  with  the 
independent  ones  has  always  been  specified  and  known. 

We  now  have  a  problem  of  different  nature.  We  are  to 
consider  the  maximum  or  minimum  value  of  a  function 
usually  expressed  by  an  integration,  in  which  the  integrand 
cont-ains  not  only  an  independent  variable  or  set  of  inde- 
pendent variables,  but  also  one  or  more  dependent  variables 
and  their  differential  coefficients,  for  which  the  rdationship 
between  the  dependent  ones  tvith  the  independent  ones  is  not 
specified,  but  reniains  to  be  discovered,  in  order  that  a  stationary 
value  of  the  integral  may  result  under  any  conditions  with 
regard  to  the  limits  of  the  integration  which  may  be  imposed. 

1483.  Preliminary  Ideas  as  to  the  Mode  of  Procedure. 

As  before,  it  will  be  necessary  to  allow  the  function  to  grow 
and  to  ascertain  the  rate  of  its  growth  under  the  imposed 
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conditions  when  the  variables  it  contains  are  made  to  vary 
in  an  arbitrary  and  independent  manner  consistent  with 
the  retention  of  the  continuity  of  the  function  and  consistent 
with  the  imposed  conditions. 

We  shall  first  take  the  case  of  one  independent  variable 
only,  viz.  x,  and  we  shall  suppose  that  the  form  of  the  relation- 
ship between  x  and  the  dependent  variable  y  is  required 
which  shall  be  such  that  the  integral  with  respect  to  x  of  a 

given  function  V  of  x,  y,  -?-,  ^,... , viz.1  Fda?,  acquires  a 

stationary  value.  For  amongst  the  stationary  values  the 
maxima  and  minima  values  lie.  To  fix  the  ideas  we  may 
regard  x  and  y  as  the  Cartesian  coordinates  of  a  point.  And 
here  it  will  be  observed  that  ^  is  to  be  regarded  as  a  function 
of  x,  but  that  the  form  of  this  functional  connecting  relation 
is  unknown  and  is  to  be  the  subject  of  investigation. 

The  form  of  V  is  supposed  known.  The  limits  of  the 
integration  may  be  regarded  as  being  from  a  point  P,  {x^,  y^l 
to  a  point  Pi,{x^f  ^i),  which  will  be  referred  to  as  the  terminal 
points  or  terminals,  and  which  may  be  specified  either  as 
fixed  points,  or  as  points  which  lie  on  specific  loci. 

It  is  then  our  object  to  discover  the  relationship  between 

z  and  y  which  will  compass  the  object  of  making  I V  dx  assume 
a  stationary  value  with  such  terminal  conditions 

1484.  For  instance,  if  we  i*equire  to  find  the  shortest  path  in  the  plane 
x-y  from  the  given  line  x+y^2a  to  the  circle  jr'+^=a',  we  have  to 

make   I  ds^  or  what  is  the  same  thing  i  >fl-k-y'^dx,  assume  a  minimum 

value,  where  the  things  at  our  choice  are  (i)  the  positions  of  the  terminal 
points  on  their  respective  loci,  (ii)  the  nature  of  the  path  from  one 
terminal  to  the  other.  And  the  solution  we  should  expect  will  be  that 
Uiere  is  a  linear  relation  if^mx+n  between  x  and  y,  and  that  the  values 
of  m  and  n  will  be  such  that  the  line  cuts  both  the  terminal  loci  at  right 
angles  ;  which  we  shall  presently  find  to  be  the  case. 

14*85.   The  Symbol  S  of  Arbitrary  Variation. 

When  a  known  and  definite  relation  exists  between  x  and  y, 
say  y=f(x)j  and  when  we  pass  from  a  definite  point  P^,  (x,  y), 
on  the  graph  to  an  adjacent  point  P^,  (x+dx,  y+dy),  travelling 
along  the  curve,  there  is  a  relation  between  the  differentials  dx,  dy, 
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viz.  dy=f'(x)dx^  to  the  first  order  of  infinitesimals,  where /'(x) 
represents  the  differential  coefficient  of /(x)  with  regard  to  x. 

We  may,  however,  assign  quite  arbitrary  independent 
infinitesimal  variations  to  x  and  y,  and  thus  pass  from  the 
point  Pi  to  a  point  Qj,  not  necessarily  upon  the  curve  y=^f{x), 
but  indefinitely  close  to  P^,  and  we  shall  denote  such  inde- 
pendent and  unconnected  arbitrary  variations  by  Sx  and  Sy. 
Thus,  in  Fig.  481,  P^P^P  being  the  graph  of  y=f{x)  and  P^N^, 
Pi^i*  Q\^\  perpendiculars  upon  the  axis  and  P^SR  a  parallel 
to  the  X-axis  cutting  QiM^  and  P^^^  *^  ^  *"^^  ^  respectively, 
we  have  dx=N^N^,  dy=RP^,  Sx=N^M^,  Sy=SQ^. 


1486.   Arbitrary  Variation  of  a  Path. 

If  every  point  of  the  P-path  be  thus  treated  and  the 
variations  of  the  several  P-points  are  such  as  to  give  a  series 
of  Q- points  which  lie  upon  a  continuous  curve,  we  may  regard 
the  P-path  as  being  deformed  in  an  arbitrary  manner  from 
point  to  point  into  an  indefinitely  clase  Q-path,  and  the 
arbitrarinass  in  the  deformation  is  such  that  the  deformation 
at  Pj  from  P^  to  Q^  does  not  in  any  way  fix  the  law  by  which 
the  position  of  P^  is  deformed  into  the  position  Q^,  the  only 
restriction  upon  the  removals  of  the  various  points  P^,  P^,,..P 
upon  the  P-path  to  the  corresponding  points  Qi^Qz^-'Q  upon 
the  Q-path  l>eing  that  each  such  removal  shall  be  through  an 
infinitesimal  distance,  and  that  the  aggregate  of  the  Q-points 
shall  form  a  continuous  curve.  This  deformation  of  the 
P-path,  whatever  that  path  may  be,  whether  f(x)  be  a  function 
of  known  form  or  not,  is  therefore  entirely,  point  by  point, 
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at  our  choice  along  the  whole  path  of  P,  with  the  exception 
of  the  terminals,  which  in  any  particular  case  may  have 
definite  loci  assigned  to  them,  where  there  will  be  definite 
relations  between  the  terminal  values  of  Sx  and  Sy  at  each 
end,  but  the  variations  at  one  terminal  being  quite  inde- 
pendent of  those  at  the  other. 

The  processes  of  the  Calculas  of  Variations  are  essentially 
conducted  by  means  of  the  consideration  of  such  arbitrary 
differential  variations  as  the  Sx,  Sy  here  defined. 

1487.  Results  of  the  Differential  Calculus  which  do  hot 
involve  the  nature  of  the  connection  between  the  variables 
occurring  remain  the  same  with  the  one  set  of  variations  dx, 

dy, ,,,  as  with  the  other  Sx,  Sy, Thus,  if  7  be  a  function 

of  any  set  of  variables  x^,  x^  sPj,  ... ,  say,  F=0(a;j,  Xj,  x,, ... ), 
and  if  these  variables  receive  two  sets  of  variations, 

(dx^,  dx^,  (/X3, ...)    and    {Sx^,  ^,  Sx^, ... ), 

then,  if  dV  and  ^F  be  to  the  first  order  the  corresponding 
changes  in  F,  we  have,  whether  the  variables  be  connected 
in  any  way  or  not. 


dV=^d^+^dx,+  ... 


3Xi 


dx„ 


and 


^^=^<^->+B^/^.+  -- 


1488.  S  and  d  Commutative. 

We  shall  now  prove  that  d(Sx)=S(dx). 

Let  AA^he  any  curve  y=<f>(xX  and  let  P,  P^  be  contiguous 
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Fig.  432. 


X 


points  upon  it,  viz.  (x,  y)  and  (x+dx,  y+dy)  respectively. 
Liet  the  curve  ^^j  be  deformed  to  a  contiguous  curve  BB^ 
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80  that  the  arbitrary  point  to  point  deformation  displaces 
P  to  Q,  Pj  to  Qi,  etc.  Let  the  ordinates  NP,  N^P^,  MQ,  MjQ^ 
be  drawn,  and  PST  parallel  to  the  ar-axis  cutting  the  ordinates 
of  Q  and  P^  at  8  and  T,  and  let  PU,  the  tangent  at  P,  cut  the 
ordinate  of  Q  at  U,  and  let  V  be  the  point  in  which  the  ordinate 
of  Q  cuts  the  curve  AA^,  Then  NN,^=dx,  NAf^Sx.  The 
change  in  NM  due  to  a  change  from  x  to  x+dx  is  d{NM), 
i.e.  d{Sxy  But  d(N^f)=N^^f^-N^f=MM,-NN^,  which  is 
the  arbitrary  change  in  NN^  due  to  the  deformation  of  the 
curve,  and  is  therefore  S{dx),    Hence  d{Sx)=S{dx). 

1489.  It    followfi    that  8d(dx)=(iS(dx)=dd{Sx),    etc,  and    generally 
W»  K=(r*5rf»-<»  r=rf"5  V;  and  bo  on.    (See  Lacroix,  Cole  Dif.,  it,  p.  658.) 

1490.  S  Oommutatiye  with  regard  to  the  Sign  of  Integration. 
Let  2=f7da;.     Then  dz=Vdx,  and  dSz=^6dz=^8(V dx). 
Therefore  integrating  J2=U(F<ia;). 

That  is  <?f7cfa  =  [^(Fcir). 

1491.  The  Quantity  w. 

Again,  UQ=SQSU=Sy—y'Sx,  where  y'  stands  for  ^,  or 

the  tangent  of  the  slope  of  the  curve  at  P.  We  sliall  call  this 
quantity  w.  It  is  the  amount  by  which  Q  is  raised  by  the 
variation  Sy  above  the  tangent  line  at  P,  and  the  distance  UV 
is  a  second-order  infinitesimal.  Thus,  to  the  first  order,  »  or 
^y-^y'^  is  the  amount  by  which  Q  is  raised  above  the  curve 
y=ift{x)  at  the  point  V, 

1492.  Differential  Coei&cients  of  w. 

dv 
Supposing   y=^{x\  consider  the  variation  in   -p,  where 

X  and  y  are  arbitrarily  changed  to  x+Sx  and  y+Sy  respec- 
tively.    We  have  at  once 

,dy_d(y+Sy)    dy _(dy    dSy\(.  .dSxy^^dy 
djc''d(x-\-Sx)    dx     \dx'^  dxJ\  '^'3xJ        3i 


d  ^        ,  d  . 


to  the  first  order  of  infinitesimals. 


wnJWifci^— "sri— •*  "-^wi  9wt  I 
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Hence 


Similarly,  Sy"-y"'Sx^w\  ^y"-y*' &«=:«'";  andaoon. 

1483.  Oeometrical  Proof . 

Let  Tf^f{x)  be  a  curve  such  that  j  r^dx^y^  i,e,y  represents  the  area 

bounded  by  the  curve  AP  (Fig.  433),  the  ordinates  AL^  PN^  viz.  X^a 
and  Jr=x,  and  the  ar-axis. 

Let  the  curve  APP^  be  displaced  by  an  arbitrary  infinitesimal  point  to 
point  deformation  to  the  curve  B^^^^A  going  to  ^,  P  to  Q,  P,  to  Qj,  etc. 


Let  (as,  r^\  (x+&r,  17  + Si;),  («+c&,  i;+rfi;)  be  the  coordinates  of  P,  §,  P, 
respectively,  and  draw  the  ordinates  AL^  BL\  etc,  and  PH^  P\B\  parallel 
to  the  x-azis. 

Then 

y=  f%dir«area  Zi^P^l ;  5y  =  8 f%(ir= area  L'MQB-Areak  LNPA, 

Jm  Jm 

and 

i(Sy) = rf(area  L'MQB)  -  rf(area  Z^iVPil ) = area  MM^Q^Q  -  area  NN^P^P.  (1) 
Also  ?;  &c=area  NMRP  to  the  first  order  ; 

.-.  rf(»;&r)=areaiV,A^,5Pi-areai^ir«P.  (2) 

Hence  rf(5y)  -  d(i;  Sa;)  =  area  MM^Q^lQ  -  area  N^M^SP^ 

-area  i\^i\^iPiP+area  NMRP^&reA  RSQ^Q, 

i.e,  d\  8  I  rjdx-rjSx    =area  BSQiQy 

and  to  the  first  order  RQ=8rj-rj'Sx  ;  and 

MM^  =  Nyi  +  NiMi-yM^dx'¥S{X'¥dx)-Sx^dx+8dx. 
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So  that  to  the  second  order,  area  R8QiQ^(&ri  —  rfSx)dx ; 

/.  ifs  ri7cfa-iy5«']=8i7-V8x,    and    ri^jf^ri^fi 

.-.  ^[%-y&r]=8y-y''&,    and    8/ -/&-•'• 
This  geometrical  proof  appears  to  be  due  to  the  late  Dr.  E.  J.  Booth. 

1494.  NoUtdon. 

We  shall  use  accents  to  denote  difTerentiations  with  Tq;Ard 
to  the  independent  variable  ar,  and  when  accents  become 
inconvenient   by  their  number,  we  shall  replace    them    as 

elsewhere  by  an  index  in  bracketa     Thus  y"'=^»  ^^'^'3^' 

We  shall  represent  by  V  any  known  function  of  x,  y,  y\ 
y",  •••»  y*'*^  the  independent  variable  being  as,  and  y  ^  function 
of  X  of  unknown  form,  and  therefore,  also,  its  several 
differential  coefficients  being  of  unknown  form. 

For  the  present  it  is  also  assumed  that  V  is  independent 
of  the  limits  of  integration.  We  shall  adopt  the  notaticm  and 
follow  the  method  of  De  Morgan  (Diff.  and  ItU,  Calc,,  p.  449, 
etc).  In  this  notation  Capitals  denote  jxirtial  difTerentiations 
of  r.    Thus 

dV  dV      yJdV  37     ^ 

^==^'     ^-^'     ^'^^''      ^"=B^-®^' 

the  suffixes  indicating  the  particular  differential  coefficient 
of  y  with  regard  to  which  the  partial  differentiation  of  F  is 
effected.  Also  accents  will  be  used  in  these  cases  also  to 
denote  total  differentiations  with  regard  to  x.    Thus 

Y-=S  (^)  etc 

Lagrange,  to  whom  this  Calculus  is  in  the  first  place  due, 
uses  a  different  notation,  convenient  when  no  differential 
coefficients  of  y  beyond  the  second  order  occur,  but  not  so 
convenient  otherwise.  In  Lagrange's  notation  p  stands  for  y, 
q  for  y",  etc.,  and 

jV=5r=y     p=?Z=y      O^^^Y    etc 


•,U  11 


f**^!-'^ '. 
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1495.   Variation 


iation  of  I 


Vdx. 


Supposing  V=<p{x,  y,  y\  y",  ...  ,y^*^},  where  the  relationship 
of  y  and  x  is  unassigned  and  held  in  abeyance,  remaining  to 
be  chosen  to  suit  circumstances  which  may  arise,  let  us  take 
AA^  (Fig.  434)  as  the  graph  of  a  supposititious  case  of  such 


Oi/ 


B. 


u 


Fig.  434. 

relationship,  and  let  us  suppose  it  subjected  to  a  point  to  point 
deformation  to  a  contiguous  position  BB^  of  the  kind  described. 
Then  we  shall  find  the  consequent  variation  in  the  integral 

slFcJa;,  where  the  integration  is  taken  from  one  terminal 

point  A  to  another  terminal  point  A^y  which,  like  other  points 
on  the  curve,  may  be  subject  to  small  variations  of  position, 
which  may,  however,  in  these  terminal  cases  be  partially  pre- 
scribed by  the  terminal  circumstances,  A  going  to  5,  P  to  Q, 
Pj  to  Qj,  etc.  Then,  since  ^  is  commutative  with  regard  to  an 
integral  sign, 

Ju=(5(Fcfa=f^(Frfa;)=foFrfa:+F<5cfa;)=((^Fcfo+Fd^a:) 

=  [^F(ia;+[F^a;]-[^a;dF=[F<Ja;1  +  f(c5F(tc~(iF&B), 

the  integral  being  taken  throughout  the  whole  length  of  the 

curve  from  ^4  to  ^4^,  and  the  square  brackets         or  round 

the  integrated  portion  indicating  that  the  included  portion  is 
to  be  taken  between  the  same  limits,  viz.  {pt^,  y^)  the  coordi- 
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nates  oi  A  to  {x^ ,  y^)  the  coordinates  of  A^.    Now  to  the  first 
order, 

SV=X8z+YSy+Y,8y'+Y.ii/'+...  +  Y^.^S^. 

and      dV=Xdx+Ydy  +  Y,dy'+Y.dt/'+...  +  Y^n^it^^; 

.\  6Vdz-dV6x=Y{iy-f/'Sx)dx+Y,(^-^'Sx)dx 

+  Y„{Sy"-y'''&€)dx+,.. 

^{Yw+Y,w'+Y„w"+...+Y^^)dx 

to  the  seocmd  order. 
Hence  to  the  first  order 

1496.  The  integrand  admits  of  a  considerable  amount  of 
integration.     We  have 

\Ywdx     =  \Ywdx, 

\Yr(adx  =  y,«  —       ly/ctfdx; 

I  Yn «"  dz  =  y»«'  —  Y!,w    +  I  YUmdXf 

I  Ymui"'dx^=  Y»tta' —  yi«'+  Ymtd  —  I  YZmioR, 

Jr,.,»'-><fa=y,„«'-«-y,;^«-«+...+(-i)-iyi:,-'>»+(-i)«Jra.4t 

Now  make  a  further  abbreviation,  and  write 

KsY  ay-y;+r;-yr+...+(-i)"y|;!, 
y,=     y,-y:+y:-...+(-i)-»y|:,-", 

Y„=  y„  -  y: + ...  +(- 1)»-»  y};,"",  etc. ;  we  then  have 

*|F<fa!=[r&r+y«.+y„»'+y„»"+...+y,„«i-"p+j  F.dae, 

which  may  be  written  for  short  as 

s\vdx=Hi-H^+\K(adx    or    [H^+\KwdT, 

which  gives  the  variation  of  the  integral  to  the  first  order. 

Terms  of  the  second  and  higher  orders  of  the  variation  are 
not  needed  for  the  present.     We  shall  recur  to  a  consideration 
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of  such  terms  later  when  we  come  to  formulate  an  analytical 
test  for  the  discrimination  between  maxima  and  minima 
values.  But  in  a  large  number  of  cases  the  nature  of  the 
stationary  result  found  will  be  obvious  from  the  circumstances 
of  the  problem  without  any  formal  analytical  discriminatory 
test 

1497.  We  shall  now  count  up  the  number  of  first-order 
variations  involved  at  the  terminals.  Written  at  full  length 
to  exhibit  all  these  variations,  we  have,  to  the  first  order, 

pVdx 

-iVSx+Y,{Sy-f/Sx)+Y„(Sy-y''Sx)+...  +  yM^--'^^^^^ 

+  rY(dy-y'Sx)dx, 

the  suffixes  to  the  square  brackets  having  their  usual  signifi- 
cance. There  are  in  each  square  bracket  n+1  variations,  viz. 
Sx,  Sy,  8y\  ...  <5y^"~**;  but  these  are  not  necessarily  all  inde- 
pendent. 

(i)  If  the  terminals  be  fixed  we  have  four  equations  of 
condition,  viz.  8x=0  and  ^^=0  at  each  end,  and  n—1  arbitrary 
variations  are  left  in  each  bracket,  viz.  Sy\  Sy'\  ...,  it^^~^\ 
depending  upon  the  direction  of  the  tangent  to  the  path,  the 
curvature,  etc.,  at  each  terminal. 

(ii)  If  the  terminals  be  not  fixed  but  constrained  to  lie  upon 
assigned  curves,  say  y=Xo(i»)»  y=Xi(^)»  ^*^«»  ^yo=Xo'W<5«o. 
Syi^-xii^il^i'i  ^^  ^^^  ^^^  conditions  are  imposed  and  t^^)o 
variations,  viz.  Sy^^  and  Syiy  cease  to  be  arbitrary,  which  leaves 
n  independent  arbitrary  terminal  variations  in  each  bracket 

(iii)  Other  terminal  stipulations  may  be  made.  For  instance, 
if  the  end  Xq,  ^^  is  to  be  fixed,  and  also  the  direction  of  de- 
parture from  that  point  and  the  curvature  at  that  point  also 
fixed,  this  will  entail  ^^^^=0,  Sy^^O,  SyQ=0,  Syo'=Oy  and  the 
number  of  arbitrary  variations  left  in  that  bracket  is  n— 3. 
Similarly,  any  specific  data  may  be  assigned  for  the  other 
extremity. 

Thus,  on  the  whole,  there  are  in  the  two  brackets  2n+2 
terminal   variations.     Every  imposed  terminal  condition  ex- 
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pressible  by  one  equation,  such  as  aro=a,  yo'=c,  etc.,  which  is 
to  hold  at  a  terminal,  reduces  the  number  of  independent 
terminal  variations  by  unity.  Hence,  if  there  be  p  equations 
of  condition,  there  are  2n+2—p  independent  terminal  varia- 
tions. E.g.  if  the  terminal  {x^,  y^)  be  given,  and  the  abscissa 
of  Xiy  and  the  direction  and  curvature  of  the  direction  of 
approach  to  (Xj,  y^)  be  given,  there  are  5  equations  of  condition 
and  2n— 3  independent  terminal  variations. 

1498.  In  the  remaining  part  of  the  total  variation,  viz. 

I^ctfciis    or     \Y(6y—y'Sx)dx, 

there  are  an  infinite  number  of  variations,  each  pair  Sx,  Sy 
indicating  the  displacement  of  a  point  (x,  y)  of  the  curve  to 
be  found  to  a  hypothetical  adjacent  position.  The  function 
y  or  ^  is  a  linear  function  of  the  total  differential  coefficients 
with  regard  to  a;  of  the  partial  differential  coefficients  of  F, 

standing  for  F- r;+r:-...+(-i)"y;;|. 

In  general  F^.)  itself  contains  ^^"\  and  therefore  in  general 

Y  contains  a  term  y*"l  Hence,  if  F  be  equated  to  zero,  as  we 
shall  see  will  be  necessary  in  a  search  for  a  stationary  value  of 

|F(£c,  y=0  is  in  general  a  differentia]  equation  of  order  2n, 

%,e,  of  double  the  order  of  the  highest  order  differential 
coefficient  occurring  in  F.  Tlie  solution  of  such  a  differential 
equation  will  contain  2n  arbitrary  constants.  This  is  less  by 
2  than  the  number  of  terminal  conditions  +  the  number  of 
independent  terminal  variations,  which  is  2(n+l)- 

1499.  Oonditions  for  a  Stationary  Value  of  I  Vdx, 

The  same  line  of  argument  as  that  employed  in  the  Differential 
CcUciihs  (Art.  496),  in  searching  for  the  maxima  and  minima 
values  of  a  function  of  several  variables,  will  now  apply  in  a 

search  for  the  stationary  values  of  I    Vdx.    It  follows  that 

the  first  order  terms  of  the  variation  of  this  integral,  viz. 

[^]J+  I    wK  dx,  must  vanish,  and  further  that  the  coefficients 
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of  the  several  independent  arbitraty  variations  contained  in  it 
must  separately  vanish. 

Now  one  system  of  choices  of  these  independent  variations 
will  be  that  in  which  all  variations  at  each  terminal  are  fixed 
so  that  H  is  made  zero  at  each  end.     Therefore  we  must  have 

in  all  cases  I    K(Sy—}/Sx)dx=0.     Moreover,  as  Sy—y'Sx  is 

arbitrary  at  every  point  of  the  path,  it  follows  that  K  must 
vanish  as  a  primary  condition.  Hence  the  aggregate  of  the 
terms  in  [H]l  must  also  vanish  in  any  case.  And  further, 
since  it  has  been  seen  that  if  the  number  of  prescribed 
terminal  conditions  be  p,  the  number  of  independent  terminal 
variations  is  2n+2— p,  there  will  be  2n+2—p  relations  arising 
from  equating  to  zero  the  coefficients  of  these  independent 
terminal  variations. 

It  has  been  seen  that  the  solution  of  the  differential  equation 
K=0  contains  in  general  2n  arbitrary  constants  (Art.  1498). 

It  then  appears  that  as  the  conditions  for  a  stationary 

value  of  I    V  dx,  we  have 

( 1 )  y  or  ^=0,  the  solution  containing  2n  arbitrary  constants, 

(2)  2n+2—p  independent  equations  arising  from  [^]J=0, 

(3)  p  terminal  equations. 

Thus  we  have  2n+2  terminal  equations  in  all  to  find  the 
2n  constants,  which  fix  the  nature  of  the  path  and  two  other 
quantities,  usually  the  abscissae  of  the  terminals.  The  pro- 
blem is  therefore  in  general  completely  determinate,  as  will 
be  seen  when  we  come  to  discuss  examples  of  the  method. 

1500.  Cases  of  Integrability  of  K=0. 

The  chief  difficulty  in  this  problem  lies  in  the  solution  of 
the  differential  equation  K=0,  and  often  this  cannot  be 
obtained. 

(1)  There  is  one  case  in  which  at  least  a  first  integration 
can  be  effected  in  general  terms,  viz.  when  V  does  not  ex- 
plicitly contain  x;  i.e.  V=<p(y,  y\  y'\  ...  y^"'). 

For  now 

Jt=0     and     ^=F2/'+y,y'+y„y"'+...+  r,„^v""+>'. 
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But 

Vy'(fc        = 

• 

jr^dx. 

Jy,y"<fa       = 

ry- 

Y'.^it, 

{Y,tf"dx      = 

Y.f-  Y'„i^+ 

V:y«fa, 

Hence     F={Y,.y'+  F.y"+ y.y'"+ ...  +  y,,,y<->}  +0, 

for  the  coefficient  of  y'  in  the  integrand  of  the  unintegrated 
part  is  K,  which  vanishes. 

(2)  Another  case  of  integrability  (to  a  first  integral)  of  the 
equation  £=0  is  obvious,  viz.  when  V  does  not  contain  y,  so 
that  y  does  not  appear.     For  £=0  then  becomes 

Y,—  Ym  +  YZ—  ...  =0,  of  which  a  first  integral  is 
Y,—  Y'„  +  YZ  —  ...=con8t,  %.e.  Y,=G\ 

(3)  If  V  contains  neither  x  nor  y  explicitly,  we  have  also 

V=:C'y'+G+  y.y"+ y..y'"+...  +  y(,,y<->. 

1501.  A  very  Common  Case. 

If  F=0(y,  /),  in  which  x  does  not  explicitly  occur,  and 
no  differential  coefficients  of  y  beyond  the  first,  we  have 
V=Y,f/'+Gy  with  the  condition  F^+y,(<Jy-y'Ar)=-0  at 
each  terminal,  %.e, 

[GSx+Y,Sy]o-=0    and    [G  Sx+Y,Sy]^=0. 

(1)  If  the  terminal  points  be  fixed,  the  terminal  conditions 
are  identically  satisfied,  and  the  two  constants  which  will  be 
present  in  the  final  integration  of  V=Y,y'+G  will  be  de- 
termined by  making  the  curve  obtained  pass  through  the 
specified  points,  whose  coordinates  are  in  that  case  known. 

(2)  If  the  terminal  points  are  to  lie  on  specific  loci 

we  have  ^yo=Xo'(aJo)^a:o,     Syi=Xi(x^)Sx^, 

and  therefore 

[0+ r,x.'(*.)],=0    and     [C+y,x,'(ir,)],=0. 


MM 
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And  supposing  y=F{x,  C,  C),  the  solution  of  the  equation 
£=0,  the  substitutions  of  this  value  of  y  in  the  above 
equations,  together  with  the  equations 

suffice  to  determine  the  values  of  the  two  constants  of  the 
differential  equation  and  the  abscissae  of  the  terminals  of  the 
path.     (See  Art.  1499.) 

1502.   Illustrativb  Examplb& 

\,  Letua  apply  the  rvh  to  find  the  nalun  of  ike  ahorteat  dialanee  between 
hoo  given  poifUa  (x^,  y^),  (^h  yi)*  the  result  to  be  expected  being  of  course 
obvious.    (See  Art.  1484.) 

Here  jda=  /Vl+y^dr  is  to  be  a  miDimum. 
We  have 

F=N/r4yi,  x-0,   y=o,   7,=//VTTy^,   V'^ry+a 

Tims  n/i  +/*=/*/>/iT7*+^»  »•«•  's/uY*=llC  or /= const =m, say. 
Then  y=smx+n^  m  and  n  to  be  determined  so  that  the  straight-line 
path  indicated  shall  pass  through  the  terminals,  %,e, 

Xy    y,     1    =0. 

x%,  y*.  1 
^if  yi,  1 

2.  Suppose  ire  require  the  thortett  df'ttance  from  the  curve  y^^x^i^p)  t^  the 

curve  y=XiM' 

Then,  in  addition  to  the  above,  we  have  terminal  conditions  at  each 

end,  viz.   F&tr+7,(8y-y'&r)  =  0,  i,e.  C&r+y'C8y=0  or  J+y'g"^  *<^ 

each  end,  i.e.  the  straight  line  is  to  cut  the  terminal  curves  at  right 
angles  at  each  end 
Also  the  equations 

l+wiX*'(^*)=0»     l+»»Xi'K)=0»     mx.^^n=x^M*    »«^i  +  «=Xi(*i) 
determine  the  four  quantities  m,  n,  ^e,  .r,. 

It   will   be   noted   that    maxima   as   well  as   minima  distances  are 

included  in  the  solution.    The  discrimination  depends  upon  the  nature 

of  the  terminal  curves,  but  in  particular  cases  the  nature  of  the  result 

will  usually  be  obvious  without  formal  test. 

3.  Let  ua  enquire  next  the  nature  of  the  curve  far  which,  with  apedfic  ter- 
minal conditioner  f  (//^)  ^  allaina  a  minimum  value.  [Lacroix,  Cole,  D., 
p.  704.] 

Here  V = .y"^     X  =  F  =  7,  =  0,     7,,  =  2y",     Y„, = 0,  etc 

^  =  0  gives 

^(2y")  =  0,  i.e.  g  =  0  or  y  =  C.  +  C,j^  +  C,  ^ +0,|J (1) 
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The  terminal  variation  conditions  are  for  each  end 

F&r+(y,-  n)(5y-y'&r)+y..(«/-/'&»)=0.     ^«) 

If  we  impose  the  condition  that  the  curve  is  to  pass  through  (0^0), 
(a,  0)  and  its  tangent  to  make  with  the  x-axis  angles  tan~^a,  tan'^a'at 
these  points,  equation  (2)  is  satisfied  and 


a 


whence    0^  =  0,     Ci  =  a,    C2= -2(2a  +  a')Ai,     C3=6(a  +  a')/a*; 

and  we  have  ;/  =  cur  -  (2a  +  a)j^la  +  (a  +  a')a'*/a*. 

If  a' =5— a,  this  becomes  the  pai-abola  ay  =  our  (a— .r),  in  which 
y"=  —  2a/a,  and  is  constant  throughout  the  curve. 

4.  In  the  case  of  a  head  sliding  freely  on  a  smooth  wire  in  a  vertiedl  pkm 
under  the  action  of  gravity,  to  find  the  form  of  the  wire  so  thai  the  time  ef 
descent  from  one  point  of  the  tcire  to  another  is  the  least  possible.  This  cnhK 
is  caUed  a  brachistochrone. 

The  energy  equation  is  v^=^y^  where  y  is  the  vertical  distance  of  the 
bead  at  time  i  from  the  horizontal  line  of  zero  velocity.     This  gives 

-Jlgi  ^y    >/2gJ      >/y 
which  is  to  be  a  minimum. 


Line  of  zero  velocity 


Fig.  435. 


Hei-e 


y^Xfx) 


V  =  y/TT7'l>f'^.     X  =  0,     Y=-s^\Ty^l2y^,      Y.^y'l^ysITT^. 
y^  yy-^C  gives  C^ysl\-\-y'^=\  ;  or,  writing 

y'  =  tan^    and    C^l/Jia^ 
y=2acos'Vr    or    2a-ys2asin'^, 


(1) 


which  indicates  an  arc  of  a  cycloid  with  ciu]m  on  jf»0,  ».e.  on  the  line  of 
MTO  velocity.    {D.a,  Art.  395.)  ^Jiiik^ 


mmamt^n^mm 


MrtBBv— x;^' 
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At  each  terminal  F8ar+ y/(8y-/&r)=0,  t.e. 

C&r+r,8y=0    or    &r+y'5y=0. (2) 

(i)  If  the  terminal  points  be  fixed,  equation  (2)  is  identically  satisfied 
Equation  (1)  is  only  a  first  integral,  but  sufficient  to  determine  the 
nature  of  the  curve. 

To  proceed  with  it,        ^  =  tan  ^  =  'Y  — ~^» 

and  putting  y=a(l  +  cos  ^),  we  have 

dr=-a(l+co8d)dft    i.€.  :r-C=» -a(d+8in  d). 

So  the  equations  of  the  curve  are 

x=C-a(d+sindU 
y=    a(l+co8d)./ 

Moreover,  as  y~a(l+co8^)  and  also  —  a(l+cos2^),  we  have  ^«2^. 
If  the  curve  is  to  pass  through  {x^,  y%)  and  (xi,  yj),  both  supposed  fixed, 
we  have  two  equations  to  determine  C  and  a,  %,e,  the  position  of  the 
cusp  and  the  magnitude  of  the  curve. 

Jf  the  bead  is  to  start  from  rest  at  (x^^  y^  this  point  must  lie  on  the 
line  of  zero  velocity,  t.e,  yo^^O,  and  this  point  is  then  a  cusp  of  the  cycloid. 

But  if  the  end  (x'^yy^)  be  fixed,  and  the  other  end  (jr„  y,)  is  a  point  only 
known  to  lie  on  a  dednite  locusy  »  XW»^®  hKve  &re= %e=0, 8yi  =  x'(**i)^i» 
and  the  terminal  equation  at  (xj,  y,)  gives  &r+y'5ys:0  at  that  point,  t.e. 

y'  ^=  ~  1,  and  the  path  cuts  y  =  x(^)  orthogonally,  and  the  same  is  true 

1^  (-^1)  yi)  ^  fixed  and  (xq^  y^)  lies  on  a  fixed  locus  y=xMf  ^^^  ^^®  P^^^ 
must  be  such  as  to  cut  orthogonally  the  liue  from  which  it  starts. 

If  both  ends  are  to  lie  on  fixed  curves,  viz.  y  =  x«(^)f  y~  Xi(^)>  ^®  have 

the  conditions  y'^s  ~l  at  each  end,  and  therefore  each  terminal  curve 

is  to  be  cut  orthogonally. 

If,  for  instance,  the  terminal  curves  be  (1)  the  line  of  zero  velocity, 
(2)  a  vertical  line  at  a  distance  6  from  the  starting  point,  the  starting 
point  is  the  cusp  of  the  cycloid,  and 
the  other  terminal  is  the  vertex. 
The  value  of  a  is  then  found  from 
the  equation  6=:ira,  t.e.  a  =  6/?r,  and 
the  constant  C  is  >/tr/26.  It  will 
be  noted  that  the  starting  velocity 
from  (xe,y0)  on  the  first  curve  must 
be  that  due  to  a  fall  to  that  point 
from  the  line  of  zero  velocity,  t.e. 

J2gyl     Paths  starting  from  any  Fig.  436. 

other   given    horizontal    line,  and 

therefore  with  the  same  velocity,  and  describing  paths  in  the  least  time 
to  a  given  curve  cut  the  curve  at  right  angles,  but  not  the  straight  line, 
in  the  case  when  the  line  is  the  line  of  zero  velocity  itself. 
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The  problem  just  discussed  is  the  celebrated  problem  of  John 
which  gave  rise  to  the  Calculus  of  Variations.  It  waa  proposed  in  tbe 
Acta  Eruditorum,  1696  (see  Cajori,  HisL  of  Math.,  p.  234).  Hie  genenl 
problem  of  brachistochronism  for  any  conservative  ajateni  of  forces  viU 
be  considered  later  (Arts.  1&37  to  1544). 

5.  Taking  two  given  points  A,  B  aa  terminaU  to  find  a  cmvB  eammt€Hw§ 
ihem  such  that  the  area  bounded  by  the  arc  AB,  the  radii  of  emrwaimn  of  A 
and  B  and  the  intercepted  arc  of  the  evolule  is  leasL    [De  Morgan.] 

Here  ljpds3^-j^±hpldx  is  to  be 

F=(l+y'«)Vr»    X=y=0,     y,=4/(l+y'*)/y",     7.= -(1+yWj^, 

and  F=20y +2C,+  7./'  gives  (1  +y'»)*/y"=0,y'+(7,  ; 

or,  putting  y'  -  tan  ^,    p = Ci  sin  ^ + C,  cos  ^ = il  sin  (^ + B),  say. 
The  curve  is  therefore  a  cycloid. 
The  terminal  conditions  are  F&r+F,(8y-/&r)+r„(5y'-y&r)=0  at 

each  end,  and  since  /lr=8y=0  at  each  end,  this  reduces  to  fnSjf'^0  at 

each  end. 

Also  ?,,=  7,,=  -(i+yijs/y*,  and  the  values  of  fiy'  at  each  end  are 

arbitrary.     Hence  i/*  must  be  oo  at  each  end,  and  the  radii  of  curvature 

must  therefore  vanish.  The  ter- 
minals must  therefore  be  cusps  d 
the  cycloid. 

If  a  condition  be  added  that  thei« 
are  consecutitfe  cusps  the  cycloid  ia 
then  determinate,  the  length  of  tbe 
chord  AB  being  given,  say  i,  tbe 
radius  of  the  i*olling  circle  most  be 
l/iv.  If  the  cusps  be  not  nece»- 
sarily  consecutive  the  area  might 
he  that  contained  between  a  set  of 
8uch  cycloidal  arcs  as  shown  in 
Fig.  438,  and  their  cycloidal  evo- 
lutes,  and  it  will  be  obvious  that 

if  the  number  of  these  arcs  be  infinite,  the  area  thus  bounded  become* 

ultimately  xero,  the  radius  of  the  rolling  circle  having  become  infinites* 

mally  small. 


Fig.  437. 


Fig.  4dS. 


If  the  terminals  Aj  B  l)e  not  fixed  but  constrained  to  move  on  given 
curves,  there  is  a  relation  between  &r  and  Sy  at  each  end,  but  the  values  of 
Sy'  are  still  independent  and  arbitrary  ;   therefore  7„  still  vanishes  at 


C4UXUB  <V  TABUXHHBL 


en 


to 


be 

eoefieMBto«fir 

wbidi  give  fjf  is  tiii  «f  in 

1503L   IhtC^BWkMF 

If  F  mntMfw  Uie  f  wnlinatgw  j^,  y^  and  ^,  yj  oC  Uie  ter* 

minab  and  differential  foffcieiita  oC  y^  and  j^,  in  additaon  to 

«,  y,  y'f  etc,  lie: 

^^^^\^  y*  y » J .  -—  9  ^9  *i.  y«9  yi»  jKt*  yi  t  ---)» 

ihe  variataon  ^F  wiO  inchide  ienns  in  addition  to  those  of 
Art  1495,  and  now 

JF=X&c+  F^+  F^+ ... 


and  these  additional  tenna  in  the  Tariataon  jl  Vdx  gire 


to 


dk+..-. 


the  variataons  Jz^,  ^,  ^^,  ete^  not  being  fonetiona  of  % 
bat  only  of  the  limiting  valnes  of  x,  and  the  integrations 
being  from  2^  to  X|  as  before.  Tlieae  extra  terms  are  all  to  be 
added  to  the  terminal  variataon  portion  of  the  total  variation 

S\  Vdx.    The  difficrential  equation  will  be  onaltered,  and  the 

general  valae  of  y  in  terms  of  x  thenoe  derived  maj  be  sab- 
stitated  in  the  several  additional  integrals  above,  and  their 
values  may  thai  be  found  and  treated  as  part  of  the  ter- 
minal variataon  [H\ 


1504.  Relative  Kazisa  aad  KuML    Lacnace's  Bala. 

Many  problems  occur  in  which  I  Vdx  is  to  be  made 
a  maximum  or  a  minimum  with  the  condition  that  at  the 
same  time  a  second  integral  I  Wdx  w  to  acquire  a  given  value 
a,  where  W,  like  F,  is  also  a  function  of  x,  y,  y\  y*,  etc.     For 
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instance,  we  might  require  the  cui-ve  joining  two  specified 
points,  such  that  with  the  x-axis  and  the  terminal  ordinates 
a  maximum  area  is  to  be  enclosed  whilst  the  length  of  the  arc 
betioeen  the  terminals  is  given. 

Lagrange  solves  this  relative  species  of  maxima  and  minima 

problems  by  making  <5|(F+XTF)rfa;=0  unconditionally,  where 

X  is  some  constant  to  be  determined. 

For  clearly  this  gives   s\vdx+\6{wdx=0,  i.e,  S\Vdx 

vanishes  for  all  such  relations  between  y  and  x  as  make  I W  dx 

any  constant  quantity.  Now,  upon  solving  this  unconditional 
problem  in  the  way  described  in  the  preceding  articles,  we  shall 
get  a  relation  involving  X  as  well  as  the  constants  of  Integra* 
tion,  say  y=^(X,  a:,  C^  Cg,  Cg,  ...)•     Then  substituting  for  y  in 

I  Wdx  and  integrating,  we  are  to  make  such  a  choice  of  X  as 

will  give  the  integral  VWdx  the  stipulated  value  a. 

We   then   have   6\Vdx+\Sa=0,  i.e.   s\vdx=0,  and  the 

variation  of  I  Vdx  is  zero,  and  the  integral  has  a  stationary 

value  for  such  a  relation  between  x  and  y  as  gives  to  ITFc/x 

the  prescribed  constant  value  «.  The  constants  of  integration 
are  to  be  determined  as  described  before  from  the  terminal 
conditions. 

1505.  niustrative  Examples. 

1.  To  two  pointa  A,  B  given  in  position,  whose  distance  apart  m  2c,  o» 
inexlensihle  thread  is  attached  by  its  ends,  whose  length  is  2cacoseea,  To 
examine  in  what  curve  the  thread  must  he  arranged  so  that  the  area  endoaei 
by  the  thread  and  the  chord  AB  shall  be  as  great  as  possible. 

Taking  the  mid-point  of  AB  &»  origin  and  OA  as  .r-axiH,  we  are  to 
make  -jpdsik  maximum  with  a  condition  lds=2cacoaeca. 

By  Lagrange's  rule  we  are  to  make  u=  l{p-\-2K)ds=s^  maximum,  i.e. 
in  Cartesians 

«s  l(y~Ay'+2Av^l+y*)(ir  is  to  be  a  maximum. 


'mm 
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Here    7=y-4:y'+2X>/r+75,  X= -/,   r=l,   r,= -ar+aX/Z^/T+T*, 
y^^O,  etc    Along  the  path  we  are  to  have 

F=r-r;=o  or   i=-i+2X~  ,  ^  ... 


Hence 


and    dy^-Mz^^     •.€.  (ar-a)«+(y-6)«=X«. 


Fig.  4S9. 

Thus  the  thread  must  lie  on  a  circular  arc  of  radius  db  X  of  which  AB 
ie  a  chord.    Therefore  the  centre  lies  upon  the  y-azis  and  asO. 

A 

Let  D  be  the  centre  and  A  DO = p.    Then  X  s  ±  c  cosec  )8,  and  the  length 
of  the  arc = 2  (7  -  )9)c  cosec  )8,  which  is  to  be  Sea  cosec  a ;  whence 
pssTT  —  a,    X.=  ±ccoaeca    and    6=  ±Xcos)8=3 -ccota. 

The  equation  of  the  arc  is  therefore  ^  +  (y  4-  c  cot  a)*  s  c*  cosec' a. 

In  the  limiting  case  when  e=Of  a=sv,  and  if  r  be  the  radius 

L<ccoto=Xi<rcoea= -r    and    X4 c* (cosec* o- cot* o)=!C*=0, 
and  the  equation  becomes  4:'+y'=2ry,  where 
2irr  =  I,  the  length  of  the  thread.    The  thread 
then  forms  a  complete  circle  x^^-y^^ilyjir. 

Incidentally  this  shows  that  the  closed 
eicrve  of  given  perifnder  and  greatesi  area  is 
a  circle.  The  process  is  the  same  if  we 
require  the  curve  of  least  perimeter  toith  a 
given  area,  which  is  therefore  also  a  circle. 

Note  also  that  if  the  length  of  the  thread 
exceeds  vc,  the  curve  will  cut  the  ordinates 
drawn  at  A  and  B  and  lie  partly  outside 

them.     For  this  reason  we  did  not  express  the  area  as  jydx,  for  i 

tliat  case  the  limits  -c  to  -f  c  for  j:  would  not  contain  the  whole  area 
bounded,  but  only  so  much  of  it  as  lies  between  the  ordinates  at  A  and 
M,  and  there  would  be  the  difiBculty  of  assigning  such  limits  for  the 
tiiigrrtinni  m  wwdd  give  the  whole  area. 


m 


:.JL-.    -- 
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A  Case  of  DiscontinaitF. 

If  the  condition  be  superimposed  that  the  thread  in  the  above  example 
%8  noi  attowed  to  extend  beyond  ike  ordinaies  tU  A  and  B,  we  should  prefer 

to  begin  by  expressing  the  area  as  /    ydx.    But  when  l>ve  a  diaoon- 

tinuity  will  be  introduced  by  the  imposition  of  the  new  condition.    We 

still  have  the  condition  (n/I +y<ia:=:the  given  length  a  ^    Hence 

j{y+k^/TT7^)dx 

is  to  be  an  unconditional   maximum,    where   X   is  a  constant  to  be 
determined. 

Here  r=y  +  XVr+7«,  X=:0,  r=l,  r,=Xy'/>/l+7».  r^=0,  etc.; 


!/' 


.•.;/+X>/r+7««A;7^+i 


where  6  is  a  constant. 


•{») 


vT+y 


■=b-y,  U -^=^^^=dx    and    (x-ay+(g-by~XK 


So  long  as  2  >  ire  this  will  lead  to  the  same  solution  as  before.  But 
the  arc  is  now,  by  the  new  condition,  precluded  from,  lying  outside  the 
ordinates  at  A  and  By  and  therefore,  for  the  case  where  X  >  «-<;,  we  must 
re-examine  the  problem.  Now,  it  has  been  assumed  in  the  reduction  of 
equation  (1)  and  in  integrating,  that  y  is  finite  throughout. 

But  equation  (1)  can  be  satisfied  by 
making  y  infinite,  which  indicates  that 
part  of  the  boundary  of  the  area  may  be 
a  straight  line  perpendicular  to  AB. 
£xamine  next  the  limiting  conditions  along 
the  ordinates  AL^  BM  at  the  extremities 
of  the  choixi ;  &r  is  to  be  zero,  bat  hjf  is 
arbitrary.  Now,  for  the  terms  involving 
the  terminal  variations 

[r&r+r,(8y-/&r)]=0, 

and  if  the  thread  be  arranged  bs  AL  and  BM^  straight  portions,  with  an 
arc  of  a  circle  LIf,  which  satisfies  equation  (IX  we  have  at  il,  Z,  IT,  ^ 
ue,  at  the  terminals  and  at  the  points  where  the  thread  leaves  the 
ordinates,  &rsO ;  whilst  at  A  and  B,  8y  is  also  zero.  This  reduces 
the  conditions  to  [  F,  8y] = 0. 

Thatis(r,^atil-r,^at/.)forthelinei4Z+(r,ayatZ-r,^mtiO 
for  the  circular  arc  +(r,8y  at  i/^-  r,8if  at  B)  for  the  line  J/BsO,  and 
£y  at  L  is  independent  of  8y  at  If. 

Hence    V,  for  the  line  AL&t  L=  F,  for  the  circle  at  L 
and  Y,  for  the  line  BM  dX  M^7,  for  the  circle  at  JT. 
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But  in  each  case  Y,lk  s   .  ^       becomes  1  for  the  iinesyy  being  infinite. 
/  VI  +/' 

Hence  -H===  =  l  for  the  circle  also,  both  at  L  and  at  M,    Therefore 

y's  00  for  the  circle  at  L  and  M^  and  the  circle  touches  both  the  ordinates. 
The  area  in  question  is  therefore  that  of  a  rectangle  surmounted  by  a 
•etnicircle,  and  is  such  that  1=  AL-\- MB-\-\irABy  which  gives  the  lengths 
of  the  straight  portions  as  \{l  —  ve\  when  I  >  vc, 

2.  Tht  ends  of  a  uniform  heavy  chain  of  given  length  I  dide  freely  upon  two 
smooth  cwrvee  which  lie  in  the  same  vertical  plane.  Let  ue  investigate  its 
form  an  the  supposition  from  the  energy  condition  of  stahUiiy  (hat  the 
eentroid  of  the  arc  ufiU  assume  the  lowest  possible  posiHon, 

Let  the  chain  assume  a  position  such  as  indicated  by  il^  in  Fig.  442, 
the  terminal  curves  being  y=:/o(j7),  y—f\{x).    We  assume  it  as  obvious 


Fig.  442. 

tliAt  the  chain  will  hang  in  the  vertical  plane  of  the  terminal  curves. 
Take  any  horizontal  line  in  that  plane  as  jr-axis.    For  the  position  of 

this  X-axis  shown  in  the  figure  we  are  to  make  jydt/ Ids  a  minimum 

with  condition   Ids^l.    Therefore,  by  Lagrange's  rule  we  are  to  make 

j{y-^X)'>Jl-\-y'*dx  a  minimum. 

The  equation  7=  Fy+Cgives  (y  +  X)vTfp=(y+X)y'«/VrT7«  +  C, 

us.  y+X=s(7\'l+y^=Csec^,    where   y'  =  tan^.      This    is    enough    to 
indicate  that  the  chain  is  to  lie  in  the  arc  of  a  certain  catenary  curve. 
Proceeding  further  with  the  integration, 

'-j===£===*»dx,    i.e.  *^-—  =  cosh  — — - 1 
V(y+A)»-C«        '  C  C 
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Fig.  443. 


B 


where  C  is  a  new  constant     The  catenary  is  therefore  one  with  itt 
vei-tex  at  (  -  C,  -  A  +  C7)  and  with  parameter  C. 
As  to  the  terminals,  we  are  to  have  [  r&F+  F,(5y— jf'&r)]=(X 

But  5yi=/i'(.»*i)&ri»  5yo=/o'W&Po»  «>  *'^**'  on*J  •^'^^  <»^  ***•  '**"*■ 
variations  at  the  terminals  are  independebt,  and  we  have  C&r+Cy^sO 

at  each  end,  i.e.  1+^^=0  ^^  ^'^^  ®"<^«  ^i^d  therefore  each  of  the 

terminal  curves  is  cut  at  right  angles  by  the  curve  of  the  chain. 

The  seven  quantities  x^^  yo,  .r,,  y^  C,  C  and  A  are  determinable  from 
the  seven  equations 

/o'(x)  Hiiih  ^^'=  -  1,    /,'(*,) 8inh ^L±^'=  -  1, 
C8inh^^i^'~C8inh^ii^=;. 

3.  A  vessel  which  is  in  (he  form  of  a  surface  of  retfoluHcn  with  panM 
circtdar  ends  of  given  diameters  is  just  filled  with  an  inekuHe  fluid.     The 

capacity  of  the  vessel  is  given  and  ike  ukole 
fluid  is  made  to  revolve  aboui  Ae  axis  at  a 
definite  angular  velocity  ok  It  is  required 
to  find  the  shape  of  the  vesdel  so  Aat  the 
"  whole  pressure  *'  upon  the  curved  mafaet 
is  a  minimum,  neglecting  the  effect  ff 
gravity. 

Take  the  origin  at  the  centre  of  one 
end  and  the  axis  of  figure  as  X4izia.  Let 
the  i-adii  of  the  ends  be  a  and  h  and 
the  length  of  the  axis  j:,.  Taking  the 
density  as  unity  the  hydrostatic  prevare 
equation  gives  dp^n^ydy^  where  ^  is  the 
pre8sui*e  at  any  point;  whence />=|««y, 
for  p  vanishes  along  the  axis  by  the 
condition  of  the  vessel  being  jnsi  full 

Now,    the   quantity    known    as  ** whole   pressure"   is   given   hyjpdSf 
where  8  is  an  element  of  surface. 

Thus     /  -—-2Try>J\-\-y'^dx    is    to    be    a    minimum    with    condition 

J7ry*dx=A  given  quantity. 

Hence   /(y'Vl+y''+ Ay*)da:  is  to  be  an  unconditional  minimum. 

So  y»Vr+75+Xy«=yV'«/v^IT7^+C;  ie.  y'/>/rT7"'+ V=C;  and  for 
the  terminals  [F&r+ r,(8y-/&r)]«0,  «J^I  tiie  end  tliroogh  tht 
origin  &r  and  By  both  vanish,  whilst  at  tlMj^m||||||  ^"^  ^  ^  ndiw 
ia  fixed,  ue.  (7&r-0^ 
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Hence  y/Vl  +y'*  =  -  A  ory  coe  ^=«  —  A,  wbere  y=  tan  ^.  Tliis  indicates 
that  the  afc  of  the  genei'ating  curve  is  a  catenary  with  parameter  —  A, 
and  directrix  along  the  axis  of  revolution. 

The  constants  of  the  catenary  and  the  value  of  A  are  determinable  from 
the  facts  that  the  curve  is  to  pass  through  (0,  a\  (x^^  b\  and  that  the 
vessel  is  to  have  a  given  capacity  U. 

If  the  abscissa  of  the  vertex  be  ^,  we  have  for  the  equation  of  the 


curve 


—jr  =  cosh 


Hence 


a 


-^  =  C08h^, 


j.=cofih  ^x   ivj    A'co8h'f-—-r*j<fa:=  17,  three 
equations  to  determine  ^,  Xi  and  A. 

^  If  the  asstimpiion  be  adopted  thtU  the  preeaure  upon  a  smaU  dement 
d8  moving  with  untform  velocity  u  in  a  stUl  fluid  ia  normal  to  dS,  and 
proportional  to  the  square  of  the  normal  veloeiiy,  it  is  required  to  find  the 
form  of  a  awfaee  of  revolution  with  a  flat  base  which,  when  it  moves  in 
the  direction  of  its  axis,  wiU  experience  the  least  resistance  upon  its  curved 
surface.    (Lacroix,  Calc  Diff.,  il,  p.  698.) 

Let  ^  be  the  inclination  of  the  tangent  to  the  axis  of  figure.     The 

resolved  pressure  is  then  /  2iri/  ds .  ku*  sin' t// .  sin  ^,  which  oc  /  ^    j^- 


iM'«/iiV 


Fig.  444. 


Fig.  445. 


Here  F^yy^'/d +y'»),  r.=y(3y'2 +/*)/(! +;/»)». 
Therefore  for  a  minimum  V=  y,y'  + const,  yields 

yy''/(  1  +  y^)* = const,    or    y  cos  ^  ot  cosec*  ^. 

That  is,  the  generating  curve  must  be  such  that  the  projection  of 
the  ordinate  upon  the  normal  varies  as  the  cube  of  the  secant  of  the 
inciination  of  the  normal  to  the  axis 

If  we  add  the  condition  that  the  flat  base  is  to  be  of  given  area,  and  that 
He  ffohime  of  the  solid  is  to  be  given^  we  have  the  conditional  equation 

fT  jy*d!a:=agi^ 


iven  constant. 
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Then  F=)3^/(l+/>)+A/,  r,-^<3ir'«+jr'<)/(l+/')»; 


A^- 


^S<^    . 


:.  Ay*-2ysiii'^<wi^-C. 


-(1) 


For  ihB  tsrminaU  [  VSx+  r,(8y-y'S«)]=.0,  i.e.  [Cfii+  r,fy]=a 

The  origin  being  taken  at  tlte  ewtn 
of  the  flftt  blue  (Fig.  446),  Mid  0»  \>m 
being  given,  we  have  £z  and  ^  both  tan 
fur  the  t«miinal  of  the  geoeiitjng  com 
whichliesonthe^ftlle.  AIaoC&+r,J)r 
iiiuHt  vaniiih  at  the  other  terminal  Be- 
jecting  the  auppoeition  of  a  dieoontiniioQ* 
*  flat-niwed  surface,  this  other  tenDiml 
niustbeoD  thej:-aii(aud^  =  a  Batb 
is  arbitrary.  Hence  C=0.  Bqectiag 
al«>  the  solution  of  an  end-on  atrai^t  Una 
experiencing  lero  reeiatance,  we  hare 

d»     d»  da  I        2,_.,,     ,..,,         2.^ 


which  indicates  that  the  generating  curve  ia  p«i-t  of  a  thive-cutped 
b;poc;cloid,  and  the  values  of  A  and  the  constant  may  be  found  frca 
the  given  <Iat«. 

isoe.  The  OMfl  wben  Vdx  y  a  Perfect  DiffereatUl. 

We  have  nsaunied  bo  far  that  j  Vdx  >»  not  directly  integrable.  If 
however  this  be  so,  the  function  is  free  from  an  integral  eign  and  menlf 
depends  upon  the  terminal  values  of  j,  y  and  the  differential  coeffidentu, 
and  is  independent  of  the  path  of  integration  from  the  one  terminal  to 
the  other.  We  are  therefofe  not  much  concerned  with  this  cue.  Sod 
,  for  then 


r  if,  for  instance,  F— ' 


1507.  TeBUofIntegrabilit7. 
Our  method  of  pi'ocedura,  however,  yields  a 
supposing  F  to  be  the  differential  coefUdeiit 

I'i'.y.y'.-s"-"). 


It  of  iDt«gnbtlity.    F« 
some  function  of  fom 


Vdx=S' 


[fix. 


•^I. 


^ 


and  Bsauming  the  variation  to  be  one  which  daea  not  afTi- ' 
values  of  the  rariablea,  thia  vaniabea   independently   < 
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relation  betweeu  x  and  y.  'lliut  ia,  the  relation  ^—0  ia  identioll; 
■■tiafied.  And  the  coDveraa  ia  also  true,  and  the  cunditioD  ia  sufficieot 
*•  well  at  neceamr^. 

For  the  demonstratioo  of  this  converae  the  student  init;  be  referred 
to  Todhnnter,  InL  Oak.,  p.  365. 

1508.  Two  or  more  Dopendont  VuUUm. 

Let  F  be  ft  fonction  of  one  independent  variable  x  and  two 
or  more  dependent  variables  y,  z  with  their  differential 
coefficients  with  regard  to  x,  and  suppose  we  are  to  search 
for  the  nature  of  this  dependence  which  will  give  a  atationaiy 

value  to  iFdx. 

Here  V=f(x,  ^'^;K'"'\    We  may  proceed  to  find  the 

first  order  variation  of  the  integral  exactly  as  before,  but  it  is 
necessary  to  extend  our  notation. 


BF 


3F 


3F 


Then,  just  as  before,  the  first  order  variation  of  I  Vdx  is 

4F^=[F*r^|-+f-:^;;;]+j(F,+zf)^ 

or  =[H]+j(Y,+ZO<ir, 

a  result  similar  to  that  of  Art.  1496. 

Obviously,  a  similar  form  will  hold  however  many  dependent 
variables  there  may  be. 

1509.    The  SnhMquent  pTocedora. 

As  in  the  case  of  one  dependent  variable,  in  a  search  for 

the  forms  of  the  functions  y  and  z  which  will  give  I  Vdx  a 

stationary  value,  we  are  to  put  S  I  V(ix=0,  and  now  two  cases 
arise,  viz. 
(i)  Wbeo  y  and  z  are  independent  functional  forms; 
(ii)  wben  they  are  ccoinected  by  an  equation  L=0. 
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(i)  In  th«  first  case,  i}=Sy~y'Sx  and  ^=St~^ix  are  inde- 
pendent variations,  and  we  get  Y=0  and  Z=0  aeparately, 
which  form  two  differential  equations  to  detenuiDe  y  and  i 
in  terms  of  x. 

(ii)  In  the  second  case,  ^  and  ^  are  not  independent  raria- 
tions.  but  we  have  Yij+Z^—O,  together  with  £=0. 

We  shall  consider  theoe  cases  in  detail. 


tj  and  z  independmit. 


1510.  OsmL 
Here 

7=y-y:+y:-..-o.  z-z-z;+z:-...=o. 

Besides  these  equations,  in  the  event  of  V  not  explicitly 
containing  x,  we  have,  as  in  Art.  1500, 

V=(Y.}/+Y.y"+...)+(Z.z-+Z,z"+...)+C. 

And  further  special  cases  arise.  For  instance,  if  y  and  t 
are  also  absent  from  F,  we  have 

y:-y:+...=o  and  z;-z:+...=o, 

whence  r,=C,  and  '£.=0^; 

:.  F=Cy+C/+C+T„j"+...+Z„z"+...; 
and  similarly  in  other  cases. 

Also,  if  other  dependent  variables  be  present,  a  corresptHtding 
modification  of  these  results  will  obviously  hold. 

1511.  Om«  n.  The  Case  whan  tlie  Path  Uea  on  a  BpedM 
Snr&ee. 

Before  considering  Cose  II.  in  detail,  viz.  y  and  t  inde- 
pendent, we  may  point  out  one  very  useful  case  whid) 
follows  immediately  from  what  has  been  said,  viz.  the  cue 
where  the  equation  L=<i  is  a  relation  between  x,  y  and  i 
alone.  This  equation  is  that  of  a  surface  on  which  the  path 
to  be  discovered  must  necessarily  lie.  And  the  case  is  asefnl 
for  the  very  lar^  class  of  problems  dealing  with  maxima  or 
minima  conditions  for  lines  drawn  upon  a  given  surface. 

In  addition  to  yi)+Zf=0,  we  have 

L^ix-^L^dy-\-LAz=0    and    L,&x-{-L^Sy-^L,Sz=(i. 

Multiplying  the  first  by  Sxjdx  and  subtracting,  we  haft^ 
■t><j+-£*f=0;  whence,  ellininatinfi.^  and  f,    Y.L^—ZiL,  and 
£x=0  for  all  nwh  o 


m.  ■     -        H     -1*     ■ 
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1512.  Next  suppose  the  equation  of  condition  to  contain 
X,  y,  z  and  differential  coefficients  of  y  and  z  with  regard  to  x, 

w(.',^:?;;:;)=o. 

Lagrange  adopts  a  method  similar  to  that  of  Art.  1504, 
and  makes 

S\(V+XL)dx=0  without  condition,  (1) 

u?here  he  regards  X  cu  a  f unction  of  x  only. 

It  is  clear  that  this  will  make  j  I  Fcfx  vanish  for  all  such 

values  of  the  variables  as  make  L=0,  which  is  what  we  require. 
Now 

s\\Ldx=^\(Ldx.Sk+\dx.SL+\L.d6x) 

=[\L&xi'\+{\(&Ldx-dL  8x)+[L(Skix-^d\), 

The  first  term  is  a  function  of  the  variables  and  variations 
at  the  terminals  only,  and  vanishes  with  L. 

The  third  term  is  the  only  one  in  which  variations  of  X 
appear.  And  it  will  be  noticed  that  if  X  be  regarded  as  a 
function  of  x  only,  say  X=x(3J),  then  since  d\=\(x)dx  and 
S\=\(x)  8x,  we  have  S\  dx—&cd\=0,  so  that  the  suppositions 
(i)  L=0,  (ii)  X=;^(a:)  produce  in  that  term  the  same  result. 

Therefore,   in  finding  the  variation   S  \  (V+\L)dx    without 

condition,  it  is  unnecessary  to  consider  variations  of  X  when 
we  consider  X  to  be  a  function  of  x  alone.     The  variation 

of  I  XZ  (b  therefore  produces  in  the  unintegrated  part  of 
S  f  (7+XL)<fa,  the  additional  term  J  X  (^^- ^  *r)  dx. 

1513.  Regarding  X  therefore  as  a  function  of  x  alone,  and 
writing  V+\L  instead  of  F,  let  us  put 

[T}m^(V+\L),     [TO^^,(F+XL),  etc.. 
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the  square  brackets  indicating  that  the  substitutioD  of  F+Xi 
for  V  has  been  made  therein.    Thus 


.J„ 


and  as  the  variation  is  unconditional,  we  have  q  and  f  inde- 
pendent and  [T]=0,[Z]=0;  that  is 

«d|(7+Xt)-^|,(7+XL)+^|=(r+X/,)-...-0. 
i.e.  X  being  a  function  of  x  alone, 

which,  with  i=oJ 

frive  three  equationn  to  determine  y,  z  and  A  as  functions  of  x. 

1514.  It  will  be  observed  that  the  terms  after  the  fint 
in  the  first  and  second  of  these  equations,  are  those  whidi 
accrue  from  the  treatment  of  the  term 


H^-E^h 


in  the  variaton  of 


\\Ldx, 


after  the  manner  uf  Art^  1496. 


We  may  note  further  that  when  L  does  not  contain  difler- 
ential  coelGcients  of  y  or  z  with  respect  to  x,  theae  equation 
reduce  to  Y+\l^=0.    2+\L.=0.    L=Q. 

and  therefore  give  again  the  result  of  Art  1511,  viz.  ^^M 

liL^=ZiL,    and    i=Hk  ^1 

1915.  iLLUSTRATiva  Examples. 

1.  Aa  KD  eumpla  ot  Otsv  1.  oF  Art.  1509,  bl  « 
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We  are  to  uiake  ldi=s  /  Vl+y'*+a'*dr  a  miuimuni,  with  specific  ter- 
minal conditions.     Here 

v^^ny^w^,  z=o,   r=o.    Y,^-j-^^,  z-o. 


z 


^-Tr+FT^'  ^J^^-Z-^M   Y^-Y..  ^=-^.^o  z.^z. 


ai 


tH* 


The  equations  7  =  0,  2^=  0  give 


and  therefore 


5-Vi-0,«-0.«. 


That  is,  the  tangent  to  the  path  is  in  a  constant  direction,  and  the  path 
itself  is  a  straight  line. 
At  the  terminals  we  have 

[F8r+F,(«y-/&r)  +  Z(&-«^&r)]=0i     le.  [^+0^]=O. 

and  the  variations  at  one  end  are  independent  of  those  at  the  other, 
t.e.  &v-hff'Bif-ht'Sz  must  be  zero  at  each  end,  i.e. 

at  each  end.     But  the  variations  &r,  Sy,  St  must  refer  to  displacements  in 
the  tangent  planes  of  the  terminal  surfaces,  for  which 

1',&F+I'y6y+1'.&=0    and    /.&r+/#%+/.S«=0. 
Hence  the  path  sought  must  cut  each  surface  orthogonally. 

2.  As  an  example  of  Oise  II.  of  Art.  1509,  examine  by  aid  of  these 
equaiiona  Lagrange^s  first  rvlsy  Art.  1504,  f^Aere  we  have  to  find  a  function  y 

suck  ihai  si  Vdx=0  under  condition  I  Wdx=a  constajU  a. 
Putting  «a=  I  Wdx^  we  may  write  this  as  Lskz'-  W=0. 
Then  we  make  8J{F+X(«'-  Tr)}<fa:=sO,  A  being  a  function  of  x  alone. 

^IF)„«A^,    ^A(«'-!n=-A^,  etc. 


W)»k, 


Tbe  second  shows  that  A  does 
the  first  may  then  be  written 

/3ff    d  ^W 
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coDtain  x,  tuad  is  4  conttuit ;  wd 


-r.n^...-x(™-^^....).<^   ..[FW 


vrbere  [Y]  refers  to  the  openttion 

/a    d^  3    ^  3       \ 

upon  P-  AIF,  regarding  A  as  a  constaot,  which  ia  the  nil«  «>f  Art.  1601 

f^i'vdx 
3.  Coiuider  tte  itaUonartf  doIm  q^  1   i^^, —  (tc.    CompuiaoD  of  tbe  (» 

caaea    [Ohm.    Todhuiit«r,  BUL,  p.  3S.] 

Lot  E=  (   ydr.    Then  z'=y,  i"='y'.     We  m*;  either 
(i)  consider  /    — ,  dLr  unconditionally, 
or  (ii)   /   —i^,  with  condition  i'-jr=>0. 

(i)  Het«     y=A-„  J=0,   Z=-V„    z,=o,   a,=  --ij. 

The  equation  FaZ.i'  +  Z»«"  +  C  gives  F=(Z,-K,)i'  +  Z^"  +  C,  U 

'r-KiS.)+« "I 

a  Brst  integral  of  the  eiiiiatioii  U>  find  i  as  a  function  of  x. 
(ii)Ormake[f)  =  (l,  [^  =  0,  with  condition  Lst'-y  =  0, 

iC-')-'-»'  ?-£-»•  ■■-'-''■ 

Eliminating  jr  nod  A,  we  have 

h'U^} 

If  (l)be  diBerentiatcd  to  eliminate  C,  we  lind  a  result  identiial' 
(S),  and  equation  (I)  in  a  fin't  integral  of  equation  (i).     The  fitat  n 
liaa  therefore  eturied  ua  one  step  onward  iu  the  integration,  wblbt  ll* 
■eeood  hu  pnduced  the  oiiginal  dilferential  equaUon  ilaaU. 

1SI6.  If  «  (or  f)  denote  tlie  indepenOent  varialilp,  nod  4.  J. 
Z,  viz.  the  CurteHiun  or  oth^r  coordiDa(«R,  V 
vftrUblea,  it  will  lie  dtMirable  to  niter  our 
ooDfonuity  with  s-'"'™  ^liremeuts. 

We  trnke  the  (•'"^f'  dependent 

make  no  differed  \v,.sti nation  h. 

may  be.     Aooenl  ■.  .htien-otiati. 

the  independent  i 

L  \     * 


CALCULDS  OF  VARIATIONB. 


Lei                     r 
and  we  ahall  write 

-■p 

it,  «'.  I". 

:;> 

dr 
di 

©-S 

|-'(|ra)= 

=zS 

etc 

(•<-U«~^'*«tt, 

«" 

"Jy"'-}"*" 

&,    f<"=iz^" 

~a<'+»i.. 

X-X-X.-i-X 

- 

...  X=x- 

x;+^:-... 

etc 

with  eimilar  meanings  for  Y,  Y„  etc.,  Z,  Z/,  etc. 
Then  we  have,  to  tlie  first  order, 

sjvds^[VSsMX.^+X.e+...)+{Tn  +  7..n'+...) 

+  (Z.  f+Z-  r+ ...)]+ JW+  r,+7f)  (fe 

s[ff]+f{X;+7ii+Zf)(fa,  say,  as  in  earlier  cases. 

1617.  As  before,  if  it  be  desired  to  discover  the  functioDal 

forma   of  x,  y,  z  which  will   be    required   to  give    iVda   a 

stationary  value,  we  have   to  make  the  above  first  order 
variation  vanish. 

There  are  two  cases  to  consider,  (i)  when  x,  y,  z  are  inde- 
pendent of  eacli  other;  (ii)  when  some  relation  /i~0,  or 
some  set  of  such  relations  exists  between  them. 

1518.  In  Case  (i),  in  the  absence  of  any  such  relation,  the 
arbitrary  variations  from  point  to  point  of  the  path,  ^.  ij,  f, 
ire  independent  of  each  other,  and  we  have 
X^O,     F  =  0,     Z=0, 


Ibree   diffi-' 
loobJe  t). 
fficientsj 
ua  the 


'iilial   equations. 
=-r  ..f   the 


highest  I 


hose  ord  fB  are,   in   general, 
differential 

.rbitrar^'  e^L  '•'  tlieir  order, 

'rom  [H]=0. 
^ons  therein 
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we 


Also,  as  in  Art.  1500  (i),  if  7  does  not  ocmtaiii  «  ex{dicii]y, 
so  that  8=0,  we  have 

F=(Xx+X,x"+...)+(FY+y.y"+...) 

Other  special  cases  may  arise.     For  example,  if 

F=^(x,  y,  2, «',  y\  2f), 
the  independent  variable  being  absent,  we  have 

V=X.x  +  Y,f/+Z.z'+C. 
If  F=^(aj',  y-,  z\  x\  y",  z\  we  have 

7=(X-x;)x'+x.x"+(y,-  r;)y'+  r^' 

+(Z,-Z:)2'+Z.«"+C; 

and  also  X-Jf;=c,.   y,-y:=c„  z,-z;=c„ 

viz.  the  solutions  of   -^s  —X,-\'Xl=^,  etc., 

so  that    7=C+C7ia5'+(7jy'+C/+-X.ie'+  Y^y+^J^z' ; 
and  so  on  with  other  casea 

1519.   In  Case  (ii),  when  there  is  a  connecting  eqaation  £=0, 

make  A  (F+XL) cb=:0,  according  to  Lagrange's  rale,  and 

consider  X  a  function  of  s  only. 

^  '+^i-s(*i)+,v(^»)--=»' 

which,  with  the  two  similar  equations  in  y  and  z  and  the 
connecting  equation  Z/=0,  give  four  equations  from  whidi 
X,  y,  z,  X  are  to  be  determined  as  functions  of  a. 

When  L  contains  only  x,  y  and  z,  so  that  £=0  is  the  eqoft- 
tion  of  a  surface  on  which  the  path  lies,  these  equations  reduce  to 

j+x/.,=o,    y+x/.y=o,    Z+Xi,=0, 

i.e.  X\Ur=.Y\Ly=Z\U,  with  i=0. 

These  equations  could  be  derived  otherwise,  as  in  Art  1511 : 
for  we  have 

LjgSx+LySp+LgSz—O    and    Lxdx+Lydy+Lgdz^O; 

and,  since    (=Sx—xS8,    ri=Sy—y'Ss,    (=^Sz—'7fia, 

we  get  Lx(+  Lyii + L,(= 0, 

an  equation  which  constitutes  a  linear  relation  mmoni^  tkt 
otherwise  arbitrary  variations  ^,  q,  {»  wbieh  involTe  the 

variations  Ss,  Sx,  Sy,  ^ 


,~ji^ 


lAriifa 


tSm 
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We  also  have  X(+  Fiy+Zf =0.  Let  one  of  these  variations 
be  taken  such  that  f—0,  then  XILx=^YILy,  Similarly  taking 
another  variation  in  which  i;=0,  then  XlLx=Z/Lg,    Thus  we  get 

X/L3g=Y/Ly=Z/Lt,  with  Z/=0,  as  before. 

1520.  When  z  and  its  differential  coefficients  are  absent 
from  V  and  L,  we  obtain  over  again  the  relations  of  Art  1511, 
viz.  X/L^^Y/Ly  and  L=0. 

lo21.   In  any  case,  where  we  are  to  make  1 7  cb  a  maximum 

or  a  minimum  and  8  is  an  arc  of  the  path  and  x^y^z^  Cartesian 
coordinates  of  a  point  upon  it,  we  have  the  relation 

Lsaj'«+y'2+2'«-l=0, 
and  we  may  make    l|F+g(a;'*+y'*+2'*— 1)|  (fo  an  uncon- 
ditional maximum  or  minimum.     Here  \\  has  been  written 
instead  of  X  for  later  convenience.    If  7  be  a  function  of 
X,  y,  z  alone,  not  containing  8  explicitly,  we  have 


ld\ 


dV 


dV 


dV 


dz 


[X.]=\x:    [Y,]=\y'.    [Z.]=\z'.    [X]=^-^(\x'), 

[Fj=etc.,    [Z]=etc., 
and  [r\^[X.y+[Y,]y'+[Z,y+C, 

tje.  V+\  (x'«+y'«+2^-  1)=X  (x'«+y'*+z'*)+C, 

ie.  V=z\JrC.  

1522.  Again  the  terminal  equations  give 

[[F]5«+[X]f+[r,],+[z,]f]=o, 

«.«.    [{F+^(x'«+y'«+2^-l)}<J«+Xx'(5x-a;'. 

+\y\Sy  -y'^«)+Xz'(&-z'5«)1=o, 

\!iy-\)S8+\(x'Sx+y'Sy+z'Sz)\=0, 


(1) 


or 


[C68+\(x'6x  +  +)]=0, 


638  CHAPTER  ZXXIV. 

aod  therefore   C<foi— 4»,)=0  and     X(a!'ia:+y'Jy+2'ii)f  =0, 

for  the  terminal  variations  of  a  are  independent  of  tite  tenmitfl 
variations  of  x,  y,  z. 

In  isoperiinetric  problems,  i.e.  thoee  concerned  with  an  an 
of  specific  length,  ^,— J«,  vanishes;  but  in  other  cases  ^ 
and  ^  are  not  necesaarily  equal,  and  Uieu  C^Oi  Thns, 
for  isoperimetric  cases,  P=X+C,  and  the  value  of  C  is  to 
be  determined  by  the  length  of  the  arc;  for  non-isopai- 
metnc  cases  with  an  undefined  length  of  arc  C=0  and 
Y=\. 

In  either  case,  provided  X  be  not  such  as  to  vanidi  at  either 
terminal,  we  must  have  si Ix^y' &y-\-7i  Sz=^  at  each  tcnniul 
That  is,  if  the  terminals  are  to  be  on  specific  terminal  currn 
the  path  must  cut  each  orthogonally.  But  if  the  terminals  bt 
fixed  points  this  expression  will  vanish  identically  by  virtiie 
of  the  vanishing  of  Sx,  Sy.  Sz. 

Since  in  non-isometric  problems  F=X,  we  may  write 

j[F+^(a:'*+3/''+z'-l)]rf*     as     ijr(a;''+i/'*+z-'+I)A 
at  once.    {See  Williamson,  I.C,  Art  296.) 

1523.  If  F  be  any  function  of  x,  y,  z  alone,  and  \Y4s  is  to 
be  made  of  stationary  value  for  curves  to  be  discovered  lyiii{ 
upon  a  given  surface  ^(x,  y,  2)=0,  and  with  fixed  tennioali 
or  fixed  terminal  curves,  we  have  rflFd»=0,  and  we  may 
treat  the  variation  ab  initio  as  follows. 

We  have  \{SV d^+Fd&>)=0. 

Bat6V=V,Sjr.+  V,Sy+V.6z.aiiddS»=xdix-i'yd£y+t'ib. 
so  that 

s\vds=U{V,Sx  +  V,ey  +  VJz)d8-i-Vix,lSx-\-y'doy+2dii)\ 
=[V{x-ex+y-Sy+z6z)] 
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So  that  we  luust  have  [V(x'Sx+y'Sy+z'dx)]~0,  as  the 
termiaal  condition  and 

(F.-^r«>+(F,-lFy>!,+(F.-^F^)&=0 

along  the  path. 

We  also  have  ^,^z+0,^y+^,<5s=O,  a  linear  connection 
between  the  otherwise  arhitrar;  point  to  point  variations 
&c,  6y,  Sz.    Hence 

(F.-^F«--\0.)&+(F.-^F!^-X^)ij, 


(f.-j,F»'-X*.)&- 


'3i 

Now,  two  of  the  variatioiu  are  arbitrary,  and  \  ia  at  our 
choice.  (f 


Talce  ^=0,  and  choose  Sx  not  equal  to  0  and  \ 
d 


S.yy 


ITien  it  follows  that  F,- j-F*'-AA,= 

d 
may  show,  by  taking  8z=0,  that  F,— t- 


and  similarly  we 


Thus 


-3i' 


i(F.') 


^«  ^  01 

The  terminal  condition  [V(x'Sx+y'Sy +z'Sz)']='0  shows  that, 
provided  F  be  not  zero  at  the  terminals,  the  path  mwit  cut 
each  of  the  terminal  cwrves  orthogonally. 

important  applicationa 

1524.  Obodesics. 

To  find  the  ehorieat  line,  or  geodesic,  on  a  given  surface 
^  (*»  V'  *)  ~  ^'  /'■'"'I  <•"*  given  termirwl  curve  to  another  draw  n 
upon  the  aurfacf. 

Here  w=  [d«,  i.e.  V^^Jx-^+y'^+n^ 
Then  X= 


Ja^+y-'+z'*' 


-2". 
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Thus,  by  Art  1519,  x"\i^^^'\jf'<^j,^i^'li^^,  ie.  the  oscnlitiiig 
plane  at  each  point  of  the  curve  must  contain  the  ncMrmal  to 
the  surface  at  that  point. 

The  terminal  condition  is  [F^s+-^'f+y'»;+^'f]=0, 

Now  fix  one  end,  then  a5'&c+  y'tfy+2'&=0  at  the  other  omI, 
so  that  the  line  sought  must  cut  the  terminal  curve  at  that 
end  orthogonally.  Similarly  for  the  other  end  of  the  patL 
Thus  the  path  must  be  such  that 

( 1 )  the  osculating  plane  at  each  point  contains  the  nonnil 

to  the  surface  at  that  point ; 

(2)  it  must  cut  both  terminal  curves  orthogonally. 

1525.  We  might,  without  quoting  the  general  theorem  of  Art^  1518, 
proceed  as  follows,  a  course  which  is  usually  preferable. 

Since  we  ai-e  to  make  5  i  Vdj:*+rfy'+<fe*s=0,  we  have 


/■ 


0; 


and  along  the  path  we' have 

y&r+/'Sy+2"&=0,  with  condition  <^.&r+<^^+^&«0, 


1.0. 


TbsB 


Now  of  the  three  &r,  Sy,  &,  two  are  independent,  say  hjf  and  &l 
Let  &sO,  and  take  8y  'f  0  ;  X  is  at  our  choice  ;  take  it « 4^7^- 

y" = A<^, .     Thus  y7<^. =.y'7*f ,  and  similarly  =  ^'V*.. 

We  also  have  the  terminal  condition  j^'&r+ySy+'^&ssO  at  eadkeod, 

and  the  path  cuts  the  terminal  curves  orthoficonally. 

1526.  G^desic  on  a  Surface  of  Bevolntion. 

Let  the  surfe^ce  be,  say,  a;*+y*  =/(«),  the  2>axi8  being  the 
axis  of  revolution.  Then  x"\x-=y'\y,  %,e,  xy" — ysc"=0,  or 
ccy'— yic'=const.=A,  say.  Referring  to  cylindrical  coordinates 
(/£>»  0,  «),  p^ip>'=hy  *.«.  /E)8inx=A,  where  x  ^^  ^®  angle  between 
the  path  and  a  meridian  at  any  point  of  the  curve.  This  is 
the  leading  property  of  such  geodesies. 

1527.  Geodesies  on  a  Quadric 

For  geodesies   upon    an  ellipsoid   we    have    the    relaftioD 
fd^coDBt,  where  p  is  the  perpendicular  on  the  tangQntfliw 
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to  the  ellipsoid  at  any  point  on  the  curve  and  d  is  the  semi- 
diameter  parallel  to  the  tangent  to  the  curve  at  that  point 
For  proof  of  this  and  for  the  general  properties  of  geodesies- 
on  a  quadric,  see  Smith,  Solid  Oeom,,  ch.  xiL 

1528.  Bepiired  the  naiure  of  the  prpjeeHon  vpon  Ae  x-pkme  of  geoduica 
upon  ih€  hdieoidal  mrfaee  x=saiatir^y/x. 

Here    <^^x Bin t/a-y cob z/a^O^    ^^sBini/o,    ^ys -coei/o. 

The  geodesic  equations  give  jr^/8in-Bay*'/( -coe-l  f.e.  xx^+yy^^O; 

changing  to cylindricals  X'^pcoBd, ys^jsin  6, z^aO,  dtt^^dp^-\-f^d^-\-d^. 
Then  indicating  differentiations  with  regard  to  ^  by  suffixes,  and  those 
with  regard  to  «  by  accents,  «i*= />!*+/>*+«*»  ••«•  *i*i=Pi/>a +/>/>!• 

Now  /)*=»4?*+y*,    pp'«xar'+yy'. 

Hence     /)p'+p'«=*jr'+y/+jr'«+y'««x'«+y'«=/«+p»^« ; 

whence  (Pt»i-/>i«i)/«i*=P/«i.    »•«•  />t«i*-/>i«i«i=/»i*, 

ie.  (pi-p)(/>i*+/9'+a*)a/>i(pi/^+pp])  or  p,0>"+a«) -2/)pi«- />(/»> +a«). 

Let  p»acotx,  then  pi=-aco8ec«x^;    ••  ^^V^)""  """X^osx; 
.*.  {  j^j  =  -"8in*x+p»     where  p  i«  a  constant  >  1  ; 

.*.  -r-  =  ,       .^   ==•  and  ¥  »am f  7  +  a  \  where  a  is  a  second  arbitrary 
*     Vl-lr'sin'x  V*       / 

constant.    Hence  the  projection  of  the  geodesies  on  the  i-plane  has  an 

equation  of  the  form  r=>actnfT+a\  mod.  I:,  k  and  a  being  constants 

depending  upon  the  position  of  the  terminals. 

The  reader  will  have  no  difficulty  in  showing  that  if  ^  be  the  angle 
which  the  tangent  at  any  point  of  the  geodesic  makes  with  the  generator 
at  this  point,  and  ^  the  angle  the  normal  to  the  surface  makes  with  the 
axis  of  the  helicoid,  then  sin  ^  =  j;sin  ^  ;  and  hence  that  if  AiAfA^  ...  be 
any  closed  geodesic  polygon  drawn  upon  the  surface,  and  ^^,  <^/  be  the 
angles  which  AfAf^i,  A^^i  make  with  the  generator  through  Af,  then 
n  sin  ^^  »  n  sin  ^/. 

1529.  Suppose  toe  ofe  to  oUain  the  stationary  value  of 


!• 


\-JE+2Fy'+6y'*dx, 
where  B,  F,  6  are  ktunon  functions  of  the  variables  x  and  y. 

Here  Y=?^dE^^±Ml,     y,=^. 

wlMre  snflizes  denote  partial  differentiations. 
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t,e. 


The  differential  equation  to  be  satisfied  is  FsF— r/=0, 

2V  dx      V     ' 


After  differentiation  and  considerable  reduction,  thb  leads 
to  an  equation 

A  +  By'+Cy'*+Dy'^+2{F*-E0)y'=0,  (1) 

where  A=EEy-2EF^+FE^,    B=SFEj,-2EG^-2FFs+GBs, 

C=-SFG^+2GEy+2FFy-EGy.    D=-GGs+2GF^'-FG,. 

for  the  terms  in  y*,  yy\  y'hj"  all  cancel  out. 

The  equation  (1)  is  incapable  of  general  solution,  but  many 
cases  arise  in  which  at  least  a  first  integration  may  be  effected, 
and  sometimes  the  complete  integration. 

15.30.  (i)  For  instance,  if  E,  F  and  O  be  coustanta,  J=B=C=/)»0, 
and  the  solution  is  that  of  ^'=0,  i.e.  a  straight  Hue. 

(ii)  If  E=sO=L-M  where  L  is  a  function  of  x  alone  and  M  a  fundioi 

of  //  alone,  and  if  F  «  0, 

A  =  {L'M){-M,),    B=-{L-M)L,, 
C={L-M){-M,),    D=-{L-M)Lj,, 
and  equation  (1)  becomes 

2(L-lf)/  +  (l  +/«)(lf,+/L,)=0 


2j^y     L,-Jf,./    L,(l+y«)^ 
^^  1+/*       L'M    ^    L-M       "» 

f.e.  ^JIog(l+/«)-log(L-Jlf)]+L,L±^=0; 

or  putting     i-rM~^>    -^Iog2+L,=0,     whence  -,  ^ +£;,=: 0. 

Hence  a  first  integr*!  is  .       /.-L=  -  A,    i.t,  ^'•=  -r — =■ , 

1  +y  A  —  Lt 


t.e. 


/;/r=x=/js^'^~"''*- '  '^"**  '"**^'- 


for  by  supiKisition  L  is  a  function  of  x  alone  and  M  a  function  of  y  alooe. 
so  that  the  variables  ai-e  *' se{>arable  "  in  such  cases. 

1531.  The  case  of  Art.  1529  is  an  important  one,  for  it  will 
be  remembered  that  if  the  coordinates  of  a  point  upon  a  surface 
be  expressed  in  t^^rms  of  two  parameters  u  and  f,  the  element  o( 
arc  may  be  expressed  in  the  form  (b'=£<ii«*+2f*diiib+0M 


lUmmaiim0a^^ttmmm0m 
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Hence  the  determiDation  of  a  geodesic  upon  the  surface 
depends  upon  the  possibility  of  integrating  the  differential 
equation  (1). 

1532.  The  direct  investigation  of  the  geodesic  may  be  sometimes 
effected  by  a  transformation.     For  example,  if  the  square  of  the  linear 

element  on  a  surface  be  iriven  by  0**=^ ; ^  '    , 

let  us  take  a  third  variable  w  such  that  u*+v*+ti^=:l)  whence 

udu  +  vdv-^wdw^O. 
Then         ds^={{u*'^w^)du*-^{t^'^w^)dv^'^2uvdudv}/w* 

=  {{udu+vdv)^-\-w^{du*-^dt^))lu^  =  du*-\-dv^'^dw\ 
•o  *=j>/du*i-dv^-\-dw^,  with  condition  w»+t;»  +  ir«=l. 

That  is,  the  arc  of  the  curve  on  the  original  surface  is  the  same  length 
as  the  corresponding  arc  of  a  corresponding  curve  on  the  unit  sphere 
in  a  system  of  rectangular  coordinates  u,  v,  to.  And  the  geodesies  on 
the  sphere  are  given  by  the  great  circles,  i.e.  by  equations  of  the  form 
cfit+6v+cio+0  ;  hence  the  geodesies  on  the  original  surface  are  given  by 
au-^bv+cJl  -tt*- w*=sO,  where  a,  6,  e  are  constants. 

1533.  Principle  of  Least  Action. 

Suppose  a  particle  of  mass  m  to  be  in  motion  under  the  action  of  any 
conservative  system  of  forces  and  either  to  be  moving  freely  or  under  com- 
pulsion to  remain  on  a  smooth  surface  from  any  one  point  to  any  other 
point     Then,  if  v  be  the  velocity  at  any  time  t,  and  ds  an  element  of  the 

pathy  we  shall  show  that  the  integral  m  I  vds  has  a  stationary  value. 

The  quantity  A  defined  as  ml  vds  is  called    the   Action,  or    the 

Characteristic  Function,  by  Sir  W.  R.  Hamilton,  and  the  principle  is 
known  as  the  Principle  of  Least  Action. 

1534.  If  X,  y,  Z  be  the  force  components  per  unit  mass,  R  the  normal 
pressure  exerted  by  the  surface,  if  any  pressure  exist,  and  A,  /x,  v  the 
direction  cosines  of  the  normal,  the  ordinary  equations  of  motion  are 

iJ=X+i2A,    y^Y-\-RtJL,    i^Z-^Rv^ 

and  the  energy  equation  is 


m 


v'^         f 

2=^]  {Xdx-\-  Ydi/-k'Zdz)=mx{x,  y,  z)  say. 


for  the  expression  Xdz-\-  Y  dy -^  Z  dz  aatisfiea  the  condition  of  integrability, 
since  the  forces  form  a  conservative  system,  i.e.  are  such  as  occur  in 
Mature. 

Hence,  we  have  v5i;=5jlC&r+y5y+Z&, 
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But  we  alao  hare  df'==db^+d|y*+iii*,  so  thstiilSi-lAr+f  4lt|f|-lA, 
and  the  Tariation  in  A,  we.  &A^mB  jwdt-m  K^^+v^S*) 

-fi»[x&r+ySy+i&]-«ifj?(X&r+fi%  +  '&)*; 

and  since  the  direction  defined  by  A,  /i,  y,  i.e.  the  Donnal  to  tlie  surface,  ii 
necesaarily  perpendicular  to  any  displacement  &r,  5y,  &  oo  tlie  ■urfiwe, 
kSx-^ILSy^vSn  vanishes,  as  also  does  each  of  the  terminal  ▼mines  d 

So  that  the  variation  of  A  is  zero  and  the  "actioQ*  has  a  rtationaiy 
value.  Conversely,  if  we  assume  that  if  I  vds  has  a  stationarj  value,  we 
can  establish  the  general  equations  of  motion  of  the  particle. 

1535.  It  follows  of  course  that  if  X,  F,  Z  be  all  zero^  i.e.  if  tbe  partids 
be  in  motion  on  a  smooth  surface  under  the  action  of  no  foroaa  eieept 
those  due  to  the  constraint  of  the  surface,  then  v  is  constant,  aa  shown  by 

the  energy  equation,  and  I  vda  being  of  stationary  value,  so  also  is  f  ^ 

That  is,  the  particle  searches  out  for  itself  and  travels  along  a  geodewc 
on  the  surface.  (See  Tait  and  Steele,  Dyn.  of  a  Partide^  Art.  S33,  abo 
Routh,  Dyn.  of  a  PartieU.) 

1536.  Pathof  aBayof  LightinaHeterogenooiuiMadhim. 
When  a  ray  of  light  travd$  in  a  medium  of  vanabie  r^rmcHim  imiex  /i 

from  one  point  to  another,  it  does  ao  in  awck  a  swaner  a«  to  make  \^di  • 

fiif atffitfffi.    It  is  required  to  deduce  the  equations  of  tike  path  of  tte  ray. 
This  case  is  similar  to  the  one  just  discussed. 

We  have  8  ( /ids=0,    f.e.  J(V<^+M<^)»0, 

and  dsdSs^dxdSx-^dydSy+dzdSz; 

:.  j {8fidS'^fi(x'dBx'hy'd&yWd^))''0, 

and  8fi-fjLt^-^fipfy-\-/jLjSz. 

Hence    [/i.r'&r+>^'8y+/u'&] 

-li{'^-i{'-t)h4''-i('-i)h*{--i{4)}-y-'' 

and  since  tbe  ray  is  to  pass  from  one  definite  point  to  anothsr,  tki 
integrated  portion  vanishes  at  each  terminal,  and  the  TuiatkBS  lit 
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fyp  &  under  tb«  integral  sign  being  arbitrary  from  point  to  point, 
we  must  bave  also 

?u     d  f    dx\     3u     df    dy\     3u     d  f    dz\ 

s-sv'^a/  ^"5V'*^>  ^"sv'^s/ 

whicb  form  tbe  differential  equations  of  tbe  patb  of  tbe  ray. 

1537.  BrmchistochronigiiL    The  Oenond  Problem. 

A  parUde  is  in  moHon  under  the  aeHan  of  a  given  eonservoHve  eyetem  of 
forces.  It  is  required  to  find  tKe  path  along  which  it  must  be  constrained  to 
move  so  as  to  aceomptitk  thai  path  from  one  given  point  to  another,  or  from 
one  given  surface  to  anoiher,  in  the  shortest  time.  Sucb  constrained  patbs 
are  called  Bracbistocbrones.  Tbe  case  of  bracbistocbronism  under  tbe 
action  of  gravity  bas  already  been  considered. 

Let  Jii<^(x,  y,  z)  be  tbe  potential  energy  of  tbe  force  system,  m  being  tbe 
mmas  of  tbe  particle. 

Tben  tbe  energy  equation  gives  ii^+^(x,  y,  2) » const. 

Tbe  force-components  per  unit  mass  are  -^«,  "^y*  ~^f»  ^ing  ^^^ 
rates  of  decrease  of  potential  energy.    By  varying  v,  we  bave 

Al8odf<(&»dLrd&r+(iyi%+(b(iSc,  itf.  ci&-a^<iar+/i%+s'(i&. 
Now  we  are  to  make  f  s  f  —  a  minimum. 

Tberefore      f  {^(*'<M«  +  +)}+ f  {^(*.&r+  +)}<*•  =0, 

"■  [^]*/[{|-£(l'))*-*  *>-<^ 

and  &r,  Sy,  &  are  arbitrary  all  along  tbe  patb  and  independent  of  eacb 
otb«r,  and  of  tbe  variations  at  tbe  terminals.    Hence 

i-i^i,3^-i.„  „,  .(^).^,  .(^).ij,  .(^).*. 

1538.  The  Termiiud  Gonditioiui. 

If  tbe  terminals  be  fixed  points,  tbe  expression  in  square  brackets 
vanisbes  identically  at  eacb  end  of  tbe  patb. 

If  tbe  patb  start  from  a  fixed  point  (^Tq,  ^q,  Sq)  and  terminate  at  tbe 
surface  F{x^  y,  z)=0,  then  &r,  Sy,  &  vanish  at  the  starting  point,  and 
provided  tbe  velocity  be  not  infinite  at  tbe  other  terminal  jr'&r+y'^+<'& 
niust  vanish  there ;  that  is,  the  path  must  cut  the  surface  /'(x,  y,  <)=0 
orthogonally,  for  the  only  admissible  variations  &r,  Sy,  &;  at  this  end  are 
sucb  as  lie  on  the  surface. 

If  tbe  path  start  from  a  point  x^^  yQ,  Zq,  whicb  is  only  defined  as  lying 
upon  a  surface  F^{x^y^  z)  =0,  a  similar  result  will  hold,  provided  that  the 
whole  energy  of  the  system  be  a  given  quantity,  and  that  F^^O  be  an 
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equipotential  surface  of  the  foi*ce  system.  If  the  surface  F*q^O  were  not 
an  equipotential  surface,  teruis  depending  on  ^Tq,  ^o>  ^  would  make  their 
appearance  in  the  integral,  and  such  terms  if  existent  would  have  to  be 
included  with  the  rest  of  the  terminal  terms. 

If  the  motion  terminate  at  a  given  curve  instead  of  at  a  given  surfaee, 
the  terminal  conditions  may  be  discussed  in  a  similar  manner. 

1539.  The  Normal  Pressure  in  the  Case  of  BrachiBtoefaroiioiu 
DescriptioxL 

From  the  general  equations  xf-gr)'*^*  ®^»  ^*i>ch  may  be  written 

t^a/'  -  xi^sf  -  ^,  =  0,  etc., 
we  have,  by  eliminating  t;'  and  tn/, 

/'.   /.    *,    =0, 

so  that  the  resultant  force  at  any  point  lies  in  the  oeculating  plane  of 
the  curve. 

Moreover,  multiplying  the  equations  f;*x"-ri?V-^,  =0,  etc,  by 
px"y  py",  pi"  respectively,  p  being  the  radius  of  absolute  curvature, 
we  have  by  addition  t^/p  =  </>,px"  +  <f,/3|y"  +  <f,p«"=  -N^  where  N  is  the 
normal  force  component. 

If,  however,  R  be  the  pressure  per  unit  mass  upon  the  curve,  the 
normal  resolution  gives  the  equation  x^lp^N-^-R. 

Hence  R=  -  2A^  That  is,  the  pressure  upon  the  curve  is  equal  to  twice 
the  normal  component  of  the  forces,  and  acts  in  the  opposite  direction. 

Now  for  a  free  path  under  a  conservative  system  of  forces  for  which 
the  components  in  the  direction  of  the  tangeut  and  principal  normal  are 
T  and  N\  there  being  no  component  in  the  direction  of  the  binormal,  we 

have  -T-  —  T  and  —  =  N',  whilst  for  the  same  path  to  be  brachistochronous 

under  frictionless  constraint  under  the  action  of  a  corresponding  set  of 

forces  whose  components  are  T,  N^  0,  we  have  —rr  =  T  and  —ss^N 
(».e.  ^N-^R  where  R=>  -2N).  ^ 

1540.  Hence  we  have  Townsend's  theorem  :  **If  for  the  same  velocity 
of  description  any  curve,  plane  or  twisted,  be  at  once  a  free  path  for  one 
conservative  system  of  foixses  and  a  brachistochronous  path  under  fric- 
tionless constraint  for  another  conservative  system  of  forces,  the  resultants 
of  the  two  force  systems  must  at  every  point  of  the  curve  be  reflexions 
of  each  other  as  regards  both  magnitude  and  dii'ection  with  respect  to  the 
current  tangent  at  the  point.'' 

1541.  The  principal  cases  are  : 

(a)  When  the  motion  is  under  a  single  force  in  a  given  direction. 
(6)  When  the  force  tends  to  or  from  a  fixed  point. 
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1542.  Case  (a).    Force  in  a  Giyen  Direction. 

Take  the  y-axis  parallel  to  this  direction.  Let  m  be  the  mass  of  the 
particle,  mF{y)  the  potential  energy.  The  force  to  increase  y,  being  the  rate 
of  decrease  of  potential  energy,  is  -mF\y).  The  pressure  on  the  curve 
is  i2  s  2ml"(y)  cos  \py  \p  being  the  inclination  of  the  tangent  to  the  x-axis. 


im 


F'CyJeoM^ 


y 

\ 

/ 

y' 

m?(y) 

y4 

0 

X 

Fig.  447. 


Lety=a  be  the  line  of  zero  velocity;  then  we  have  \i^-¥F(y)—F(a\ 
and  tf^lp  -  F  '(y)  cos  i^. 


Hence 


pcos^""'^  ^^^~      dy' 


%.€, 


1  dv dy        1 

V  da"     da    pcoBip 


=  -ten^g. 


whence  v=uco8  ^y  where  u  is  the  value  of  v  when  ^=0. 

Also  they-!^  equation  of  the  brachistochrone  is  J  u^co&^^=^F{a)-F(jf). 
It  is  convenient  to  use  the  angle  i,  the  angle  between  the  ordinate  and 


TT 


the  current  tangent,  in  place  of  ^,  and  i  =  -  -  ^. 

Then  the  law  of  force  necessary  for  brachistochronism  is  given   by 

Ps—  -T-  (sin*i),  per  unit  mass,  repulsive  from  the  x-axis,  with  a  line  of 

zero  velocity  found  by  the  vanishing  of  t.    Also  the  pressure  upon  the 
curve  is  i2=2m^'ty)cos^=  -2mPco8^  towards  the  centre  of  curvature. 

1543.  Case  (b).     Central  Force. 

Take  the  origin  at  the  centre  of  force.  Let  niF{r)  be  the  potential 
energy.  The  radial  force  from  the  origin  is  - mF'{r)  and  R  =  ^mF\T)9\Ti<f>, 
-where  <^  is  the  angle  between  the  tangent  and  the  radius  vector.  Let  a 
be  the  I'adius  of  the  circle  of  zero  velocity. 

Then  \v^^-F{r)  =  F(a)     and     V'!p=  -  F'{r)9\iiiii. 


Hence       — ^—:r=  -  F  {r)= -j- \ 
p8in<p  ^         dr  ^ 


I.e. 


\  dv     dp     r     I  dp 
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Therefore  v/p^  const  =  h^  say.     Whence  the  pedal  eqaaUon  of  Um 

brachistochrone  is  ^h^-¥F(r)=F{a),  and  the  law  of  forcse  is  ^"^"S^* 

repulsive  from  the  ongin,  with  a  circle  of  zero  velocity  whose  radius  is  to 
be  obtained  by  the  vanishing  of  p. 


(r)»lm^ 


Fig.  448. 


vp=/k  (constant); 
vIp=K 


The  pressure  on  the  curve  towards  the  centre  of  curvatura  is 

-  2ml"(r)  sin  <^  =  2fiiP  sin  <f  =  2mP  ? . 

1544.  GomiMiTiBoxi  of  AnalogooB  BesnltB. 
It  is  worth  while  for  the  student  to  note  that 
(a)  For  parallel  forces : 

(i)  for  a  free  path  i  v  (2«  =  min.,    v  cos  ^ = m  (a  constant) ; 

(ii)  for  brachistochrone     / —  =min.,    t;/coe^=tt. 

(6)  For  central  forces : 

(i)  for  free  path  lvds= rain., 

(ii)  for  brachistochrone     /—  =min., 
Compare  the  following  laws  of  central  force  for  various  circumstanoes: 
(a)  Pu* tide  in  free  motion  ^'^^'£*  p9^k 

(6)  Particle  in  brachistochronous  motion  P=h^p^^ 

(c)  Equilibrium  of  inextensible  string      ^~~i^f 

(d)  E^quilibriuni  of  extensible  string         ^'^i^^'^^^  Ii  »     ^=^ 

1545.  Energy  Condition  for  an  Equilibrating  System. 

If  F  be  the  potential  energy  of  a  field  of  force  in  which  any  system  of 
material  particles  has  assumed  a  position  of  equilibrium,  it  is  known  thit 
the  configurations  of  stability  and  instability  are  those  of  minimam  or 
maximum  values  of  V. 

Cases  in  which  a  stationary  value  of  V  occurs  without  a  true  maximna 
or  minimum  give  neutral  equilibrium,  in  which  there  may  be  stability 
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for  tome  displaoementSy  instability  for  others.    The  Gslcolos  of  VariatioDS 
supplies  a  very  powerful  instrument  for  the  discussion  of  such  problema 

164a  ^x.  An  indoiiiestnng  of  imiform  density  and  ki^fthliiaikie^ 
two  fxed  painit  A  and  B.    Find  the  condition  that  it  dispoau  itself  in  a 
curve  of  specified  shape  under  the  action  of  a  central  force  in  a  fidd  of 
potential  V. 

Let  fii  be  the  mass  per  unit  length.    Then  the  potential  energy  of  the 

whole  string  is  jmVdSf  and  for  stability  we  are  to  niake  I  (F+X)(i«  a 

minimum,  V  being  a  function  of  r  alone.    Then,  with  the  usual  notation 
of  polars,  f  

,  (F+X)>/HT?i^(F+A)-^+C    or    ;^-S. 

„  .,     .     C  ds         C 

Hence  F-f  A^^a  ia«     .    ., 

r*  dd    rsin^ 

^  being  the  angle  between  the  tangent  and  the  radius  vector,  ie. 

F+A=^,  (1) 

C  being  a  constant 

This  gives  the  law  of  potential  of  the  field  of  force. 

dV      C  do 
Thus  P  (viz.  the  repulsive  force  from  the  pole)  ~  -"^""la  ^ (2) 

F  being  supposed  a  known  function  of  r,  we  now  have  a  relation  from 
(1)  in  terras  of  r,  $f  A,  C,  and  another  constant  which  will  be  introduced 
when  we  have  integrated  equation  (1)  to  get  that  relation  into  the  r,  $ 
form.  Two  of  the  equations  to  determine  the  three  constants  will  be 
obtained  by  making  the  curve  pass  through  the  terminal  points ;  the 
other  is  provided  by  making     .^ 

j   s^;i*Tr^de=l 

If  7  be  the  tension,  a  resolution  along  the  normal  gives 


Tds 
P 


^Pdsnnip^PdsJ, 


ue.  Tp^P.^j^=C,    •.e.T-F+A. 

That  Tp  is  constant  is  also  obvious  by  taking  moments  about  the 
centre  of  force  for  any  portion  of  the  string.     (See  Art  1544.) 

Taking  the  more  general  case  of  a  string  of  length  Z,  attached  to  ttoo  given 
points  A  J  By  and  of  variable  line-density  p,  which  is  a  function  of  s,  the  arcttal 
distance  of  any  point  from  A,  and  constrained  to  lie  upon  a  given  smooth 
surface  f{x,  y,  z)=0,  and  in  a  field  of  force  of  which  the  potential  is  V, 
now  a  function  of  x,  y,  z,  we  are  to  make 

umj[pV  +  kf(x,y,  ,)+J^jr'«+y'»+f'«-l)]ci», 
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a  miDiiuum,  A  and  fi  being  functions  of  s  alone,  to  be  determined  eo  tbat 
x^+/'+«'*=l  and  tliat/(j-,y,  z)  =  0. 

The  terminals  being  fixed,  we  varj  x,  y,  z  alone,  keeping  «  oonstani. 

Then     Su=J[p(K,&r++)+A(/,&r+  +  )+/i(jK^&r++)]rft. 

The  temis  of  the  third  group  may  l)e  integrated  bj  parts. 

j'(,u^^fir)<fa=[/ix'&r]-/{^(^)«r}  (fa,  eU: 

Hence,  for  a  minimum,  we  have 

/>r.+  A/.-^(/xj:')=0, 

with  two  similar  equations. 

These  three  equations,  combined  with  x'*+  +  =1  and  /(jt,  jr,  x)=0,  are 
sufficient  to  determine  A,  /x,  x,  y,  z  in  terms  of  «. 


PROBLEMS. 

1.  Given  that  (x^,  y^\  (z^,  y^)  ^^^  ^^'^  points  movable  in  a  plane, 
and  such  that  their  distance  apai-t  is  always  equal  to  a  definite 
constant  a,  what  must  be  the  circumstances  of  the  motion  io 
order  that  we  shall  always  have 

[Db  Morgan,  D.C,  p^  455.] 

2.  Prove  that  to  the  first  order  the  variation  of  the  integral 

|/(y,  y,  p)dXj  with  constant  limits,  is  I*"  "j  ^  ~  /"  (^)  i^  where 

o)  =  5y  -  jy  &r    and    V  —  'T' 
Determine  a  curve  joining  the  origin  to  the  point  (rt,  1)  for  which 

the  integral  \(v^ -vti^y^^dx  has  a  minimum  value.  , 

^       J^  ^'  [Math.  Tkip.,  IWI 

3.  Prove  that  the  shortest  time  path  between  two  cun'cs  which 
lie  in  one  plane  when  the  velocity  varies  as  the  distance  from  a  line 
in  that  plane,  is  the  arc  of  a  circle  cutting  the  curves  orthogonaUr, 
and  having  its  centre  on  the  line.  [Ck>ixKOBs%  ISW-j 

4.  Find  the  relation  between  y  and  /)  in  a  curve  which  makes 
jy**  Vl  -^-jf^dx  a  maximum.  Obtiiin  the  polar  equation  of  tlia  currt 
whose  pole  will  generate  this  by  rolling  on  a  straight  li] 


M«M« 
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5.  A  particle  is  moving  under  the  action  of  a  force  perpendicular 
to  and  proportional  to  the  distance  from  the  line  of  zero  velocity. 
Show  that  the  brachistochrone  is  a  circle.  [Townssnd.] 

6.  Find  the  law  of  force  parallel  to  the  y-axis  for  which  each  of 
the  following  curves  is  brachistochronous,  stating  in  each  case  the 
line  of  zero  velocity  and  the  pressure  upon  the  curve  : 


Curve. 

X-axis. 

Curve. 

X-axis. 

1. 

Circle, 

diameter. 

2. 

Parabola, 

directrix. 

3. 

Parabola, 

axis. 

4. 

Catenary, 

directrix. 

6. 

Tractrix, 

directrix. 

6. 

Evolute  of  Para- 
bola, 

axis. 

7. 

Evolute  of 

directrix. 

8. 

Four-cusped  hypo- 

line  of  op 

Catenary, 

cycloid, 

site  CUE 

9. 

Rect.  Hyp., 

asymptote. 

10. 

Bifocal  conic, 

axis. 

[TOWNSKND.] 

7.  Find  the  law  of  central  force  for  which  each  of  the  following 
curves  is  brachistochronous,  stating  whether  the  force  is  attractive 
or  repulsive,  the  radius  of  the  circle  of  zero  velocity,  and  the  pressure 
on  the  curve  in  each  case : 


Curve. 

Pole. 

Curve. 

Pole. 

1. 

Parabola, 

focus. 

2. 

Equiang.  Spiral, 

pole. 

3. 

Cardioide, 

pole. 

4. 

Circle, 

point  on 
circumf. 

5. 

Lomiscate  of 
Bernoulli, 

node. 

6. 

Rect.  Hyp., 

centre. 

7. 

r^-a^  cos  n^, 

pole. 

8. 

Invol.  of  Circle, 

centre. 

L 


9.  Epi-  or  hypo-    cent,  of  fixed    10.  Reciprocal  Spiral,  pole, 
cycloid,  circle. 

11.  Central  Conic,  centre.  12.  Central  Conic,        focus. 

[TOWNSEND.] 

8.  Show  that  the  curve  of  quickest  descent  under  gravity  from  a 
given  point  to  a  given  vertical  straight  line  is  a  complete  semi- 
cjcloid  with  cusp  at  the  given  point. 

9.  Determine  the  minimum  value  of  I   ( y )  dx,  having  given  that 

yo=l     and     1    ^dx^  - 1, 
^^  Jo  Vi 

where  y^,  y^  are  the  values  of  y  at  the  lower  and  upper  limits 

respectively,  and  y^  ib  subject  to  variation. 

P9v.  Jom's,  1883;  Todhvntsr,  Hiat,  of  Cole.  Var.] 
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10.  FiQd  the  equation  of  a  curve  such  that  tfas  areft  b 
and  the  a^azii  has  a  given  value,  whilit  the  area  of  the  mr&M  d 
revolution,  Imunded  by  it  when  revolving  about  the  x-axia,  m  a 
minimum.  [Our.  n.  P.,  inCL] 

11.  A  piece  of  string  of  given  length  in  the  plane  of  the  carve 
ox* — y*,  has  its  two  ends  movable  on  the  two  branches  of  the  oorre ; 
find  the  form  of  the  string  when  the  area  between  the  string  and 
the  curve  is  a  maximum,  and  when  that  is  the  case  prove  that  tb« 
string  at  each  of  its  ends  is  at  right  angles  to  the  curve. 

[St.  JohhX  I8Ml] 

12.  A  surface  of  revolution  has  a  i^ven  area,  and  its  genentiiig 
curve  intersects  Uie  axis  in  given  points ;  determine  the  fcnn  ol 
the  surface  so  that  its  volume  may  be  greatest.  [y,  loa] 

13.  Show  how  to  connect  two  fixed  points  by  a  curve  of  given 
length,  so  that  the  area  bounded  by  the  curve,  the  ordinatea  of  Um 
fixed  points  and  the  axis  of  abscissae  shall  be  a  minimum. 

[UivH.  Tur..  IBt7.] 
1  which  at  every  point 


14.  Find  the  ci 

[>-("-')t}{,*('-'ri] 

is  a  maximum  or  a  minimum.     Interpret  this  problem  geometrieslly. 
[LAcaoix,  Calc.  Dif.,  II.,  p.  M] 

15.  Proveby  means  of  the  Calculus  of  Variations  that  the  minimm 
valueof  j"(a-i)"(2y''^  '^  (Vi  -  J'o)*(«-^)('' -is.)/(»i -»^).  "!>«« 
y,,  y,  are  the  values  of  y  corresponding  respectively  to  tJie  initio 
and  Rnal  values  of  z,  and  supposing  that  -X  does  not  become 
infinite  between  the  limits.  .f.       ..  p    ._^i 

16.  Find  what  functions  of  x,  satisfying  the  conditjous  y—0,whsi 
x  —  0  and  when  x^l,  make  I    (-^\d:r  stationary  in    value  when 


17.  1 


given. 

tbat'thi 


!  equation 
curve  of  given  length,  for  which 
is  of  one  of  the  fonni 
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18.  A  Umiiu  of  given  m&u  ia  symmetrical  with  rMpect  to  an 
Mds,  and  its  density  at  any  point  varies  as  the  square  of  the  absciaaa 
meuured  from  one  end  of  its  axis ;  if  the  attraction  upon  a  particle 
at  that  point  of  the  axis  be  a  maximum,  prove  that  the  lamina  ia 

bounded  by  the  oval  **~-J-s — oo^^i  where  tn  is  the  given  mass 
and  (T  the  density  at  nnit  distance  along  the  axis,  assuming  the  law 
of  attraction  to  be  that  of  the  inverse  square  of  the  distance. 

[U ATB.  Tur.,  1B7B.] 

19.  A  curve  passing  through  the  point  whose  polar  coordinates 

are  O)  aoos~-*e,  is  such  that  l(2t~^ -a-i}'d*,  taken  along  the  arc  of 

the  curve  between  the  initial  line  and  the  given  poini>  is  a  minimum. 
Prove-tbat,  provided  that  2r-'' a-*  ia  always  finite  and  greater  than 
sero,  the  required  curve  cuta  the  initial  line  at  right  angles  in  two 
pcHnta,  the  sum  of  whose  distances  from  the  origin  is  2a ;  and  find 
tbe  equation  of  the  cur>-e.  (Oir.  II.  P.,  IMS.] 

Interpret  the  result  dynamically. 

20.  If  Wk  +  p.p'dx  has  a  maximum  or  minimum,  and  A,  ft  are 

independent  of  p  and  of  any  higher  differential  coefBcienta,  and  the 
differential  equation  resulting  is  satisfied  by  yaz  +  b  for  all 
constant  values  of  a  and  b,  prove  that  k  and  /•  must  be  mere 
oonatanta.  [Oir.  II.  P.,  ibis.] 

21.  A  swimmer  who  oan  swim  at  a  given  rate  v  stqrts  from  the 
bank  <A  a  wide  straight  river,  and  the  strength  of  the  current 
Taries  directly  as  the  distance  from  the  bank.  He  wishes  to  get 
ai  far  down  the  river  as  he  can  in  a  given  time  T.  Show  that 
h«  miut  start  from  the  bank  at  an  angle  whose  tangent  is 
proportional  to  T.  Show  also  that  the  tangents  of  the  angles 
hii  direction  of  swimming  makes  with  the  bank  at  equal  intervals 
of  time  are  in  arithmetical  progression,  and  that  at  the  end  of  the 
time  T  he  is  swimming  directly  down  stream.  If  the  z-aziB  be 
taken  along  the  river  bank,  jo/  the  velocity  of  the  stream  and  a  his 

tial  angle  with  the  bank,  show  that  he  is  ultimately  swimming 


at  a  distance  2p8ec's/*'coaa  from  the  bank. 


,  An  oval  curve  of  given  length  rolls  on  a  straight  line ;  find 
I  form  when  the  area  traced  out  in  one  revolution  by  a  given 
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the  are, 


the  plane  of  the  curve  is  a  minimum,  the  boundariei  of 
being  the  curve  traced  out  by  the  moving  point,  the  giveo 
straight  line  and  two  perpendiculars  upon  it  from  the  exiremitiM  irf 
the  curve.  [Math.  Tur..  ISmi 

23.  If  the  velocity  of  a  (carriage  along  a  road  be  proportional  to 
the  cube  of  the  cosine  of  the  inclination  of  the  road  to  the  horiKW, 
determine  the  path  of  quickest  ascent  from  the  bottom  to  the  top  of 
a  hemispherical  hill,  and  show  that  it  consists  of  the  spherical  curve 
described  by  a  point  of  a  great  circle  which  rolls  on  a  amall  circle 
described  about  the  pole  with  a  radius  ir/6,  together  with  an  aiv  of 
a  great  circle.  How  is  the  discontinuity  introduced  into  this 
problem  ?  [Mats.  Trip.,  187S] 

2<.  It  r'csr'  +  y*  andrfs'  =  (/j*+»ij',  prove,  assuming  such  results 
of  theory  as  may  be  convenient,  that  the  curves  along  which  from 

point  t«  point  Iriij  is  a  maximum  or  minimum  are   rectangutsr 
hyperbolae.       ■*  [Oxf.  II.  P.,  18M.1 

25.  Find  the  curve  of  given  length  joining  two  fixed  points, 
which  is  such  that  the  distance  of  the  centroid  of  the  arc  from  tht 
chord  connecting  the  two  points  may  bo  the  greatest  possible. 

[Oi».  II.  P.,  1887.1 

26.  A  variable  curve  of  given  length  ra>/2H  has  one  extremity 
at  a  fixed  point  (3(i,  a)  and  the  other  on  a  fixed  line  z—  2a.  Show 
that  when  the  area  enclosed  by  the  curve,  the  axis  of  z  and  tht 
lines  x  =  2a,  x  =  3a,  is  a  maximum  the  curve  is  one-eighth  of  a  circle. 

[Oxf.  II.  P.,  int.] 

27.  On  the  surface  of  an  ellipsoid  a  curve  is  drawn  wfakb 
intersects  nt  a  constant  angle  all  the  geodesies  passing  throngli  s 
given  umbilic.  Prove  that  its  total  length  from  urabilic  to  umbilie 
is  I  see  1,  where  I  is  the  geodesic  distance  between  that  umbilic  and 
the  opposite  one.  [Math.  Trip.  I.,  1888.] 


28.  Find  the  form  of  the  function  p,  in  order  that  I  h 

iBximnm,  subject  to  the  condition  that  l(^ 
lid  interpret  the  rpault  geometrically. 


P  + 


■fi* 


may  be  a 
constant, 


^Z)'*' 


r.  11.  P,.  1881] 
jl.  die  bank  of  a  atraight  mtr  H 
ife  Vdooity  relative  to  the  wiW 
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Prove  that,  in  order  that  the  passage  may  occupy  the  shortest  time, 
his  actual  course  must  be  straight  if  the  strength  of  the  current  is 
constant)  but  that  if  the  strength  of  the  current  is  proportional  to 
the  distance  from  the  bank  the  path  must  have  for  its  equation 


fTT ^5 — n    ^^  /-9 — i     (cb-\-z)J{cb-\-z)^-'l^ 

y  =  cyl(cb  +  xf-h^-^  Jc^  -  I  -  ^ ^-^j — '- 

+  -  cosh-i  —r 2  CO*"-*  c, 

where  the  starting  point  is  the  origin,  the  bank  is  the  axis  of  y, 
h  the  distance  from  the  bank  where  the  velocity  of  the  stream  is  equal 
to  that  of  the  man  relative  to  the  water,  and  c  is  a  constant.  How 
is  c  obtained  %  [Collbow,  1896.] 

30.  Apply  the  principle  of  energy  to  determine  the  equation  of 
equilibrium  of  an  inextensible  string  under  the  action  of  a  central 
force,  ite  ends  being  fixed.  [St.  John's,  1881.] 

31.  A  heavy  particle  moves  on  the  surface  of  a  smooth  circular 
cone  with  a  vertical  axis  and  vertex  upwards.  Find  the  brachisto- 
chrone  from  a  fixed  point  on  the  surface  to  a  fixed  generating  line. 

[St.  John's,  1881.] 

32.  Show  that  the  curve,  such  that  y^ds  between  two  fixed  points 

in  the  plane  of  the  curve  may  be  a  minimum,  is  f'*»+^  =  a"+^sec(n  +  1)  ^. 

[Trik.  Coll.,  1881.] 

33.  A  man  walks  up  a  uniform  incline  from  a  given  point  to  reach 
a  given  height.  His  velocity  varies  as  the  sine  of  the  angle  between 
his  path  and  the  line  of  greatest  slope  on  the  incline.  If  he  exhausts 
himself  at  a  rate  proportional  to  the  product  of  the  whole  height 
ascended,  and  the  square  of  the  cosine  of  the  inclination  of  his  path 
to  the  line  of  greatest  slope,  show  that  he  will  get  to  the  required 
height  with  least  exertion  along  a  curve  whose  equation  is 

y®  =  ax\  [St.  Jou  n  's  Coll.  ,  1 883.  ] 

34.  Prove  that  the  minimum  value  of  |(a^(/2(/y)^  between  the 
limits  «  =  a,  y  =  J  and  X  ==  a',  y  »  J'  is  equal  to  }  (a'^  -  a^)*  {h'^  -  6»)*. 

35.  A  curve  is  drawn  on  the  surface  x(y  +  2)  =  a*  such  that 
Igi  IB  a  maximum  or  a  minimum;  prove  that  (di)  =^4  s"! — li* 

il  Wii^  an  arbitrary  constant  [St.  John's  Coll.  ,  1882. ] 
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36.  Show  that  the  surface,  whose  superficial*  area  is  given  and 

which  encloses  the  greatest  possible  volume  between  itself  and  a 

given  plane,  has  the  sum  of  its  curvatures  at  every  point  constant 

[Math.  Tup.,  1888.] 

37.  Geodesies  are  drawn  upon  the  surface  formed  by  the  revolatioD 
of  the  curve  a; ~ 2a sec u,  y  =  a(secu tan u~cosh~~^ seen)  about  the 
y-axis.  Show  that  the  projections  of  these  geodesies  upon  a  plane 
perpendicular  to  the  axis  of  revolution  are  of  the  forms  of  the 
inverses  with  regard  to  the  origin  of  a  certain  Cotes's  spiral. 

38.  Show  that  if  5,  £f  be  two  fixed  points  at  distance  apart  ia, 
and  0  the  mid-point  of  SHy  the  law  of  repulsive  force  from  0  under 
which  the  curve  SP .  UP^<^  can  be  described  in  a  brachistochronous 
manner  is  one  varying  as  {OP^  +rf*)  (30P*  -  d*)/OP^  where  a*  +  rf*  »c*. 
Show  also  that  the  normal  pressure  upon  the  curve  varies  as 

{OP*  +  d^fiZOP*  -  rf«)/OP». 

39.  Find  the  variation,  to  the  first  order,  of  the  integral 


1 


taken  along  an  arc  of  a  curve  traced  on  a  surface  ^(2;  y,  2)sO 
between  two  given  points  of  the  surface ;  and  show  that  if  the 
integral  have  a  maximum  or  minimum  value  the  curve  is  found  from 
the  differential  equations 

[_di\    ds)     ^x\\?ti^'[ds\    ds)     'dy  \\  'dy'ldsX  d$)     ayj/df' 

The  line  joining  the  centre  of  curvature  at  any  point  P  of  the 
above  curve  to  the  centre  of  curvature  of  the  corresponding  normal 
section  of  the  surface  meets  the  tangent  plane  at  P  in  0-,  OT  is 
perpendicular  to  GP^  and  PT  is  the  tangent  at  P  to  that  curre  of 
the  family  ^»0,  K:=  const,  which  passes  through  P.     Show  that 

[Math.  Tbip.,  1897.] 


./dV 


40.  A  heavy  particle  moves  on  a  smooth  surface  of  revolution 

2?  *=/(n/?+P),  the  axis  of  which  is  vertical  and  vertex  upwards. 
Find  the  brachistochrone  from  a  fixed  point  on  the  surface  at  a 
depth  e  below  the  vertex  to  a  given  meridian,  and  prove  that  the 
brachistochrone  cuts  the  given  meridian  at  right  angles,  and  that 
the  area  swept  over  by  the  radius  vector  on  a  horizontal  plane  is 
proportional  to  the  Action.     If  the  brachistochrone  be  from  the 
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fixed  point  to  the  curve  definiMl  b;  the  equataona  e<''/(\/x*+y'), 
y  +  >  —  2e,  prove  that,  if  r  and  9  be  cylindrical  coordinates,  the  lower 
end  of  the  brachiatochrone  ia  given  hy  the  equations 

[«n9+/(r)l>.co.>»[l  +  {/'(0)l/[;;,;7^-l} 

[S*.  Jobh'bCou.,  1884.] 

41.  Show    that    *(!"')'^^^'-(-l)"^(*)^^^^    w    an    «act 
differential. 

43.  Show  that  the  conditions  that  I  JFiiiidi;  is  integrable  per  «, 
where  T-f  {r,  y, /,  ...y<«),are  ■'■' 

dy     rfa:  ?y' "^rfis  cy    ia:»  Ey™"*"  -  "" 

[ToDHnHm,  I.e.,  p.  960.] 

43.  Show  that  the  conditions  that  1 1 1  fdxdxdx  is  iategrable^wrjg 
■re  those  of  Question  42,  together  with 

,.2|?-!.3i^g:*3..i=.|?:,-4.5,4,gi....=0, 

3/  dx  3y"  dx*  3j(i"i  di?  3y"'  ' 

and  generally,  that  Fia  integrabte  n  timea  ptr  le,  provided  that  each 
of  the  functions  F,  zV,  ^V,  ...  a^'Fbe  so  integrable  onee. 

(ToDHDNTUt,  I.e.,  p.  S69.] 

44.  Show  how  to  find  the  relation  between  x  and  y  which  will 

nuke  the  expression  I    /(z,  y,  x,,  yi,  x,,  y^,  P,  Pi,  Pa) <ix  a  maximum 

or  ft  minirooRi,  it  being  given  that  Xj ,  y,  are  connected  by  An  equation, 
■od  Aat  Xf,  yg  are  also  connected  by  an  equation. 

A  onrre  of  given  length  I  is  drawn  in  the  plane  x,  y  so  that  one  end 
is  on  Um  axiB  of  the  parabola  2*  —  4ay  and  the  other  end  on  the  arc 

of  the  parabola.     If  tho  figure  revolves-  round  the  tangent  at  the 
vertex  of  the  parabola,  ahow  that  when  the  surface  generated  by  the 
is  the  greatest  possible  the  form  of  the  curve  ia  that  of  a 
R  of  the  catenary 


2a  ,3a        .  ,  2a     ,      .  /x  .  ,2a\ 

-J-  -(-  o  oosecn  -j-  -  y  unh  -y-  -  ( cosh  I  r  amh  -r  I- 

tH*TH.  Trif.,  1886.] 


658  CHAPTER  XXXIV. 

45.  It  is  required  to  find  a.  smooth  guiding  curve  for  ft  particle 
moving  under  gravity  from  rest,  such  that  the  honsmial  apace 
described  in  time  t  ia  the  greatest  possiblo.  Show  thtit  the  curve 
must  be  a  cycloid,  and  that  the  space  is  gPlv. 

[M*TH.  Trip.  II.,  1914.] 

46.  Uniform  elastic  wire  is  held  bent  by  proper  forces  between 
two  points  A  and  B  so  that  the  area  between  the  wire  and  AB 
being  given,  the  work  expended  iti  bending  the  wire  may  be  the 
least  possible.  Shoiv  that  the  curvature  at  any  point  varies  at 
r'  -  a',  where  AB  ^  2u  and  r  is  the  disUince  of  the  point  from  the 
middle  point  of  A  IS.  Show  also  that  if  the  wire  be  bent  completely 
round  to  satisfy  the  same  conditions,  the  form  of  the  wire  will  be 
given  by  r*-e'co83ft  [Matb.  Tbip.,  1878.] 

(It  may  be  assumed  that  the  work  done  in  bending  the  wire  is 
measured  by  ^  1  -^  rfj.] 

47.  A  right  cone  is  capable  of  revolving  freely  round  its  aiis, 
which  is  vertical.  A  groove  is  to  bo  cut  in  the  surface  of  the  cone 
such  that  a  particle  of  mass  m  sliding  down  the  groove  without 
initial  velocity  from  a  given  point  may  in  the  shortest  time  reach 
a  given  point  in  the  horizontal  plane  through  the  base  of  the  cone; 
show  that  the  differential  equation  of  the  particle's  path  projected 
on  the  horizontal  plane  is 

where  a  ia  the  semi-vertical  angle  of  the  cone  and  mk*  ita  moment 
of  inertia  about  its  axis.  [Uath.  Tur.  III.,  188&] 

46.  A  curve  is  drawn  to  touch  two  fixed  straight  linea  at  the 
fixed  poinU  f  and  Q.  The  area  included  by  its  pedal  with  respect 
to  a  fixed  point  0  and  the  perpendiculars  from  0  to  the  find 
tangents  is  a  minimum,  whilst  the  area  included  between  tlie  cum 
and  the  stiiiight  line^  OP,  OQ  is  constant.  >}how  tint  the  cutt* 
ii  part  of  an  epi-  or  hypo  cycloid. 

49.  If  d  point  move  in  a  iilane  with  velocity  always  proportiraiil 
to  the  curvature  of  its  path,  show  that  the  brachietochron#  of 
continuous  curvature  between  any  two  given  points  is  a  coniplet* 
oydoid. 

Prove  that  in  the  ordinary  graTttittBfa|b|KhiBtoebroiie  (whici  ii 
also  a  cydoid),  the  velocity ^^^^^Bftbdia  curvnl^ire  of  tit 
path,  and  stnt^Lbe  cDnn^gfl^^^^^^^Hkeautte. 
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50.  Prove  that  the  curve  of  a  unifonn  chain  of  given  length 
joining  two  fixed   points   ib  given    by   an  equation  of  the  form 

if  =  banK-,  when  the  moment  of  inertia  of  the  chain  about  a  given 
fixed  line,  in  a  plane  with  the  two  given  poinU,  is  a  maximum ; 
and  hy  an  equation  of  the  tonn  ycaK-  =  b,  when  the  moment  of 
inertia  is  a  minimum,  the  given  straight  line  being  taken  ns  the 
*-axis.  [Math.  Trii-.  IIL,  1M4.] 

51.  Use  the  method  of  the  Calculus  of  Variations  to  show  that 
the  general  equation  of  the  geodesies  on  a  right  circular  cone,  whose 
equation  in  polar  coordinates  is  8  =  u,  is  rcos  ((^-^sina)  =n, 
where  0  and  a  are  arbitrary  constants.  [Oxr.  II.  P.,  1914.] 

52.  Prove  that  the  polar  equation  of  the  projection  of  a  geodesic  on 
acatenoid  formed  hy  the  revolution  of  a  catenary  about  ita  directrix 
upon  a  plane  perpendicular  to  the  directrix  is  of  one  of  the  forms 

fsnfj,  ij-const,     rsntf-const,      itanhtf- const, 

and  distinguish  the  cases. 

[Math.  Trip.  III.  IS84,  IL  1913;  Gkkevicll,  E.F.,  p.  96,] 
63.  Prove  that  if,  from  any  point  of  a  surface,  geodesic  lines  of 
eqiud   length  be  drawn   in   all   directions,   the   curve  which  is  the 
locus  of  their  extremities  cuts  al!  the  geodesios  at  right  angles 

5^.  Prove  that  on  the  surftuse  of  revolution  determined  by  the 
aquations 

SE— Oil  costs coK<^,     y-nicoswain^,     «=«  I    -Jl  -  k'taw^udia, 

tbt  equatioD  of  a  geodesic  lineia  tanu  =  .^sinj(:(<^  +  /3). 

Prove  also  that  the  locus  of  the  extremities  of  geodesic  lines  of 
length  )ra  drawn  from  the  point  at  which  a^il  and  ^  =  0  is 
cos  i^  +  tana,  tan  Q  =  0. 

[Hath.  Tsir.,  1896] 

[  55.  Prove  thiit  the  projection  of  a  geodesic  on  a  surface  of 
I  revolution  on  a  plane  perpendicular  to  the  axis  is  in  polar 
I  coordinates  i~'  =  it-'cn';i9  +  ;8-'fln^/ifl,  if  the  meridian  curve  of  the 
■•nrface  is  the  rotilette  of  the  foctM  of  an  ellipse  rolling  upon  the 
f«xis,  a  and  p  denoting  the  greatest  and  least  values  of  the  focal 
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Show  that  if  the  geodesic  cuts  the  meridian  plane  at  iti  iiuzimum 
distance  at  an  angle  y,  then 

^  =  j8cotr/(-  +  ;8).     /3«A'-(a'~^)Un'r. 

[Math.  TKir.  IIL,  1B8JL] 

56.  The  line  element  of  a  certain  surface  is  expressed  in  terms  of 
parameters  «  and  c  by  the  equation 

rfi' -  ((rfu)'  +  {dvy  -  (tt rf«  -  edii)*}l(l  - «» - 1^)'. 
Prove  that  the  equations  of  the  geodeiics  on  the  surface  ore  of 
the  forin  ain-  ftp  + .;  -  0,  where  n,  6,  c  are  constants. 

(HiTH.  Tbip.  u.,  isaa] 

57.  Prove  that  a  surface  for  which 

has  its  geodesies  ropresented  by  straight  lines  on  the  plane  <rf  «-f 
and  its  geodesic  circles  by  conies  having  double  contact  with 
z*-t-y'  -  1  "0,  and  the  geodesic  distance  p  between  (x^,  y,)  and  (x,  f) 
being  given  by 

{i-V-y(.')(i-^*-y')«»'>V=(i-wo-«'o)*- 

Prove  also  that  the  specific  curvature  is  constantand  equal  to  - 1. 
[Hatb.  Trip.  IL,  IBIl] 

58.  Show  that  the  conditions  that  the  parametric  curves  may  b« 
geodesies  on  the  surface  of  which  the  line  element  ia  given  hj 
di'=-Edui  +  -2Fdudv  +  Gdv^  are  respectively  that  {EdH+FdwUJI 
&Dd  (Fdu  +  Gdv)l'JS  must  be  complete  difTorentials.  Show  also 
that  if  these  conditions  be  satisfied,    the  specific  curvature  at  » 

point  of  the  surface  is  »%7t-i  where  V*—EO-F*  and  «  is  the 

angle  between  the  parametric  curves  at  the  point. 

[Hath.  Tup.  IL,  Hill) 


^  r 


^ 


CHAPTER  XXXIV.  (Continued).    Section  II. 

DOUBLE  INTEGRALS,  ETC.    CULVERWELLS 
METHOD  OF  DISCRIMINATION. 

1547.  Doable  Integralt.  The  Oue  of  two  Independent 
VaxiaUes. 

Suppose  there  are  two  independent  variables  and  a  depen- 
dent one  z  which  is  a  function  of  x  and  y,  but  of  unspecified 
form.  Let  (p,  q),  (r,  «,  t),  (u,  v,  w,  m),  etc.,  be  the  partial 
differential  coefficients  of  z  with  regard  to  x  and  y,  of  the 
first,  second,  third,  etc.,  orders.     That  is, 

"dz         "dz        "drZ        2rZ        . 2rz  3*2      . 

P=ai'    ^=^=    '*°=2a»*    '=3^'    '~V'    ^~'^' 

We  shall  also  use  capital  letters  with  the  following  signi- 
lication,  viz. : 

y    37      „    3F      „    37      p_37     ^    37      „    37     , 

^^^'    ^^Vy'   ^^^'   ^=^'   ^=v   ^^aT- ***'•• 

and  the  notation 

the  dots  being  intended  as  a  reminder  to  the  reader  that  the 
letters  x  and  y  not  only  occur  explicitly  in  the  several  subjects 
of  partial  differentiation,  but  also  implicitly  through  the 
presence  of  z  and  its  partial  differential  coefficients. 

1548.    We  propose  to  discuss  the  variation  of   I  iFc^srcIy, 

where  7  is  a  function  oi  x,y,  z\  p,q\  r^  8,i\  ti,  v^w,m\  etc., 
and  the  integration  ranges  over  the  region  bounded  by  m 
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^ven  contour  in  the  x-y  plane.  Moreover,  we  shall  unime 
that  V  and  t)ie  several  ditTerential  coefficients  occurring  remain 
finite,  continuous,  and  single  valued  at  all  points  of  the  region 
bounded,  and  at  all  points  lying  upon  lia  contour. 

For  each  point  x,  y  we  shall  suppose  an  infinit«simallf 
small  variation  of  position  arbitrary  from  point  to  point  and 
denoted  aa  before  by  Sx,  Sy. 

Now  X  and  y  being  independent,  Sx  ought  not  to  vary  m 
coruequence  of  changes  in  y,  nor  should  Sy  vary  m  consequence  <^ 

changes  in  x.     We  should  therefore  have  —^1=0,  :r-iy=(i* 

For  convenience  in  the  analysis,  then,  we  shall  suppose  the 
variation  8x  in  x  to  be  the  same  for  all  points  which  lie  on 
the  same  ordinate  in  tlie  x-y  plane,  and  similarly  the  variation 
jy  in  y  to  be  the  same  for  points  which  Hb  on  the  same  line 
parallel  to  the  ai-axis.  The  variations  being  quite  at  our  choice 
from  point  to  point,  we  are  entitled  to  do  this.  In  other 
words,  we  shall  assume  £x  and  <$y  to  be  respectively  inde- 
pendent of  y  and  x.  And  this  supposition  in  no  way  limits 
the  results  arrived  at.  The  supposition  that  tx  and  Sy  might 
be  functions  of  both  x  and  r/  in  discussed  by  Poiaaon  {Mim.  it 
rinslUut,  T.  xii.).  and  the  investigation  there  given  leads  to 
precisely  the  same  result  as  that  obtained  by  the  suppoeitioD 
here  made.     [See  De  Morgan,  D.  and  I.C.,  p.  454.] 

1549.    PrsUminary  Cons i derations. 

If  any  function  )((x,  y)  lie  vurJeil  by  changing  x  to  x-t-&, 
we  have,  as  in  Art.  1492, 

3x  dx 


Sx. 


.?X^ 


Thus,  if  we  write  u  for  Sz—pSx—qSy,  we  have 
Sj)—TSx—sSy=iOi,    Sq—sSr—tSy  =  a!„:    Sr—riSx~vSy=»a, 

Ss—vSx—wSy=u^ 
equations  similar  to  thone  of 
variable, 
k  •iMnti,  CD. 
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hilst 


Again,  to  the  first  order, 
3.7 


3.7 


=X 


:.  sv 


3.7 


+Zp   +Pr    +Qs   +Ru  +Sv  +Tw+..., 
Y     +Zq   +P8    +Qt    +Rv  +Sw  +Tm+,,,; 


3.7 


dx  ^^ ^Sy=Za)+Pa)^+Qwy+R(a^+Soi>j^+T<£yy+... , 


to  the  first  order. 
1 


550.  Variatioii  of  1 1  7c£ve{^. 


Let  the  region  of  integration  be  bounded  by  any  specific 
closed  contour,  consisting  either  of  one  closed  curve  or  of  a 
system  of  arcs  of  different  curves  in  the  x-y  plane,  each  of 


J" 

f"^ 

M 

p. 

91 

N 

X 

Fig.  449. 


such  arcs  being  itself  subject  to  variation.     Let  the  region  in 
question  be  such  as  shown  in  Fig.  449.     We  have 

fff7dxdy=f[^(7(ix(?y)=[[^7(foj(?y+ff7d<Jxd^ 


Now 


|f7d<Ja:dy=J[j7 


Yd^x 
dSx 


dSx 
dx 


dx  \dy. 


Integrating  j  7--T-(fo;  for  a  strip  Q2Q3Q4Q1  defined  by  con- 
tiguous lines  MQjQ^,  Q^Q^  parallel  to  the  a;-axis,  we  have 

I^«»  /37     \ 

regard  to  y  to  add  up  the 
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results  for  all  such  ntripa.  Let  dv  be  an  element  of  the  arc  of 
the  contour ;  then 

|([)'&].,»-[Ffa]„»)i,-J([vto|]__^+[F&g__Jlr. 

for,  if  we  inte^ate  with  regard  to  o-  travelliog  in  the  positive 
or  counter-clockwise  direction,  the  value  of  dy  in  passing  from 
Q,  to  Qg  is  of  opposite  sign  to  that  of  dt/  in  passiug  from  Qf  to 
Q,.  Thus,  this  integration  yields  U*'^^,^)'^  taken  rouod 
the  perimeter.  Hence,  double  integration  referring  to  integn- 
tion  for  the  whole  area  bounded  by  the  contour,  and  single 
integration  to  that  taken  in  a  positive  direction  round  the 
perimeter, 

In  the  same  way,  with  1 1  Vdxdiy,  we  have 

for  a  strip  P,P^gP,,  defined  by  the  contiguous  lines  NP^P^, 
PtPg,  parallel  to  the  y-azis,  which  is 

[Fii,]..,,-[FJ!,].,„-f';;(|«!,),J,, 

and  this  is  to  be  integrated  with  regard  to  x  to  add  up  tlK 
results  for  all  such  strips ;  then 

J((F*]....-[FM..„)i,— J([F.i,g]__^+[F.,g]__Jt 
=  — j(FJyj-W  round  the  perimetv. 

Hmc  l\Tixdl3—\{Ts/£)d,-\\(^^^i,)dxdy. 

Therefore  the  total  result  of  the  variation  ia  to  tin;  tiret  orfs  , 

round  tlie  perimeter, 

,+Su,„-(-r«„+...)A4  I 
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1551.  In  proceeding  farther  it  will  be  sufficient  for  our 
purposes  to  limit  the  discussion  to  the  case  where 

7=^(aj,  y,  2;  p,  g;  r,  «,  f), 

containing  no  partial  differential  coefficients  of  z  of  higher 
order  than  the  second.  For  this  will  include  all  cases  likely 
to  be  useful,  and  in  any  case  if  higher  order  differential 
coefficients  should  occur  the  process  to  be  followed  would  be 
the  same. 

Now,  by  Arts.  471  and  472,  writing  o)  for  I/, 


fJ(P«.+  «».)dxdy=-jj«(^+^^)d.dy+f«-(P^^O'^ 


uid  jj(««„+S«„+r«„)da!di/=(ja.(^ 


+ 


+ 


i[{i?,?.iWsMi:'^iHg>' 

where  in  each  case  the  line  integi-al  is  taken  in  the  positive 
direction  round  the  contour  of  the  region. 

Thus  we  have  ^jj  7dajdy=[£r]+ [[Xwctedy, 
where     X=Z — Tr^+'-Trr+^^r^ +-^rT 

The  terms  of  the  group  H  depend  solely  upon  the  variations 
at  the  boundary  of  the  contour.  The  terms  in  the  surface 
integral  are  multiplied  by  the  variation  w,  i.e.  by  Sz—pSx—qSy, 
which  varies  arbitrarily  from  point  to  point  of  the  area 
bounded  by  the  contour. 

1552.  OonditionB  for  a  Stationary  Value. 

As  in  the  case  of  one  independent  variable,  if  the  functional 

off  with  sandy  is  to  be  determined  so  that  llFdxc^y 

'Ty  value,  i,e,  so  that  ^llFda;dy=0,  we 

>Iace  £=0,  viz.  a  differential  equation 
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between  z,  x  and  y ;  and  in  addition  the  coefficients  of  the 
several  independent  variations  in  the  limit  terms  [H]  most 
also  vanish. 

1553.  Tho  Differential  Equation. 

For  the  case  considered,  viz.  F=0(x,  y,z;  p.q;  r,  a,  t),  the 
equation  if— 0  is  a  partial  differential  equation,  in  genenl 
of  the  fourth  order. 

Forsyth  {Diff.  Eq..  Ch.  X.)  diaewaseB  the  solution  of  nome 
forma  of  Partial  Differential  Equations  of  tho  second  and 
higher  order,  but  bo  far,  even  in  the  case  of  partial  difTerential 
equations  of  the  second  order,  it  is  only  possible  to  perform 
the  integration  in  special  case& 

I'hc  chief  methods  available  are  in  the  cases  in  which  the 
equation  takes  the  form 

(a)  AT+B8-\-Ct=U  \  where  A.  B.  C,  D,  V  m 

or(^)  ^r+.e8+C(+0(i(-«»)=t^,|functionaofi,y,z.paiidf. 
for  which  we  have  the  methods  of  Monge  and  of  Amp^ 
(Forsyth,  Arts.  232.  265). 

I'hese  methods,  however,  are  purely  tentative  and  may  fail 

(y)  We  liave  also  an  important  method  known  aa  the 
Principle  of  Duality,  which  amounts  to  reciprocation  with 
regard  to  a  quadric,  usnally  taken  as  an  elliptic  paraboldd 
(Forsyth,  Arts,  197  and  242). 

[S)  For  equations  of  form  jl={r(  — 8')"B,  where  A  \9  t 
function  of /»,  q,  r,  g,  t,  homogeneou,'!  with  regard  to  r,  e  and  (; 
and  B  a  function  of  z,  y,  2.  p,  q.  remaining  finite  when  r(=»', 
we  have  Pois.<toii's  method,  which  begins  with  the  assumption 
of  a  functional  relation  between  p  and  g,  and  which  therely 
limits  any  solution  to  be  found  in  that  way  to  develop^ 
surfaces  satisfying  the  equation, 

(e)  We  have  the  ca-se  where  the  differential  equation  is  of 
the  class  "  linear  with  constant  coefficients," 

(^)  There  are  also  various  miscellaneous  methods  applicslilt 
in  particular 

The  y*«"'*^i  of  the  eqi       «i  K  -=<l  ia  therefore  in  any  IW 
bflUte  of  knowledge  of  '^ 
rential    Equatii»it  •• 
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When  r,  «,  t  are  absent  and  V^<f>{x,  y,  2,  p,  q\  we  have 

K^Z—^-^ ~^,  and  ^=0  is  in  general  an  equation  of  the 

second  order,  and  if  it  be  of  one  of  the  forms  enumerated  a 
solution  may  perhaps  be  effected. 

Ex.  It  is  required  to  discover  the  doss  of  surfaces  for  which  f  f(ji^'\-q^)dx  dy 
has  a  stationary  value. 

Here  F^iJ'+g',  Z=0,  P=2p,  Q  =  2q;  and  X=0  becomes  ^+g^=0, 
whence  z = F^{z  +  ty)  4-  F^x  -  ly).  ^^ 

1554.  It  will  be  seen,  however,  that  in  some  cases,  even 
when  the  solution  of  the  equation  ^=0  in  general  terms 
is  impossible,  important  geometrical  properties  of  the  class 
of  surfaces  satisfying  it  may  nevertheless  be  deduced. 

1555.  If  7  be  of  form  7~i4  +  5r+2C8+l><+^(r<-«*).  the 
capitals  A,  B,  C,  A  ^  being  functions  of  x,  y,  z,  p,  q,  it  will  be 
found  by  ordinary  differentiation  that  the  function  K  is  an 
expression  of  the  same  type.  Thus  ^=0  becomes  in  this 
case  an  equation  of  the  nature  to  which  the  tentative  processes 
of  Monge  or  Ampere  may  be  applied. 

1556.  The  Boundary  Conditions. 

Taking  the  case  V=.^(x,  y*  z,  p,  q]  r,  «,  0»  we  have 

m-f[F(*.g-*g)+.(p|-«g) 

+(|?,i:K}s+{|!::"-l+«"'l^]*' 

which  is  to  vanish   wlien  taken  round  the  contour  of  the 

region. 

There  will  be  as  many  equations  resulting  from  this  as 
are  independent  boundary  variations  amongst  the 
fe  iy*  i^r  Ai^d  this  will  depend  upon  the  nature  of 


V  #,  I  absent,  i>.  V^ipix,  y,z;p,  q). 
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1557.  The  ordinary  cases  occurring  in  gecunetrical  applict- 
bioQS  are : 

(i)  When  the  boundary  is  altogether  unspecified. 

(ii)  When  the  Burface  to  be  discovered  is  to  pass  through  a 
given  plane  curve  fixed  in  space. 

(iii)  When  the  surface  is  to  be  bounded  by  a  curve  whidi 
lies  OD  a  given  surface  but  is  otherwise  unspecified. 

(iv)  When  in  the  latter  case  that  given  surface  is  a  plane, 
to  which  the  z-plane  may  be  taken  as  parallel. 

Take  the  case  V=<p{x,  y,z;  p,  q)  and  consider  these  cases. 

(i)  Boundary  unspecified.  Here  Sx,  Sy,  St  are  all  inde- 
pendent at  the  boundary.     Hence 


P-, 


^y-o^- 


da- 

that  iw,  ^^-C  j;=0  »"<*  ^=<>  are  to  hold  at  all  pointsof 
the  boundary  for  which  all  conditions  are  unassigued. 

(ii)  Boundary  a  given  fixed  curve  in  a  plane  parallel  to  the 
x-y  plane. 

Here  z  is  incapable  of  variation  at    all  points   of  titt 
boundary,  i.e.  &=(>.     Also  at  all  points  of  the  boundary, 

Sx     dx'  drr      '  dtr' 

r,dx 

(iii)  If  the  boundary  of  the  surface  sought  is  to  be  on  * 
fixed  surface,  ip{x,  y.  z)=0,  but  to  be  otherwise  unspecified, 

we  have  0^J:+<^y+^^i=»,  t.e.  ^^=  —  ^^—^Syi 
being  independent  variations. 
Hence 
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and  therefore 

''s-(''^«s)(»+^- ,' 

Remembering  also  that  dz=pdx+qdy  at  all  points  of  the 
surface  to  be  discovered,  and  that  if>gdx+(l>ydy+i/>gdz=i)  along 
the  boundary,  we  have  (0«+p^)dr+(^+g0,)(?y=O  along 
the  boundary,  i.e,  dx/{i/>y+qipg)=  —dyK^^+p^g), 

Hence  the  equations  obtained  above  become 

{P(i>x+p<l>z)+Q(<h+q<h)}(ihc+P4>z)--y{ihc+Pi>.)<h==^ 

and    {P{it^x+Pi>z)+Q{4>y+rl'z)}(<l>y+q<l>M)-V(</>y+qfl>^)  0,=O, 

%.e.  they  each  reduce  to  70,=P(^,+p0j+Q(^+50,),  or 
(F-Pp-^)^,=P^,+Q0y,  which  is  to  hold  &t  all  points  of 
the  bounding  line  upon  the  given  surface. 

(iv)  When  the  surface  is  merely  a  plane  2=const., 

0«=O,     ^=0,     ^,=1, 

and  the  condition  becomes  V—Pp—Qq=Of  which  is  to  hold 
at  all  points  of  the  bounding  line  which  lies  on  the  given 
plane. 

1558.  BelatiTe  MaTlma  and  Minima. 

In  the  case   where  a  maximum  or    minimum    value  of 

ttsll  Fcbdy  is  sought  conditionally  upon  a  second  surface 

ini^ral  Fsll  Wdxdy  retaining  a  definite  value  a,  the 


same 


applies  as  already  employed  in  the  case  of  a  single 
Jhdqpendent  variable  (Art  1504),  viz.  to  make 


fj(F+X»r)cfa^y 


maximum  or  minimum.     For  it  is  obvious 
*^^ximum   or  minimum,  u+Aa  is  a 


'I 


{V+\W)dxdy  is  so  also. 
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1559.  Surfaces  of  Mazimam  or  Minimum  Area ;  Bubbles. 

Apply  the  theorems  now  established  to  obtain   the  condition  that 

/  /  Jl-^-p'+q^dx dy  shall  have  a  stationary  value.     That  is,  we  are  to 

find  the  nature  of  a  surface  which,  whilst  satisfying  certain  bounding 

conditions  which  may  be  subsequently  imposed,  is  to  have  a  maximum 
or  minimum  curved  area. 


V 


Here  K-^/l+p«+g^  X^Y^Z^O,  P=-  ,  Q^  ,        .     . 

The  equation  ir=0  gives  -j—  +  -^-'^=0, 


=  0,  I.e. 


V 


(l4-l)»+9»)*    (1+P'+?')*    (1+f'+5*)^    (1+1>»+^* 

or  (l4-j>5)t-2^«+(l+g»)r=0. 

This  is  a  second  order  partial  differential  equation  to  determine  i  as 
a  function  of  x  and  y.  Without  proceeding  to  its  solution,  it  will  be 
noticed  that  since  the  equation  giving  the  principal  radii  of  curvature 
at  any  point  of  a  surface  ^=/(jr,  y)  is 

(r<-»«)/B«-v/l+j.>*4-9M(l+i>*)'-2;>9«  +  (l+«/')r}p  +  O+/>*+^')*=0. 
this  equation  reduces  for  such  surfaces  as  we  are  searching  for  to 

^J=(l4-/?>+9«)V(*2-rO. 
llie  roots  are  equal  and  of  opposite  sign.     And  if  Pxt  9i  ^  ^^  ivM^ 

p, +  /9,=0,  or  what  is  the  same  thing,  — H — =0,  t.e.  the  sum  of  tbe 

piincipal  cuinratures  is  zero,  and  the  surface  is  an  anticlastic  one  with 
this  peculiarity.  Moreover,  this  is  the  condition  of  equilibrium  (tlable 
or  unstable)  of  possible  shapes  of  soap-bubble  films  with  equal  preararv 
on  opposite  sides  of  the  film.     For  the  hydrostatic  equation  for  that 

difference  of  pressure  is  p=-H — ;,  where  r  is  the  surface  tension.    And 

it  will  be  recalled  that  a  number  of  known  surfaces  satisfy  this  conditioa 
and  are  possible  forms  for  soap-bubble  films,  e.g.  the  catenoid  formed  bf 
the  revolution  of  a  catenary  about  its  directrix  ;  and  this  is  ihe  00I7 
possible  form  if  it  is  to  be  also  a  surface  of  revolution.  The  belicoidil 
surface  and  the  surfaces  e*  =  cos^  sec  x,  sin  z  =  sinh  x  sinb  y  are  shows  bf 
CSatalan  to  satisfy  the  same  differential  equation  (JawmaX  de  fifi^ 
Poiytechnique,  1856).  See  Besant,  Hydromech.y  p.  217,  wbo  refers  to 
Darboux,  Thiorie  OhUtale  de  Surfaces^  T.  i.,  Liv.  iii.,  for  a  full  discuanoa 
3f  minima  surfaces. 

Since  the  Potential  Energy  of  a  soap-bubble  film  is  IrdSy  where rii 

the  surface  tension  and  a  constant,  it  will  be  evident  that  if  the  poteit>l 
energy  is  to  be  a  minimum  the  surface  is  to  be  a  minimum. 


-T^^P^Bl^^  I^^H 
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If  the  pressure  on  opposite  sides  of  the  film  be  not  the  same,  we  have 

1  1  4) 

-H — >»-,  and  the  mean  curvature  is  constant  but  not  in  this  case  zero. 
p     p      T* 

1560.  If  the  boundary  is  to  be  on  the  surface  <f>(x^  y,  2)=0,  the  equation 
(V-'Pp-Qq)4>,=P<t>»-^Q<t>,  of  Art  1657  (iii)  gives  <^,=j>^j,+9^  indicat- 
ing that  the  minimum  surface  is  to  cut  <^(jr,  y,  z)  =  0  orthogonally  at  all 
pointM  of  the  bounding  curve. 

1561.  Let  us  next  find  the  conditions  that  must  hold  when,  for  a 

given  volume  expressed  by  I  I  zdx dy^  we  have  a  surface  of  maximum  or 
minimum  area. 

We  are  then  to  make    i  \{\l\  ■\-p'^-\-q^-\-Xz)dx  dy  an    unconditional 

maximum  or  minimum.    Here 

and  JTsZ--?^^ T^'^^  giv®«»  similarly  to  the  work  in  the  last  case, 


so  that  in  this  case  we  have  — I — »A,  a  constant,  which  is  the  case  of 

Pi    Pi 
3oap-bubble  films  in  equilibrium,  with  a  constant  difference  of  pressure 

on  opposite  sides,  such  as  might  be  maintained  by  closing  the  ends  in 

the  case  of  a  film  in  the  form  of  a  surface  of  revolution  and  maintaining 

a  constant  air  pressure  in  the  interior,  so  that,  provided  the  temperature 

remains  constant,  the  volume  also  remains  constant. 

It  may  l>e  noted  that  a  sphere  and  a  right  circular  cylinder  are  surfaces 

«rhich  satisfy  this  differential  equation,  but  that  neither  of  them  satisfy 

that  of  Art.  1559. 

1562.  Case  of  a  Surface  of  Bevolntion. 

This  case  may  be  discussed  in  an  elementary  way  by  making  f  2vyds 

a  minimum  whilst  /  ffy^dx  is  constant ;  i.e.  5  /(ys/l +y'*+Ay')rfjr=0. 

Here  K-yv^n7'*  +  V,     -X:=0,     Y.^yy'jslvV^, 

whenceyN/n^'*4- V==y^''Vv^r+7'«4-C'  or  ylyfU^^C-Xy^. 

One  of  the  radii  of  curvature  (p')  of  the  surface  is  equal  (in  magnitude) 

to  the  normal  (n)=y>/l-f^'*.    Thus,  -  =  -  -A. 

n    y* 

For  the  other,  we  have 

dx    C     .        d^x        fC  ,  .\du 

-  1         d*x  Idy     C     , 

p        dtrl  da    y*       ' 
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whence =2A;    and  if  p'  be  measured  in  the  same  direction  as  p^ 

P    *       11 
p'=»  —  n,  so  that  — I — >s2A= const. ;  the  same  result  as  before. 

9    9 


Fig.  460. 

1563.  It  18  convenient  in  many  cases  to  chooee  a  less 
general  variation. 

Let  us  take  ^x  and  ^y  both  zero,  but  vary  z  and  the  partial 
differential  coeflScients  of  z.     We  shall  then  have 

With  this  variation  the  limiting  terms  [H],  when  r,  8,  i  BXt 
absent,  reduce  to 

[H]=[Jfo(pg-eg)Ar]     (Art  1556); 

and  for  the  very  important  case  frequently  occurring  in 
geometrical  applications,  in  which  the  region  to  be  considered 
is  bounded  by  a  fixed  closed  curve  in  the  plane  of  x-y,  we 
have  ^2=0  at  every  point  of  the  bounding  curve,  so  that  [H] 
vanishes  identically. 

The  partial  differential  equation  K=0  will,  when  solved, 
usually  give  z  as  a  functional  form  containing  x  and  y,  and, 
in  the  case  cited  of  a  fixed  boundary,  the  functional  fom 
occurring  in  the  solution  will  have  to  be  so  chosen  that  tbe 
surface  obtained  passes  through  the  bounding  curve. 

1G64.   Ex.  Find  lohether  a  developable  atar/aee  can  be  found  which  yum 

ihrough  the  eirele  z^O,  a;*+y'— a*,  and  for  which  j  /  Vf+p* +g*(2ar  dykef 
Miaiionary  ffohte. 
The  partial  differential  equation  to  be  satisfied  is 

(1 +!>*)<- 2i)5f«+(l+g*)r=0. 
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If  the  surface  is  to  be  developable,  we  must  take  g^f(p)* 
Thin  will  give  [1  +  {/(p)}«]  -  3pAp)r(P) + (1  +r^ir(p))*=0, 

<•«•    {/[l»)-sr(j»)}'--l-{/'(p)l'    or  /(p)=Rr(l))+V-l -{/-(!))>•, 
which  is  of  Clairaut's  form  (see  I.C.  for  Beginn^ta^  p.   230^  ^ith  a 
8>ljtioD/(|»)»^|>+>/-l-il»,  t.e.  Ap-q^  -V-l-il«. 

Applying  Lagrange's  method  to  this  (Forsyth,  Z).  ^g.,  Art.  184), 

dx^  rfy dt  . 

whence  x-\-Ay^B^    »-y'\/-l--4*=<^(5), 

f.e.  z^jfy/  - 1  -  il*+  ^(x+  ^y)  is  the  functional  solution  sought. 

If  we  take  <^  to  be  zero  and  il  to  be  n/  -  1,  we  have  a  solution  of  our 
problem,  viz.  z^O,  The  circular  disc  bounded  hyj^-^y^^a*  is  the  develop- 
able surface  which  has  a  minimum  area,  and  the  principal  curvatures 
of  the  plane  surface  are  both  zero,  so  that  all  the  conditions  are  satisfied. 

1565.  Consider  the  stationary  value  of  1 1  UdS,  where  dS  is  an 

element  of  the  sutface  represented  by  a  supposititious  rdalion  be- 
tween  x,  y  and  z,  and  suppose  that  there  is  an  accompanying 

condition  that  \\Wdxdy=ia,  taking  V  and  W  to  be  functions  of 
Xy  y,  z  alone. 

Here       V^UyfuyT^-k-kW,    Z=^Vl+p*+g»+X^, 

-^i+p'+g*  Vl+p«+g* 

'^^    V5^     '^   /(l+pi+gj)i        (i+p2+gJ)i        (i+ps+g«)r 


~3y"    \^     ^   /(I 


—2 .  +  t7 '- r-U     g(l^+g^>-. 

+P»+g^*      (i+p*+«*)*      (i+j>'+5')* 

Hence  K^Z--^ =5-^*=0  becomes 

ox       oy 

=  C^[(l +!>«)<- 2|ig»+(l +g»)r]  ; 
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If  ^,  f»i,  n  be  the  direction  coeines  of  the  normal  to  the  aupposititaoiis 
surface  2  =:4>(x,yX  say,  viz.  (f -x)/(-|>)«(iy-y)/(-g)»(-f, 

1 


l^ 


-P 


m< 


-g 


««• 


and 


acr  .      dU  .    dU\  .  A  BIT 


dU 


^S+^'W"^"^)"^?^"^' 


Pi     Pi     ^\ 
and  when  i  /  UdS  is  unconditionally  stationary, 


Pi    ft     t'V 


l-^  +  m 


^ 


If  the  surface  in  either  case  is  to  terminate  in  a  Hue  ou  any  sarfMe 
^(ar,y,  ^)=0,  the  bounding  condition  (  V-  /^-  Oj)^g*»iV«+ Wf  l>«oiii«i 

and  in  the  unconditional  case  l>^s+gv^y-  ^s=0,  and  the  surfaces  then  cat 
orthogonally  at  each  point  of  such  bounding  line  or  lines. 

1566.  A  Method  of  Discrimination  when  the  Limits  are  fixed. 

If  we  consider  the  case  of  fixed  limits  of  integration  for  such  an  integral 

as  »=  j  j>/\T^T^dxdy,  say  from  y=yo  to  y=yi»  »nd  from  x»X|  to 

x^Xif  the  discrimination  between  maxima  and  minima  may  be  conducted 
as  follows,  taking  such  a  variation  as  described  in  Art  1563. 

Suppose  s  becomes  2+&  and  p,  q  respectively  j7  +  5p  and  q+Sq.  Ttei 
V  becomes  n/1 +(p  +  5p)*+(g  +  5g)*.  This  we  must  expand  to  terms  of 
the  second  order,  and  we  have 

H-dl-Vl+p^  +  ^Ll  +  g  l+p^  +  q^  8    (1 +>«+«*)*        J' 


.    g|r^  pSp-fggg    ^Bp^  +  8q^  +  (pSq-q^)^ 
(\+pi  +  qi)^  2(l+p2  +  g3)i 


dxdi/. 


Hence  the  second  order  variation  in  St^  is 

1  f  f8p^  +  8q^  +  {p8q-q8p)* 

which  being  essentially  positive  for  all  variations,  the  solution  of  Art  1M9 
gives  a  true  mintmum  solution. 


1567.  Taking  the  case  of  Art.  1561,  the  second  oider  terms  in  J Tut 
tliose  in  \/l+{p  +  8p)^  +  {q-^8qy-{-X{z^!k),  i.e.  the  same  as  theabore,aad 
are  essentially  positive.  We  therefore  find  a  true  minimum  in  thiiMK 
also.  We  turn,  however,  to  a  more  detailed  consideration  of  the 
order  terniB  in  the  general  case. 


immmmmi^  I  Vidl  m  ■^<th^— JWfcMMiF— - .<---  • 
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1568.  Cnlyerwell's  Method  of  DiBcriminatioii  between  MaTlina 
and  Minima  Values.     Beconsideration  of  the  VariationB  to  be  given. 

In  estimating  the  variation  of 

Vdx,    where  F=0{a;,  y,  y\  y", ...  y<»)}, 

we  have  so  far  given  to  eacli  letter,  inclusive  of  x,  an  arbitrary 
change,  so  that  the  point  x,  y  is  displaced  to  x+Sx,  y+^y; 
and  the  direction  of  the  path,  its  curvature  and  higher  order 
peculiarities,  indicated  by  y\  y"  and  higher  order  differential 
coefficients,  have  also  undergone  arbitrary  variations  and 
become  y'+Sy\  y'+Sy",  etc. 

Many  writers  prefer  to  keep  x  unaltered,  and  to  vary  y  and 
its  differential  coefficients  alone  (see  Art.  1563). 

Ck)nsiderable  simplification  results  in  taking  &d  to  be  zero. 
For  then  we  have  «=^y,  (a=Sy\  w"=Sy\  etc.,  instead  of  the 
more  cumbrous  expressions  8y—i/Sx,  SfZ—y'^Sx,  ^y"— y'"&c,  etc., 
for  which  they  respectively  stand.  But  there  is  this  dis- 
advantage, that  when  in  an  investigation  8x  has  once  been 
taken  to  be  zero  it  cannot  be  restored  at  a  later  stage,  whilst 
if  we  retain  the  variation  of  x  from  the  beginning  we  can  at 
any  time  make  it  zero.  And  in  dealing  with  the  terminal 
conditions,  these  terminals  are  not  in  general  compelled  to 
move  upon  lines  parallel  to  they- axis,  but  may  lie  on  specific 
curves  in  which  Sx  necessarily  varies  with  8y,  and  it  has 
therefore  been  so  far  convenient  to  retain  command  of  the 
variation  of  a;  as  well  as  over  those  of  the  other  letters. 

1569.  To  make  Sx=0  throughout  clearly  means  that  the 
deformation  chosen  of  the  hypothetical  curve  which  represents 
a  relation  between  y  and  x,  is  one  which  is  obtained  by  an 
arbitrary  point  to  point  variation  of  each  ordinate.  That  is, 
each  point  is  displaced  parallel  to  the  y-axis,  through  an 
arbitrary  small  distance  with  consequent  alterations  in  the 
values  of  the  differential  coefficients  of  y,  which  depend  upon 
the  particular  variations  arbitrarily  assigned  from  point  to 
point  to  the  ordinates.  That  is,  taking  y=x{x)  to  be  a 
supposititious  relation  between  x  and  y,  which  we  are  to  test 
as   to  the   possibility   of   its  giving  a  stationary   value  to 

I  Vdx  between  the  limits  x=:Xq  and  a?=^a^,  then  y=x(*)+€6(^)» 
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where  e  is  an  infiniiesimal  constant  not  containing  Xy  and  0{x) 
is  an  arbitrary  function  of  x  understood  to  be  finite  for  the 
whole  range  of  integration,  would  be  the  equation  of  a 
contiguous  curve  to  ^=x(^)>  <^^  ^^^^  ^^^  ^^®  variation 
of  y  at  any  point  is  6y=€6(x),  We  shall  write  x  ^^^  6  for 
x(x)  and  6(x)  respectively  for  short;  and  we  shall  take  0  to 
have  been  chosen  so  that  neither  it  nor  any  of  its  differential 
coeflScients  up  to  the  (n—  1)^  becomes  infinite  or  discontinuous, 
but  that  they  each  remain  either  zero  or  finite  throughout  the 
whole  range  of  integration.  Then  as  €  is  taken  independent  of  x; 
Sy'^tff,  8y'=eff\  Sy'"=S'\  ...  ^y<-i)=c0<»-»)  and  <y<«)=€flw. 
But  with  regard  to  the  last  of  these,  viz.  €d^*>,  we  reserve 
to  ourselves  the  right  to  make  an  abrupt  change  in  the  value 
we  choose  for  it,  provided  such  change  be  from  one  finite 
value  to  another  finite  value.  With  this  supposition  all  the 
differentiations  performed  are  valid  operations,  all  the  functions 
differentiated  being  finite  and  continuous  real  functions  of  f 
between  the  limits  of  the  integration. 

1570.  With  such  a  system  of  increments,  V  is  changed  to 

V+SV=il>{x,  y+cft  y'+e^',  y"+er.  ...  f^^)+^^); 

and  assuming  F  to  be  such  that  we  may  use  Taylor's  Theorem, 
we  have  jb  ^8 

where  A=e|-+e';^.+  ...  +  0<*>^,and^/eisthe"Remaindor" 
dy       cy  oy^"'         6\ 

after  three  terms.     This  expansion  involves  the  assumption 

that  all  the  Partial  Differential  CoeflScients  of  F  of  the  fini 

and  second  orders  with  regard  to  y,  y\  y'\  ...  y<*>  are  finite 

and  continuous  functions  for  values  of  y,  y\  etc,  within  the 

ranges  from  y,  y\  etc.,  respectively  to  y+S,  y+^ff^  etc,  for 

all  values  of  x  which  He  within  the  limits  of  integration  of 

the  integral  VVdx,  i.e.  from  05^  to  Xj. 

Now  x  being  taken  as  not  subject  to  variation,  we  have 

S^Vdx=^SVdx=e^{AV)dx+'^j{AW)dx+'^^^^ 

and  by  taking  c  suflSciently  small  each  of  the  terms  on  tiie 
right-hand  side  may  be  made  greater  than  the  sum  of  all  tli«t 
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follow  it  Hence,  so  long  a8  |(AF)c2a;  does  not  vanish,  the  sign 
of  S  I  Vdx  can  be  made  to  change  by  changing  the  sign  of  e. 
Therefore  the  primary  condition  for  a  maximum  or  a  minimum 
value  is  that  |(A7)c?a;  should  vanish,  the  limits  being  the 
same  as  those  of  the  integral  I  Vdx. 

Now      AF^(e|+e'|+r^,+...+ec->^,). 

where  6  itself  is  arbitrary.    And  this  will  be  recognised  as 
what    the    expression     Fw+F^w'+F^^ «"+...    of    Art.    1495 
becomes  upon  putting  &d=0  therein. 
By  integration  by  parts,  as  in  Art.  1496, 

the  term  VSx  not  now  appearing  in  the  limit  terms,  as  Sx=0, 

Now  let  us  take  one  variation  between  the  two  points 
(Xq,  y^)  and  (x^ ,  y^)  to  be  such  that  at  each  terminal  the  values 
of  X,  y,  y\  y'\  ...  y<''-')  are  the  same  for  the  varied  curve 
y=X+€d  as  for  the  supposititious  curve  y=x  itself  That  is, 
suppose  the  two  curves  to  have  contact  of  the  (ti—l)***  order 
at  the  terminals.  Then  Sy,  Sy\  ...  ^y<""'>  all  vanish  at  the 
terminals,  and  therefore  also d,  ff»  ff\,..  0<'*-i)  all  vanish  at  the 
terminals. 

Therefore,  with  this  variation  |(AF)fix=  I YO dx,  and  0  being 

arbitrary  from  point  to  point  along  the  path  of  integration, 

we  must  have  y=-0  as  a  necessary  condition  that  |(A7)(/a; 

should  vanish.  This  is  the  differential  equation  before  obtained, 
and  its  solution  has  been  seen  to  be  of  the  form 

y=F(x,  q,  Cj,  ...  CjJ,    or  shortly,  y=F,  say, 

in  which  we  may  suppose  that  the  several  constants  occurring 
have  been  found  as  heretofore  explained  by  aid  of  the  terminal 
conditions  existing,  and  their  values  inserted.     This  relation 

is  that  for  which  the  integral  I  Vdx  assumes  a  stationary  value, 

and  the  graph  is  called  a  stationary  curve.    This  value  of  y 
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and  those  of  ita  differeDtial  coefficieato  may  now  be  aubeiitiit«il 
inF. 

1571.  The  variation  of  the  integral  now  reduces  to 

in  which  we  are  to  consider  a  variation  ,^-&ni  the  ^alionary 
curve,  the  supposititious  curve  y=xl^)  having  been  discovered 
to  be  of  the  now  known  form  y=F. 

As  before,  it   we  take  e  sufficiently  small   the  sign  of 

icz  I   (^*V)dx  governs  the  sign  of  the  right-hand  side  of  the 

equation,  so  that  the  variation  S  I    Vdz  is  positive  or  negative 

according  as   I    (£t,*V)dx  is    positive    or    negative    for   all 

sufficiently  small  values  of  e  of  whatever  sign. 

Therefore  if  I    (A'F)dx  be  positive,  I    Vdx  ia  increased  by 

such  a  variation  from  the  stationary  curve,  and  if  negative, 
decreased.    It   follows,  therefore,  that  the  stationary  curve 

y=F  gives  a  maximum  or  a  minimum  value  to  |  Vdt 
(I,  J* 

according  as  I  {AW)dx  is  negative  or  positive.  We  tiierefore 
■''•  f«i 

have  to  examine  the  second  order  terms  I   {A-V)dx. 

1572.  In  the  following  examination  of  the  second  oider 
tenna,  wo  shall  follow  the  method  given  by  Mr.  E  P. 
Culverwell  in  Vol.  XXIII.  of  the  Pvoc.  of  the  Land.  MaA. 
Soc.,  1892.  It  ifi  only  possible  to  give  here  a  very  abridged 
account  of  the  results  arrived  at  in  Mr.  Culverwell's  researches, 
and  his  paper  should  be  read  carefully  by  the  advancect 
student.  Various  modifications  of  his  notation  and  pTt)cediut 
are  uecesaarily  adopted  here  to  bring  the  discusaion  into  Iim 
with  previous  work,  but  the  main  course  of  hia  work  is 
adhered  to. 

1573.  Such  a  variation  of  a  path  y^=x  between  two  speciric 
terminals  P  and  Q,  as  has  beea^scribed  in  Art.  1570,  havinf 
contact  of  the  (n— l)"*  order.^Hl  y=;f  at  the  tertniiwk,  « 

J^t  "-  '^-'^'j-mf — "-.^Bttf--'  at  Q,  is  said  to  U* 
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"  fixed  limit "  variation,  and  is  a  legitimate  variation,  provided 
the  conditions  for  the  existence  and  continuity  of  the  several 
differential  coefficients  and  the  validity  of  Taylor's  Theorem 
are  not  violated. 

1574.  "  Short  Bangs  "  Variation. 

Let  APCQB  be  any  path  y=x,  and  let  PCQ  be  a  "fixed 
limit"  variation  of  the  portion  PCQ,  Let  the  abscissae  of 
P  and  Q  he  ^Q  and  (^  respectively  (^i  >  ^g).  and  let  ^  be  the 
abscissa  of  an  intermediate  point  C  on  the  arc  PCQ.    Then 

^  0('>)(x)(fe=[e(p-»>(x)L  =e(''-i)(^)-_0(p-i)(^^)_0(p-i)(^), 

where  n  <t  p  >  0,  for  by  the  condition  of  Art.  1573, 0^^'^Hio)=^' 

If  then  the  greatest  numerical 
value  of  d^^\x)  in  the  range  ^o  ^  ^ 
be  called  p,  which  is  by  supposition 
finite,  we  have  e^'^^WXi-Qp* 
and  therefore  >(ii—io)py  and  if 
we  take  a  very  ahoH  range  from  P 
to  Q,  ii—io  may  be  made  as  small 
as  we  please.  Hence  the  numerical  value  of  each  of  the 
quantities  d,  &,  ff\  ...  fl<'*"^\  0^"^  may  in  such  short  range  be 
regarded  as  indefinitely  small  in  comparison  with  the  next 
in  order.  Therefore  d,  0',  &\  ...  ^('•-i)  are  all  negligible  in 
comparison  with  the  last  variation  fl^")  for  a  "short  fixed 
limit"  variation. 

Now  A«F=(0|j+d'^.+  ...  +  e<">3^,)V,  and  for  such  a 


variation  reduces  to  (fl<*»>)^ 


^y^ 


3«F 


3(2/(»))^- 
Hence  for  this  short  variation, 


4^^^=^J<^%-|^^+.^f^^' 


32F 


and  0^*^  occurs  with  an  even  power,  so  that  if    .  ^^^  ^  dx  retains 
poe  sign  within  these  short  limits  from  P  to  Q,  ^  I  Ydx  is 


itivf  <»  negative  according  as  ^^o^^  ^^  positive  or 
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negative  througliout  that  range  wlien  e  is  taken  safficienl 
small. 

Now,  considering  the  finite  range  from  x=z^  to  x=fl^,t 

integral  I    Vdx  could  not  have  a  maximnm  for  this  range  unk 

gr-^jix  remained  negative  throughatU  the  whole  range  frc 

x=x>  x=x..  nor  a  minimum  unless  ^  &  remained  pa 

tive  throtvgliout  the  same  range.  For  suppose  that  there  be 
small  portion  of  the  rauge  from  a;^  to  a^,  say  from  (^  to  fj, 

which       ^^^  g  dx  has  ceased  to  be  negative  and  become  positii 

We  could  then  take  a  *'  short  range  fixed  limit "  variatioD  fro 
P  where  a5=^o»  ^  Q  where  a:=^i,  without  any  variation  at  i 
for  other  parts  of  the  stationary  curve  from  a;^  to  2^.  Th* 
for  this  short  range  variation, 

and  for  the  rest  of  the  range  from  x^  to  X|  there  is  no  variatioi 
therefore  6      Vdx  for  the  whole  range  is  positive  for  suck 

variation,  and  the  condition  for  a  maximum  is  that  it  sha 

3*7 
be  negative.     Hence,  unless  gTjT^op^^  retains  a  negative  sdjj 

for  the  whole  range  from  a;^  to  Xp  a  maximum   value  i 

I    Vdx  cannot  occur.    Similarly  a  minimum  could  not  occur 

3*7 
^77Jii)vi^*  starting  with  a  pasitive  value,  became  negative  f< 

part  of  th(}  range. 

Hence,  supposing  that  in  the  whole  range  from  A{x=x^  1 
B(x  =  Xi),  X  increasing  throughout,  there  is  no  point  at  wkif 

(A* 7) (fa  vanisJies,  small  short  range  variations  such  as  thj 

just  described  from  the  point  P  to  the  point  Q  upon  it  ca 

3^7 
to  be  made,  and  if  in  each  of  these  ■  .  .  ,^^  dx  retain 

sign,  I    Vdx  will  have  a  maximum  or  a  minimui 
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value  according  as  that  sign  is  negative  or  positive,  remaining 
80  throughout  the  wliole  range  of  integration. 

1575.  It  will  be  noted  that  in  the  above  statement  we  have 

327 
written        ^^^  ^  dx,  including  the  cf x  as  a  factor,  because  if  in 

the  case  when  in  travelling  from  il  to  £  we  pass  a  point  C 
at  which  the  tangent  to  the  path  is  parallel  to  the  2^-axis,  and 
X  increases  up  to  a  certain  amount,  viz.  the  abscissa  of  C,  and 

then  decreases  on  approaching  B,  dx  itself  in  such  cases  changes 

3«7 
sign.     Hence  also  in  such  cases  _ .  /,,.^  must  for  a  maximum 

or  minimum  also  change  sign  at  C  in  order  to  preserve  an 

3«7 
invariable  sign  in        .  ^  ^  dx  throughout  the  path. 

We  have  now  to  consider  the  stipulation  that  there  shall  be 
no  point  between  A  and  B,  say  with  abadssa  X,  at  which 


r 


AWdx  vaniaJiea, 


Fig.  452. 


Fig.  4&3. 


1576.  Goxdngate  Points  on  a  stationary  Onnre. 

LfCt  A,Qhe  two  points  on  a  stationary  path  ACQB. 

Then,  if  Q  be  the  first  point  along  the  arc  for  which  it  is 
possible  to  draw  a  contiguous  fixed  limit  variation  ACQ,  which 
is  itself  also  stationary,  the  points  A,  Q  are  said  to  be  '  conjugate ' 
to  each  other. 

If  both  paths  be  stationary,  we  must  have  ^J7cfcc=0  to  the 

first  order  along  each,  and  therefore  each  must  be  a  solution 
of  the  same  differential  equation  r=0.  Therefore,  if  the 
curve  ACQ  have  the  equation  y=F{x,  c^,  c,, ...  c^),  the  varia- 
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tioii  ACQ  must  have  an  equation  of  the  same  form,  and  the 
corresponding  ordinate  may  be  written 


so  that 


..,^?y 


Sy 


3y 


^ 


dc^ 


^^i+^^i+"'+^£r^^' 


3c. 


Be 


Sn 


Differentiating  this  (n—1)  times  with  regard  to  n. 


3Ci 


3c, 


s 


^2n 


^y''~"=^^^+ 


etc., 


Now  <Jy,  ^y', ...  ^y<«-*>  are  to  vanish  at  A{x^,  y^)  and  also  at 
Q(x,  y).  Hence  we  obtain  by  elimination  of  Sc^,  Se^, ...  &J^ 
between  the  2n  equations  arising,  a  determinant  with  2fi 
rows  and  columns,  viz. 


^ 
^,' 


9y 
ST,' 


/9y-n\      /3y<"-u\        /3y»-^>\ 
\  3ci   /,'    \   3c'j  A' "A  3ct«  /• 


=0, 


in  which  the  first  n  rows,      without  suffix,  denote  the  values  at  Q^  {^s\ 
and  the  second  n  rows,  with  suffix  «,   denote  the  values  at  A^  (JEttJn)- 

1*his  equation  determines  x  in  terms  of  Xq,  That  is,  it  gives 
the  various  points  Q  on  the  first  stationary  curve  ACQS, 
starting  from  A,  to  which  it  is  possible  to  draw  a  contiguous 
fixed  limit  curve  ACQ,  which  is  also  stationary.  And  the 
first  of  the  points  Q  which  satisfies  this  condition  is  the  point 
conjugate  to  A. 

1577.  Now  let  a  point  P  (abscissa  X)  travel  along  the 
curve  AB  from  A{Xq,  y^)  towards  Bix^,  i/i).  the  curve  being  a 

stationary  one  for  \Vdx.     Then  we  have  seen  that  for  this 

curve  to  give  a  maximum  value  to  the  integral,  it  is  a  primary' 
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necessary  condition  tliat     ,  uht^  should  be  negative  for  all 

values  of  z  from  A  to  B. 

We  shall  show  that  as  P  travels  along  AB^  the  point  con- 
jugate to  il  is  also  the  first  position  of  P  for  which 

Take  a  position  of  P  very  near  A  and  connect  AB  by  a 
"short  range  fixed  limit"  variation  AQPDB  having  contact 


i: 


Fig.  454. 


of  the  (n— ly**  order  with  the  stationary  curve  at  A  and  at  P, 
and  coinciding  with  it  from  P  to  B.     Then,  for  this  variation 


3«F 


and  over  the  short  range  x^  to  X,  A*Fis  replaceable  by       ^^j  j, 

which  is  of  necessity  negative,  and  therefore  within  this  short 

range  I    Vdx  is  decreased  by  the  variation  whatever  be  the 

sign  of  €  when  sufficiently  small.     Therefore     ,  ^^^^  dx  negative 

is  a  sufficient  condition  that  the  stationary  path  should  yield 

value  to  I  Vdx  for  this  short  range. 

Now  let  P  travel  onwards  towards  B.  Then,  A*  V  being  by 
supposition  a  finite  and  continuous  function  of  x,  it  cannot 
change  sign  except  by  passing  through  a  zero  value.  Suppose 
that  A^F,  which  started  from  A&a  €i  negative  quantity,  retains 
that  sign  until  P  arrives  at  a  point  C  on  the  stationary  curve 


a  maxtmum 
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AB,  and  that  at  C,  A'V=0,  and  beyond  C  that  A*V  becomes 

positive.    Then  lA^Fcia;  from  il  to  C  is  a  negative  quantity. 

Suppose  now  that  P  travels  beyond  C  to  a  point  D  such  that 

|A*F^=0  when  the  integration  is  from  A  to  D^  the  positive 

values  of  the  integrand  which  accrue  beyond  C  having  can- 
celled the  aggregate  of  the  negative  values  occurring  before 
arrival  at  C,  Take  a  ''fixed  limit"  variation  connectiDg 
A  and  Z>,  viz.  ARDB,  having  (n— ly**  order  contact  with  the 
stationary  curve  ACDB  at  A  and  at  D,  and  coinciding  with 
it  from  Z>  to  B.     Let  X  be  now  the  abscissa  of  D.     Then 

and  therefore  vanishes  to  the  second  order  of  infinitesimals. 
Hence  to  that  order 

I  Vdz  for  the  fixed  limit  variation  ARDB 

=  I  Vdx  for  the  stationary  path  APDB, 

It  will  follow  that  ARDB  is  itself  also  a  stationary  path 
from  A  to  D. 

For  if  any  short  portion  of  it,  say  LRM,  were  not  of 
stationary  character,  we  could  connect  RM  by  a  stationary 
short-range  fixed  limit  path  LRM,  and  therefore 

f  Vdx  (for  LRM)  >{vdx  (for  LRM) ; 

.-.   \vdx  (for  ALRMDB)  >  f  Vdx  (for  ALRMDB\ 
and  /.  >[vdx  {iov  APDB\ 

and  this  would  necessitate  I  A*  Vdx  becoming  positive  between 

A  and  D,  which  is  contrary  to  the  hypothesis  that  D  is  the 
first  point  for  which  the  integral  ceases  to  be  negative. 
Therefore  the  variation  ALRMD  must  itself  be  a  stationaiy 
curve  between  A  and  Z),  and  D  is  itself  the  point  conjugate 
to  A, 
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Since  I  A^Vdx  is  negative  so  long  as  x  <X,  viz.  the  abscissa 


iince  I 


of  D,  I   Vdx  has  a  maximum  value  along  APD  for  all  values 
of  X  which  are  less  than  X. 

In  the  same  way  I  V  dx  has  a  minimum  value  for  all  values 
of  X  which  are  <X  if  A*F  be  positive  at  starting  from  A. 

1578.  If,  however,  the  conjugate  point  of  A  occurs  before  B 

is  reached,  I    Vdx,  though  stationary,  fciU  have  neither  a  maxi- 

mum  nor  a  minimum,  as  we  shall  now  show. 

Take  a  short-range  fixed  limit  variation  FOH  connecting 
two  points,  F  on  ALRMD,  H  on  DB  having  (n— 1)***  order 
contact  with  these  curves  at  the  terminals  F  and  H.    Suppose 


Fig.  455. 


this  variation  to  have  been  selected  a  stationary  curve.    Then, 
since  by  hypothesis     .  (^Kg^fe  is  negative,  this  variation  gives  a 

maximum  value  for  1 7  dx  for  that  range,  and  therefore 

\vdx  (for  FGH)  >{vdx  (for  FDH), 
Hence  \vdx  (for  ARFGHB)  >\vdx  (for  ARFDB), 
and  therefore  >[  7  (to  (for  APDB). 
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Hence   \Vdx  along  APDB  would  not  have  a  maxifnum 

value;  and  it  could  not  have  a  minimum  value,  for  ^,  i^^dx 
IS  negative. 

Therefore,  if  the  conjugate  point  to  A  lies  between  A  and  B 
the  stationary  path  AB  gives  neither  a  maximum  value  nor  a 

minimum  value  for  I  V  dx  for  that  range. 

We  therefore  have  the  following  test : 

The  sUUionary  path  AB  having  been  determined,  ii  wiU  yidi 

a  maximum  or  a  minimum  value  for  I  V  dx,  according  as     .  i«K>^ 

is  negative  or  positive  from  A  to  B,  provided  there  be  no  poitd 
conjugate  to  A  lying  between  A  and  B.  But  in  case  of  such  point 
being  existent  between  A  and  B  the  stationary  curve  from  A  ioB 
yields  neither  a  maximum  nor  a  Jhinimum. 

In  the  case  when        (»u8<fa  vanishes  at  a  point  between  A 

and  B,  but  does  not  change  sign,  we  could  take  a  short-range 
fixed  limit  variation,  including  the  point  in  question,  vanishing 

to  the  second  order,  and  the  sign  of  s\   Vdx  for  this  varitUim 

depends  on  third-order  terms,  and  unless  these  also  vanish  for 

the  value  of  x  at  the  point,  the  sign  of  S I   Vdx  could  be  made 

to  change  by  changing  the  sign  of  e.  Hence  there  would  be 
neither  a  maximum  nor  a  minimum  for  such  a  variation.    But 

for  other  variations  I  Vdx  has  a  maximum  or  a  minimum  as 
before.  ^^ 

1679.  lUostrative  Examples. 

(i)  Take  the  case  of  the  integral  Uy'ydx  of  Art  1502  (3).     Tojiid  Ou 
point  conjugate  to  the  point  a;,,  y^  on  the  stationary  curve. 

The  stationary  curve  is  y  =  c,  +  CyX + 5-.  c,r* + ^  c^. 

Here  5y  =  &?,+.r&',4-o-,  jr^St^j+^i^r^&Ts,  8y'=8c,+x8c,  +  — jt^&j.  ii»»l 

these  are  to  vanish  at  (tq,  ^o)  and  at  {x,  y).  Hence  the  point  conjugate 
to  (jr,,  yo)  is  given  by 


Sli 


a^ 
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1.     *•      f[-^»      3l-^ 


0,     1, 

It     ^f  I 
0,     1, 


Xp 


1    ,    1    J 


.tr^i 


2! 


X.' 


=0,  that  is  A(4?-JFt)*=0, 
aud  rssj^t  is  the  only 
solution. 


Hence*  in  this  case,  there  is  no  point  on  the  stationary  curve  which  is 
conjugate  to  any  other. 

We  also  have  F=siy'''  and  ^^-i;^—2,  which,  being  positive,  the  stationary 

curve  gives  a  true  minimum  value  to  jy^dj:  for  any  selected  portion 
of  the  curve. 

(ii)  In  Ex,  1  of  Art.  1502,  viz,  the  ahoritst  distance  between  two  points^ 
F=N/iT7^  ^s^'J,,   ^  =  ^,-^1^= L_     and  is  essentially 

positive.  And  there  is  obviously  no  point  conjugate  to  any  other  on  the 
locus  y=c^+CiX,  which  is  the  solution  of  AF^O.  The  solution  arrived 
at  is  therefore  a  true  minimum  solution,  as  is  obvious  of  course  from  the 
nature  of  the  case. 

1580.   The  Gase  of  two  or  more  Dependent  Variables. 
Resuming  the  discusAion  in  Art.  1508  for  the  case 


I         2|   ZfZf»**Z        J 


and  taking  €i0,  6^0  as  the  fundamental  variations  of  y  and  z, 
we  have,  upon  putting  <Ja?=0, 

fi==Sy=€^e,     n=fiff»    n-=^x&'  etc.. 
f=<Jz=^e20,     r=«2^'»     f"=€j0"etc, 


and  taking  a^ =0^,+^' £,+  ... +^<"»  ^. 


and  the  general  forms  of  y  and  z  are  determinable  from  the 
differential  equations  y=0  and  Z=0,  and  the  constants 
involved  obtainable  from  [^]=0  as  before  explained.     And 


SBse 
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the  same  theorems  hold  as  in  the  case  of  one  independent 
variable.  But  the  second-order  variation  will  in  its  highest 
differential  coefficients  become 

in  which  the  integrand  is  of  the  form 

and,  as  in  D.  C,  Art.  497,  the  condition  for  an  invariable  sign 
is  that  rt—8*  shall  be  positive,  and  the  sign  in  question  will 
be  that  of  r  or  of  <,  for  since  f<— «*  is  to  be  positive,  r  and  t  must 
have  the  same  sign. 

Thus  it  will  be  essential  that  ^|^  -  ^^,-  {^^^  ^.>) 

shall  be  positive,  and  for  a  maximum  we  must  have  ^rrfSd 
negative,  and  for  a  minimum,  positive. 

I08I.  The  case  rt =8^  in  general  necessitates  an  examination 
of  the  terms  of  (ciAi+ejAJ'F,  which  contain  lower  order 
differentials.  This  case  is  discussed  by  Mr.  Culverwell  in  the 
paper  cited  above,  to  which  the  reader  is  referred. 

The  method  employed  in  the  last  article  is  clearly  applicable 
if  there  be  more  dependent  variables  than  two.  Following 
the  same  met&od  as  before,  the  second-order  variation  takes  a 
form  similar  to  that  discussed  in  Art.  502,  Diff.  Cole.,  with  an 
exactly  similar  result. 

1582.   Belative  Maxima  and  Minima. 

It  has  been  explained  that  when  we  are  to  search  for  the 

maximum   or  minimum  value  of  v=|Fd!x,  with  condition 

«;=  I  Wdx=  a  given  constant,  say  a,  we  are  to  treat  |(F+Xlf)<^ 

as  an  unconditional  maximum  or  minimum,  and  we  get 

S{v+\w)^8\(V+\W)dx={{SV+\SW)dx 
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and  with  the  same  precautions  as  before  with  regard  to  choice 
of  legitimate  variations  which  will  not  violate  conditions  of 
continuity  in  the  several  differential  coefficients,  and  which 
will  ensure  the  validity  of  Taylor's  expansion,  the  terms  of 
first  order  having  been  made  to  vanish  as  a  primary  condition 

for  a  maximum  or  minimum,  we  have  |(AF+X  ATf  )&— 0,  an 

equation  already  arrived  at  in  Art.  1504;  and  then 

and  the  terms  of  the  highest  order  in  the  integrand  A*F+XA*fF 
are  all  we  require  in  the  discrimination  between  maxima  and 

minima.     'Jliese  terms  are  ^,  i»u«+X^,  i^w^,  and  for  a  maxi- 

mum  this  expression  must  be  negative  throughout  the  whole 
range  of  integration,  and  for  a  minimum,  positive.  In  case  of 
the  existence  of  a  point  conjugate  to  (x^,  y^),  such  as  Z)  of  Art. 
1577  on  the  stationary  path,  with  abscissa  X,  lying  between 
the   limits  of  integration,  the    variations  chosen  must   be 

such  as  to  make  ^1    Wdx  zero.     For  (see  Fig.  455)  beyond  the 

point  D  the  variation  ^1    Wdx   has   been    taken  as  zero. 

Therefore  JC  must  be  such  that  I    Wdx  along  the  stationary 

fixed  limit  variation  ALRD  has  the  same  value  as  I    Wdx 

along  the  original  stationary  curve  APCDB,  for  which  in 
general  the  value  of  X  is  different. 

The  equation  to  find  the  position  of  the  conjugate  point  is 
therefore  modified  by  the  introduction  of  X. 

The  equation  of  the  stationary  path  is  now  of  the  form 
y==^(x,  X,  Cj,  Cg, ...  Cg^).  If,  upon  substitution  of  this  value  of 
y  and  its  several  differential  coefficients  we  get 

117=1    Wdx^.F{x^,x^,\,c^,c^,,..c^)^a, 

upon  variation  of  the  constants  we  get  the  additional  equation 

and   the   equations   arising  from   the   vanishing  of  6y,  Sy\ 
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6y", ...  iJy^""*^  at  (xq.  y©)  ^^^  ^^  ^^  conjugate,  which  are  now 
altered  by  the  presence  of  X  to 


1^^    +1^- 


f^^c.      +...+^&o^    =0, 


V 


V 


3cj 


^frfX      +^ic,     +^ic,      +...+^6c^    =0. 


3X 


0C|  ^^i 


etc., 


^0-+...+ 


<yc^=0, 


true  at 

•  and  its 
conjugate 

(«.  y)- 


These    2n+l    equations  give,    upon    the    elimination   of 

oX,  oCj,  0^2,  ...  0^2,11 

S.y^  ^^  ^ «^ 

SX*  3ci'  dc,'  3^ 

3y\  3y\  §/^  A¥' 

'ok*  5tf^'  c)(?,*    3csn 


(ax).'      ( 


'dci/9* 


3c, 


\3ci/0* \3<^/«* 


=0. 


/3y0.-i»\      /3y"-»>\       /dy<"->'\         /ay<--»»\ 

dF               dF               dF  dF 

3X*  SiTi  Be,    3^* 

to  determine  the  position  of  a  point  (x,  y)  on  the  stationary 
path  conjugate  to  (x©,  yo)- 

If  such  a  point  occurs  between  the  limits  x=^Xq  and  x=x, 
on  the  stationary  path,  this  path  will  give  neither  a  maximum 
nor  a  minimum. 

1583.  When  F  contains  more  than  one  dependent  variable, 
and  these  dependent  variables  are  connected  by  an  equation 
i=0,  viz.  the  case  discussed  in  Art.  1513,  we  proceed  as  there 
explained  with  the  first-order  variation  to  obtain  the  stationary 
solution.     In  passing  to  the  second-order  variation,  we  have 

^AA\V+XL)dx,     where  A=eA+fA    (Art  1580X 

where  6,0  and  Cg^  are  the  fundamental  variations  of  y  and 
z,  and  €^6^*^\  H^^^^  those  of  y^*»^  and  ^^\     We  shall  suppose 


m  I  -laiiiiiiiiiBinMiiiMiiTiin      i   "  "T  -^'f -TT 


BIBUOGRAPHY.  691 

that  the  orders  of  the  highest  differentials  occurring  in  V  and 
L  are  the  same.  Then  taking  as  before  a  short-range  varia- 
tion, the  variations  6,  ff,  ©",...  ^"-^^  may  be  all  neglected  in 
comparison  with  0^^\  and  ^,  ^',  <p", ...  ^^"-^*  in  comparison 
with  ^H  The  only  terms  of  A*{V+\L)  which  need  be 
retained  are  therefore 

where  ^*^^^*•*  are  not  independent  but  connected  by  the  equation 


SO 


must  retain  the  same  sign  throughout  the  integration  if  a 
maximum  or  a  minimum  is  to  occur ;  and  that  sign  must  be 
negative  for  a  maximum,  positive  for  a  minimum. 

For  details  of  the  case  in  which  the  orders  of  the  highest 
degree  differentials  in  V  and  L  are  not  the  same,  the  reader  is 
referred  to  Mr.  Culverwell's  paper  [p.  252,  L.  Math.  Soc  Proc, 
Vol.  XXIII.]. 
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[Calc.  of  Var.),  Airy  {Math.  Tracts),  Woodhouse  {Isoperimetrieal  ProUenu), 
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PROBLEMS. 

1.  Find  the  stationary  value  of  XVdx,  taken  between  definitely 

fixed  limits,  where  F=  y'^  +  2myy'  +  ny\  and  discuss  its  nature. 

[Lacroix,  CI.,  II.,  p.  721.] 

2.  Mark  out  the  range  of  limits  on  the  parabola  (z  +  a)'->4ry 

between  which  the  integral  I    ^  (-r )    ^^  is  a  maximum,  the  range 

between  which  it  is  a  minimum,  and  the  range  between  which 
it  is  neither.  [Math.  Tbif.,  189a] 

3.  The  integral  I  |/(a;,  y,  2r,  j?,  q)dx  dy  is  found  to  be  stationary 

when  taken  over  the  surface  2r=»<^(j;,  y)\  show,  by  confining  (he 

actual  variation  of  2;  to  a  small  area  on  this  surface,  that  the  variation 

of  the  integral  cannot  always  have  the  same  sign  within  limiti 

specified  by  a  given  curve  through  which  the  surface  must  pass, 

3*/  3*/  9*/ 

unless  ^^'  +  2^— ^8p8j  +  ^6^*  always  retains  the  same  sign 

within  these  limits,  and  deduce  a  criterion  for  discriminating  maxima 
and  minima.  Show  further  that,  for  a  true  maximum  or  minimum, 
it  must  not  be  possible  to  draw  a  consecutive  surface  of  statioiiiiy 
character  which  meets  the  original  one  in  a  closed  curve  within  the 
given  limits.     Are  these  conditions  sufficient  as  well  as  neoeasaiyf 

[Math.  Tbip.,  1800.] 
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CHAPTER  XXXV.     Section  I. 

FORMULAE  OF  LAGRANGE  AND  FOURIER. 

1585.  When  a  material  particle  is  affected  simultaneously 
by  two  harmonic  oscillations,  a^6in{n^t+ai),  a^Qin{n^t+a^), 
of  the  same  period  ^tr/n^,  but  their  amplitudes  a^  and  a,  and 
their  phases  a^  and  a^  being  different,  they  compound  into  a 
single  simple  harmonic  oscillation  A  sin  {nyt+ a)  of  the  same 
period  but  with  amplitude  and  phase  respectively 

'Jai*+  2a,a«  cos  (a, — a«)+  aJ    and     tan"*  -^ ^^. — * ^ ; 

1        --1^       \  1       «/ I  *-2  OjCOSai+ajCOSa, 

and  any  number  of  such  simple  harmonic  motions  may  be 
compounded  in  the  same  way,  provided  they  all  have  the  same 
periodicity. 

Graphically  the  resultant  motion  may  be  represented  by 
constructing  the  graphs  of  the  several  vibrations  on  the  same 
plan  and  forming  a  new  graph  by  the  addition  of  their 
ordinates.  And  this  always  results  in  an  ordinary  "curve 
of  sines." 

1586.  But  if  the  periodicity  of  the  two  or  more  funda- 
mental vibrations  be  different,  as  in 

Oi  sin  {njt+  Oi),     a,  sin  {nj^+ og), 

the  above  analytical  process  of  composition  breaks  down  but 
the  graphical  method  still  holds,  the  resulting  graph,  however, 
no  longer  being  the  simple  curve  of  sines. 

Taking  for  instance  as  a  simple  case  the  graph  of 

jy=8injp-^sin  3j?+jrj8in6j?-=jsin7j?+... , 

where  the  periodicities  of  the  constituent  vibrations  of  y  are  respectively 
Sr/1,  9r/3^  Sr/5,  etc.,  and  their  amplitudes  4/irl',  4/ir3',  4/ir5*,  etc.,  we 
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have,  from  the  fifst  thi-ee  terms  only,  a  figure  shown  for  the  extent  x^O 
to  x^irft  in  Fig.  456.    And  even  for  three  terms  of  the  aeries  it  will  be 


Fig.  486. 

seen  that  the  resultant  graph  is  rapidly  approximating  to  a  broken 
system  of  portions  of  straight  lines  parallel  to  y»x  and  jfs  -x  alter- 
nately, the  breaks  in  the  continuity  occurring  at  i*sir/2,  3r/2,  Sr/i,  etc; 


Fig.  457. 

and  the  more  terms  we  take  the  closer  is  the  approximation  to  thii 
discontinuous  system  of  lines  (Fig.  457). 

1587.  The  Bnilding  up  of  a  Function  for  a  Definite  Range  \tj 
Means  of  Hannonic  Elements. 

Let  us  examine  then  whether  it  be  possible  to  build  up  a  function  of  x 
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y\z,/{.v\  diflooDtinuous  as  regards  its  differential  coefficients  at  rsir/2, 
3r/2,  5ir/2, ...  and  equal  to 

/r  3r\  «  /3ir  6ir\ 

'^-^»U<*<  -2J'        -2r+x,(^-2-<^<^j;6tc 

Lei  us  assume  tentatively  that  it  is  expressible  as  a  uniformly  con- 
vergent  series  of  the  form  /(.r)sat+  £  (apC(MpX'\-bp9inpx),  and  let  us 

attend  to  the  portion  (  -  r  <  4:  <  ir). 
Then  (i)  integrating  from  -  r  to  ir, 

(ii)  Multiply  by  cos  irx,  and  integrate  from  -  ir  to  ir, 
a,!     ccM* pjcdj:=  I      ( -ir-jr)coepLr<ir+ /     xcoapxdx-\-  j    (ir-jp)coe/w:ciar 


sin  px    cos  p.t 


ri 


Ainpx    cosyc 


--[i'+-'i'nf^+^=^J..+L'T'*  f 


].>D 


i. 


.'.   a^ir=0    and     0^=0. 
(iii)  Multiply  by  sinpx,  and  integrate  from  -r  to  r, 

,   r    •  9      J  r     /     .    .coapx    sinpx"!  '     f       cosfwr    siniKry 

[,  cos  tKt    sin  px'Y 


•  •  •      I* 


/.   o^ir=-j8in^  , 
whence  P         ^ 

ei  \     ^^    4.pir.  4/.  lo.l-i.        1 

/W=  2  ^8in^8in/?x=-(8inaf--58m3x  +  ^8in6af-ij||i 

If  we  write  x+2nr  for  x,  each  term  of  the  series  remains  unaltered, 
and  the  result  is  therefore  a  periodic  function  with  periodicity  Sir,  which 
is  in  conformity  with  the  graph  in  Figs.  456  and  457. 

The  series  is  manifestly  convergent  for  all  values  of  x.  Hence  we  have 
expressed  a  discontinuous  function  of  x  which  takes  the  value  ( -  l)"(x— nir) 

from  (2/t-  1)  5  to  (2n  +  l)o>  ^  being  integral,  as  a  series  of  sines  of  odd 

multiples  of  x. 

1588.  Functions  consisting  essentially  of  a  set  of  simple 
harmonic  terms  are  of  constant  occurrence  in  problems  of 
Mechanical  and  Physical  Science,  e.^.  in  the  vibration  of  a  piano 
wire,  the  propagation  of  a  signal  along  an  electric  cable,  in 
problems  on  the  flux  of  heat,  or  in  the  motion  of  a  slide  valve 
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whose  mode  of  travel  is  actuated  by  a  system  of  linkages,  or 
by  a  cam  driven  by  a  uniformly  revolving  shaft  Primarily 
the  nature  of  the  problem  in  such  cases  as  the  latter  is  that 
of  the  resolution  of  a  compound  motion  known  to  be  periodic, 
or  of  the  function  which  expresses  it,  into  its  simple  harmonic 
constituents. 

A  graphical  method  of  procedure  is  sometimes  adopted  in 
the  analysis  of  such  a  given  complex  periodic  vibration  into 
its  simple  harmonic  elements  useful  for  the  practical  engineer. 
Such  methods  may  be  found  described  in  treatises  on  advanced 
practical  mathematics.  The  resolution  may  also  be  performed 
by  mechanical  means.* 

1589,  A  series  of  the  form  Uq-t  S  («pC08jw+6y8in|a) 
may  be  written  as  (io+^Cp&m{px+ap),  where  c^^^a^+h^ 

and  tan  ap=ap/bp,  in  which  we  have  half  as  many  simple 
harmonics  as  before,  but  the  phases  are  different. 

That  a  single-valued  finite  and  continuous  function  is  under 
certain  circumstances,  and  for  a  certain  range  of  the  variable^ 
expressible  by  means  of  such  a  series  is  usually  known  as 
Fourier's  Theorem. 

1590.  Extension  of  the  Bnles  of  Art.  1121. 
Taking  Py  q  and  n  as  integers, 

co% px COB qxdxs:^  I         {cos (p-\-q)x+ COB (p-q)x)dx 

_ll'Bm{p+q)x  .  8in{p-g)xynw^* 

~2L      p+q       +       p-q      1  =^    '^* 

r»+*  .  ,       1  r    Binlp-\-q)x    »in{p-q)x'T^'+* 

coB^pxdx  =2/  (l+coB2px)dx  =iiir, 

f  Bin^pxdx  =2/  {l-coB2px)dx  =iir, 


r 
r 


«+•  1  r2ii»+« 

Binpxco8qxdx  =  Q  j  {sin  {p-¥q)x-\- Bin  (p-q)x)dx 


1  f    cos  {p-^q)x    cos  (jp--g)ag"p»^-f« 
=2L — W+q  P^T^X  =^'   '^'' 

8in^co8jxE(2x=o  /  Bin2pxdx=j-\'-coB2px 

*See  Castle's  Manual  (pages  448-464) ;  Modem  huUruments,  Messrs.  BcU. 
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1391.  We  shall  assume  for  the  present  that  we  are  dealing 
with  a  function  of  x,  f{x),  which  is  single- valued,  real,  finite 
and  continuous  and  integrable  for  a  range  of  real  values  of  x 
from  x=a  to  x=a+2'ir;  or  that  if  f(x)  be  unbounded  as  to 
the  values  of  which  it  is  capable  in  that  range,  that  its 
integral  for  that  range  is  absolutely  convergent  Moreover, 
we  shall  assume  that  f(x)  is  such  that  it  is  possible  to  find  a 

series  of   the    form    AQ+^{ApC08px+BpBinpx)  which    is 

uniformly  convergent,  converging  to  the  value  f{x)  for  each 
value  of  x  within  the  given  range,  and  that  for  such  series 
term  by  term  integration  is  a  possible  operation.  Then  the 
values  of  the  several  coefficients  may  be  found  as  in  the 
particular  case  of  Art.  1587.    For  we  have 

fix)dx=A,^^     dx=27rA,; 

f{x)  cospx  dx=Ap  I       coa^px  dx= irAp ; 

f(x)  Bin  pxdx=Bp  I       %VD}pxdx=TrBp. 

Before  substituting  the  values  of  the  several  coefficients, 
write  (  for  x  in  the  several  integrands. 
Then 

/W = ^  j]'^ /(f )  di+  ^'g  {cos2>a;  £'^'cos2>^/(^)  di 

+ sin  px  J       sin  p$f{$)  dA 

In  the  cases  a=0  and  a=  — -jt,  we  have  respectively 
and 
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If  we  write  ^=y  and  a?=y^,  then  df  =y  di|.  Also  writing 
f{^)^F(^\  then /(^)=/'(y),  and  we  have 

and 

1592.  This  celebrated  theorem  was  given  by  Fourier  in  1822, 
in  his  Tfdorie  Amalytique  de  la  Chaleur.  A  particular  case 
had  been  given  previously  by  Lagrange  (Anciens  M&m,  de 
I* Acad,  de  Turin).    See  Thomson  and  Tait,  Nat.  Phil.,  p.  58. 

We  lack  space  for  a  full  discussion  of  the  many  difficulties 
which  beset  this  theorem  as  to  the  propriety  of  integration 
"  term  by  term/'  as  to  uniform  convergence  of  the  series,  etc , 
but  must  refer  the  reader  to  other  treatises  expressly  dealing 
with  it,  e.g.  Professor  Carslaw's  Introduction  to  the  Theory  of 
Fourier* 8  Series  and  Integrals.  We  only  seek  here  to  present 
to  the  student  a  practical  working  knowledge  of  the  methods 
to  be  adopted. 

1593.  The  Gosine  Series. 

If  f{x)  can  be  expanded  as  a  convergent  series  of  cosines 
alone,  for  values  of  x  between  0  and  w,  as 

f{x)=AQ-{-A^coB  a: +-42COS  2x+ i43Cos  :]x-\~...=AQ+y]ApO0sx, 

1 
we  have  (x  >  »  >  0), 

I  f(x)cospxdx=Ap\  cos^pxdx=^TrAp,  and  I  f(x)dx=irA^^ 
Then 

f(x)=l\'f{i)di+lJ:co8px[f{i)cosp(d(,     (' 

1594.  The  Sine  Series. 

Similarly,  if/[x)  can  be  expanded  as  a  convergent  series  oj 
sines  alone,  for  values  of  x  between  0  and  ir,  as 

/(a;) = fii  sin  X + iij  sin  2x + fij  sin  Jte + . . .  =  V  B,  sin  pr, 

1 

(x>*>0). 


>x>0> 
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we  have      I  f{z) Binpxdx=Bp\  sin* pa? dx= JxBp. 

Thus    f(x)=^^smpx^m8inp(dl    (x>x>0). 
a  theorem  due  to  Lagrange. 

1595.  As  before,  writing  i=j^»  «=fy»  /{jVJ^'f'iyl  we 
have  in  the  one  case, 

f{v)=\l'md^+^ ? cos^y JV(,) cosHpd,,  (l>y>0); 
and  in  the  other  case, 

^(y)=f2Bi"^yf/('>)8m^'d,.   {l>y>0). 

1596.  It  will  be  noted  that  in  the  determination  of  these 
several  Fourier  coefficients  as  above,  viz. 

TTJo  TTJQ  TTJQ 

these  coefficients  are  respectively  the  mean  values  of 

2/(x)cospx,     2/(x)sin2w,    and    f(x) 
taken  through  the  period  0  to  x. 

1597.  A  Remarkable  Limiting  Form. 

As  a  preliminary  to  the  further  consideration  of  the  results 
obtained  for  the  expansion  of  f{x)  as  a  Series  of  Simple 
Harmonic  terms,  let  us  examine  the  limit  when  a-^1  of  the 

integral  /^{]/(0i_2ae^(f_^)+a'  '^^'  '^«  ™°e«  from  ^  to  a 
not  exceeding  2'jr,  and  f(^)  being  any  finite  function  of  (  for 
which  f{()  when  existent  is  finite  for  all  values  of  (  within 
that  range.     We  see  at  once 

(i)  that  regarded  as  a  function  of  a;,  7  is  a  periodic  function 
with  periodicity  2'7r,  for  if  x  be  increased  or  decreased  by  any 
multiple  of  2'7r,  /  will  be  unchanged,  and  therefore  will  have 
gone  through  the  whole  cycle  of  values  of  which  it  is  capable 
as  X  increases  through  27r ; 

(ii)  that  when  a  approaches  unity  as  a  limit  the  integrand 
vanishes  unless  the  denominator  vanishes  at  the  same  time, 


•^^srr 
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i,e.  unless  (=x,  aj±2x,  x±4x,  ...  x±2nir,  where  n  is  an 
integer ; 

(iii)  that  in  consequence  of  the  last  fact^  the  only  eases 
when  the  integrand  can  have  a  sensible  valae  being  in  the 
vicinity  of  one  of  the  above  values  of  x,  we  may  confine  our 
integration  to  such  limits  as  will  just  include  sach  vicinity ; 

(iv)  that  when  (=x  or  2±2nx,  the  denominator  becomes 
(1— a)^  and  therefore  the  integrand  tends  to  an  infinite  value; 
but  its  integral  is  not  necessarily  infinite ; 

(v)  that  if  ^  increases  through  any  small  interval  to  (+K 
then  f(i)  becomes  f(i+h)=f{()+hf\(+eh),  where  0  is  » 
positive  proper  fraction,  provided /'(^)  be  existent  and  remains 
finite  throughout  the  interval  (  to  (+h ;  and  therefore  Uiatin 
that  case  when  A  is  an  infinitesimal, /(^)  only  changes  by  an 
infinitesimal  amount  in  the  interval. 

(vi)  Since  a— )3  >  2x,  ^  in  its  march  from  )3  to  a  can  aidi/ 
pass  through  one  of  the  values  x,  Xdt2ir,  a;±4x,  ... ,  and  it  ma^ 
not  pass  through  any.  But  if  a— /8=2x,  it  must  eUher  past 
through  one  of  these  values  or  start  from  one  and  terminate  at  the 
next  in  order  of  magnitude. 

Suppose  first  that  a— )3<2x,  and  consider  one  cycle  of  the 
values  of  /,  x  lying  intermediate  between  /3  and  /3+2v. 

First  let  a>x>l3. 

Then  fc     )if=/f +r^*"  +  r     )(     )dl  where  €,,u 

are  any  two  selected  very  small  positive  quantitiea  It  has 
been  seen  that  when  a  is  ultimately  =1,  the  first  and  third  of 
these  integrals  vanish  through  containing  the  factor  (l~a)  in 
the  numerator.     Hence 

and  putting  (=x+  <p  and  remembering  that  f\(),  being  finite 
by  supposition,  the  change  in  /(^)  is  insensibly  small  between 
these  close  limits,  we  have 

1=  f(x)Lta^ir    T-iT—^Tl—t'^i' 

J -,, l~2acos0+a*    ^ 


=2/(x)  U,^,  [tan-^  \^l  tan  | J* 


lr»-=-:.JagV 
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=2f(x)  Ltgr^i   tan-^  — ^       ,  since  ^  is  very  small, 

=2/(.)  n^,  {tan-i  i^+tan-«  jll^}. 

In  proceeding  to  the  limit,  however  small  e|  and  e^  may  have 
been  taken,  I— a  becomes,  in  its  unlimited  decrease  to  zero,  a 
positive  infinitesimal  of  higher  order  than  either  f|  or  e^. 

Hence  /  converges  to  the  limiting  value 

2/(3!)  (I+J).    or    2^/(0!). 

Secondly,  supposing  z  to  lie  beyond  the  limit  a  but  </8+2ir, 
i^  P<^a<x<^P+2Tr,  then  evidently  7=0,  for  the  denominator 
of  the  integrand  never  vanishes  as  ^  ranges  from  /8  to  a. 

Thirdly,  supposing  a;  to  lie  erf  the  upper  limit,  t.e.  a;=a, 

then  I  (    )  d^=f  j      +  T    j  (     )  rf^,  in  which  the  first  integral 
vanishes  as  before  and  the  second  becomes 

=2/(«)Z;/^itan-ij^=2/(x)-J=x/(a);     /.  /=ir/(a). 

In  the  same  way  if  x  iie  at  the  lower  limit,  t.e.  a;a/8,  we 
have  similarly  I=irf(l3). 

Fourthly,  supposing  a— ^=2ir  and  ^<a;<a,  we  have,  as 
before,  / = 2irf(x),  But  if  aj = 3  or  aj = «,  the  integrand  becomes 
infinite  at  both  ends  of  the  range,  and  in  either  case  we  have 

/=2/(a)J+2/(i8)J=x{/(a)+/(/8)}. 

Finally,  supposing  that  at  any  point  x=c  between  a  and  ^, 
f{()  becomes  discontinuous,  suddenly  changing  its  value  from 
/j(c)  to /2(c)  as  ^  passes  through  the  value  c ;  then 

=Da-^i  I       (     )  (if ,  as  in  the  first  case, 

Je-u 

=X^,  2  {/,(c)  t»n-»  j^+/i(c)  tan->  j^j 
=        2  {/,(c)  •  f +A(c)  •  j)  =  ir{/,(c)  +/,(c)}. 
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This  completes  the  investigation  of  one  cycle  of  the  changes  in 
the  value  of  /  as  a;  increases  from  x=fi  to  x=fi+2ir. 

1598.  Extension  of  Bangs  of  Integration. 

For  a  greater  range  of  values  of  x  the  values  found  in  the 
above  cycle  are  merely  repeated.  For  instance,  in  the  next 
cycle,  viz.  x=l3+2w  to  aj=)8+4x,  putting  x=2ir+x\  we  have 
merely  to  replace /(a:)  in  the  above  results  by/(x'),  t.e./(aj— 2t), 
and  to  make  no  other  change.  If  x  lies  between  x=^p+2nr 
and  x=^4-2(n+l)7r,  we  replace /(aj)  by/(a;— 2nir). 

We  exhibit  in  Figs.  458  to  4G1  graphs  of 

for  the  four  cases  a— )8<2x,  a— )8=2x,  with  no  discontinuity 
and  with  a  discontinuity. 

It  will  be  noted  that  in  the  case  of  discontinuity  in  the 
ordinate  of  the  graph  of  the  limiting  value  of  this  integral, 
the  value  at  the  change  is  represented  by  half  the  sum  of  the 
two  immediately  contiguous  adjacent  ordinates  on  either  side 


a  -  /9  <  8  r ;    no  tf/«cofit/jiii/t|f 
Fig.  458. 


a  -  /9  a  2t;    no  diteontlnulty 
Fig.  459. 
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ft         c    a       /9+2r 

a  -  /9  <  sr ;   mith  dtMOiitlniilty  atxmc 
Fig.  460. 


ii^/9 


O      fi 


c  a 

a  -  /^  «  sr ;  dttconttnultif  at  xmc 

Fig.  461. 


of  the  discontinuity.  The  graphs  consist  then  of  an  infinite 
series  of  equal  arcs  or  lines,  together  with  an  infinite  series  of 
isolated  points. 

1599.  Geometrical  Examination  of  the  above  Resnlts. 

1— a* 

Consider  the  nature  of  the  curve  17== — ^ 7-5 — r— — ^ 

l  —  ZacoR  (f — a5)+^ 

referred  to  axes  Of,  Ori,  or,  what  is  the  same  thing, 

-                 8ec'5__ 
_1— a 2 


where  x  is  kept  constant  and  a  positive  and  not  greater  than 
unity. 

The  curve  is  obviously  of  periodic  character,  for  1/  is 
unaltered  if  we  write  ^±2nw  in  place  of  f,  n  being  an  integer. 

The  maximum  and  minimum  ordinates  occur  when 

8in(f— x)=(), 
i.e.  at  the  points  i=Xy  ir+x,  2'rr+x,  Sir+x,  etc.;  the  first. 
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third,  fifth,  etc.,  giving  the  maxima,  and  the  second,  fourth, 
sixth,  etc.,  the  minima. 

These  maxima  and  minima  values  are  alternately  y^ 

and  .       ,  and  the  range  from  one  stationary  point  to  the  next 

is  IT.  Fig.  462  represents  a  cycle  of  the  values  of  the 
ordinate.  The  remainder  of  the  curve  consists  of  repetitions 
of  the  portion  between  any  two  successive  maxima. 


Am  a  increases  to  the  vicinity  of  1  the  maxima  increaM 
very  rapidly  and  tend  to  infinity,  and  the  minima  become 
indefinitely  small. 

The  area  bounded  by  any  complete  half-cycle,  the  s-axis 
and  the  terminal  ordinates,  extending  from  a  maximum 
ordinate  to  the  next  minimum,  is 

p.,=.[u.-.(|±-:)^e-'X"=.u.-.(;-±|.»l)« 

for  any  of  the  values  of  the  parameter  a. 
Thus,  in  Fig.  462,  the  area  AN MBQ A =2Tr. 
Let  PR  be  an  ordinate  with  abscissa  x+e.     The  area  of  the 

portion  ANRP  is  I     i;  d^=2  tan-^  V  rz~  ^'^^  o )» *°^  evidently, 

however  small  e  may  have  been  taken,  when  1— a,  which  is 
decreasing  inde6nitely,  has  become  an  infinitesimal  of  higher 
order  than  f,  this  converges  to  the  value  ir.  Hence  it  appears 
that  the  descent  of  the  curve  on  each  side  of  a  maxiraam 
ordinate  is  very  rapid  when  a  is  nearly  unity,  and  that  between 
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two  saooessive  maxima  the  curve  in  that  case  flattens  out  into 
ultimate  coincidence  with  the  intercepted  portion  of  the  ^axis, 
so  that  a  point  travelling  along  the  curve  travels  along  the 
f  axis  up  to  immediate  contiguity  with  a  maximum  ordinate, 
then  travels  to  infinity  along  that  ordinate,  descends  on  the 
opposite  side  and  then  resumes  its  march  along  the  ^-axis. 

Hence  in  integrating  from  any  value  ^=»^  to  another  limit 
^=a,  in  which  the  range  from  /8  to  a  is  <  2ir,  the  result  will 
be  zero  unless  a  maximum  ordinate  lies  between  the  limits, 
and  the  result  will  be  2*^  if  a  maximum  ordinate  does  lie 
between  the  limits. 

Also  if  a— /8=27r,  one  maximum  must  lie  between  the  limits, 
and  the  result  will  then  be  2ir,  as  is  also  the  case  when  one 
maximum  lies  at  (==fi  and  the  next  at  ^=a,  the  integral  in 
that  case  becoming  sensible  at  each  limit. 

It  becomes  clear,  then,  that  if  two  ordinates  be  drawn  on 
opposite  sides  of  a  maximum  ordinate  and  contiguous  to  it, 
the  area  bounded  by  these  ordinates,  the  curve  and  the 
intercepted  portion  of  the  x-axis  tends  to  the  limit  2ir  when  a 
is  made  sufficiently  near  unity,  however  closely  the  ordinates 
are  made  to  approach  the  maximum  ordinate. 

1600.  Further,  the  presence  of  axiy  finite  factor /(f)  in  the 
integrand  for  which  the  integral  takes  the  form   infiO^^i 

will  only  aflect  the  value  of  the  integral  when  the  value  of 
If  is  sensible,  even  if  at  any  point  (=z  between  the  limits  /{() 
be  discontinuous  and  suddenly  changes  its  value  from/,(x)  to 
f^(x)  at  such  point,  provided  that  both  f^(z)  and  f^{x)  be  finite. 

So  that  I  ri/{()d(  is  zero  when  the  range  from  )8  to  a  does  not 

include  one  of  the  maximum  ff-value&  In  case  a  maximum 
of  rj  does  occur  between  the  limits,  say,  between  ^^x—ti  and 
f=:x+€2»  where  cj  and  c,  are  very  small,  let  A  and  B  l>e 
respectively  the  greatest  and  least  of  the  values  of  /(f)  in 
this  range.    Then 

i,e,  \*lf{i)  d^  lies  between  2'wA  and  2^8, 
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Now,  if  /(^)  be  single  valued,  finite  and  continuous,  as  ^ 
passes  from  f=x— f^  to  ^^x+e^,  where  ej  and  e,  are  made 
in6nitesimally  small,  the  change  iii/(^)  in  passing  from  ^to 
(+h  intermediate  between  these  limits  has  been  shown  to  be 
infinitesimal,  provided  f'(i)  be  finite.  That  is,  A  and  B  are 
ultimately  equal  when  e^  and  f,  are  taken  sufiiciently  small. 

Therefore  ^fif{i)d^=2irf(x) 

But  if  whilst  the  range  )8  to  a  includes  one  of  the  maxi- 
mum 17- values  there  be  at  the  same  point  a  discontinuity,  f{() 
changing  from  f^(x)  to  f^ix)  as  ^  passes  through  (=x,  we  have 

=^o+wMx)+wUx)+o=w{f,(x)+Mx)y 

[See  Donkin,  AcovMica,  pages  60-66.] 

1601.  Consideration  of  Fourier's  Series  from  the  Point  of  View 
of  a  Smnmation.  Poisson's  Method  of  Investigation,  mainlj  of 
Historical  Interest. 

We  may  now  turn  to  the  consideration  of  the  formulae  of 
Art  1591,  from  the  point  of  view  of  a  summation  of  the  series, 
supposed  to  be  uniformly  convergent, 

[M)di+iZ  r/(f)co8p(f-«)d^. (1) 

Jfi  p«iJb 

and  endeavour  to  discover  what  such  series  represents  in  the 
various  cases :  (i)  P<ix<:ia\  (ii)  x=fi or aj=a ;  (iii)  x outside 
these  limits ;  (iv)  when  /(f)  presents  discontinuities. 
Starting  with  the  identity 

l+2acose+2a«co8  2e+2a8cos36^+...  =  ,     o^~"^^ •» 

1  — 2acosd-f-tt* 

in  which  the  left-hand  member  preserves  its  uniform  con- 
vergency  for  any  range  of  values  of  6  so  long  as  |a|<l, 
put  0=^— X,  multiply  by  /(f)  and  integrate  from  f =/8  to  f =a, 
where  a—^l^  2ir. 
We  then  get 

\'Ai)di+2SaP  Cfii)  cosp  a-  x)di 


=if^^h-2aUi-.)W^- <-' 


----r^rii-lr^--'-|--r-'-^^---^-w«'**"  -      _-— J 
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If  we  then  make  a  approach  indefinitely  near  to  unity,  the 
left  side  tends  indefinitely  closely  to  thQ  value  of  the  series  (1). 

The  right-hand  member  of  the  equality  (2)  under  the  same 
circumstances  tends  to  a  limit  which  has  been  discussed  in 
the  previous  articles. 

If  we  asstJi/me  the  uniform  convergency  of  series  (1)  and 
that  what  ia  time  within  any  infiniteairrud  distance  of  the 
limit,  of  however  high  an  order  of  ajnaUnesa  that  distance 
may  be,  ia  true  in  the  limit,  we  have 

=/(x)       if    a>x>p  ^ 

or     =J/(a)    if    «=a    or    J/(/3)    if   x=p\a-fi<2ir, 
or     =0  if    2ir+/3>a;>a  J 

or     =/(x)  if     a>x>p       \a-B=2ir, 

or     =i{/(a)+/(/3)}         if    »=a  or  x=i8  J        ^ 

The  assumption  made  in  Poisson's  investigation  in  the 
words  italicised  will  be  avoided  in  the  method  of  investigation 
adopted  by  Dirichlet  and  discussed  later. 

In  either  case,  if  there  be  a  discontinuity  at  x=c,  where  the 
value  of  f(x)  changes  abruptly  from  f^(c)  to  f^(c),  both  being 
finite,  the  value  is  H/iW+AW)  ^^r  such  value  of  as. 

If  X  lie  outside  the  limits  fi  and  a,  say  between  l3+2nir 
and  l3+2(n+l)ir,  f(x)  in  the  above  results  is  to  be  replaced 
by/(x— 2n'7r). 

1602.  Important  Gases. 

The  most  important  cases  are  (i)  ^=0,  a==2x;  (ii)  )8=  — v, 
a=7r ;  (iii)  ^=0,  a^ir,  and  in  these  we  have  respectively 

(i)  i;r^ni)^i+^i^^y(i)^^ 

=/(a?)  if    2'ir>x>0; 

or     ==-H/(0)+/(2x)}       if    x=0  or  2x  or  2n9r; 
or     =f(x—2mr)  if     2(n+l)'7r  >  x  >  Znir, 

(ii)  ^£/(0^f+^l:J'/(Ocosp(^-a:)ei^ 

=/(x)  if     7r>a;>  — ir; 

or     =i{/(-x)+/(x)}     if    x=-7r  or  ir  or  (2nH-l)x; 
or     =f(x-2nir)  if     (2n  +  l)ir>  x>(2n-l)'ir. 
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(Hi)  ^ j7(f)rff+i|jJ/(f)co8ptf-x)rff 

=/(x)  if  ir>«>0; 

or     =0  if  2ir>aj>x; 

or     =i/(0)  if  x=()  or  2nir; 

or     =J/(x)  if  x=ir  or  (2n+l)ir; 

or     =f(X'-2mr)  if  (2n+l)ir>»>2nir; 

or     =0  if  2nx>»>(2n— l)x. 

1603.  The  same  results  may  be  exhibited  in  another  form 
with  limits  in  terms  of  I  instead  of  ir  by  changing  the  variables 

so  that  ^=-tj7,  x=-Ty.     Then 

di=^dn    and    /«)=/(!.»)=/•(,).  say. 
Then  the  result 


at 


W  9 

And  the  particular  results  (i),  (ii),  (ill)  become,  if  we  finally 
replace  >;  by  f ,  y  by  x  and  F  hy  f  to  preserve  conformity  in 
the  notation, 

=f(x)  if    2l>x>0; 

or     =J{/(0)+/(20}     if    a!=0, 2i  or  2ni; 
or     =/(x-2nl)  if    2(n+l)f>z>2nZ. 

=/(x)  if    i>x>-f; 

or     =H/(-0+/(0>   if    «=-ior  f  or(2n+l)i; 
or.    =/(x-2«0  if    {2n+l)l>x>{2n—l)L 

(iii)  ^i  f /(^)'«f  +  J  ^\'m  C08  ^ tf-'=)«if 

=/(x)  if    i>x>0; 


FOURIER'S  SERIES. 


709 


or 

=0 

^>x>l\ 

or 

=i/(0) 

aj=0  or  2nZ; 

or 

=i/W 

x=f  or  (2n+l)?; 

or 

=f(x-2nl) 

{2n+\)l>x>27d\ 

or 

=0 

27a>x>(2n-\)l 

If,  in  Art  1601,  we  had  written  ^+x  for  6  instead  of  f  — x, 
equation  (iii)  above  woald  have  been  replaced  by 


a  W-^^+I  ?l/<f )  C06^(f +X)df 


=0 
or     =i/(0) 
or     =i/(0 

Hence  adding. 


if    l>x>0\ 
if    a;=0; 
if    a5=Z. 


2l>)''^+r?I/<f)-¥-?'^ 


=J/(»)  if    i>x>0; 

or     =J/(0)  if    «=0; 

or     =J/(0  if    x=l; 

i.e.  the  formula  holds  inclusive  of  the  vaiuee  at  the  limits,  viz. 

r£/(f)rf^+r|:«506ep£/(^)coe2j^d^=/(x) 

from  x=0  to  aj=i  inclusive. 

If  we  change  the  sign  of  x  the  left  side  is  unaltered.    The 
right  side  must  then  be  written /(—x).     From  x=l  to  x=2l, 

putting  aj=2?— a/,  coe^y— =co8W^(2Z— a:')=coe2j-,  and  the 

result  is /(a/)  or  f(U—x) ;  and  so  on.    So  thai  the  results  are 
-f  to  01    0  ton     I  to  21  \    2?to3n    3ito4Zl    «  to  SH 

/(-x)r  f(x)y m-x)y f(x-2i) v m-x)y f(x-~M)y 

and  so  on,  as  illustrated  in  Fig.  463. 

1604.  If  we  subtract  the  same  integrals,  we  get 

2|^sin£pf /(Osin£J^df=/(a:)  if  l>x>0', 

or     =0       if  aj=sO  or  I. 
Hence  in  this  case  the  values  for  x—0  and  x^l  are  excluded. 


'■   •   . 
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(a)  Consider  Sl>x>t. 

Put  x=2/-,t';     then  I>*'>0,  «u?|^- 

Than  S'=  -/(x')=  -/(Sl-a-) ;    and  if  *- 
^   O)  Consider  3i>j:>!l. 

Put  T=ii  +  x'-:    then  I>^'>0,  «in^-Bin??"^'. 

Then  5'=/(jr")=/(r-2J);    «nail«=WorM,  S'-=0. 

(y)  Consider  4i>ar>3i. 
^     Put  x=4l-:r"';    then  l>x"'>0,  8in?p= -HJn?^. 

ThenS'=  -/{j:"')= -/(4l-x)  ;  and  if  j:  =  4l  or  3(,  S'  =  0.     And  bo  or 

Alw>  S'  changes  nign  with  x.    Therefore  the  ^-ania  is  no  longer  an  a: 

-   of  ■jmmetrjr,  but  the  origin  ia  a  centra  of  Bjrmmetrjr  for  the  graph  of  S 


/ 

/ 

/ 

/ 

/ 

/ 

/ 

-./ 

^aT 

^ 

^57^ 

"^r^ 

o~ 

aj— ' 

a/ 

47~ 

w- 

/ 

/ 

/ 

/ 

/ 

/ 

Fig.  «W. 

The  gi'aph  of  51  =5'  therefore  conaieta  of  a  auccesaion  of  repetitionn  of 
the  altarnate  arc«  of  y—  ~/(-x)  from  ~l  toO«nd  of  y=/(*)  fitimO  to  J, 
coinciding  with  the  ^niph  of  y=f{x)  only  from  0  to  I,  together  with  a 
Miiea  of  iaolAted  point*  on  the  j^-uxia  equably  diatributed  at  distancee  =1, 
starting  with  the  origin. 

The  effect  of  a  diaeontinmly  in  /(x)  existing  between  0  and  I  would  be 
•iniilar  to  that  shown  in  Fig.  461  at  C  in  the  segment  from  fi  too,  with 
a  corresponding  change  in  each  of  the  other  segments  in  Fig.  464. 

1607.   Ut  S-^IjI'  /(;)di  +  J£_/(£)cos^<£-x)rf^   for   aU  talvtt 

Then  if  x=  -(,  S'»J(/(/)+/(-()l  ;     if  -I<r<7,  «-=/(.<);     if  x-t, 

(a)  Consider  3l>x>l. 


Put  X-2I  +  . 


-I<x'<J,  . 


«^(£-x}-cos?^(f- 


■'). 


Th«nS-=/(x')=/(x^2l):    andif  x=Ior3(,  5'=i(/(I)+/(-I)}. 
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{fti  CoDBJder  6l>x>3J. 

Put*-4l+^;    then  -1<^<1,  co»^(f-*)-co«?p(f -«% 

Then  S'=/i,ri=f{x-4l);    .nd  if  *=3lor6I,  S-r-H/O+A-^l 
And  to  on. 


1^.465. 


Hence  the  gr»pb  ol  y  =  S'  consUta  of  a  aeries  of  MpotitioDi  of  the 
portion  of  the  graph  of  3=f(x)  vhich  li«a  between  x^  -I  and  rml, 
together  with  n  sei-ieK  nf  isolated  pointe  whoae  abeciwae  are  -31,  "I,!^ 
3J,  etc,  and  ordinatea  \{J(l)+I{-l)) ;  the  graph  of  jr  =  9*  coinciding  «ilh 
that  ofy=/(-r)  itself  only  between  -landL 

leoA.  Oase  of  a  DiBContinuity. 

Ifa  discontinuity  ill  /(j-)  occurs  between  x=-l  and  ir»I,  My  Ux>e, 
wheroI>c>-I,  the  function  clianginf;  abruptly  from  /i(t)  to/,{x),n7, 
both  finite,  the  graph  becoiiie<i  that  of  Fig.  466,  where  the  thick  line  abo*) 


the  variation  of  the  expi'ewiion  8'  for  different  values  of  x  and  the  dot^ 
the  values  at  -I,  e,  I,  2l+c,  31,  etc.  Tb«  graph  of  j=ff'  only  coincides 
with  that  of  y  =/| (.'■) f roni  -I  toe,  and  with  that  o[^=/,{j-)  from  r  toi. 

1609.    Another  Foim  of  the  Besolt. 

Writing  -£for£  in  the  formula 

„/|l,e  '  •"■     =((/<')+/(-'))  at  j  =  ±f, 

or     =i(/{I)+/(-J)}at,r=±t 
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Hence 


=/(jr)  if  l>x>-'l    and    =J{/(0+/(-0}  i^  ^=  ±^ 

And  the  three  integrals  occurring  between  limits  -{  and  {  are  each 
double  of  the  integrals  from  0  to  2. 

=/(^)  if  l>x>-l  and  =  J{/(0+/(-0}  if  ^=  ±^. 

1610.  It  has  been  seen  that  a  Fourier-Series 

00 

is  under  certain  very  general  conditions  a  proper  analytical 
expression  for  an  arbitrary  function  f(x)  between  specific 
values  of  the  variable  x.  The  function  has  been  assumed 
single  valued,  real,  continuous  and  either  lying  between 
certain  finite  limits,  and  integrable  for  the  range,  or  if  not  so 
bounded  its  integral  for  that  range  is  assumed  absolutely 
convergent.  The  possibility  of  expansion  has  been  assumed 
in  the  method  of  undetermined  coefficients,  and  the  possibility 
of  integration  of  the  series  term  by  term  when  multiplied  by 
f(x)  throughout  has  also  been  assumed.  With  these  assump- 
tions it  appears  that  when  such  a  solution  can  be  found  and 
the  convergence  of  the  resulting  series  is  uniform,  the  solution 
is  unique. 

1611.  Applications. 

(I)  Apply  Art.  1595  to  expand  x  in  a  uries  of  ainet  of  multiplei  of  x 
{ir>x>  0). 

The  formula  is  /(;r)=|  isinS^^f/C^Jsinffi^rff  (^  >  ^  >  0).     But  if 

»   I  i  Jo  l> 

x=0  OT  l,f(x)  on  the  left  side  must  be  replaced  bjr  0. 

Take;=7r.    Then 

.0"in.f.'f=[f(-^)-(-"^)I-;-(-l)-. 


714 


CHAPTER  XXXV. 


Then 

db       I  p  l  Z  o  4 

for  values  of  .r  between  0  and  ir.  And  the  left  side  must  be  replaced  by  0 
if  x=0  or  IT.  The  expansion  holds  therefore  from  x—Q  (inclusive)  to 
x—ir  (exclusive). 

A  change  in  sign  of  x  affects  both  sides.  Hence  if  the  theorem  holds 
for  any  particular  positive  value  of  .r,  it  holds  also  for  the  correspoDding 
negative  value  of  x.  It  therefore  holds  for  all  values  of  x  from  -t  to 
+  7r  both  exclusive. 

If  TT  <  X  <  2ir,  let  ar=  2ir  - x\  i.e.  ir  >  ar'  >  0. 

Then  the  series  =«  -l-sinx'-z8in2x'-h-B\nZj/-  ...  J=  -  g  = — o — • 

If  2ir  <  a:  <  3ir,  let  x=  Btt+a",  i.e.  ir>x">  0. 

Then  the  series  =  r  sin  :c"  —  ^  sin  2a;"  +  =  sin  3ar"  -...  =  —=  — 

If  3ir  <  x  <  4ir,  let  a:= 4ir  -  x"'.    Then  the  series  =  -  5  *"'= ~^i — »  *"^ 

111 
so  on,  and  the  graph  of  y  =  -sin:r--gsin2x+^sin3jr  -...  will  consist  of 

12  o 

lines  through  0,  2ir,  4ir,  etc.,  parallel  to  2y=x,  with  pointo  on  the  x-axis 

at  IT,  3ir,  5ir,  eto. 


Fig.  4e7. 

1612.  (2)  Expand  e"  tn  a  teries  of  tines  o/mtUtiples  of  x^  0<4r<T,  and 
examine  the  teries  obtained. 

Taking  e"=2.^ji sin px,  we  have  I  e^sinpxdx=B,.-^; 

'    irL  a*+p*  Jo     7ra*+j»**      ^       '       '* 

2  f  1 4-  «■•  1  —  «"*  1  +  «••  1 

IT  la*  +  l*  a*  +  2'  a*  +  3*  J 

But  the  series  =0  at  x=0  or  x=ir. 

If  2ir  >  J?  >  IT,  let  j:=2ir -ar',  $.«.  tt  >  jc'  >  0.    Then  the  series  becomes 

--(^i^sin:i^  +  2ifj^sin2ar'  +  ...}=-e«'=-e-<«'--». 

If  3ir>jr>27r,  let  .r  =  2ir+:r",  i.e.  ir  >  x"  >  0.  Then  the  series 
becomes  €^'=6" '*"*",  and  so  on.  Also  at  x=0,  ir,  2ir,  etc,  the  series 
is  zero. 
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Hence  we  have  for  the  gnph  of 

a  figure  consutlng  of  &  sei-ies  of  area  equal  to  that  of  the  curve  y  =  e**, 
b«tweeo  0  aod  v,  altematelf  above  and  below  the  x-axis,  the  origin  being 
a  centre  at  sfrnmetry,  together  with  the  points  ^  =  0,  ±t,  ±iT,  etc.,  on 
the  x-aiis,  any  of  which  is  a  centre  of  afmnietrjr  for  the  whole  graph 
(Fig.  468). 
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F<(.  468. 

1013.  (3)  To  find  a  function  of  x,  vii.  f{x),  which  lAaU  be  pencdic  mlh 
period  3l,  and  4haU  bt 

=  ^/ron-llo--;     =-j  from --^to +^:     ^^from~iol. 

liet  f{x)  =  Jf  +  ^A^coa^j-,  the  coaine  aeries  being  aelected  beeauae 
negative  values  and  positive  values  of  r  are  to  give  the  same  result. 
Thw  alA^-j'^'-dx  +  p^'jdr+f^idx-^:   :.  A^=i:  and 

whence  ^,=^(oos?^- AsiuH),  giving 

and  the  graph  is  compoeed  of  equal  arcs  of 
a.   parabola  and  straight   lines  of  length  ~ 


)  of  their  later*  re 


e  cycle  being  exhibited 


which  foriQ  prolongatioi 
in  Fig.  469. 

1614.  Fnrthet  Bemarka. 

Any  series  containing  only  cosines  of  multiplea  of  jr,  as  A^  +  '^A^eiMfti, 
being  unaffected  b;  a  change  of  sign  of  z,  must  have  a  graph  for  which 
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the  y-axis  is  an  axis  of  symmetry.    Any  series  containing  oolj  rinet  of 

multiples  of  x,  as  'EBpsinpx,  changes  sign  with  «,  and  the  origin  is 

therefore  a  centre  of  symmetry  of  the  graph.  Therefore  if  it  be  reqaired 
to  construct  a  series  which  shall  represent  a  discontinuous  system  of  lines 
or  arcs  of  curves  for  which  neither  kind  of  symmetry  exists,  it  will  be 
necessary  to  assume  the  most  general  form  of  Fourier  Series,  viz. 

AQ+'Z'ApCoapx+XBpBinpx 

Hs  the  representative  form. 

1615.  (4)  Devise  a  tenea  whose  graph  shall  agree  with 

y-cfrom  0  to  a,  friym  b  to  6+a,  from  26  to  26+a,  etc,   1   and  so  on, 
and    y=c'from  a  to  h^from  6+a  to  2bffrofn  26+a  to  36,  etc.,)  (a<h). 

Here  there  is  no  symmetry  with  regaixl  to  the  origin  or  the  jf-axis. 
The  period  is  6. 

Assume  /(ar)  =  i4o+2I-^^co8-^--+2^^sin^^?^i 

BO  that  the  series  is  unaltered  when  x  is  increased  by  6,  26,  36,  etc. 
We  have 

AQb=(  edx+jc'dx-ca-k-cfib'-a);  :.  Ao^{c-c')^-\-c\ 

Ap-z=  I  cco8-^--(iF+  /  <fcoe-^^dx  ;     /.   Jp= sin  *T  t 

2»,^=J%sin=^<&+jr«'8in?^<&;     /.  B,='-^rmi^; 

c-c'  ^  1         2oira  .    2prx 

■\ 2  -  vers  -T—  sin  - , — . 

IT'    1  »  b  o 


y 

c' 

• 

• 

m           m 

•        • 

• 
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X 

Fig.  470. 

It  will  be  seen  that  at  the  values  xaa  or  x^sb  the  aeries  beoomes 
— —  by  virtue  of  the  result 

|sind+isin2d+isin3d+...  =  ^^    {0<e<2w). 
The  graph  is  represented  in  Fig.  470. 
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PROBLEMS. 

1.  Show  that  from  x  —  Otoz^w  exclusive 

^  2     .    rt         4     .    .         6     .    ^    . 

T  cos  x  =  :i— s  sin  2ic  +  ^— =  sm  4ic  +  ij— =  sm  ox  +  . . . 
4  1.3  o  ,0  0,1 

2fi 
•*-(2n-l)(2n.H)""'^'"+-' 

and  examine  what  is  the  sum  of  the  series  for  other  values  of  x. 
Show  by  a  graph  the  nature  of  the  series  for  all  values  of  x. 


o    oi-        v  4.  ^  •         1     cos  2a;    cos  4ic    cos  Ga; 
2.  Show  that  jSinx=.2-T73-3:5--5r7 


0<a;<ir. 


Show  by  a  graph  the  nature  of  the  series  for  all  values  of  x.  Show 
also  that  this  result  may  be  derived  from  that  of  question  1  or  vice 
versa, 

3.  Establish  the  result  -.  ^sinx-^jzBin  3a;+  ^sin 5a;+  ...  from  0  to 
,    .  4  o  0 

IT  exclusive. 

Draw  a  complete  graph  of  y  =  2 — 1      |      ■ 


4.  Prove  that  (0<a;<ir) 
1      a  cos  X    a  cos  2a; 


/l^    a  cos  2    a  cos  2x        \ 
\,2a''a«+T»"^a«  +  2»"*'7' 


X  sing      2  sin  2x    3  sin  3a;  /  sin  a;      2  sin  2a;    3  sin  3x        \ 


5.  Prove  that  (-IT < a; <ir) 


(0   o 


V    sinhoo;      sins      2 sin 2a;    3 sin 3a; 


(ii) 


2    sinhoir    o«+l«     a«  +  2«      o»  +  3» 

w    cosh  aa;__  1  _acosa;    a  cos  2a;    a  cos  3a; 
2*sinhair"'2a    a«TT«'*'  a«  +  2«  ~  a«T3* 


r  + 


I 


.....    IT    coBhaivr-x)      1        cos  a;      cos22     cos  3a;  .^  •       ^-.  v 

^    '  2a        sinhan*        2a'    o'  +  P     a'  +  2'    a*  +  3'         ^  ' 

6.  Prove  that,  provided  a  be  not  an  integer,  and  ( -ir<a;<)r), 

v    sin  oa;      sin  a;      2  sin  2a;    3  sin  3a;    4  sin  4a; 

2  *  sinaTr" P^TSa- 2217^+ 3iT^ -irr;?  +  •••  • 


7.  Drawagraphofy  =  2^,  +  ;|;^,. 

8.  Exhibit  graphically  the  nature  of  the  curve  y=y^  j-y-^ 
I  values  of  a^  \    P 


cos2j« 
T 


for 
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9.  Deduce  other  series  from  Examples  1,  2,  3,  4,  5  by  differentia- 
tion and  by  integration. 

10.  Find  a  function  of  a:  in  a  series  of  sines  of  multiples  of  a;  which 
shall  be  equal  to  Cj  from  0  to  a^  c,  from  a^  to  a,,  ^  from  a,  to  a,, 
and  trace  the  graph  for  all  values  of  x, 

11.  Find  a  function  of  x  which  shall  be  equal  to  c^  from  0  to  Oi, 
Cj  from  a,  to  Og,  c,  from  a^  to  a,,  ^  from  o^  to  a,  +  0^,  c,  from  a^-k-a^ 
to  a^'¥a2,  c^  from  a^-k-a^  to  2a^^  and  so  on.  Trace  the  graph 
completely. 

12.  Trace  the  complete  graph  of  -^S]-  vers -r- sin -j-  for  all 
real  values  of  x,  *^ 

13.  Show  that  if  f{x)^x,  a,  v-x  in  the  respective  intervals 

OtOa,  atoir-a  and  ir  -  a  to  fl",  then 

ir  . ,  V     ^  8in(2p  +  l)ttsin(2p-fl)x 

and  give  a  geometrical  interpretation. 

14.  Prove  that 

x{ir^  -  x^)  ^^\\\  X    sin  2x    sin  3a;  .  . 

J2  n         2^  ^     3* "  *  *     (-''"<  ^  <  ""^t 

and  examine  the  graph  of  y  =  ^(  -  1)^'    J^  for  all  values  of  as. 

15.  Show  that 

but  that  if  z—0,  this  expression  "  i/(0),  and  if  z—i,  )/(/). 

16.  Show  that 

'or    -i/(0),  (a:=0);    or    -i/(0.  {x-t). 

or    -i/(0),  («-0);    or    -  -  J/(i),  (a:  -  »)• 

LToDHUNTnt,  7.(7.,  Pi^SOS.] 

17.  Assuming  that  f{x)  can  be  expanded  in  a  Fourier's  series  of 
sines  and  cosines  of  multiples  of  x  in  the  interval  ir>x>  -  ir,  obtain 
a  series  of  sines  only  which  shall  represent  the  function  in  the 
interval  ir>ic>0. 
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f5coe<^-l>-% 


co.(2P|^l)5fif=/(x). 


..„(2Ez41^,{V(f)Bi„<?£^frff»/(x). 


(0<z<l); 


(0<z<l); 


If /(x)  =  0,  1,  0  in  the  respective  intervals  (//2-6>sc>0), 
(//2  +  6 > a; >  //2  -  6)  and  {l>x>l/2-¥ 6),  prove  that  throughout  the 
interval  (/>x>0) 

What  are  the  values  of  the  series  when  x  has  the  values  1/2  -  b  and 
//2  +  6? 

18.  Show  that 

f/(f) 
Jo 

or    =0,    (a;  =  Q. 
2'^ 

or     «  0,     (a;  =  0). 
Apply  these  theorems  in  the  case/(x)=a;. 

[TODHUNTKB,  /.C,  p.  307.] 

Exhibit  by  means  of  graphs  the  values  of  the  above  series  for 
values  of  x  beyond  the  limits  0  and  I. 

Also  examine  in  each  case  the  effect  of  a  discontinuity  at  a  point 
c  between  0  and  /  in  the  value  of  the  function  /{(). 

19.  Show  that  a  function  defined  as  equal  to  /  when  -  2/  <  a;  <  -  / ; 
=  -  a;  when  -  ^  <  a;  <  0 ;  -  a;  when  0<x<l;  « /  when  /  <  a;  <  2/ ; 
can  be  represented  by 

[I.C.S.,  1899.] 


20 


.  Prove  that  the  graph  of  the  function  /(aj)  =  -l > —  ^t 


consists  of  parts  of  the  lines  4y«  -1,  y  =  0,  2y=»l,  together  with 
four  isolated  points.  [Math.  Trip.  II.,  1916.] 

21.  If  the  function  defined  by  y  =  x^  from  0  to  Jir  and  by  y  =  0 
from  ^TT  to  TT  be  represented  by  a  series  of  sines  of  multiples  of  x, 
show  that  the  coefficient  of  sin  nx  is 


\irn^     2nJ 


ir\        1 


1 


-  TT-  I  COS  X  rur  +  -5  Sin  s  »*«■  - 


5* 


^Trn*     zn/       2 n^ """  2  im* 

To  what  value  does  the  series  converge  at  the  point  x^^v'i  Sketch 
the  graph  of  the  function  represented  by  the  series  for  values  of  x 
not  restricted  to  lie  between  0  and  ir ;  and  also  indicate  the  graph  of 
the  cosine  series  which  represents  the  same  function  in  the  interval 
0  to  IT,  [Math.  Tup*  IL,  IMft.] 
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DIRICHLETS  INVESTIGATION. 

1616.  Faarien^i  Fteailie.    DincUat'i  JBTastigatioiL 
If  ^(x)  ht  a  tingle-vahied  fimie  and  amtmucus  fumticn  af  t 
which  remains  patidve  and  either  eonsianl  or  anUinuaOy  decrtoh 
ing  throughout  the  whole  range  of  integration  from  x=0  to  x=K 
where  0<h> x/2,  then  wiU 

Jo  amx  ^    '         t^^  ' 
This  result  is  dae  to  Fourier.    Separating  the  integraiicm 

range  0  to  A  into  intervals 

0  to  -,    -  to  — , ...  (n— 1)  —  to  — ,     —  to  *, 

M         €0  M  M  M  M 

where  —  is  the  greatest  multiple  of  -  contained  in  A,  we  hsTe 

w  U  (r-H)*        (r-H)» 


+f;    +(*  l!!;-^^,i....(i) 

J(«-i)*    Jsf  j  sinx  ^^  ' 


Now  as  X  increases  from  rir/w  to  (f +1)  x/«0,  ««x  increaseB  hj 
w.  Hence  sin  wx  in  this  interval  is  of  opposite  sign  to  tte 
value  of  sin  wx  in  the  next  interval.  But  sin  x  and  ^{x)  retiia 
the  same  sign.  Hence  the  several  terms  in  the  above  senes 
are  alternately  positive  and  negative.  ir^i}w 

Again  comparing  corresponding  elements  in  I    *     (     )<b 

<r±«)5  J^^ 

and  I         (    )dsr,  write  xH —  for  x  in  the  second,  which  tb* 

m 

•"1  *    /    . — 7-T^(«+x/»)dbr. 


'Xfti 
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And  since  z  has  increased  to  x+x/w,  but  is  still  <x/2, 
sin  (x+irlw)  is  >  sin  x,  whilst  <^(x+irl(0)  >  ^(x),  the  element  in 
the  second  integral  is  numerically  less  than  the  corresponding 
element  in  the  first. 

Hence  the  several  terms  of  (1)  are  (a)  ofaUemate  sign,  (6)  of 
decreasing  numerical  magnitude. 

Putting  (ax=z, 

(r-t-D* 

^^   Jnr       smcr  ^^  '  Jnr       w sin z/to^ ^ '   ' 

w 

?^&.     (See  Art.  1902.) 

nr  ^ 

Hence  the  sum  of  the  first  r  terms  of  (1)  becomes 

when  f  is  infinite. 

And  for  the  remaining  tenna  from 

(r4-l)y  •» 

the  interval  of  each  is  infinitesimally  small,  and  the  integrands 
are  finite.  Each  integral  is  therefore  infinitesimally  small, 
they  are  of  alternate  sign  and  each  numerically  less  than  the 
preceding  one.  Hence  their  sum  is  less  than  the  first  of  the 
group,  which  is  itself  infinitesimally  small. 

Again,    as    to    the    final    integral    1^— ^ — 0(a5)(fe,  it   is 

integrated  over  an  infinitesimal  interval  with  a  finite  integrand* 
and  therefore  also  vanishes. 
Thus  we  have 

Jo  smx  ^^  '         2^ 

where  0  <  A  :^  ^  under    the    special    conditions    stated    as 

to  ^(x). 

The  method  adopted  in  this  proof  is  due  to  Dirichlet.  It  is 
given  by  Bertrand,  CaH/c.  Int.,  p.  228. 
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1617.  If  if>(x)  becomes  negative  but  not  numerically  greater 
than  a  definite  positive  constant  C,  remaining  finite  and 
continuous  as  before,  then  since  ^(x)+C7  is  positive  and 
decreasing,  we  have 

But  the  theorem  is  also  true  for  a  function  which  remains 
constant  and  equal  to  C     Hence  subtracting, 

•A 


^'-'f.l^*^^)'^=f*^'^- 


This  has  therefore  been  now  proved  whether  (p{x)  be  positive 
or  negative,  provided  it  is  either  constant  or  decreasing  so 
long  as  it  remains  finite  and  continuous  between  the  limits. 

1618.  Further,  if  ^(x)  be  an  increasing  function,  —^(x)  is  a 
decreasing  function  to  which  the  theorem  is  applicable,  and 
therefore 

/^'--- 1]  Sr?^-^<'')^  rfx=|  {-^(0)}, 

I          Q|  VI    tt^F  IF 

—. Mx)  dx=  rt  ^(0), 

whether  if>(z)  be  continually  either  increasing  or  decreasing 
between  the  limits. 

1619.  Since  the  formula  established  is  independent  of  A, 
taking  p  and  q  any  two  quantities  between  0  and  ir/2, 
we  have 

Hence  if  F{x)  be  any  function  of  cr,  continuous  and 
coincident  with  <f>{x)  for  the  portion  of  ^(x)  between  q  and  j>, 

•^  sin  cox 


I  J 


F{x)dx=0, 


\q  smo; 

and  here  it  is  supposed  that  from  q  to  p,  F(x)  is  alwa3r8 
increasing  or  always  decreasing,  for  it  is  coincident  with 
<l>(x)  throughout  that  interval. 
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1620.  Existence  of  a  Finite  Number  of  Maxima  and  M4ti4ina. 
Suppose  that  there  are  a  finite  number  of  maxima  and 

minima  on  the  graph  of  y=^{x)  between  x=0  and  x=h, 
say  at  x=Xi,  Xg,  a^j, ...  Xn-     Then  when  a»->x) 

Jo  smx  ^^  '  LJo      J:b,  J,,  J  sina;  ^^  ' 

Now  <p(x)  is 
continually  increasing  or  continually  decreasing  from  0  to  a;^, 
continually  decreasing  or  continually  increasing  from  a^  to  a;,* 
continually  increasing  or  continually  decreasing  from  a^  to  a^j, 

etc. 

The  first  term  therefore  contributes  n^(0).     £ach  of  the 

others  contributes  nothing  by  Art.  1619.  So  that  if  the 
number  of  maxima  and  minima  be  finite,  the  Fourier  formula 
still  holds  good. 

1621.  Existence  of  a  Finite  Number  of  Discontinuities. 
Finally,  suppose  a  discontinuity  in  ^(x)  occurs  at  a  point 

x=Xi  «  A),  where  the  function  changes  abruptly  from  ip{x^) 
to  ylr{x^),  remaining  finite  and  ^(x)  retaining  the  property 
possessed  by  0  (a;)  as  to  continual  increase  or  decrease  through- 
out the  remainder  of  the  range  of  integration.    Then 


Jo  smx  ^^  ' 


=2^— 


lo  smx 

1*>8in«x 
0  sinx  '  '  '  Jx, 


^(x)(fa+L«^.£^J^(x)cte=J^(0)+0. 

Thus  each  discontinuity  introduces  a  zero  term,  and 
provided  the  number  of  such  discontinuities  be  finite  between 
0  and  h,  their  aggregate  contributes  nothing  to  the  integral. 

1622.  Generalised  Restatement  of  the  Theorem. 

We  may  now  restate  the  theorem  thus : 

Let  ^(x)  be  any  function  of  x  with  any  finite  number  of 
discontinuities  and  any  finite  number  of  maxima  and  minima 
between  x=0  and  x=A,  where  h  is  positive,  not  infinitesimally 
pnall,  and  not  greater  than  7r/2 ;  then 


Ik 


Jo  smx  ^^  '        2^^  ' 


SESSSX 
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1623.  Geometrical  View  of  the  Besnlt. 

Drawing  the  graph  of  y^siiKax/sinx,  the  curve  has  a  large 
maximum,  viz.  w,  at  x=0;  and  crossing  the  x-axis  at  z=^'w/w, 
2ir/a),  3x/a>,  etc.,  there  are  successive  minima  and  maxima, 
their  positions  being  given  by  ia,n(ax=wt&nx. 

Since  sin  (ox  lies  between  ±  1  and  goes  through  a  cycle  of  its 
numerical  changes  in  each  of  the  above  intervals,  whilst  sins 

is  increasing  throughout  the  whole  range  from  a;=0  to  x=o> 

the  excursions  of  the  graph  to  one  side  or  the  other  of  ihe 
2-axis  diminish  in  extent,  and  these  subsidiary  maxima  and 
minima  are  relatively  unimportant.  The  multiplication  of 
the  function  by  <f>{x)  alters  the  magnitude  and  position  of 
the  maxima  and  minima  ordinates,  but  leaves  the  general 
characteristic  appearance  of  the  graph  unchanged  (Fig.  471). 


Fig.  471. 

The  geometrical  interpretation  of  the  formula  of  Art  1622 
is  then  as  follows : 


Let  the  graph  of  y=<f}(x) 


sma<B 
sinx 


be  drawn  starting  from 


2=0  and  extending  as  far  9A  x=h,  and  also  the  graph  of 
y=ff^(x)  extei^ding  as  far  as  x=7rl2.  Let  the  areas  encloeed 
by  the  successive  portions  of  the  former  bounded  by  the 
o^axis,  and,  for  the  principal  maximum,  by  the  ^-axis,  and 
lying  alternately  above  and  below  the  a^axis  be  A^,  A^,  A^,  A^, 
etc.,  and  let  B  be  the  area  of  the  rectangle  of  which  two 
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adjacent  sides  are  the  initial  ordinate  of  the  second  graph, 
viz.  ^(0)  and  the  length  ^;  then  when  w  is  indefinitely 
increased  Ai—A^+A^—A^+...  tends  to  the  limit  B. 


Fig.  472. 

1624.  Extension  of  Range  of  Integration. 

If  the  range  of  integration  be  extended  beyond  x/2,  and  h  lies 
between  nx  and  (n+l)ir,  we  may  break  up  the  whole  range 
into  sub-ranges  of  extent  Tr/2  as  far  as  nir,  and  we  have 

In  the  second,  third,  ...  271^**  integrals  replace  x  successively 
by  fT-y,  x+y,  2x— y,  ...  nx-y. 

If  we  take  a>  to  be  an  odd  integer,  these  become 


j;.3^^*('-»)(-^^>.  1:1 


sin<tf(-7r+y) 
sin(x+y) 


^(•jr+y)dy, 
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1: 


0  sinx 


if>{^Tr—x)dz,  etc.; 


whence 


P»  sm  coa;  . ,  . 

I      —' 0W 

Jo    sina?  ^^  ' 


(ix 


(a)  if  A  lies  between  nir  and  71x4- x/2,  inclusive  of  the 

latter,  put  a5=nx+y  and  A=nx+A',  where  A'  >  ^.     The  final 
integral  then  becomes  in  the  limit 

Jo  8in(n'7r+y)  ^^       '  ^/   ^^ 


=i<. 


(6)  and  if  h  lies  between  n-7r+'T/2  and  (n+l)x,  the  integral 

may  be  written  X<«_^co(|      *+|      Jl^^^^^(«)<i«j[ ;   and 

putting  x=mr+y  in  the  first  and  (n+l)'7r-~y  in  the  8ec<Hid»the 
first  becomes  »  ^(^^)>  ^  1^^  b^^  seen,  and  the  second  becomes 

f(«+i)— *sinco{(7i+l)x-y},,,     .  ,,  w      ,v 

=Z<„_>.ool   — : 4>{(n-\-\)Tr—x}dx, 

where  A'=(n+l)'7r— A,  which  is  positive  and  :|>  ^.     Therefore 
this  limit  vanishes  by  Art.  1619.     Hence  in  either  case  the 

contribution  of  the  final  integral  is  k0(^^)-     But  if  A=nT 
the  contribution  is  zero. 
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Hence  in  the  limit  when  a>  is  indefinitely  increased, 

I   sin  Ai£  i9  flin  /tix 

Lt^-^co\   — — d>(x)dx=Lt^^^\  — ; {0(ic)+0('"*— x) 

Jo  sma;  ^^  '  Jo  sma?  ^^^  /  •  ir\         / 

=|[«(O)+20(x)+20(27r)  +  ...  +  20{(n-l)x}+20(/i,r)]. 
But  if  h=^mr  the  last  term  in  the  square  bracket  is  to  be 

This  therefore  is  the  extended  form  of  Fourier's  formula 
for  a  range  0  to  A,  where  h  lies  between  mr  and  (n+l)^,  and 
CO  is  an  indefinitely  large  odd  integer  with  the  same  conditions 
for  i/>{x)  as  before  stated. 

If  o)  became  infinite  as  an  even  integer,  the  signs  would  be 
alternately  +  and  — . 

If  there  be  discontinuities  in  the  value  of  i/>{x)  in  the  range 
0  to  A,  and  if  the  starting  values  of  <p{x)  bls  x  begins  each  of 

its  marches  ^  ^  ^*  ^  ^^  ^»  -^  ^  ~^»  T   *^  T  *  ^^'*  ^ 

respectively  f^ix),  f^ix),  f^{x),  f^(x),  etc.,  the   formula  must 
be  amended  to 

J{/i(0)+A(7r)+/3(^)+/,(2^)+/,(2x)+/o(3^)+/T(37r) 

+  -..+/2n(n^)+/2n+l(^^)}, 

when  CO  becomes  infinite  as  an  odd  integer  and  the  number 
of  discontinuities  between  0  and  h  is  supposed  finite. 

1625.  If  a  and  b  be  two  positive  quantities,  a  >  6  and 
rmr  <  a  <  {m+l)^,  nir  <  6  <  (n  +  l)'7r,  then 

Lt^^S~^^i>i^)dx=^ir[\4>{^n<t^M  + 
jQ  Sin  X 

=  irB„ty  say, 
and 

ZL->„r^-^?^^(a;)c^a:=^[i0(O)  +  0(7r)  +  0(2^)  +  ...+^(n9r)] 
J  Q  8in  wC 

=TrEn,  say. 

Then  Z<._^.  \'^-^^^,i>(x)dx=T{E„-En). 
J  If  sm  wC 


■■taaAl 


rillM 
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If  a-6  >  27r,  so  that  a  >  (n+l)7r+2x,  i«.  >  (n+S)^,  the 
limit  is  x[0{(7i+l)^}+^{(n+2)7r}.  (n>0). 

If  6  <  TT.  then  a  <  3x,  and  the  limit  is  x[^(ir)+^(2x)]. 
Still  supposing  a  and  b  both  positive,  and 

a>6    and    7Hx<a<(m+l)x,    nx<5<(n+l)x, 


consider  Lt^. 


I 


"^sinctfjc 
0     sinx 


i/>(x)dx;    write  x=—y.     Then  the 


integral  becomes 


Similarly  Lt^-^^  \     -^i^^-;;ri/>{x)dx=^  —  7rE^tH, 
Thus  we  have 


lo     smx 


wiEu^—En)* 


^n.'i!r?*w*-^'[rrr]i^*<'>'"-'<*-+*-^ 

m  >  n  >  0 
In  the  case  0  <  6  <  a  <  ir, 

i<|"^^WAr=^[-J^(O)-J^(O)]=-,0(O). 

i<|]^^?^*(*)ffe=^[-i«(0)  +  i«(0)]=0, 

i.«.  if  the  limits  be  of  the  same  sign  the  result  is  zero ;  if  the 
limits  be  of  opposite  signs  the  result  is  x^(0)  or  —  x^(0), 
according  as  the  upper  limit  is  pasitive  or  negative 


■-  ^^^^.^^.f^^ 


FOURIER'S  FORMULA.  729 

1626.  Application  to  the  Ev&lvAtion  of  Fovxior'i  Series. 

Taking  the  identity  ?llli^±^3^  ==  1+27)  cob pd,    write 

therein  d=f— a;=2y,  2n+l=a»;  multiply  by  /(f)  and  in- 
tegrate with  regard  to  f  from  /8  to  a,  where  a~)8:^2x. 
We  have 

2 

and  increasing  n  without  limit,  (0->x  and 


«— « 


|f/(f  )d^+  |:£/{f )  COS  y(^-  a:)df  =K^"^/(a;+ 2y)dy. 

s 

For  the  right-hand  side  we  have  the  following  cases : 

Cam.  Upper  Limit.  Lower  Limit.  BMuIt. 

a>x>l3  +  -  x/(x)>| 

fi+2'7r>x>a>P  -  -  0 

a>/8>x>a-2x       +  +  0 

x=l3  +  0 


a5=a 


+ 
0 


Up) 


-         iKa) 


a- 13  <  2x. 


Dividing  by  -tt,  we  therefore  have,  if  a— /8  <  2x, 

=i/(a)  if  «=a 

=i/(i8)  if  a^=i8 

=0  \i  a>  p>  x>  a-2ir 

or     2x-hi8>x>a>i8.J 

Again,  if  a— /8=2'7r,  we  have  as  before  for  the  limit,  x/(»),  if 
a  >  a  >  /8.     But  if  a;=/8  the  limit  becomes 


=J[/(/3)+/(a)]; 


i«hMM 
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and  if  x=ar  the  limit  becomes 


X 


=^  [/(*-2.0)+/(x-2x)]=^  [/(a)+/(/S)]; 
and  dividing  by  -tt.  we  therefore  have,  if  a— /8=2», 

=  J[/(a)+/08)]ifx=«oria 

And  these  results  are  the  same  as  those  obtained  otherwise  in 
Art.  1601.  It  will  be  noted  that  this  method  of  procedure  is 
free  from  the  objection  of  assuming  that  what  is  true  within 
an  immeasurably  small  distance  of  the  limit  is  true  in  the 
limit.     (See  Art.  1601.) 

For  values  of  x  which  lie  beyond  /8+2x  in  the  one  directioD 
or  a— 2x  in  the  other,  we  may  proceed  exactly  as  before  in 
Articles  1601,  1602,  etc. 

1627.  Oauehy'B  Identity. 

'taking  the  identity  used  in  Art.  1626,  and  putting 

d-2f    and   /(f)««-«'^. 
we  have 

["(1+2008  2f+2co8  4f  +  ...+2cos2iif)«-«'^c/f=["5^^^ill^e-«'riif. 

But   /    «-«'^ cos 2rfrff  =  —  «"•',  aud  by  Art  1625  the  limit  of  the 
right-hand  side,  when  n  is  indefinitely  increased,  *=»o(l  +22*~'*'^*)- 

Hence  ^(i  +  2!>-.^)  =  |(l  +  2!:*-rM..); 

and  writing  o«a/ir=l/6, 

'J^(l  ■l-2i«-r«a-^=>/6  A  +2|>-»^\ 

a  curious  and  remarkable  result  due  to  Caiichy. 

Series  of  the  character  here  involved  occur  in  the  theory  of  TheU 
Functions,  where  0(ti)  may  be  defined  by  the  equation 

0(w)  =  l  -29co8  2r  +  27*co8  4x-2^'co8  6j:+... , 

where  q=e      ^  and  ^=ayi  K  and  K'  having  their  usual  significations  a^ 
used  in  Elliptic  Integrals. 


FOURIER'S  THSOREM. 


731 


1628.  Toproyei;^, 


j: 


*8iii«aa; 


This  limiting  form  follows  at  once  by  writing 
For  we  then  have,  if  0  <  A  >  ^, 

=fV'(0)=J^(0). 

under  the  same  conditions  as  regards  ^(x)  as  stated  in  Arts. 
1616  to  1622. 

And  further,  when  h  has  a  larger  range,  beyond  -^ ,  as  in 
Art  1624,  we  have  as  the  limit, 

|{Vr(0)+2^W+2Vr(27r)+2^(3x)+...}. 


sin  V 


8in2'7r 


But    ^(7r)=^-^^0(x)=O,    V^(2^)=^^^^^0(2^)=O,etc., 

SO  that  whatever  the  range  of  integration  provided  A  be 
positive  and  not  an  infinitesimal,  we  have 

In  the  same  way  the  result  still  holds  good  if  0(x)  presents 
a  finite  number  of  finite  discontinuities,  none  of  which  are 
infinitesimally  near  a;=0. 

1629.  OraphicallllaBtration. 

Since  X/»-><»  f  ^}!^  <^(^)  rff  « |  <^(0),  putting  f  «  - »?, 

Z^^oo  ("'"-^<^(-r,)rf,,=  -|<^(0) ; 
and  writing  <^( -i;)  =  ^(t;), 

and  the  letter  denoting  the  function  ^  being  immaterial,  we  may  replace 
it  again  bj  (^,  so  that 


Jo 


*  sin  (uf 


H$)<i$=-}<i>m 
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Also  it  x=^0  the  limit  vanishes  and  there  is  a  diacontinoitj.    Heooe  the 

is  that  shown  in  Fig.  473  consisting  of  two  straight  lines  parallel  to  the 
jT-axis,  with  an  isolated  point  at  the  origin. 


i^'iH^y 


■/-f^« 


Fig.  473. 


1690.   Let  <!,  )3  be  any  two  positive  quantities. 

Thewfore  !«.-►- /"  5i^^(f)<If=0,    (a>fi>0). 

SimiUrly  tt.->«  /  *^Y^«/>(f)rff =0. 

Again  M.-.  jf"?i!^^(f)df 

»K-—  (/,"'-.0^*«)«'f  ■=  -f+W-f  ♦(<>)-  — ♦(0), 
and  K.-.  f^^i,{^)d( 

=  K^.  (  ('-/^"')?^*(f)rff =|*(0)+|^(0)=-*(0^ 

Hence  when  the  limits  are  of  the  same  sign,  the  result  bO.  Whea  of 
opposite  sign,  the  result  is  ±  ir^(0),  the  sign  being  that  of  the  upper  limit 
(Compare  Art.  1625.) 

Again  jf"co.f«rf«=[?i^J-"-?^; 

t.e.    I    I     ^(f )  cos  ^n  cff  (^  =  ±  ^  ^  (0),  the  sign  being  that  of  h. 
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Further,    j     j  ^  (f )  cos  f «  rff  rfn 


=0,  if  a,  )3  are  of  the  same  eign, 

or  —±T^{0),  according  as  a  is  positive  or  negative  when  fi  is  of 

the  opposite  sign. 

1631.  Oraphical  DlnstratioiL 

Taking  a  >  )3  >0  and  ^-x-rj. 


=0    1  „,  =!*(«)  1 


or 


if  o>4;> 


>^  I  "'  if 


=  1*^^>  I  or  "° 

*       „  f  ""^  if  a>)8>* 


} 


The  values  of  this  integral  may  be  shown  graphically  by  the  heav^' 
lines  and  the  two  isolated  points  in  Fig.  474,  in  which  the  dotted  line 
is  the  graph  ot  y—x^{x). 


■ 

* 
* 

0 

/5 

r                   < 

»           X 

Fig.  474. 

Obvious  modifications  will  occur  if  a  or  )3  or  lioth  of  them  be  negative 
or  if  a  <  )3. 

1632.   Still  supposing  that  a  and  )9  are  both  positive  and  a  >  )3,  and 
putting  ^4-J7=T7,  we  have 

if-/3>x=-a      J         ■^-0>-»>^J. 


iL  Wjt  HiL  wai£ 


^i^^i 


mod 


wliose  vwhm 
have  been 
f oond  above, 


ire  have  br  additioo  and  soblzacdon,  if  x  be  positive. 


=0 


I 


ror 


=><->     lor         ?♦<'>       ) 
*=a>P  }        if  a>*>/3  i 


ifx>«>/8j         jj 

aod  if  j;  be  illative, 

•r     ^     o^         .-or  4  J  or  Z  ^ 

lfx>-^>-a|        if^^_a>_„/        if_^>^>_„ 


=J^(a)  \  =0  ) 
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1634.  If  /3=0  and  a=30  and  x  be  >  0, 

I    I    ^(^)costi^co8ti2;(i^({ii=l    I    ip(^)  Bin  u(  sin  vxd^du 

==^0(x) ;    and  if  x  be  < 0, 
I    I    <!>{() <^OBu( COS uxd^du=^\    I    0(^)siniif 8inua;(2^(^u 

These  results  are  all  obvious  on  compounding  the  two 
graphs,  Figs.  474  and  475. 

When  x=0  the  second  integral  in  each  case  vanishes. 

1635.  Since  the  products  cosu^cost/x  and  sin  tif  sin  tix  are 
both  even  functions  of  u,  they  are  not  affected  by  a  change 
of  sign  of  u.  Hence  the  integration  of  either  of  them  with 
respect  to  u  from  —  oo  to  oo  yields  double  the  result  of  that 
from  0  to  00  ;  therefore  if  «  be  positive, 

I     I      (/>(()  cos  u^  cos  yxd^du=\    I      4>(()sinu(smuxd^du 

IT  IT 

=0,  2  0(i8),  v0(jc)i  o  0(a)  or  0  in  the  several  cases, 
and  if  a?  be  negative, 

I    I      0(f)cosMf  cosMxrff (iw=— I    I      0(^)sinu^8intia;(2^({u 


=  ^»  2^^^^'  T0(— «),  0-^(0)  or  Oii>  the  corresponding  cases. 
1636.    If  )8=0  and  a=  30  ,  we  have 

I»    pao  poo   ^00 

=ir<f,{x).    (z+") (1) 

I    I      ^(^)co8M^coswxcf^dtt=  — I    I      il>(^)Hmu^  am  iix  d(  du 

=ir</.i-x).    (X-").     (2) 
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1637.  Fourier's  Formula. 

Put  (=—91,  and  write  x/r  for  0.     Then,  as  x  is  +'^  or  —'^, 

J      I      ^(—n)^osutjcosuxdridu=:^\      I      ^(— i7)8intti|8intixiifA« 

=  ir\lr(x)  or  ir\lf(—x),    as  «  is  +^  or  —'^. 
Let  V^(— 1;)=0(»7),  and  write  f  for  i;.    Then,  as  x  is  +''•  or  —  ■•, 

I      0(f)co8ttf  coswxrff  rftt=Tl      I      0(f)8intif8inti»dfi¥ 

='7r0(— x)  or  TT^Cx),    as  X  is  +''•  or  — ^.     ...(8) 
Hence  from  equations  1,  2  and  3,  whether  x  be  +^  or  — ''•, 

J       1      i/>(()co3u(cosuxd(du=Tr{<f>{x)+<f>{—x)}    I 

and  I       I      0(f) sin ttf sin ttxrffrfti=ir{0(x)—^(—x)}   I 
By  addition, 

J^J^0(f)co8u(f-x)rffrfti=2ir0(x). 

which  is  Fourier's  Formula. 

1638.  For  +"*  values  of  x  it  follows  that  the  graph  of 

y=j..JT.  0(f)  cosu(f-x)df  ill 

only  differs  from  that  of  y=i/>(x),  in  that  all  the  ordinates 
of  the  latter  are  increased  in  the  ratio  2ir :  1. 
Similarly  for  —  ^  values  of  x. 

1639.  A  Remarkable  Application  (BertruDd,  Calc  InU^  p.  238). 

If  in  the  formula   f     /    ^(^)o(mu^qo^ux d^du^-^<^(x)  or  ^0(''X 
as  i?  is  +••  or  -••,  we  put  ^(^)=e'*^,  whei^e  a  is  +•• ;  and  since 

we  have  /     -=- — irfi*=r-e~**  or  s-^,  according  as  jr  is  ^-''or  -* 
}%   a'  +  u*         2a  2a      '  ® 

(Art  1048). 
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PROBLEMS. 

1.  Find  in  a  series  a  function  of  period  4a  which  shall  be  equal  to 
a-^x  from  x^  -2atoa;»0,  and  equal  to  a  -  x  from  «»  0  to  x*-  2a. 

[Trik.  Goix.,  1881.] 

2.  Expand  2^  in  a  series  of  cosines  of  multiples  of  x  between  x 
and  -  X.  What  will  the  series  so  obtained  represent  for  otiier  values 
ofxl 

3.  Find  a  series  of  sines  which  shaUl  be  equal  to  kx  from  xnO  to 
OS  a //2,  and  equal  to  ib(/ -  x)  from  2  » //2  to  X  B I 

Find  also  a  series  of  cosines  to  answer  the  same  description. 

[Ox.  U.  P.,  1900.] 

4.  Expand  x(w  -  z)  in  a  series  of  sines.  [Ox  IL  P.,  1900.] 

5.  Find  a  series  of  sines  which  shall  represent  nkx/l  from  x*^0 
to  x^l/n;  k  from  x-l/n  to  x  =  (n -  l)//ii ;  and  fiib(/  - x)/l  from 
x»(n-  \)l/n  to  x^l  [OollmmI  1878.] 

6.  Trace  the  locus  of  the  equation 

^  =  2^— 5^  sin -jr-sin -^. 

[Bt.  John's,  1884.] 

7.  A  function  of  z  is  equal  to  z'  for  values  of  x  between  z»0  and 
z-a//2y  and  vanishes  when  x  is  between  1/2  and  /;  express  the 
function  by  a  series  of  sines,  and  also  by  a  series  of  cosines  of 
multiples  of  xz//.  Draw  figures  showing  the  functions  represented 
by  the  two  series  respectively  for  all  values  of  x  not  restricted  to  lie 
between  0  and  /.  What  are  the  sums  of  the  series  for  the  value 
z»//21  [7.1899.] 

8.  Show  that 

logcosecz»log2  +  cos2z4-^cos4z4- Jcos6z+  ...  +-cos2iiz-i- ... , 

{e<x<w), 
and  deduce  therefrom 

(a)  I   \ogs\nzdx'^^\og^;    (6)  I   co6  2iizlogsinzd!za -^. 

9.  Prove  that 

Jiirz 


,     2<?     -^  4rf   fj  .    ntre  mrc\ 


COS      , 

a 


represents  a  series  of  circles  of  radius  c  with  their  centres  on  the 
z-azis  at  distances  2d  apart,  and  also  the  portions  of  the  axis  exterior 
to  the  circles,  one  circle  having  its  centre  at  the  origin.         [7,  1893.] 
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10.  Find  a  series  of  cosines  of  multiples  of  irx//  which  shall  repre- 
sent a  function  which  is  equal  to  T^jia  for  values  of  z  between  0  and 
11%  and  is  equal  to  (/  -  2)7^a  when  x  is  between  I  ft  and  /. 

What  does  the  series  represent  for  values  of  x  not  lying  between 
OandM  [CoLunas,  1892.] 

11.  Find  a  Fourier  series  to  be  equal  to  7?  between  a;«  ±e,  and 

trace  the  locus    ^    2-  (-1)^/,       6\   .    irrx 

~  SB  —  y  -—^^-^—  I  1  —  — 5—3  I  Sin  —  • 
e     v^       r       \       vhy         c 

12.  Show  by  evaluation  of  the  integral  that 

2  f  *   .        (h    ^       sin  gb  -  sin  qa\  , 
-J^si..g»(-+tena      ''  ^      •'jdq 

is  the  ordinate  of  a  broken  line  running  parallel  to  the  axis  of  x 
from  2  =  0  to  a;  =  a  and  from  x  =  b  to  2  =  00 ,  and  inclined  to  the  axis 
of  X  at  an  angle  a  between  a;  ==  a  and  2  =  6.  [Math.  Trip.,  1883.] 

13.  If  /(«)  =  2^n  sin  nira;//  and  /(a:)=:5o  +  ^^»coenra;//  for  all 
values  of  x  between  0  and  /,  prove  that,  provided  f(x)  be  continuous 
from  oj  -  0  to  jc  =  /, 

B«=y^»  +  f{(-l)-/(0-/(O)}. 

Write  down  the  corresponding  formula  if  f{x)  be  discontinuous 
for  the  value  x  —  a  which  lies  between  0  and  /.  [Colliobs,  1891] 

14.  Prove  that  the  locus  represented  by 


nsoo 


(_l)n-l 

^ ^ —  sin  nx  sin  ny  =  0 

Hal  ** 

is  two  systems  of  lines  at  right  angles  dividing  the  coordinate  plane 
into  squares  of  area  ir*.  [Math.  Trip.,  1896.] 

15.  Show  that  the  equation 

a  .        iafir.        ,1         3ir,        .1         5v ,        ,  ^ 

^"2"*'*"i^r^®5(^"^^)"^F8c^8-^(^+y)+52<^-jr(«+y)+«^| 

represents  a  staircase  formed  of  straight  lines  of  length  a,  starting 
from  the  origin  and  parallel,  alternately,  to  the  axes  of  y  and  x. 

[St.  John's  Coll.,  1881.] 

16.  If /(^)  be  a  finite  function  of  6  with  the  period  2^,  show  how 
to  find  a  function  which,  in  the  space  between  two  concentric  circles, 

is  a  finite  and  continuous  solution  of  the  equation  ^^  +  ^-3  »  0,  with 


■OEEI 


■-  -  -    ■    ^it^li 
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the  value  f{d)  at  the  point  of  the  outer  circle  whoso  polar  coordinate 
is  6,  and  the  value  zero  at  every  point  of  the  inner  circle. 

[Math.  Trip.,  1896.] 
[After  transformation  to  polars, 

**  =  ^0  +  S  (^«**'*  +  ^»*'"")  COS  nd  +  y)  (Cnf^  +  Dnr-«)  sin  nB 
may  bo  taken  as  the  solution  of  this  equation.] 

17.  If  y  be  defined  as  coincident  with  y  =  ^  from  x»0  to  x«ir/2 ; 

y  =  «r/2  from  x  =  ir/2  to  «  =  3ir/2;  y  =  2ir-a;  from  a;  =  3s'/2  to  a5»2a-, 

_«_ 

and  be  represented  by  a  Fourier  series  of  form  y  =  -^o  +  2  -^p^os/kc, 
show  that  * 

3ir     2  v^cos(2y-l)a;     1  A  cos  (4ir  ^  2)a; 

and  draw  a  graph  of  this  series  when  x  is  not  restricted  to  lie  between 
0  and  '2v, 

18.  Prove  that  the  series 

/Jo       2      ^"^7,§^^-rJo       2     ^^T^" 


2*^  .    nirx{^f(v)-n-v)   .    nir«  , 
4- y  >;  sin  -=-  I  •'^  '    ir '-  sm-j-dv 

*iitt  *   Jo  ^  * 


is  equal  to  f{x)  between  the  limits  x-  -^l  and  x  »  -  / ;  and  trace  the 

curve  represented  by  the  series  for  values  of  x  outside  these  limits. 

[Math.  Trip.,  1885.] 

19.  Find  by  Fourier's  method  a  function  of  x  which  shall  be  equal 
to^l  from  2^0  to  a;  =  a,  and  equal  to  -  1  from  x»a  tox  =  2a,  and 
so  on  alternately. 

20.  Two  uniform  plates  of  the  same  substance  and  thickness  a  are 
in  contact.  The  outside  surface  of  one  is  impervious  to  heat,  and 
that  of  the  other  is  kept  at  zero  temperature.  It  can  be  shown  that 
if  one  slips  over  the  surface  of  the  other  with  constant  velocity  v,  the 
friction  per  unit  of  area  being  F^  then  at  any  time  i  the  temperatures 
of  the  two  plates  are  given  by 

V      [  (2n-H)'ir«Cl  ^ 

ey-l[a^-i:A^,e'     ^-'«'     co8(2n  +  l)jy, 

(Sn-4-l)'ir'C*C* 
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respectively,  at  a  distance  x  from  the  impervious  surface,  where  /, 
Cf  c  are  certain  constants.  Show  that,  if  when  / »  0,  0  is  zero  every- 
where, the  coefficients  ^s^+i  ^^®  given  by 

[ICath.  Tbip.  IIL.  1W4.] 

21.  Deduce  from  the  result  I  e-~''cos2&Bix  =  ^r*0-^,  or  other- 
wise obtain  the  result  ^ 

=  —  (1  4-  2«  "  COS--+  2e   •  cos —  +  2«   •  cos  — +... ). 
a  \  a  a  a  / 

[Math.  Trip.,  1887.] 

22.  Prove  that  the  equation 

ir2  1,        ,       1,        .      1        2,        ,       2,        . 

24=  -co8  2(a;  +  y)cos2(a;-y)  +  ^cos2(a;  +  y)cos^(x-y) 

13  3 

-3sCOS2(«  +  y)oos^(«-y)+... 

represents  a  series  of  circles  of  radius  x,  and  trace  them. 

[Math.  Trip.,  1885.] 

23.  Show  that  if  all  effects  of  atmosphere  be  neglected,  then  the 
intensity  of  daylight  at  a  given  place  at  /  o'clock  true  solar  time  at 
an  equinox  will  be 

^ri     1       wt     2  (  I         vi      1  2ir<      1  3ir/        n 

^U"'2^12-'t(0^6-0^-6-  +  0~*-6---|} 

where  /  is  the  intensity  at  noon.  Examine  tiie  values  of  the  above 
expression  when  (i)  t  =  0,  (ii)  i  =  6,  (iii)  /  - 1 2.        [Math.  Trip.,  1884.] 

24.  Prove  that  if 

^vf{p)  —  n/2  I    ^  (2)  sin  jKC  dx, 

then  will  ^i>(p)^s/^y(x)smpxdx.    ^math.  Trip..  1884.] 

25.  Show  that,  if  £i(x)s{'     -dx,  then 

1  f* 

- 1     [tft?Ei{  -qx)'  e-i*E%{qx))9\v\pxdx 

9  Jo 

[Math.  I^p.,  1884.] 
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26.  Find  two  hannonio  series,  each  of  which  shall  be  equal  to 
hxja  from  x^O  to  x«a,  one  containing  only  harmonic  functions  of 
the  form  sin  2tirz/a  and  the  other  those  of  the  form  C06fr«/a,  where 
f  is  any  integer.  Trace  the  complete  curve  given  by  the  harmonic 
series  in  each  case.  [Math.  Trip.,  1876.] 

27.  Sum  the  series  mco6^-|m'cos3^  +  ifii'co6  5^- ...  ad  inf., 
m  being  <  1,  and  prove  that  it  always  has  the  same  sign  as  moos  ^. 

Trace  the  curve 

raa(cosacos0-^cos3aco6  3^  +  |co6  5acos5^- ...). 

[Math.  Trip.,  1878.] 

28.  Express  the  doubly  infinite  series 


l««0    natOO 


/     ^v^^^cosfiLBcosny 

in  the  form  of  a  singly  infinite  series  of  cosines  of  multiples  of  y. 

[S.H.  Pboblbms,  1878.] 
Exhibit  the  result  in  the  form 

5f[{*W  +  il^«2}coshii« 

-^log2  +  -j   8inhn(a;-u)logco8|rfttJ^"   )  coBtiy 

29.  Deduce  Fourier's  formula 

2<^(aj)=»ir     r    il>{$) cos  ui^-x^d^du 
from  the  formula 

[PoissoN.    See  Todhdntbb,  I.C,  Art.  332.] 

30.  Examine  the  limiting  form  of  the  curve 


y 


-I    e-*«'<it(7|  I    (iOBw(v-'X),vdv\ 


when  k,  being  positive,  tends  to  a  zero  limit. 

[Db  Morgan,  B.C.,  p.  629.] 

31.  Prove  the  two  formulae 

2  f  *  f  * 

f(z)  =  -  I    cos aiitiu  I    /(<) costUdt; 

^Jo  Jo 

2  f*  f " 

f(z)  =  -  I    sin  xu  du  \    /(/)  sin  ui  dt, 

^Jo  Jo 

and  point  out  the  distinction  between  the  two  expressions  for  f(z). 

[St.  John's  Coll.,  1881.] 
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32.  Show  that  for  all  values  of  z  between  -  b  and  ^ 

F(x)-F(''X)^-\    sin 211  Jul      F(y)ainw^dp. 

[St.  JoHv'li OoLL., Ittl] 

33.  If  a  uniform  horizontal  bar,  both  of  whose  ends  are  fixed,  be 
80  displaced  horizontally  in  the  direction  of  its  length  that  initiiUjr 
one  half  is  uniformly  extended  and  the  other  uniformly  oompreaed, 
and  then  let  go,  prove  that  the  displacement  y  of  any  particle  x  at 
any  time  /  will  be 

2/  being  the  length  of  the  bar,  the  middle  point  being  the  origin  ind 
n/  the  displacement  of  the  middle  point. 

[The  equation  determining  these  vibrations  may  be  assumed  to 

be  ^'°^'^»  And  A  suitable  form  of  solution  of  this  equatioo  ii 
y  «  S  6m  cos  mx  cos  mat. 

Or  more  generally,  for  an  equation  of  type  ^is  =**??"'- ^»  f  " 
of  the  form 

J  -k- Bx-^  Ct-{- Dx^  -^ Exi-k-  Ft^  +  '^Lsin  {n(ai  -X)  -^a) 

+  2 Af  sin  {n(a/  +  «)  +  /8} 

with  certain  conditions.  (See  Forsyth,  D.  Equations.)  We  are  to 
have  y  =  0  for  all  values  of  /  when  x—  ±1-,  and  if  /sO,  |f-Bii(/-x) 
from  x  =  0  to  X  =  /,  and  y  =»n(/  +  x)  from  x  =  -  /  to  «  =  0.] 

34.  A  stream  of  uniform  depth  and  of  uniform  width  2a  flows 

slowly  through  a  bridge  consisting  of  two  equal  arches  resting  on  % 

rectangular  pier  of  width  26,  the  bridge  being  so  broad  that  under 

it  the  water  moves  uniformly  with  velocity  U.    Show  that  after  the 

stream  has  passed  through  the  bridge  the  velocity  potential  of  the 

motion  is 

,     d-h  rr      2a(7A»l    .    ivh       iwy  ■ 

<^  = Ux  +  — 5-  > .  -:5  sm  —  cos  — ^  « 

a  IT*  ^1*        a  a 

the  axis  of  x  being  in  the  forward  direction  of  the  stream  and  the 
origin  at  the  middle  point  of  the  pier.  [Math.  Teip.,  1878] 

[The  equation  for  ^  is  ^^  +  ^  =  0,  and  we  are  to  have 
\^ U  when  X  is  infinite,     ~-U  when  x  =  0, 


•^y^-v 


FOURIER'S  THEOREM.  743 

except  from  y  =- 6  to  y  =  6,  where  ^  -  0 ;  also  ^  —  Owhen  y^±a^ 
and  a  suitable  solution  of  the  equation  is 

<^  =  ^ojr4-2^<<508^«'"«. 
1  »  J 

IT  *  1 

35.  Show  that  t^^Stv r58in(2p+ l)»8in(2p+ l)y  repre- 
sents the  four  sloping  faces  of  a  regular  pyramid  built  upon  a 
horizontal  square  base  of  side  tt  units,  two  sides  coinciding  with  the 
axes  of  coordinates,  the  height  of  the  pyramid  being  x/2  units. 

[ToDHUKTu,  I.e.,  p.  904.] 

36.  A  membrane  is  uniformly  stretched  upon  a  square  frame  to 
which  it  is  attached  along  the  edges.  The  centre  is  displaced  slightly 
through  a  small  distance  k  perpendicularly  to  the  frame,  the  form 
being  that  of  four  planes  passing  through  the  edges  of  the  square 
and  a  common  point  above  the  centre.  The  side  of  the  square  is  a. 
The  constraint  is  then  removed.     The  equation  to  determine  the 

subsequent  vibrations  is  ^^  ^^^{'^^  '^TTip  *"^  *  solution  suitable 
for  such  a  case  as  the  above  may  be  assumed  to  be 

w-z  An,  r  cos  yt  SUl \: SlU  — ^ '  , 

the  origin  being  taken  at  the  centre  of  the  square  and  the  axes 
parallel  to  its  sides,  i  being  the  time  measured  from  the  instant  of  the 
removal  of  the  constraint,  and  n  and  r  being  integers.  Also  it  will  be 
noted  that  x^  ±a  and  y=  ±a  will  each  give  ii;  =  0  for  all  values  of  L 
Prove  (i)  4a^y^  =  chr^(n*  +  r*),  (ii)  that  n  and  r  are  odd, 
(iii)  An,r  =  0  Hni=r,  (iv)  ^„,n  =  8A:/nM, 

and 

tiy  =  -iX/T  .  ixt8">- TT^ ^"n  ir^ ^C08(2t+1) — = 

TT*  ^-^  {2t  + 1  )*  2a  2a  ^  'av'2 

37.  The  fixed  boundary  of  a  membrane  is  a  square,  and  the  centi  e 
ot  the  membrane  is  displaced  perpendicularly  through  a  small  space 
k,  the  membrane  being  made  to  take  the  form  of  two  portions  of 
intersecting  circular  cylinders.  Taking  the  same  general  form  of 
solution  as  before  of  the  equation  for  the  vibrations  when  the  con- 
straints are  suddenly  destroyed,  prove  that  n  and  r  are  odd  integers, 

and  that  1 28A;       /n*  +  r*     „   .    nir   .    rir\ 

An  r=  -iT-» — ivflil 2  sin  -;-  sin  -^  ) ; 

•       7r*(n*-?*)*\    nr  l  2/ 

"•  **     n^ir^V  "^nV-V*  [Math.  Trip.  III.,  1886.] 


CHAPTBR  XIXV. 
.  Ohm'a  Equation  for  the  flus  of  electric  cnrrent  i 


Mctioii  u,  oonductivity  k,  and  electroatatic  capacity  per  unit  UngA 

c,  is  -^  —  —  ^^,  giving  the  potential  F  in  tenns  of  I  tb«  time  and 

X  the  distance  cf  a  point  on  the  wire  from  a  given  origin  on  the  win. 

Assuming  aa  a  aolution  of  this  equation  V^-j--t-^Ar^mn(ft+B), 

where  a  ie  the  conatAnt  potential  for  all  values  of  I  at  the  hattei; 
end  of  the  wire  and  x  is  measured  from  the  earth  end,  I  being  tit 
length  of  the  wire  and  A,  B  arbitrary  constants,  ahow  th*t 


and  if  when  f  ~0,  V—O  for  all  values  of  x  from  0  to  1,  show  thai 
,.    ax    2a^-,cosii>'   — r  V'  ■    *"* 


c=~.-»  ■■  J*" 
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MEAN  VALUES. 

1640.  We  next  exhibit  the  application  of  the  principles  of  the 
Integral  Calculus  to  the  calculation  of  mean  values.  This  sub- 
ject and  that  of  Chances  to  be  considered  in  the  following  chapter 
are  wide,  and  the  devices  and  artifices  numerous.  The  general 
principles  and  theorems  are  however  but  few,  and  the  problems 
arising  depend  for  the  most  part  directly  upon  the  fundamental 
definitions.  A  considerable  number  of  illustrative  examples 
are  appended  to  illustrate  the  more  important  modes  of 
procedure  in  the  application  of  the  Calculus,  and  also  in  the 
evasion  of  the  necessity  in  some  cases  for  absolute  integration. 
Many  of  these  are  fully  worked  out ;  others  are  left  for  the 
reader  to  complete  the  details  of  the  integration  when  it  is 
not  necessary  to  supply  them ;  for  it  is  in  the  formation  of 
the  proper  expressions  to  integrate  and  in  the  assignment 
of  the  correct  limits  that  difficulties  arise  rather  than  in  the 
subsequent  mechanical  process  of  evaluation. 

1641.  Def.  The  quantity  -(a^-^a^+ .,,+an)  is  defined  as 

n 

the  Mean  Value  of  the  n  quantitiea  a^,  a^,,..ani  supposed  all 
of  the  same  kind,  n  being  a  finite  number. 

This  is  the  quantity  known  arithmetically  as  the  **  arithmetic 

mean"  or  average  value.     It  may  be  written  as  -2(a),  and 
denoted  by  M{a). 

1642.  Combination  of  Means  of  Several  Groups. 

If  there  be  several  groups  of  quantities  of  the  same  kind, 
via.  (oj,  Oj,  ...  a,),  (6p  6j,  ...  hg),  (Cp  c^,  ...  Cr),  ...  of  respective 

745 
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numbers  p,  q,  r,  etc.,  and  M(a),  M(b),  M(c\  ...  tbe  respective 
means  of  the  groups,  then  the  mean  M  of  the  whole  set  is 

j/_2:(a)+S(/i)-hS(o)^...^|>J/(a)-fgJ/(6)-hrJ/(c)-h..._2|iifW 

which  is  the  same  formula  as  that  for  the  ordinate  of  the 
centroid  of  weights  p,q,r, ...  placed  at  points  whose  ovdinsfteR 
are  M{al  M(h\  M(r),  etc. 

1643.  Mean  Values  of  Products  two  and  two,  etc 
Let  there  be  a  g^up  of  n  quantities  of  the  same  kind. 

Then  (2a)3^Sa»^22a^^2  .  ?lV^zi     ^'^' 

n*        n*         n*         n      H         n     }«(»  — 1)" 


Hence 
Similarly 


{ir(a)}«=ii^(a«)+^J/(<Mi.)L 


»'        n'  m'  n'         n    H     n     n*    n  h*  i^CM-lK"'^ 


t.<f. 


We  may  note  that  when  n  is  indefinitely  large,  the  mean  of  the  prodoett 
of  pairs  is  the  square  of  the  mean  of  all  quantities  ;  and  the  mean  of  tbe 
products  three  at  a  time  is  the  cul>e  of  the  mean  of  them  all. 

These  rules  determine  the  mean  values  of  the  products^  two  at  a  time 
and  three  at  a  time  respectively  in  terms  of  the  means  of  the  originsl 
quantities,  of  their  squares  and  of  their  cubes. 

1644.  Extension  of  the  Conception  of  a  Mean. 

If  the  number  of  the  quantities  a^,  ct^,  etc.,  be  very  large, 

and  their  sum  very  large,  the  fraction  *-  Zrt  tends  to  take  tbe 

form  00  /oo .  In  this  case  suppase  the  several  quantities 
a,,  a,,  etc.,  to  be  the  equidistant  ordinates  of  a  jcontinuoos 
curve  y=fp(x)  corresponding  to  abscissae 

x=a,    a+h,  a+2h,  ...  a  +  (n—l)h=^b,  say. 

Then  the  mean  is 


-{4>(a)  +  i/,(a+h)  +  <f>(a+2h)+,„  +  <p{a+n'-Vi)), 


n 


which    may    be     written    as    ^hip{a-\-{r—l)h}/'SJi,    which 
when  n  is  indefinitely  increased  takes  the  form 

j  <t>{x)d(cl{h-a). 


.iJfc's 
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It  18  assumed  here  that  the  several  quantities  €4,  a,,  ...  On 
are  such  that  no  two  consecutive  ones  differ  by  a  finite 
difference  when  n  is  indefinitely  great,  but  that  the  curve 
y—i/^{x)  is  one  in  which  there  is  a  continuous  change  of 
the  ordinates  between  the  limits  considered.  Otherwise  the 
integral  expression  would  be  meaningless. 

1645.  Ckeometrical  Meaning  of  the  "  Mean  Ordinate." 
It  follows  that  the  value  of  the  mean  ordinate,  taken  for 
equidistant  and  indefinitely  close  ordinates,  is  represented  by 
the  area  bounded  by  the  curve,  the  a;-axis  and  the  terminal 
ordinates  divided  by  the  projection  of  the  curve  upon  the  a^axis. 
That  is  the  mean  ordinate  FN  of  a  curve  PiQi,  between  the 
initial  and  final  ordinates  N^P^,  ^^\Q\  ^^  ^^^^  ^^^^  ^^  ^^^^ 
P^N^M^Q^PP^  is  equal  to  that  of  the  rectangle  FN^Mfi,  where 
FO  is  drawn  through  P  parallel  to  the  x-axis  (Fig.  476).  So 
that  as  mucli  of  the  area  of  this  figure  lies  between  PO 
and  the  curve  as  lies  between  PF  and  the  curve. 


1646.  The  Oase  when  the  Quantities  are  Functions  of  Several 
Variables.    Nature  of  the  Distribution. 

If  the  quantities  a,,  a^,  aj,  ...  be  functions  of  several 
variables,  first  say  of  two,  x  and  t/,  let  us  consider  a^,  04, ...  to 
be  the  z-ordinates  of  a  surface  z=<f>{x,  y).  Let  the  plane 
x-y  be  imagined  ruled  by  lines  8x  apart  parallel  to  the 
y  axis,  and  by  lines  8y  apart  parallel  to  the  a;-axis.  Let  one 
ordinate  z,  viz.  </>{x,  y),  be  erected  at  the  corner  x,  y  nearest 
the  origin  of  the  elementary  rectangle  8x,  Sy^  and  let  the  same 
be  done  at  each  of  the  corners  nearest  the  origin  of  the 
remaining  net-work  of  elementary  rectangles.  Then  we  shall 
understand  by  the  "  mean  value  "  of  z  the  limit  of  the  fraction 
whose  numerator  is  the  sum  of  all  these  ordinates  and  whose 
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denominator  is  their  number,  or,   what  is  the  amine  thing, 

lUcZxci^  |l^^2/>  i'^'  the  volume  bounded  by  the  x-y  plane, 

the  surface  z=<t>{x,  y),  and  cylindrical  surface  boiuiding  the 
portion  of  the  surface  considered,  whose  generators  are  panild 
to  the  2-axis,  divided  by  the  projection  of  that  portioQ  upon 
the  x-y  plane.    It  will  be  observed  that  the  number  of  these 

ordinates  is  measured  by  ll(2a;(2y,  that  is  the  area  of  the 
projection  described. 

And  if    there  be    three    independent    variables,  so   thai 
u=<f>{x,  y,  z),  we  shall  understand  in  the  same  way  that  by 

the  "mean  value"  of  u  is  meant  l||U(2a;cIyc/2/|||cIxcIycb, 

and  the  nurriber  of  cases  is  measured  by  I  |lf2a;<iy<b;  and 

similarly  if  there  be  a  fip-eater  number  of  independent  variaUea 
And  as  before  it  will  be  noted  that  it  is  assumed  that  no  two 
contiguous  quantities  of  the  group  considered  differ  by  a  finite 
difference  when  their  number  is  infinitely  great  That  is 
to  say,  that  unless  some  other  distribution  of  the  variooB 
quantities  a^,a^,a^,  etc.,  is  expressly  notified,  the  distribotioD 
in  the  case  of  two  independent  variables  is  that  in  which 
there  is  one  ordinate  to  each  of  the  elementary  areas  SxSif, 
which  go  to  fill  up  the  area  on  the  x-y  plane  which  may  be 
bounded  by  the  prescribed  limits  of  the  summation ;  and  that 
for  three  independent  variables  the  region  through  which 
the  summation  is  to  be  effected  is  divided  into  equal  volume 
elements  8x8y8z,  and  that  this  summation  is  to  be  taken  for 
one  value  of  u,  viz.  0(x,  y,  z),  for  each  element  of  volume 
6x  8y  8z. 

1647.  Other  Systems  of  Variables. 

Of  course  the  elements  of  area  and  of  volume  expressed  in 
the  Cartesian  manner  as  SxSy^  or  ins  8x8y8z  respectively,  may 
be  replaced  at  will  by  the  corresponding  expressions  rSBSr 
or  f*  ainO  80  8<f>Sr,  if  work  in  polar  coordinates  be  indkated 
as  more  convenient  for  the  problem  under  consideraiioii,  or 
by  the  corresponding  dflmln^lor  any  other  qyalaai  of 
coordinates. 


■i. 


-A^Si 
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And  if  there  be  more  independent  variables  than  three,  so 
that  we  fail  to  interpret  the  summation  by  geometry  of  two 
or  of  three  dimensions,  we  shall  still  understand  the  mean  of 
the  function  u^<t>{Xi,  x,,  x,,  ...  o^h)  to  be 

III  ...  litciX|Ciz2  ***  ^^/  1 1  "•  |cb;|(2z{ ...  dxm 

and  the  number  of  cases  to  be  measured  by 

II  ...  idxidx^,,, dxn 

when  the  limits  have  been  properly  ascribed  so  as  to  effect 
the  summations  in  the  numerator  and  denominator  for  all 
values  of  the  independent  variables  included  in  the  compass 
of  the  summation  to  which  the  *'  mean  value  "  refers. 

1648.  Nature  of  Varioiis  DistributionB. 

It  will  be  manifest  that  in  the  case  of  a  distribution  of  an 
infinite  number  of  quantities  such  as  the  ordinates  of  a  curve 
or  of  a  surface,  and  whose  mean  is  required,  and  which  have 
so  far  been  taken  as  equally  distributed  along  the  x-axis  in 
the  one  case  or  over  the  x-y  plane  in  the  other,  if  this  equable 
distribution  ceases  to  hold  good  it  will  be  necessary  to  form  a 
clear  conception  of  the  nature  of  the  distribution  which  is  to 
be  adopted.  It  will  make  this 
matter  obvious  if  we  take  a  simple 
example. 

Consider  the  problem  of  finding 
the  mean  value  of  all  focal  radii 
vectores  of  an  ellipse.  Usually  we 
should  understand  this  to  mean 
that  i{A,B,G,D,...he  indefinitely 
close  points  on  the  circumference  and  S  the  focus  from  which 
the  radii  vectores  are  drawn,  then  the  mean  is  to  be  taken 
for  all  the  radii  vectores  such  that  the  successive  angles  A8B, 
BSC,  CSD,  etc,  are  all  equal  infinitesimal  angles  SO,  In  which 
case,  r  being  the  radius  vector  for  an  angle  d,  the  mean  value 

=  {rde  j{d0. 

But  it  mi^t  be  that  the  successive  arc8  AB,  BG,  CD, ...  are 
to  I       ^^m.  ai  aqnal,  or  that  the  successive  areas  are  all  equal. 


Fig.  477. 
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or  tliat  the  successive  points  A,  B,  0,  D, ...  are  defined  by  an 
equable  distribution  of  the  feet  of  their  (yi*dinaUs  upon  the 
X-axis,  or  other  conceivable  distributions  may  be  adopted 
'J'he  mean  values  in  these  cases  are  respectively 

frtfa/fcfe,     fr .  ?'2  de  /  f  r^  (Ze,     [rrfx/fciac, 

and  the  several  results  are  obviously  not  the  same. 

1649.  "  Density  "  of  a  Distribution.    General  Remarks. 

It  will  appear  therefore  that  in  each  case  the  nature  of  the 
distribution,  or,  as  it  may  be  called,  the  "  Density,"  must  be 
carefully  defined.     This  is  of  primary  importance. 

When  the  distribution  is  one  in  which  the  angles  between 
the  successive  radii  vectores  are  etpial  infinitesimal  angles,  as 
in  tlie  case  cited,  they  may  be  described  as  equally  distributed 
about  the  origin  from  which  they  are  drawn.  This  is  the 
usual  case. 

In  the  same  way,  in  three  dimensions,  when  a  distribution 
of  radii  vectores  drawn  from  an  origin  to  a  surface  is  said  to 
be  "equable,"  we  shall  understand  this  to  mean  that  a  unit 
sphere  having  been  drawn  with  centre  at  the  origin,  and  its 
surface  having  been  divided  into  equal  elementary  areas,  one, 
or  the  same  number  of  radii  vectores,  passes  through  each  of 
these  elementary  areas.     The  mean  value  of  r  will  then  be 

llf .8ind({d({^/l|sind({d(20  or    IrcZa)/ 1(2(0,  where  &»  is  the 

elementary  solid  angle  subtended  at  the  origin  by  each  element 
of  the  surface. 

If  the  surface  itself  be  divided  into  equal  elementary  areas 
SSf  and  the  same  number  of  radii  vectores  pass  through  each 
such  element,  the   distribution   may  be  called  an  "equable 

surface  distribution,"  and  the  mean  value  will  be  |rd!iS/|d!& 

If  radii  vectores  be  drawn  from  the  origin  to  points  within 
the  region  bounded  by  a  given  surface,  it  is  usually  under- 
stood that  they  are  drawn  to  equal  elements  of  volume, 
The  mean  is  then 

[[[f.f*sin0iId<I^dr/rrrf>sindifdd^i{r, 


:^ 
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1650.   Illustrativk  Examples. 

1.  Find  the  mean  distance  oj  points  on  the  eireumference  of  the  eUipee 
from  a  focus,  the  density  of  the  distribution  being  defined  eu  one  in  which 
successive  pairs  of  points  subtend  equal  angles  at  the  focus. 

Taking  the  equation  as  2r~^a1+ecoa6/,  we  have,  b  being  the  semi- 
niinor  axi«, 

frde    2«r(l+ecoe^y-»rf^ 

2.  Find  the  mean  inverse  distance  of  points  within  an  eOipie  from  the 
focus,  ihe  distribuHon  being  an  equable  areal  one. 


Here 


^ndll-"'^<'rJh'"-  h'  sirft  2 


Area       Area     ira^    a  * 


jfrdddr 
a,  b  being  the  semi-axes. 

3.  Find  the  mean  distance  of  a  point  within  an  ellipse  from  a  focus, 

[CoLLXOiS  a,  1886  and  1879.] 


jjrdedr 
2P  1 


3ira6. 


3ira6Jo  (l+ecosd^)* 


-^     .  .[   (l-eco8ii)«du    (Art  196) 

2P         1      /     .  o^l  ttV     P     2-he«  I 

4.  Find  the  mean  distance  of  points  within  an  ellipse  from  ihe  centre. 

[OoLLBC:BSa,  1886.] 
Here,  measuring  6  from  the  minor  axis, 

1     8in«^^coH«^        A     t4i  ^       4     /•?  ,  ,^     4a»6«  f^  dp 

-5= — »-H — 15—    and    Mlr)-^ — t\    r^dd  =  -^ — |    = 

*"*        «  ^  3ira6;o  3ir  Jo  (o«co8«^+6«Rin«fl* 

-•^  r ^ i =T^  •  r^  r(l  -  «*8in«d)*d6>    (Art  391  (1)) 

= ^  X  (Perimeter  of  Ellipse)    (Art.  567). 

5.  Find  ihe  mean  of  the  distances  from  one  of  the  fod  of  a  prolate  spheroid 
to  points  wiihin  the  surface.  [Woi^tknholmk,  Kduc.  Times.} 

Taking  hr^  =  1  -He cos  6  as  the  generating  ellipse, 

(([r.r*Binededil>dr      ^      u  rw  a 

%/  ir^inm^  Vol.  4  Jo  (l+ecoe6^r  4^         ' 


Yolame 
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6.  A  parHeU  describes  an  etUpse  about  a  centre  oj  Jifrte  m  lie  Jaeme  8, 
Show  thai  iU  WMOii  iisktnce  from  8  wUK  regard  rR.Pl 

If  <  be  the  time,  then  r'-jT-»ooD8t»A,  for  equal  sectorial 
described  in  equal  times. 


are 


Hence 


{rdi     (r^dS     {' f^de       ,      ^ 
jdt     jf^dS      ^"^        ^       ^^ 


(b/  Ex.  3X 


7.  Find  (he  mean  value  oJ  r-'  wUh  regard  to  lime  under  Ike  aame 
stances,  r  i  r 


/*     /'^ 


dii 


2ir  1 

2. Area    oi* 


8.  Show  ikai  ihe  mean  distance  of  points  within  a  square  from  ome  of  As 
angular  points  is  to  a  side  of  ihe  square  in  ihe  ratio  (>/2+/<V(>/2-i-l)}  to\ 

Take  OA,  OC,  sides  of  the  square  OABCf  as  coordinate  axes.  We  maj 
confine  our  attention  to  points  within  the  triangle  OAB  without  altering 
the  result.    Let  a  be  a  side  of  the  square.    OP=r,    Then  (Fig.  478) 


M{ry^ 


a 


•  •ec# 


r^dOdr 


ia« 


«JaJ'sec»drf^=|{N/2  +  log(V2+l)}. 


Fig.  478. 


Fig.  479. 


9.  Find  the  mean  distance  of  a  point  within  a  rectangle  from  the  eenirt, 

[Ox.  II.  P..  1885.] 
Taking  2a,  26,  2d  as  the  sides  and  diagonal,  and  axes  parallel  to  the 
sides  through  the  centre  (Fig.  479X 

jjr.rdOdr  |- -.uii-i  -  r**^-*?  > 


If 

du*       d+b^b*       d+a 


MEAN  VALUES. 


753 


This  is  also  obvioaslj  the  result  for  the  mean  distance  of  a  point 
within  a  rectangle  of  sides  a,  b  and  diagonal  d  from  one  of  the  angular 
points. 

10.  Find  Ae  mean  distance  of  points  on  a  apheriad  ewrjace  from  a  fixed 
point  0  on  the  eurfaeeforan  equable  surface  distribution  of  radU  vectores. 

Here  M{r)=s  jrdSJjdS^  where  c£Sf  is  an  element  of  the  surface,  and 

with  the  notation  indicated  in  Fig.  480, 

Jf(r)»J  j    2acos^.2a<;?d.asin2d<^^/4ira*-ieira*/12ira>s4a/3. 

11.  Find  the  same  mean  for  a  distribution  of  radii  vectores  equablsf  drawn 
in  ail  direeUons  from  0. 


Here 


2a cos  ^.  sin  OdOd^p^a, 


Fig.  480. 


Fig.  481. 


12.  Triangles  are  drawn  on  a  given  base  a,  and  with  a  given  vertical  angle 
a.    Find  the  average  area,  [San  j  Ana,  JBdue,  Times.] 

Let  A  be  the  vertex,  BC  the  base  so,  0  the  circumcentre,  OA'^R^ 
making  an  angle  d  with  a  perpendicular  to  the  base.    Then  l{Ba/2  sin  a. 

The  perpendicular  from  A  upon  B(7=i{(coed+cosa),  and  if  the  mean 
be  for  an  equable  distribution  of  positions  of  OA,  (Fig.  481), 

M{£^ABC)=iaRr  *(costf+coeo)rfd/[       d(f 

2ir-oL  Jo  4\tRna    ir-a/ 

13.  (a)  A  person  is  left  a  triangular  piece  of  ground  whose  perimeter  oniy 
is  known  ;  show  that  he  may  fairly  calcuUUe  that  the  area  is  to  that  of  a  circle 
whose  fadius  is  Ae  known  perimeter  as  1 :  106,  sides  of  aU  possible  lengths 
ksmg  BgiMiBly  iilae%  to  occur.  [Math.  Taipoa.] 
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(6)  A  ttraight  line  of  length  a  ia  hroipen  inio  three  parte  at  random.    If  Ae 
three  parte  can  be  formed  into  a  triangle^  find  ite  mean  area, 

[St.  John's  Coll.,  1881.] 

(a)  and  (b)  are  the  same  problem. 

Let  OA  be  the  line,  P,  Q  the  random  points  of  division,  P  being  the 
nearer  to  0,  OP^x,  OQ-^y  OA^a,    Then 


O  *  p      yx      Q       a-y       A 

Fig.  482. 

The  limits  of  integration  are  to  be  such  that 
(i)  47+(y-ar)<(a-y);  (ii)  (y-*)+(a-y)<r;  (iii)  {a-y)-^x <{y-s\ 

•^**y^9»  ^-^9»  ^^^  y^5+^-    So  the  limits  are,  for  jr,^--    to  -; 

for  Jf)  ^  to  a.     Now  putting  j-jr^ii,  a-y=6, 

•       

Therefore  writing  y=5+», 

a 


8x105 


//A*...=|V|/.(-l)' 

Also  jj*P<^=J*(a-3f)cfy=~; 

I 

ira'      1 
.*.   -^(^)=' 105**  105  ®'  ^^®  *''®*  ®^  *  circle  whose  radius  is  a. 

1651.  The  Mean  Inverse  Distance  considered  as  a  Poientisl 


In  problems  on  the  mean  value  of  tlie  inverse  distance 
between  pairs  of  points,  much  labour  of  integration  may 
often  be  avoided  if  it  be  recognised  that  such  problems  are  in 
fact  problems  on  the  mutual  potential  of  two  gravitating 
systems  of  material  particles. 

The  potential  at  any  point  P  of  a  system  of  gravitating 
particles  of  masses  m^,m^,m^,  etc.,  at  distances  r^,r^,r^,  etc., 
from  P  is  defined  as  'Lmjr. 

The  Mutual  Potential  of  two  gravitating  systems  of  masses 
of  two  separate  groups  (nip  m^,  m^\  ...)  and  (m,,  m^',  m^", ...) 


■  — •%" 
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is   defined  as  Zm^m^/fig,  where  r^,  represents  the  distance 
between  m^  and  m,,  etc. 

But  if  the  particles  be  particles  of  the  same  group,  the 
mutual  potential  is  ^Zm^nt^r^.    [See  Routh,  Attractions,  p.  29.] 

1652.  Theorems  in  Potential  required  for  the  Froblenui  to  be 
considered. 

In  the  case  of  a  spherical  shell  of  mass  M,  the  potential  at 
an  external  point  at  a  distance  r  from  the  centre  is  M/r.  But 
at  an  internal  point  it  is  M/a,  where  a  is  the  radius. 

In  the  case  of  a  solid  sphere,  the  potential  at  an  external 
point  at  a  distance  r  from  the  centre  is  again  M/r ;  at  an  in- 
ternal point  -o^(3a'— 9^)»  M  being  in  each  case  the  mass  and 

p  the  uniform  volume  density. 

The  potential  of  a  thin  rod  AB  at  any  point  P  is 

m  log  cot  iPAB  cot  iPBA, 
m  being  the  mass  per  unit  length = mass/length. 

These  integrals  are  all  well  known,  and  are  useful  in  the 
present  class  of  problem.  Many  other  cases  will  be  found  in 
Routh's  Attractions, 

1653.  Suppose  we  are  to  find  the  mean  of  the  inverse  distance 
between  two  points  P  and  Q,  of  which  P  lies  on  a  spherical  surface 
of  centre  G  and  radius  a,  and  Q  lies  in  any  other  region  R  which 
lies  entirely  wOhoiU  the  shell. 

Let  dS  be  an  element  of  the  spherical  surface,  dR  an  ele- 
ment of  volume  of  the 
region  R. 

Then 


«(^)-^ 


dSdR 


ndSdR 
Fig.  4SS. 

Suppose  the  surface  and  volume  densities  to  be  unity,  and 
let  PQ=p.    Then 

^{^0)^8^  [(potential  of  shell  at  Q)dR 

=^— P  \S.  pQ=p' potential  of  R  at  C. 
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If  any  portion  of  R  lies  within  the  shell,  let  Ri  and  R^ 
be  the  masses  of  the  portions  lying  respectively  within  and 
without  the  shell ;  Q  and  Q'  two  points  of  the  regicm  R,  the 
one  outside,  the  other  inside  the  shell.    Then 

dS.dR    CCdS.dR,^  [CdS.dR, 


WdS.dR     (( 
PQ    ~JJ 


PQ 


+ 


n 


p<r 


=8 .  potential  of  R^  at  C+S .  ^. 


Fig.  484. 

Hence      itf  f- j=^  |potential  of  R^  at  C-\ — -*|. 

(See  a  Theorem  due  to  Gauss ;  Routh,  AUracUans,  Art  70.) 
If  -R  lies  entirely  inside  S,  Ro=0,  Ri=R  and  If  (- j=-. 

1654.    EXAMPLKS. 

1.  Find  the  mean  inverse  distance  between  a  point  P  which  lies  on  e 
spherical  surface  oj  radius  a,  and  a  point  Q  which  lies  on  a  drcmlar  disc  s/ 
radius  h,  whose  plane  passes  through  the  centre  of  the  sphere^  and  the  Use 
lying  (i)  entirely  without  the  spherical  surface,  (ii)  entirely  within. 


Fig.  485. 

(i)  Let  0  be  the  centre  of  the  sphere,  p  the  distance  between  a  pair  of 
the  points.    Then  we  have 


iff-  )=-p'  potential  of  disc  at  0. 


■^^^hh^da 


or  as 
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If  6= the  distance  between  the  centres,  this  may  be  expressed  as 

1    [^   h(b-ccwe)de 
^h    ^/6>-26coos^+^'        [Math.  Tbif..  1884.] 

(ii)  If  the  disc  lie  entirely  within  the  spherical  shell,  we  have  at  once 

2.  Find  the  mean  inverse  distance  of  two  points  P  and  Q,  one  within  a 
sphere  of  centre  A  and  radius  a,  ihe  oHher  wiiihin  a  sphere  of  cenke  B  and 
radius  b,  Ae  centres  being  at  a  distance  e  apart  (e  >  a-^b). 


Fig.  48G. 
If  V,  V  be  the  respective  volumes,  PQ^p, 

/l\    11^1^    /(potential  of  F»tO)<IF'    fj^dV 
1    fdV     1  1       F'     1 

IG55.  ▲  Useftil  Artificer 

Let  Ml  represent  the  mean  value  of  any  function  of  the 
distance  between  two  points,  one  faed  on  the  boundary  of  any 
region,  the  other  free  to  traverse  the  region.  Let  M^  be  the 
mean  of  the  same  function  when  each  point  may  traverse  the 
region.  Then  either  of  these  quantities  may  be  deduced  from 
the  other. 

Let  A  be  the  area,  or  V  the  volume  of  the  region,  according 
as  it  be  of  two  or  of  three  dimensions. 

Let  R  stand  for  i4  or  7  as  the  case  may  be.  Construct  a 
parallel  curve  or  surface  by  taking  a  length  dn  (a  constant) 
upon  each  outward  drawn  normal,  thus  making  an  annulus 
or  shell  round  the  original  region.     (Fig.  487.) 

By  this  increase  of  the  region  R,  M^  is  increased  by  the 
cases  in  which  one  or  other  of  the  points  lies  in  this  shell,  or 
by  both  lying  in  the  shell. 
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The  number  of  cases  to  be  examined  in  flnHing  Jf^  ia 
tDesanred  by  if. 
The  tiim  of  the  cases  is  measured  by  Af,R*. 
The  increase  in  this  sum  due  to  the  increase  of  the  normals 

from  n  to  n+dn  iB^{M^R')dn. 

Again,  the  number  of  cases  added  by  taking  one  end  of  the 
line  on  the  shell  and  the  other  free  to  traverse  the  region  it 
encloses,  is  measured  by  R.Sdn,  where  S  is  the  perimeter 
(or  the  surface,  as  the  case  may  be)  of  the  region.  The  same 
is  tme  if  the  second  end  lies  in  the  shell  and  the  fint  is  free 
to  traverse  the  bounded  region,  whilst  if  bolA  ends  lie  on  the 
shell  the  number  of  added  coses  is  measured  by  {S  d»y*. 

Hence      ^  {Mjll*)dn=2itj.  R.Sdn+MtiSdn^; 

and  as  the  second  term  on  the  right  is  a  second-order  infini- 
tesimal, we  have  in  the  limit  when  <Jn  is  indefinitely  small, 

T-{MJP)=2M,RS,  by   which  equation   the  value  of  either 

Jf,  or  Mf  can  be  deduced  when  the  other  has  been  foaod 
This  artifice  is  useful  for  circular  areas  or  spherical  r^ions, 
and  may  be  used  in  other  cases. 


Fit.  487.  Vis.  MS. 

16A6.   Illdstsativk  BxAitPLia. 

1.  {i)alu>B  Oat  a>e  mean  ditlmce  of  poinU  vUkin  a  anU  from  *  fni 
point  in  rtc  otmanftmux,  mt.  M„  it  3Sa/9r,  a  Maff  bU  rviiui. 

(U)  atow  Aat  a«  mam  duteiue  Muem  m^  Km  poinU  wMtK  lla  eiiA, 
«^  Mf,  >'IS8a/45T.  [St.  Jobh'b  Cou.,  I8»| 

Let  O  be  the  Bied  point  on  ths  circumterence  mnd  Ox  the  dianMtw 
tbroagh  0.    r,  0  the  coordiutce  of  »aj  poiDt  P.    (Fig.  488.) 


T- 


(ii)  Again 
and  Jf  a  vanishes  with  a. 
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«  4.x      128      .         J      w      128a 
46  46ir 

2.  (i)  ^tiMl  if  |»  the  mean  dUtance  of  a  point  on  the  surface  of  a  sphere  of 
radius  a  from  internal  points. 

(ii)  Find  M^  ihe  mean  distance  between  two  points  vMin  a  sphere  of 
radius  a. 


f[[r,f»Bindded4,dr       -  ,1  ^^ 


jjjr^smededi^dr 


6a 


(ii)  (i((iira*)SJf,}»2.|ira'.4iraS<ia.^, 

and  M^  vanishes  with  a  ; 

/.  (Jira»)«if,-ttirV    and    M^^^a. 

3.  Mean  distance  of  points  within  a  sphere  of  radius  a  and  centre  C  from 
a  given  external  point  0  ;  OC^e, 

Let  OQQ'  be  a  chord  through  an  internal  point  P,  whose  coordinates  are 
r,  $  with  reference  to  0  as  origin,  and  let  ^  be  the  azirouthal  angle  of  the 
plane  OCP,    Then 

M{r)^^^jjjf^Bineded4^dr^;^,^f^''*'\0Q'*-0Q^^ 


Fig.  489. 

IjbtQQ'^2s;  then 
cSsa'-c'sin'^,    s dt^  - c» nin  6 cos 6 dd -- -i{0Q-¥0Q')cnBed6, 

and  the  limits  for  f  are  from  a  to  0. 

4.  Msan  distance  of  points  upon  the  surface  of  the  sphere  from  a  point  O 
wiAout  Ae  sphere, 
Tka  wmkn  of  cases  in  which  P  can  traverse  the  whole  sphere  is 

Iqf  |«v*     Therefore  the  sum  of  such  cases  is  iira*r c+^r  —  1. 
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The  change  effected  in  this  by  increasing  a  to  a+daiM 

-4.a.(c-Hi|>=w(c4^)*. 

The  number  of  these  introduced  cases  is  to  the  first  order  iw^ia,  the 
new  cases  being  those  of  the  points  on  the  shell.    Hence  the  neaa 

required  =<?+=  — . 
o  e 

5.  Find  ihe  mean  didance  of  aU  points  P  wHkin  a  sphere  of  radima  a  eed 
eenire  Cfrom  a  fixed  iniemtU  point  0  ;  OC^e, 

Here    M{OP)^:^jjjr*BinedOdi>dr^^.^j[f4lnned$. 

Let  QOQ'  be  the  chord  through  P,  AOA'  a  diameter  and  BOB'  the 

perpendicuUr  chord.    Let  AOQ'^  6,  A'aQ'^^O'.    We  may  replace  [r«]sio^ 
by  OQ«sin  ^-i-0Q'«8in  6'  and  integrate  with  regard  to  &  (-«eO  from  0  to 

3 ;  for  having  integrated  for  ^  from  0  to  2ir»  all  elements  will  be  thai 

summed.     Now  OQ* + (XP  «  2(a> + c*)  -  ic*  sin>  ^,  and 

0e*+0e'«=(4(a«+c«)«-2(a«-c«)«}-l6c«(a«+c«)sin«^+16c«8in«tf. 


Fig.  4il0. 


Hence 


if(Oi»)-J,{{»«'  +  18«'C+2C)-fcMa.+c.)+16c«.il|}-?„  +  ^J-4J. 

When  C'^'O  this  becomes  6a/6. 

6.  Deduce  from  the  last  reeuU  the  mean  diekmee  between  tv>o  random  poi^ 
within  a  sphere. 

Taking  C  for  pole  and  r„  6i,  ^i  as  the  coordinates  of  0,  the  sum  of  the 
with  a  given  point  0  for  an  extremity  is 


MLoltiplyiDg  by  ri^BtnOidOidtpidrt  and  integrating  through  the  sphere, 
we  have 

._,  1         4      ,  ^      o   r3a   a*  .   1     a*        1       a^n    38i 

Mean  Ttlue required -^j^,.^ira«.2,r. 2. 1^-.-+-. --—J. ^J.^ 

m  olktrwiae  in  Ex.  i. 


k 


i 


*'.— ^-.o-r 
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7.  Find  Ae  mean  ditianee  of  a  given  poini  O  within  a  9phen  from  points 
cm  ihetmfaee. 

The  mtm  of  the  cases  of  distances  of  internal  points  from  O  being  as  in 
the  last  example,  v(a*+|o*a*-|V*)  is  increased  bj  T(4a*+|c'a)<ia  bj 
increasing  the  radios  to  a -k- da.  The  number  of  added  cases  w  to  the  firtt 
order  measured  by  4^a*  da.  Therefore  the  mean  of  distances  of  points 
on  the  surface  from  the  given  internal  point  O  is 


«^4a»+^  o*a)<ia /4ra«Ai«a+|  ^. 


8.  Find  the  mean  dietanee  of  pointe  between  the  surfaces  of  two  eoneenirie 
spheres  of  radii  Oi,  a^  from  an  external  point  P  at  a  distance  e  from  the 
centre  O, 


Fig.  491. 

Taking  Q  any  point  of  the  shell  distant  x  from  the  centre,  the  mean 
value  of  PQ  is  e+Q  —  ,  and  the  number  of  cases  between  the  spheres  of 
radii  x,  x-{-dx  is  Ws^dx,  The  sum  of  the  cases  for  this  thin  shell  is 
therefore  4irx*  dx(e-\-^—j ;   .*.  for  the  shell  of  finite  thickness, 

/'* 


M(PQ) 


\      3  cj         ^  .  1  a^-a^^ 


r 


^a^dx 


be  a^-Qi*' 


9.  Find  the  mean  distance  of  points  within  a  sphere  of  radius  a  and 
centre  O  from  points  within  an  external  concentric  spherical  shell  of 
internal  and  external  radii  a^  and  a^.    (Fig.  492.) 

Let  P  and  Q  be  two  such  points,  Q  lying  within  the  shell,  OQ-x.    For 

1  a* 
a  given  position  of  0,  M{PQ)r^x+-  — .    The  number  of  cases  is  measured 

o  X 

by  5  ira\  and  their  sura  by  ^  tra*  ( -^ +r  — )  •    Now  let  Q  traverse  the  shell. 
Let  (iF  be  an  element  of  its  volume.    Then 

^ipQ\    J^       ^       *  ^^  7«i  \       b  X  J 3  V  -  g,*  .  3    ,a,»  -  a^ 


jlra'dV 


I 


AjTJ^dx 
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In  tha  particular  cases  stated  below,  wb  have 


Fig.  492. 


Fig.  «1 


10.  Find  At  mtan  dUtance  of  a  painf  P  wkieh  lies  btlmat  A*  tmfaui  i4 
a  ijAerical  aktU  of  inner  and  outer  radii  O]  and  a,  from  a  potat  Q,  dUd 
lk»  iebMcn  CAc  mrfaea  t^  a  (wneenfric  spftcHeo)  sAell  uAose  imur  aarf  MAf 
radii  an;  b,  anil  6,  (6,  >  b,  >  o,  >  a,).     (Fig.  493.) 

Let  0  be  the  centre,  OQ=x.     For  a  fixed  position  of  Q, 


and  the  number  of  such  cases  is  lueasufed  by  J«'{o,' -  a,'),  and  their 
sum  by  4r(a,»- ai')r*+£-^3jZ^1  =  /■(«),  wj.  Hioce  wbac  ^  i« 
free  to  travene  tlie  outer  sbell,  we  bave 


fiPQ)= 


jimi?<hxir(a. 


',') 


«■•£> 


11.  Jfenn  iJi«lane<  o/  pointf  Q  wittin  o  spAerE  of  radius  a,  front  peiiili  f 

on  lite  turf  ace  of  a  atcoitd  of  radios  h  txttmalto  At  former. 

A  and  B  being  the  reBpeclive  ceulrua  and  P  a  given   point  on  iIk 
sutTace  of  tbe  second  sphere,  the  [iieau  of  dintunces  fi-uin   P  of  poinU 

within  the  first  — r  +  j;  — ,  where  ,1/'  =  ^ 
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Henoe  the  sum  of  the  cases  is  measured  bj  q^<>*(''+ic  ~) 

iphere  J^      ^      ^  '^ 


Hence  we 


are  to  find  for  the  second  si 


Fig.  494. 
Now  I  r<i9 a  4ir6*x  mean  distance    of   points  on   the  second  sphere 

from  i4=4ir6*f  c-h-  —  j 
and        I — a  potential  of  a  shell  of  unit  density  at  the  point  A 


.'.  mean  value  required  = 


1  6«\    W^    a* 

'"^    c     '  6  1  6"     1  «« 
=  "+37+6  7 


TirF 


12.  Mean  dittonce  oj  two  points  Q  and  P,  one  on  each  of  two  apkerical 
surfaces  of  radii  a  and  h,  each  outside  the  other, 

A  and  B  being  the  centres,  r=AP,  the  mean  of  the  distances  on  the 


Fig.  495. 


1  a« 


surface  of  the  firat  sphere  from  P=:r+^  — ,  and  the  sum  of  the  cases  is 
measured  by  Aira^l  ^  +  »  —  l     Hence,  we  have  to  find  for  the  second  sphere 


/ 


Arra*dS 


8    +3 


16*     la* 

="+3  7+3  7- 
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13.  //  each  of  the  points  in  Case  12  be  aUowed  to  iraverm  the  Menor  pfOt 
own  spheFSf 

M{J'Q)=i-S-—^ — i-Li. —  tdcen  through  the  second  sphere 

=  i3'n''  +  6  TJ  +  S"     c    }/3'*'=''  +  6  7  +  5  7- 

14.  Mean  distance  between  points  P  and  Q,  P  lying  of^wlerv  wiAin  • 
sphere  of  centre  A  and  radiusa,  Q  within  a  sphere  of  centre  Bandradiusl, 
enclosed  entiirdy  by  AefirsL 

L»t  AB^c,  BP^r,    First  fix  P.    Then 

(i)  if  Plie  without  the  snmller  sphere 

M{PQ)^r-^l~,  and  the  number  of 

such  cases  is  measured  by  Ixft*; 

(ii)  if  Plie  withiu  the  smaller  sphere 
3        r*       1    r^ 
^{PQ)  ~4^+26~20S*'  ^^®  number  of 

cases  being,  as  before,  measured  bj 
The  sums  of  the  cases  are  therefore 


Fig.  496. 


and 


4 
3 


These  are  to  be  summed  for  all  positions  of  P.  In  the  second 
P  necessarily  lies  in  the  smaller  sphere  and  in  the  first  exprsMion  the 
integral  through  the  shell  is  the  difference  of  the  integrals  taken  thrtrngb 
the  two  spheres. 

The  first  therefore  yields  |ir6»(Jr<ir+^|—\  dr  being  an  elemeBt 
of  volume, 

4    i^r^     .^3a     lc«     1  c*\    6»    2    ,,  ,      -."l    4    ^r4    r.  3*    &•   ^1 
3'^LrnT  +  2a-20^j-^6     3'^(^"-^")J-3^^L3'*'T-^6 

The  second  yields 


Adding  and  dividing  by  fira*xfir6',  the  mean  value  required  is 

J_6«c« 3^  6* 

10  "oS" 


3a     c^___£^     36* 
4  "^ea     20a"'*"  10a 


140  a> 


When  c«0  and  a=b  this  reduces  to  j{a,  the  result       ^z.  8. 


-•■-  - 
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16.  M&tn  distance  PQ,  when  P  and  Q  lie,  one  vriihin  a  sphen  of  centre  A 
and  radine  a,  and  Ae  oiher  wUhin  a  sphere  of  centre  B  and  radiua  b,  the 
apkeres  iniereecHng,  uhere  AB^c  ( >  a). 

Iiet5P=r.    Fix  P.    Then,  (Fig.  497), 
(i)  if  P  lies  without  the  ft-sphei-e,  the  sum  of  the  cases  is  measured  by 


> 


«)■■ 


(ii)  if  P  lies  (at  P*)  within  the  (-sphere,  the  snm  of  the  cases  is  measured 
by  §^^(4*  +  2  5" "  ^>p)»  ^here  r  is  now  31^. 


Fig.  497. 


Fig.  49a 


We  have  now  to  sum  /  o^^(^ + iLi)^  Vlor  the  a-sphere,  omitting  the  lens. 


and 


and  after  addition  to  divide  by  the  measure  of  the  whole  number  of 
compound  cases,  viz.  |ira* .  |ir^. 

Now  the  integration  of  any  function  ^(r)  of  the  distance  r  of  a  point 
£"  from  an  external  point  B,  can  be  conducted  through  the  region  enclosed 
by  the  lens  as  follows  : 

Let  F,  V  be  the  vertices  of  the  lens  (Fig.  498).  Then  if  4?  be  distance 
from  V  of  the  common  plane  section  of  the  sphere  of  radius  a  and 
centre  A  with  the  sphere  of  centre  B  and  radius  r,  we  have 

2er  2c 

and  if  r  increases  to  r+(ir,  the  volume  of  the  lens  increases  by 

this  being  the  volume  of  the  added  layer. 
Every  point  of  this  layer  is  at  the  same  distance  r  from  B.    Hence  the 

integration  of  <f>{r)  through   the  lens  is   i<l>{r)-{a^''{r~e)i^)rdr  with 
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limits  c-a  to  b;  and  for  the  rest  of  the  o-sphere  with  limits  from  h 
to  c+flf.    And  we  have 

='{(-'-'')Sr2+^£-3-n^l}  =  '"  "•'• 
Hence 

''<''«-.-;^.{['.r"*?['-.r-"['-L-8['.L-=i.['-Li- 

The  integi-als  I  /_j  I      and  I  /o  J      are  interesting  from  another  point 
of  view,  and  reduce  as  follows  : 

["!'+«       IT 
/_, J      ««-(c+a-6)*(2a+6-c),  and  is  the  potential  at  B  of  the 

meniscus  FCO  taken  as  of  uniform  unit 

volume  density. 

[/«]      =:j^(a  +  6-c)«[(a  +  6+c)«-4(a«-a6+6«)],  and  is  the  volume 
*"""  of  the  double-convex  lens. 


Fig.  499. 


1657.  Mean  Square  of  Distance  between  Two  Points. 
Let  P  and  P*  be  random  points  in  the  respective  regions 
R  and  R,  which  may  be  one-,  two-  or  three-dimensional.    Let 

0,  0'  be   the   respective 
p-      \  A      '      A       centroids  of  these  regions 

for  a  uniform  mass-dis- 
tribution, and  the  line, 
surface  or  volume  den- 
sity, as  the  case  may  be, 
be  taken  as  unity.  Let 
H  and  H'  be  the  moments  of  inertia  with  regard  to  the  respec- 
tive centroids,  viz.  ^mGP^  and  2m'6rP'*  Then  taking  R,R  9S 
the  lengths,  areas  or  volumes  of  the  regions,  as  the  case  may  be, 

For       M(p«)  =  f  fpF«rfi?  dRJiidR  dR, 

and      \pP^dR=R.  PG'^+H' ; 

(Lagrange's  Theorem,  Routh,  A.  St,  L.43d) 

f  fp/>^iirrfi?=  f(i?'.  PG'^+H')dR=-R(R .  G€r+H)+RB] 
ijao     {{iBiR^R.R;    :.  M{p^)=GG'^+H/R+H'IR. 


ilf.  . 
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The  values  of  H  and  H'  are  known  for  many  elementary 
casea 

Cor.  L      Centroids  coincident.  ff(?'=0,  M(p'^)=H/R+H'IR'. 

Cor.  n.    (i)  Regions  identical.  M (p^)=-2H / R. 

(ii)  If  the  region  be  a  plane  lamina. 

H/R=sq,  of  radius  of  gyration=ib« ;     /.  M{p*)=2k^. 

1658.  Examples. 

1.  For  two  ellipses,  semi-axes  (a,  b)  and  {a\  b'),  lying  in  the  same  plane, 
e  the  distance  between  the  centres,  i^(p«)  =  (a*+6'+o''+6'')/4+c*. 

2.  J{  R  and  R  be  the  same  square  of  side  a,  M{p^)  a  a'/S. 

3.  If  R  and  /t  be  the  same  sphere  of  radius  a,  within  which  each  point 
may  move,  J^(p')  =  6a'/5. 

4.  If  R  and  Rf  be  the  same  sphere  of  radius  a,  on  the  surface  of  which 
each  point  may  move,  J/(p')s2a'. 

5.  If  P  moves  on  the  surface  of  a  sphere,  and  /^  on  a  diametml  plane, 

i/'(^)  =  3aV2. 

6.  If  P  moves  on  the  surface  of  a  sphere,  and  P  on  a  great  circle, 

ir(p«)=2a«. 

7.  If  Pand  P'  move  one  on  each  of  two  straight  lines  of  lengths  2a,  26, 
whose  cen  t res  are  a  d  istance  c  apart,     i^(p') = c* + (a^ + 6')/3. 

If  the  lines  be  identical,  i/(p')=2aV3, 

with  the  same  reMult  if  not  identical,  but  with  the  same  centre  and  of  the 
same  length. 

1659.  If  one  of  the  two  points  be  fixed,  say  7^,  and  P  traverses  a 
region  R,  then  taking  P*  as  origin  0.    Then 


^if^)  =  [oP^dR/jdR^  OCn  +  H/R. 


1600.  Examples. 

1.  If  0  be  the  centre  of  a  square  of  side  2a  which  P  may  traverse, 

J/(p*)  =  2aV3. 

2.  If  0  be  a  point  at  distance  e  from  the  centre  of  a  circle  of  radius  a  in 
any  position  which  /*may  traverse,  M(p^)=c^+a*l2. 

3.  If  0  be  the  centre  of  an  ellipsoid  of  semi-axes  a,  6,  c,  throughout 
which  the  free  point  may  travel,  -¥(p*)=(a'-|-6*-f-c')/5. 

If  0  be  the  extremity  of  the  a-axis,  i^(/)«)=a»  +  (a«+6*+c»)/5. 

4.  U  P  lies  on  the  circumference  of  a  semicircle  and  /^  on  the  diameter, 

«f  kaglh  SOy  4a*  /        4a*\  I  a» 

Mi4^)'^-^rra{c;^  -  ^)/ Ta+ 1  =  4a«/3. 


-^ 
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Otherwise  : — with  the  notation  of  Fig.  500, 


i^(p») 


4a> 
3 


C  P'     N     B 

Fig.  500. 


Fig.  601. 


5.  If  P  lies  on  the  circumference  of  a  circle,  and  on  one  aide  of  a  giveB 
diameter  AB  and  P'  on  the  opposite  semi-circumference,  OQ^^Aalv ; 

Otherwise :— If  0  be  the  centre,  AOP^  6,  AO(i^^,  (Fig.  501X 
jr(^- JT'  Jf' 4a«sin«^rf^<*^/jf'  Jf' ded4>^^j^  j^  (1  -oos(^+f  ))d»if 
«etc.  =  2<i*(ir*+4)/ir». 

1661.  Mean  n*^  Power  of  Distance  between  two  points  P  and  Q. 

EXAMPLBB. 

1.  Let  AB  he  h  given  straight  line  of  length  a ;  P  and  Q  two  randos 
points  upon  AB,  P  being  the  one  more  distant  from  A  ;  AP^x,  AQ^y* 

ir(«i-)=/;jr^,-yr^dy//;jr'd.iy=/;[-<£^'];;;4./j[%* 

=  -^- fx^+'dar/ rrdr=2a*/(»  +  l)(»  +  2). 
n+ljQ  /Jo 

2.  If  P  lies  on  the  circumference  of  a  circle,  and  Q  be  at  a  fixed  poinl 
0  of  the  circumference,  C  the  centre,  (Fig.  502), 

M(0r^)--2l   0P".2add/circumf.  =  ?(2a)"f  coe"drfd=?— ^JT,; 

Jo  IT  Jo  T 

wr     (n-l)(n-3)...2,       ,,.        (»-l)...l    v     .  . 
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3.  If  P  lie  within  the  circle,  and  Q  be  at  0,  (Fig.  603X 


Jr^  r2aoM0  9**-*-* A* 


where 


K^^j  COST** $  delete 


Fig.  602. 


Fig.  503. 


4.  If  P  and  Q  both  lie  within  a  circle  of  radius  a,  M{PQ*)  may  be 
inferred  from  the  last  result  Let  M  be  the  result  required.  The 
number  of  cases  is  measured  by  ira'  x  ira'  and  their  sum  is  measured  bj 
Mir*a^,    If  the  radius  be  increased  to  a-\-da,  the  increase  in  the  sum 

^~j'{MiAi*)da,    This  increase  is  brought  about  by  the  addition  of  the 

cases  in  which  P  or  Q  or  both  lie  on  the  annulus,  and  is 

2.2irada.ira«----— --jr,  +  2iraAi.2iroAi. -^Jfi, 

the  first  factor  2  being  inserted  because  either  P  or  Q  may  lie  on  the 
annulus,  and  the  second  term  arises  for  the  case  in  which  both  lie  on  the 
annulus,  but  is  a  second-order  infinitesimal. 

Hence,  M  vanishing  with  a,  no  constant  of  integration  is  required,  and 

da^  n  +  2  "  (n:f2)(n+4)  v 

[The  result  was  given  by  the  Rev.  T.  C.  Simmons,  Educ  Timea^  7d43, 
p.  120»  vol.  xliii.,  a  different  proof  being  adopted.] 

5.  If  P  lies  on  the  surface  of  a  sphere  of  radius  a  and  Q  is  at  a  fixed 
point  O  of  the  surface,  then,  (n  >  0), 

M(OP^)  =  -^J  (2aco8dr2ir(2a8indco8W2arf^=2(2a)«/(n+2). 

6.  If  P  and  Q  at*e  both  free  to  move  on  the  surface  of  the  sphere  and 
a>  1,       M{PQ'')= 1 1  r^dSds/ j  j  d8dS=  etc.=2(2a)'»/(n  +  2). 

[This  result  might  be  inferred  from  Ex.  5.] 

7.  If  P  lies  within  the  sphere  and  Q  is  at  a  fixed  point  0  on  the  surface, 

If  (0P*») « 12(2a)«/(n + 3)  (n  +  4). 
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8.  If  P  lies  within  the  sphere  and  Q  be  at  the  centre  C^ 

M{CP*)^^a^Hn'^2).     [St.  John's  Colu,  1883.] 

9.  If  both  P  and  Q  lie  within  the  sphei'e,  proceed  as  in  Ex.  4. 
Then  lf(P©")  =  2*+».3V/(n+3)(n+4)(iH-6). 

10.  If  one  point  lie  within  the  sphere  and  the  other  lie  at  a  fixed  point 
O  without  the  sphere,  let  OQQ  be  a  chord  through  P,  C  the  centre, 

COQ^e,  a  the  radius,  CO-^'C,  OP=r, 

and  00,  OQ'  are  the  roote  of  ^-2cpcoe  d+c*-a*=a 

For  the  evaluation  of  this  integral  it  is  convenient  to  take  QQ"  as  the 
variable  when  n  is  odd  and  6  as  the  variable  when  n  is  even.  There  are 
two  algebraical  identities  useful  in  such  cases.    Let  r^-k-rM^s^ri-r^'^i, 

Then,  by  putting  into  Partial  Fractions  (i:'-«r+p)~'\  expanding  holh 
sides  in  inverse  powers  of  jt,  and  equating  coefficients  of  l/x"^% 

fi  —  fi  1 .  z 


Fig.  604. 


Fig.  606. 


If  m  be  odd,  the  indices  of  s  are  all  even.    Substituting  for  «*  its  vilee 
(i*+4j>  and  expanding  each  term,  the  series  all  terminate,  and  we  obtiin 

If  m  be  even. 


ri**-ri**      «,  .     ,        «v  «._-       (w»-3)(in-4)  -,_-  , 

J ^  =«*»-«- (m- 2)  «'*-*j)+^ r^o ^^•"-•p'- 

J  *  ^ 


IT 


m-2 


M-4 


»-• 


whence,  expanding  as  before,  the  series  all  terminate  and,  m  even, 

(i)  Suppose,  for  instance,  n=3,  m=6.     Let  W=J?i 
M  (On  =  -^  .  ^/(r.«  -  r.«)  Bin  0  iQ 

=  jij  j  AT  (x*  +  4px«  +  3p«)  sin  0  (10    (from  B). 
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Also 
s^^ccobS,    jr*=4(a*-c«8in»d),    p=(^-a*,     xdx^  - ^sin 6 cob 6 dS; 
whence  s.BinSdS^  -x dx/2c, 

and       M(OP^)^  "8^JC  (^•+4j)a,-«+3p«^)(ir=c3+?a^+^  ~. 

(ii)  Suppose  n=4,  m=7, 


14a' 


0 
a 


j         *(jr»  +  7j)j?»+14jp»«»+7l)Vr)8indrfd. 


Let/,-=j         Vsinddtf.    Put  P=;r'cogfl,  x4r= -4c>8inflco8fl(Jd, 

g=  etc.  =  -{r+l)x'ame-*prx'-*sm 0 ;      .:  /,=^- JLp/^. 
Using  this  reduction  formula,  we  may  show  that 

/7  +  7j>/.+  14p»/,+  7ii'A=^+2^(2a)»p+3^(2a)V, 
and  finally  lf(0/*«)=c<+2a«c«+^*. 

1 1.  Find  the  mean  value  of  x*^  for  all  points  on  a  spherical  surface  with 

centre  at  the  origin  and  radius  a,  the  distribution  being  for  equal  surface 

elements, 

1      r*  a>* 

^'•^*"^"4^«j    («co8^)**-2ira8in^.ad^=^^--y. 

Jf(jc*"+*)  is  evidently  zero.     For  the  values  of  j?*"+*  for  which  x  is 
negative,  cancel  the  corresponding  ones  for  which  x  is  positive. 

12.  Find  the  mean  value  of  (2a;+my+nz)"'  taken  over  the  same  spherical 
swrface. 

Changing  the  axes  so  that  2a;+my+nzsO  becomes  the  new  y-i  plane, 

far+  +  =Zv^/»++,  and 

if[(te+my+iw)«»]  =  (Z«+m»+n«)»a«»/(2p  +  l). 

13.  Find  M(x^^y^z^)  over  the  same  spherical  surface, 
Ijetp-k-q-k-r=:k. 

=coef.  i«J»mWn«^  in  (i»+m«+n«)*.  jX^dS 

=  coef.  i«J'm*'n«^  in  (i»+m»+n«)*.  4ira«*+V(2*+l) 

k\      47ra«*+« , 
~:p!gr!r!    2ib  +  l   ' 

•    -«^^y  ^   f-{2k)l        p\q\r\         2j)+2^+2r+r 
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14.  Find  M  (Px^^y^'z*^)  taken  aver  the  surfauofaneUipioidofnqperfieM 
area  A,  semi-axea  a,  h,  c,  where  P  ie  the  central  perpendicMlar  on  a  tangmi 
plane,  the  dieiribtUum  being  for  equal  ekmenta  of  area, 

M{P:^y^in^\jP:xi»Py^z^da.    Then  writing  ^=:|,    |-|,   ?-|, 

where  da-  is  the  corresponding  surface  element  on  the  sphere  ^+i|P+(*b IP, 
we  have  as  the  mean  value  required 

where  p-^q-{-r^k.    (See  Routh,  Rig.  Dyn,,  pp.  7  and  8.) 

1662.  Mean  Areas  and  Volnmes. 
Examples. 

1.  Find  the  mean  value  of  the  areas  ofaU  triangles  tdkicA  can  hefoundbg 
taking  at  random  thru  points  on  the  circumference  of  a  circle  of  radius  R. 

A  A 

Let  O  be  the  centre,  ABC  a  specimen  of  the  triangles ;  AOB  s  $y  BOC^^ 


We  may  fix  A,    4>  varies  from  0  to  2ir  -  ^,  and  6  from  0  to  2ir.    Tlien 
jp  /o*7^'~Vin  ^+sin i>-sin(e-\-4>)]dedi> 

dOdi^ 


M{£^ABC)^ 


Jo   Jo 


:etc»3Jt*/Sr. 


2.  Find  the  mean  of  the  areas  of  aU  acute-angled  triangles  ineeribaik  st 
in  Ex,  1. 

Here  ^  <  ir,  ^  <  ir,  2ir  -  ^  -  ^  <  ir.    The  limits  are  therefore  ^«0  to  r, 
^Bsir-^  to  IT,  and  the  mean  «s3i{*/ir. 

3.  Find  the  mean  area  of  aU  right-angled  triangles  inscribed  as  before. 
Take  A  as  the  right  angle.    Then  <f>^fr  and  the  mean  sSiP/r,  aad 

there  are  the  same  number  of  cases  with  the  same  sums  if  ^  or  C  be  Uie 
right  angle.    Hence  the  mean  =2i{*/ir. 

4.  Find  the  mean  area  of  aU  obtuse-angled  triemgles  inscribed  as  aboee. 
Let  A  be  the  obtose  angle.    Here  0 <  ir,  ^  >  ir,  2t  -  ^- ^  <  v.    Then 

the  Unite  lor  0  are  0  and  x,  and  for  <^,  ir  and  2ir-  9,  and  the  mean  »1V'. 
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5.  Find  the  mean  area  of  all  triangles  formed  by  joining  thru  random 
points  on  a  sphere  of  radius  a,  [Math.  Trip.,  1883.] 

Let  O  be  the  centre.  Consider  first  all  the  circalar  sections  normal  to 
a  given  dii'ection  OA,    Let  P  be  any  point  on  this  circle,  PN  a  perpen- 

A 

dicular  on  OA,  AOP^  X*  Then  the  mean  area  of  all  triangles  inscribed 
in  this  circle  sSa'sin'x/^"'*  ^^^  ^^^  number  of  such  triangles  is  measured 
by  2v*  (Ex.  1).    Therefore  the  mean  for  all  triangles  perpendicular  to  the 

Jr*' Sd' sin' y 
— o — -dx/v^dayAir,  and  the 
0        *ir 

mean  is  obviously  the  same  for  all  directions  of  OA,  since  the  number  of  cases 

and  the  sum  of  the  cases  is  the  same  for  each  direction  of  OA,    (Fig.  GOT.) 

A  distribution  of  different  nature,  e,g,  for  equal  increments  of  x,  would 

give  a  different  result,  viz.  — /«  -^ — dx^a^jir, 

iUiJ.^a    lilt 

P' 

P 


Fig.  607. 


Fig.  608. 


6.  Pind  the  mean  value  of  the  volume  of  a  tetrahedron  whose  angular  points  are 
four  random  points  on  a  sphere  of  radius  a.    (  Fig.  508. )    [Math.  Tbip.  ,  1 883.  ] 

Without  affecting  the  problem,  we  may  take  a  set  of  bases  fixed  in 
direction,  say  normal  to  a  given  radius  OA.  Let  one  of  the  bases  be  on 
the  circular  section  through  the  ordinate  PN.  Then,  as  the  vertex  of  the 
tetrahedron  travels  in  a  circular  section  parallel  to  the  base  and  through 
a  second  ordinate  P'N\  the  volume  remains  constant.  Therefore  the 
mean  volume  of  the  tetrahedron,  with  vertices  on  the  plane  through  PN' 
and  bases  on  the  plane  through  PN 


^Inn' 


ZNP» 

27r    • 


Let  AOP^Xv    ^OP'^Xr 


The  measure  NN'  of  the  perpendicular  height  of  the  tetrahedron  changes 
sign  as  N  passes  through  N.  To  avoid  negative  signs  for  the  volumes  of 
tetrahedra  with  vertices  on  opposite  sides  of  their  respective  bases,  we 
separate  the  integration  into  two  parts.  The  expression  for  the  mean 
volume  required  is  then 

J    /   3  *  "2ir  "^^^'  ^» "  ^^*  ^^^  ^'  ^'     Ik   3  *  "2F"  ^^°*  X«  "  ^°*  X»^  ^^^  ^^* 


ny^'^^ 


which,  after  integration,  gives  \6a^/9fr\ 
The  distribution  here  taken  is  for  equal  increments  of  Xi  <^nd  Xi- 


F'l^ii^^ 
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7.  //  P,  Q,  R  he  random  points  on  the  three  sides  BC,  OA,  AB  cf  a 
triangle,  find  the  mean  values  of  the  triangles  AQB,  BBP^  CPQ»  PQB. 

[R.  CHASTEn,  JBdme,  Timu.] 

Let  Xj,  2B| ;  yi,  y, ;  S|,  s,  be  the  respeetiTe 
parts  into  which  the  sides  are  diTided  at  P> 
Q,  E;  ^  the  area  of  the  triangle  ABC, 

Similarly 

M(BRP)^M{CPQ)^^. 

1663.  MiflceUaneons  Mean  Values. 
Examples. 

1.  The  value  of  a  diamond  being  proportional  io  the  square  of  its  weight, 

prove  ihatt  if  a  diamond  he  hroken  into  three  pieces^  the  mean  value  of  At 

three  pieces  together  is  half  the  value  of  the  whole  diamond,  [M.  I'up.,  187&] 

Let  X,  y,  2  be  the  weights  of  the  portions,  W  that  of  the  whole.    Tlieo 

we  have  to  find  the  mean  value  of  a^+y*+2*,  where  «+y+2=  IF.    Befe^ 

a 
R 


Fig.  510. 

ring  to  Cartesian  coordinates,  a;+y+2=  fT  is  the  equation  of  a  plane.   H 
do  be  an  element  of  area  of  the  intercepted  tiiangle,  the  mean  value  ia 

/(ar'  +  y*  +  22)^  /  /  do- =  (mora,  of  in.  with  respect  to  the  origin)/am 

=  ^  (the  sum  of  the  moments  of  in.  about  the  aze8)/area. 
Let  2A  be  the  area  of  the  triangle.    Then,  concentrating  A  at  each 
mid-point  (Routh,  Rig.  Dyn,^  Art.  35), 

M«.  ......1 .  .[.(f )V.(|)%.  {(f  )•.(!)•}]  ^.!  r. 
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2,  It  is  required  to  find  the  mean  value  of  the  inverse  distances  of  points 
on  a  dreie  of  radius  a,  from  points  on  a  fixed  diameter  AB, 

Let  P  be  a  point  on  the  arc,  Q  a  point  on  the  diameter,  O  the  centre. 
Thend=2^„  ^  =  2<^,.    (Fig.  611.) 

fa    ^^ 

Now   /    —  is  the  potential  at  P  of  a  material  line  AB  oi  unit  line 
density  =  log  cot  £l  cot  ^  (Art.  1652). 

9  It  9 

^^'Jrra.    (Art  1074.) 


Fig.  511. 


Fig.  512. 


3.  O  is  a  fixed  point  on  the  circumference  of  the  base  of  a  hemisphere 
with  centre  C,  P  and  Q  are  random  points  on  the  surface  ;  find  the  meofi  value 
of  the  angle  between  the  planes  OOP,  OCQ.   (Fig.  512.)   [Caius  Coll.,  1877.] 

Jjet  AOA'Cy  be  the  base  of  the  hemisphere,  and  B  its  vertex,  C  the 
centre,  CA^  CB,  CO  being  taken  as  the  rectangular  coordinate  axes.  Let 
<pi  and  ^1  be  the  azimuthal  angles  of  the  two  planes  OCP,  OCQ,  P  being 
taken  as  the  point  on  the  plane  with  the  greater  azimuthal  angle.  Then 
if  the  distribution  of  the  points  P,  Q  be  one  for  equal  elements  of  area, 
the  mean  required  ia 


r»   /•»   fw   fin 


r  f  r  j  '  ('f  1  -  '^t)  sin  6^  sin  6^  dS^  dSt  d<p,  *^, 


r  r  r  j  '  s^n  ^,  sin  $,  dOi  dS^  d</>,  d</>. 


=  etc.  =  ir/3. 
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4.  Prove  (hat  if  ie  be  the  dielance  between  the  Jod  of  an  eOipee  of 
axes  a  and  b,  the  mean  value  of  ri-Sra'S/(^(r,+r,)*-e*),  with  reepad  to  Ae 

area,  i»  eq*wil  ^  zi  I     {)  %\\\  >  ^u^t  being  ike  focal  radii  of  anif  povU 

wUhin  ike  eUipee.    (Fig.  613.)  [y,  189a] 

Tkking  ^Xx+'j  =  ^  ^z ^  =  1  M  oonfocab  throogh  the  point, 

r,«=(c+«)*+y«,    r,*=(c-g)«-hy«,    r,«-r,«=4cae, 

ri  +  r,=2Vc*+A,    r,-r,=2>/c*-/i, 

caf=V(c«+A)(c«-/i),    cy^slJ^    J(ri  +  r,)*-c«=A,    A+/i=r,r„ 

B(A,/i)    4c*ay' 

Mean  r^^^-- j lt^,fi^)/j j^^^^j j^^i^), 
the  integration  being  taken  through  the  first  quadrant, 

'"«rrt6Jo  Jo  4  A+/i  VA/x  V(c«+A)(c»-fi) 


Let 


1    rft*  /(A)<IA     re d^    

vabjo   %/A^^TXio   {k-k'fi)Jfi^e^-ix 


2 


2 


■r 


rf/i 


i-u    Jo 


dS 


0  (A+/i)N/;iN/?3;i    Jo   x+c«8in«^"^^(^+«*> 
Hence  the  mean  required  =  -r  I     w^4.\\' 


Fig.  613. 


Fig.  614. 


6.  Through  P,  any  point  within  an  ellipse^  a  chord  QPQ"  ie  dramn  paralld 
to  a  given  semi-diameter  p.  Shoio  that  the  mean  value  of  ^(QP .  P^)  fir 
all  points  within  the  ellipse  is 

2  [  <t>(p^  C082 ^)  sin  ^ cos  $  dS.  «  j^^ , 

Draw  a  similar  and  similarly  situated  ellipse  through  P,    (Fig.  614) 
Then  QP,  PQ*  retains  the  same  value  for  all  points  on  this  ellipse,  tii. 
OB^-OB^=p^coe^e,  where  p^OBMkd  an  Sib  the  ratio  OJT :  OB. 
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If  A  and  A'  be  the  areas  of  the  larger  and  smaller  ellipses, 
A'=ABm*e    and    dA'  =  2A  Bin  6 cob  Odd, 

U«iP.PQ')dr        ; 
/.  M{<f>(QP,PQ')}^''- ^2J  <l>(f^coB*e)BmecoBedtf, 


jdA' 


6.  BUipses  are  dravm  with  the  same  major  axis  2a  and  any  eeeen- 
triciiies;  show  thai  the  mean  length  of  their  perimeters  is 

w 

[St.  John's,  1886.] 
Taking  all  eccentricities  as  equally  likely,  the  mean  perimeter  is 


4a  J*  J  s/l-e^ Bin V df  Wf'  <^-    (Art  667.) 


Now 


I    Vl -«*8in*^ci««sin^  I   s^coeec*^ -«*</« 

=  3  sin  V^  \e  Vcosec'V^-^' + cosec*  V^  sin-**  sin  yfrl 


—  5  (cos  ^+ \^  cosec  ^). 


2 


.'.   Mean  Perimeter 

—2ai  (co8^  +  ^cosec^)rf^«2a'{  1+ I      -     r^^} 

=2a|l+2(p-i+^-...)|,byArt  1074, 

=ax  5-66386.... 

7.  Show  that  the  average  values  of  the  lengths  of  the  least,  mean  and 
greatest  sides  of  cdl  possible  triangles  which  can  be  formed  with  lines  whose 
lengths  lie  between  a  and  2a  are  in  the  ratio  5:6:7.  [Math.  Trip.] 

If  the  sides  be  taken  a+x,  a-^-y^  a-\-i,  the  ratio  of  their  means  is 

H'^l?^!!'^^''-^''^-  I!'^j!'^^l!'''^+''^-  ['^[^1!'^^*+''^ 

8.  Find  the  mean  value  of  xyz  for  points  within  the  positive  octant  of  the 
ellipsoid  a-»J7*  +  6-V+c-«2«  =  l.  [Ox.  U.,  1890.] 

Use  Dirichlet's  integral,  Art.  962.     M{ayt)=abcl&ir. 

9.  If  a  point  be  taken  at  random  within  a  tetrahedron,  then,  of  all 
parallelepipeds  which  can  be  described  having  the  line  joining  the  point 
to  one  of  the  angular  points  as  diagonal  and  its  edges  parallel  to  the 
edges  of  the  tetrahedron  which  meet  at  that  point,  the  average  volume  is 
one  twentieth  that  of  the  tetrahedron. 
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10.  Show  that  for  positive  values  of  :r,  y,  z,  with  condition 

a~^jr»+6~y +c~V=l,     and  r  being  >  1, 
the  mean  value  of  {xyzY^^  for  an  equable  distribution  of  area  on  the  x-y 

■*" "        <«'.r'{r©}V('-±l)/,r(*ii> 

which  for  r=2  reduces  to  4a6c/157r. 

11.  Find  the  mean  value  of  (xyzY^^  r  >  0,  where  x,  y,  g  are  areal 
coordinates  for  points  within  the  triangle  of  reference. 

J  fx«'-V"*(l  -  -r-yr-^  At  dfy 

We  require  — 

ildxdy 

for  positive  values  of  x,  y,  z  (see  Art.  976)  =  2{r(r)}Vr(3r). 

12.  Show  that  if  x^  y,  «,  u  are  the  tetrahedral  coordinates  of  a  point 
within  the  reference  tetrahedron,  M{(xyzuY-\  (r  >  0),  =6{r(r))Vr(4rV 

13.  Show  that  if  r  >  0  and  jtj,  .r„  ...  x»  be  all  positive  and  subject  to 
the  condition  atj + at,  + . . .  +  af„  =  1,  then 

M{(x^x^  ...«„)'-»}  =  r(n){r(r)}»/r(«r). 

14.  Show    that    if    tj,  i„...i«  be  all   positive,    the    mean    value  of 
afi*i-laf,*t-l  ...aj„tM-l  for  positive  values  of  afj,  x^...Xn  subject  to  the 

condition  i.r^=l  is  r(n)r(ii)r(t,) ...  r(i„)/r(it^). 

15.  Show  that  the  mean  value  of  Ayz-^-Dzx-^-Cxy  for  positive  values  of 
Xy  y,  z  subject  to  the  condition  x+y+fsl  is  ^^  (-4  +  B  +  C). 

16.  Show  that  the  mean  value  j:*+y«+««  for  positive  values  of  x,y,: 
subject  to  the  condition  jr+y+z=l  is  J. 

17.  Show  that  the  mean  value  of  (A,  B,  C,  D,  E,  F){x,  y,  «)»  for  positive 
values  of  .r,  y,  z  subject  to  the  areal  condition  j:+y+2  =  1  is 

18.  Let  there  be  n  points  upon  the  x-axis^  and  let  pontive  ordinaUs  of 
increoiing  magnitude  he  erected  at  these  pointe,  their  turn  being  I.  J^Snd  tkt 
mean  length  of  the  f**  ordinate.  [Laplace  ;  Toduuntbr,  Hisi.,  p.  545.] 

Taking  as  ordi nates  yj,  yi+yi,yi+yi+y«,  ...yi  +  .-.+yti>  then 

wyi  +  (»-l)yi  +  («-2)ya+...+y,=^. 
Putting  Myi  =  .ri,    (»  -  l)yt  =  'rt,  ...yn  =  J^H,  we  have  Xi+Xg+...+x.s»/. 

We  then  require  r  r     r  ' 

//.../  dxi  dxt ...  ^n-i 

which  gives        r,U+;r^i+;r:2+-+«-7+i}- 


-.  "■-.LJr'^fiSI.-J- 
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19.  The  density  at  any  point  of  a  triangular  lamina  varies  as  the 
product  of  the  perpendiculars  on  the  sides.  Show  that  the  mean  density 
is  9/20  of  the  density  at  the  centre  of  inertia  of  the  triangle. 

1664.  Oertain  Inequalities. 

If  a,  6,  c,  ...  be  any  positive  quantities,  n  in  number,  and 
♦»>  ^f  a>  i8> .-.  positive  integers  and  a+)8+. ••=*'*  and  m'^r, 
we  have 


(hi)  > .  — .  — 

^    '     n        n      n       n 


(Smith,  Alg.,  Art.  348.) 


That  is,  the  mean  of  the  squares  >  the  square  of  the  mean ; 
the  mean  of  the  m^^  powers  >>  the  product  of  the  means  of 
the  r"*  and  {m—rY^  powers ;  and  so  on. 

1665.  If  a,  6,  c, ...  be  replaced  by  (pia^),  (p((iQ+h),  ^(aQ+2h), ... , 
the  values  of  a  positive  continuous  single- valued  function  of  x 
for  equal  infinitesimal  increments  of  the  variable,  we  have  the 
mean  value  of  the  square  of  the  function  >  the  square  of  the 
mean  value  of  the  function  between  the  same  limits,  with  other 
theorems  of  a  similar  nature.     That  is. 


yr 

Jv 


> 


I   (p{x)dx 
ip 

[dx 


dx 


f  [0wr 


-••(fa 


etc. 


(fa 


J  (fa  \  dx  I 

p  ^p  Jp 

1666.  General  Mean  in  Terms  of  Means  restricted  in  Various 
Ways. 

Let  there  be  two  regions  0^  and  fi,  mutually  exclusive. 
Let  two  random  points  P  and  Q  be  taken  in  the  combined 
region,  and  let  <f>  be  some  function  of  their  positions,  say  for 
instanc^e  their  distance  apart,  its  square  or  its  n***  power. 
Several  cases  may  occur:  (i)  Both  may  lie  in  fl^;  (ii)  both 
may  lie  in  Q,  5  0")  *^^  (i^)  either  may  lie  in  Q^  and  the  other 
in  Q,. 
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Let  Mi^i,  ^t,t9  ^hi  ^  ^^®  mean  values  of  ^  respectively 
in  case  (i),  case  (ii),  cases  (iii)  and  (iv),  and  let  M  be  the  mean 
value  of  0  when  the  positions  of  P  and  Q  are  unrestricted. 
The  number  of  cases  occurring  are  measured  by  the  magnitodefl 
of  the  regions,  viz.  Q^'  if  both  lie  in  Q|,  Q^*  if  both  lie  in  Q|, 
QiQ,  if  P  lies  in  Qi  and  Q  in  Q,,  and  QiQ,  ^^  Q  ^^  ^  ^i  ^^^ 
P  in  n,,  and  (01+ ^s)'  if  they  lie  in  either  region,  unspecified. 

Hence  Q1W1.1,  QjW^,,  2QiQ^i.,  and  (Qi+Q^*Af  are  the 
sums  of  the  several  cases  occurring.  But  the  first  three  must 
make  up  the  whole  sum  of  the  possible  values  of  ^,  i.e. 

1S67.  Ex.  If  the  two  regions  be  mutually  exclusive  spheres  of  radii 
a  and  b  and  centres  distance  c  apart,  then  for  the  mean  distance  PQ, 

^1.1-35.     ^«.«-35-»     ^iJ-^+^sT"* 

Hence  the  mean  distance  betiK^een  P  and  Q  when  each  may  lie  within 
either  sphere  or  in  different  spheres  is 

[(l-)"i""l-l'K"°-=^)*(l"-)"i']/(l-'-l'-)" 

36    a'  +  b^  a*b^  2a«y(a«  +  6«)    1 

""36  (a«  +  6«)«"^   (a«  +  6»)«^"^5"laM^W~' c  • 

In  the  case  where  the  spheres  are  equal  and  in  contact^  e=  2a  =  86  and 

jr=w«. 

1668.  In  the  same  way,  if  there  be  three  or  more  mutually 
exclusive  regions  Q^,  02*  ^s*  ^^Y*  ^^^  0  be  a  function  of  the 
positions  of  three  points  P,  Q,  R  which  lie  in  one  or  other  of 
these  regions,  then  (a)  all  may  lie  in  any  one  of  the  regions, 
(6)  two  may  lie  in  one  region,  and  one  in  either  of  the  other 
regions,  or  (c)  one  may  lie  in  each  region. 

Let  M^Q^Q  be  the  mean  value  of  <p  when  all  lie  in  Q^, 
-^o.s.o  when  all  lie  in  Qg,  A/g,  1,0  when  two  lie  in  ftj  and  one 
in  Qg'  ^^^  ^  o^ )  ^"^  1^^  ^^  ^  ^^6  mean  irrespective  of 
where  they  lie.  The  respective  numbers  of  cases  are  measured 
by  fll^  fig'*  Sfii^fig,  etc,  and  (fi^4-fi2+fis)^  aud  the  sums  of 
these  cases  are  respectively  measured  by 

"i*^s.o.o>  fi2'^o.8  0.  Sfii^figifg,,  „  etc.,  and  (fij-f  n,+fi3)'if. 


—  ..-^Vgw.J. 
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and  the  last,  being  the  sum  of  all  possible  values  of  0,  is  equal  to 
the  sum  of  all  the  several  cases  previously  enumerated.    Hence 

jy  2:n,w,.,.,+3ZQ,«(vif,.,.o+6n,nAM,.,., 

and  so  on  if  there  be  more  than  three  mutually  exclusive 
r^on& 

1669.  Regions  not  mntuaUy  exclusive. 

To  go  back  to  the  case  of  two  regions,  suppose  next  that  the 
regions  Q^  and  Q^  have  a  common  region  Q.  The  whole  region 
bounded  is  then  Q|4-(2s— H. 


(Mutually  •scluahrt  ivf^loM) 


(Net  oMitaaUy  asdMNv) 
Fig.  515. 

Let  Mq^^q^^q  be  the  mean  value  of  0,  when  the  random 
points  P,  Q  lie  anywhere  in  the  whole  region;  Mq^^q  the 
mean  when  both  lie  in  Q^—Q;  Mq  _q  the  mean  when  both 
lie  in  Q,— Q;  M  the  mean  when  one  lies  in  Q|  and  one  in  Q,* 

The  respective  numbers  of  cases  are  (Qi+Q,— Q)*,  (Qi— Q)*» 
(Og-Q)*  and  2Qfi^-Q!^;  for  in  allowing  P  and  Q  each  to 
range  over  Q^  and  Q^  respectively,  or  il^  and  Qj  respectively, 
the  region  il  is  counted  twice  over. 

The  sum  of  the  values  of  0  when  one  lies  in  il^  and  one  in  Q, 

is(2Qin,-Q«)M. 

The  sum  when  both  lie  in  Qj— Q  is  (Qi—QfMQ  _q. 

The  sum  when  both  lie  in  Q,— Q  is  (i^i—iifMo^^Q^ 

and  the  three  make  up  the  total  sum  (fti+n2"~^)*^0|+o,-o; 


Oi+0,-0 


(Qi+fi,~Q)2 
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1670.  Similarly  more  complex  cases  may  be  examined.  Alao  tlie 
present  formulae  admit  of  considerable  reduction  for  special  ciies, 
e.g.  when  the  regions  are  equal  or  when  one  region  is  enclosed  completelj 
by  the  other. 

1671.  The  Oeometric  Mean.  Clerk  Maxwell  An  Integnd 
nseftil  in  Electromagnetic  Problems. 

If  log  Rab  ^  the  mean  value  of  the  logarithm  of  the  distance 
between  points  P  and  Q,  one  in  each  of  the  areas  A  and  B 
lying  in  the  same  plane,  then  obviously 

log  i2^B= f  flog  PQ .  dA  dB\\\dA  dB, 

the  integrations  being  conducted  for  all  elements  of  area  in  A, 
and  for  all  elements  of  area  in  B. 

The  integration  1 1 1 1  log  r  dx  dy  dx'  dy\  over  two  such  areas 

occurs  in  the  determination  of  the  electromagnetic  action 
between  two  parallel  straight  currents  flowing  in  conductors 
of  given  sections.     (Clerk  Maxwell,  E,  and  M.,  ii.,  p.  294). 

Clearly  A.BAog Rab=  [flog PQ . dA  dB. 

If  C  be  a  third  area  in  the  same  plane,  in  which  P  or  Q 
could  lie,  (A+B)C log  BiA+B)c  represents  on  some  scale  the  sum 
of  the  logarithms  of  the  distances  of  points  in  C,  from  points 
in  the  composite  area  A+B,  whilst  ilClogJK^e^  represents  on 
the  same  scale  the  sum  of  those  cases  of  the  aforesaid  group 
which  refer  to  lines  joining  points  in  A  with  points  in  C ;  and 
similarly  with  BCXogRsc-     Hence 

{A+B)C\ogR^A^B)c^AG\ogRAc+BG\ogRBc. 
And  this  rule  may  1x3  extended.     Thus,  if  there  be  a  fourth 
area  D  in  the  same  plane, 

{A+B+G)D\ogR^A^B^c)DMA+B)D\ogR^A^B)D+CD\ogRcB 

=AD\ogRAD+BD\ogRBD+CD\ogRcD; 
and  so  on. 

Thus,  if  i2  be  found  for  pairs  of  parts  of  a  composite  figure 

the  rule  will  give  R  for  the  whole  figure. 

Also  Af  BfC,  ...  are  not  necessarily  different  figures. 
Maxwell  states  the  results  for  a  number  of  cases.     He  calls 

the  line  R  thus  determined  the  Oeometric  mean  of  all  the 

distances  between  such  pairs  of  points. 


■wilt  t'iJJ 


■.v-.-;,.i 
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1672.  CaM8  of  Maxwell's  Oeometric  Meait 

I.  To  find  R  for  a  point  C,  and  a  finite  straight  line  AB.    (Fig.  6160 
Let  CO  be  drawn  at  right  angles  to  the  direction  of  AB. 
P  a  point  on   AB,  OJ=a=Xi,   05=6=4r„   OC=p,   OP^x,  CP^r, 
AB=l:^h-a.    CA^n,  CB^r^. 

Then  l\ogR=j  log  s/x*  +/>»  cias  =s  fir  log  >/««  -^-p^-x-^p  tan"*- J  ; 
.-.   /(log R'\'l)=OB log CB-OA log Cil  +  OCx circ.  nieas.  of  ACB, 

A 

t.tf.  (■r|-:ri)(logi2+l)=ar,logr,-4rilogri+p.rir,. 

In  the  case  when  C  lies  on  ilB  produced,  i>=0,  and 

logiJ+l  =  (jF,logj?,-jriloga;i)/(«|-«J. 

C 


1673.  IL  Let  ABCD  &e  a  rtekMgU,  AB=a,  AD^h.  Ld  P  and  Q  he 
painia  rtapecHvely  upcn  AB  and  CD.  PO  the  perpendicular  upon  CD. 
AP^x.    (Fig.  517.) 

For  a  given  point  P  let  Ri  refer  to  the  value  of  R  for  the  fixed  point  P, 

a(log/Ji  +  l)  =  0Z)logPZ)+0ClogPC+6CP/> 

=arlog>/j:*+6»+(a-j7)logV(a-a:)*+6*+6^Un-»|+tan-»^^Y 
Integrating  with  regaixl  to  x  from  0  to  a, 
^(logi2+l) 

«[^,og./irrP-£!^];-[<?r^ 

+  6[*tan-»|-61ogN/i?+6«J-6[(a-x)Un-»^-61ogN/(a-ar)«+6«J, 

«:«.  a«(log  i2 + f ) = (a«  -  6«)  log  2) + 6«  log  6 + 2a6  tan"*  j, 

where  2)  is  the  diagonal. 

1674.  III.  If  P  lies  upon  AB  and  Q  upon  AD,  and  Ri  as  be/ore  refers 
to  the  result  for  a  fixed  point' P, 

6 (log  /?,  + 1 )  =  6  log  N/j;*+6*+j?tan*"*  -  ;  and  integrating  from  0  to  a, 

X 

a6(log  i2+ 1)  =  6  [^  log  Vi^+F- a:+ 6  tan-»  I]  V  [^±^*  Un->  ^+ i&r]^ 
.-.  a6(logi2+J)=adlog2)+^tan-i^+^tan-»|. 
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1675.  IV.  If^  liet  on  Ihe  einui»/«rt>u«  of  a  eirdt  o/ratUn»a,amdtMrt 
0,  and  P  be  any  poini  in  tCi  plant  dittanl  c  from  Uu  eetttrt. 


S»-alof!fi=2[   \og-Ja*-2aeiiiM9+^.ad6 

=  2Taloga,(<!<a);  orSTuloge,  (e>o). 

Tharefora  R=  the  gre»t«r  of  the  twu  a  or  e;  and  the  mcui  of  log r 
ii  accord]  ngl; 

logo,  (<;<a},    or    \age,{c>a). 

1676.  V.  If  F  traveU  on  the  droumfirmei  of  a  iwxmd  dnU  ofniit  ( 
mlirrfjr  ttithmU  the  fanner,  the  dietanee  of  the  «entre$  being  d,  md  if  leg  t 
ttuTtdfor  the  nuan  ini^m  oflegPtl, 


Kg.  m. 

irb.ira\ogR  =  iwa.sl'  \ogl'0.bd$' 


Similul/  if  OM  circle  be 
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1677.   VI.   If  C  lift   upon   a    areiUar   amufM,   emtn 
and  mteraal  radii  a,  and  a^,  and  P  be  at  a  point  diitant  <t  fnrm  O,  and 
U>gR=JHlcgPQ),  QO  =  r,  (iOP=e, 
v{ai*^at*)\ogR=ij^  j' log-Je'-ieroote+r^.rdedr 

=  8J    rloge.rdr,  (or);  or=Sj    ilogr.  rrfr,  (c<rX 

=  Tlogc.(o,*-a^')  it  e>a,, 
or  =«-|_r*loj!r--T=jr^a,'log<»,-«,'logat-2'-^^if  e<o,. 

it.  if  oa,,    ]ogil  =  loge;  (o) 

if«<«,.    logfi=V°«'^-''^'°«'^-i (S) 


If  (i,>e><lj,  ftud  7*itiielf  Itea  upon  theuinuluB, 
rlai^-afl\ogR=f  irlogc.rdr+jirXogr.rdr; 
irheDce        log  fig    i_     t**^  *' 


,'\oga,-flogc    1   V-c* 

.        .  ai'-«i*  8a,'-a,"   "^' 

Since  R=c  when  P  is  without  the  bduuIus,  the  nieaa  value  of  log /^i 
where  P  liea  upoD  any  roji^on  entireij  without  the  aniiulua  is  the  uieaa 
vftlue  of  logPO.  And  if  P  lies  upoo  an]'  region  entirely  within  the 
KnnDlu,  the  eipreaeion  for  A,  in  that  cue  QOtcontainiiige,ia  independent 
of  the  abape  or  podlion  of  the  region. 

We  wmj  dadace  the  rsault  (y)  from  (a)  and  (^)  b;  Art.  1671.  Let,  A 
and  B  he  the  reginiiB  of  the  aniuilua  rexpectivelj  outside  and  iniide  a 
ooncentric  c[rcle  throiigli  Q.  Then  if  C  be  an  elementary  small  area 
D  whkh  Plies, 

(i  +  fl)logfl,jt„o=Jlogfl^D+fl!o 

'loKa,-^logc 


-gj+ir(c'~a,>)logc 
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1678.   VII.  If  P  he  not  at  a  fixed  poifU  within  the  annulua,  InU 
travel  anywhere  within  it, 

{ir (ai«-  (!,«)}•  log  R = ////log  %/ri«-2rir,co8(6^,-6^,)+r,« . r^ de^dr^r^de^dr^, 

where  ri,  6i  and  r,,  S^  are  the  polar  coordinates  of  P  and  Q. 

The  limits  for  ^,  ai'e  ^|  to  ^|+ 2ir  ;  for  ^|,  0  to  ir,  and  double  the  result ; 
for  Tj  from  a,  to  rj  and  r,  to  Oj ;  for  rj,  from  Og  to  a|. 

The  first  integration  gives 

2(irlogr,)r,r,rfrirfr2rf^,    or    2(irlogr,)rir|(fr,</r,<i^2, 

according  as  r,  or  r,  is  the  greater. 

The  second  merely  multiplies  the  result  by  2ir. 
The  third  gives 

Air^  I    r^r^  log  fi  dr^  dr^ + 4ir*  /    rif,  log  r,dri  ir, 

=  2ir«[a4«  log  a^.ri^  a^*r^  log  fj  -  J(ai«ri  -  ri«)]<iri. 
The  final  int<^gration  gives,  after  dividing  by  ir*(ai*-a,*)*, 

log  R = log  a,  - ; — ,  *    -.-  log—  +  77— V— Tv  I  *  result  stated  by  Maxwell. 
(«i*-Oi*)*       «•     4(ai*-aa*) 

JTor  (^  mean  of  the  lofforithms  for  pairs  of  points  within  any  dreular 
area,  put  0^=0;  then  log  J? » log  a^-^,  that  is  R=a^e~*  or  J?  is  a  little 
more  than  3a/4. 

Other  results  of  similar  character  are  stated  by  Maxwell  with  a 
reference  to  Trans,  B.8,,  Edinb.,  1871-2. 

1679.  Other  cases  of  mean  values  will  be  considered  in  the  next 
chapter,  which  are  more  intimately  connected  with  the  general  Theory  of 
Probability. 

PROBLEMS. 

1 .  If  the  sides  of  a  rectangle  may  have  any  values  between  a  and 
b,  prove  that  the  mean  area  =  (a  +  b^/i.  [r.  p.j 

2.  Find  the  average  area  of  a  random  sector  whose  vertex  U  taken 
at  a  given  point  on  a  given  circle. 

3.  A  BCD  is  a  square.  Show  that  the  average  distance  of  A  from 
points  on  BC  for  an  equable  distribution  of  radii  vectores  about  A  is 

log  — -jjz —  ;  but  for  an  equable  distribution  of  points  on  BC 

.^  .    AC    AB,     AC+AB 

4.  A  rod  of  length  a  is  broken  into  two  parts  at  random.  Show 
that  the  mean  value  of  the  sum  of  the  squares  of  the  parts  »  2ayz. 

[Ox.  IL,  1886.] 
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5.  A  rod  of  length  a  is  broken  into  two  parts  at  random.  Show 
that  the  mean  value  of  the  rectangle  contained  by  the  parts  is  aV6. 

6.  The  sum  of  two  positive  numbers  is  given  ==  N,  Show  that  the 
mean  value  of  the  product  of  the  p^  power  of  the  one  and  the  q^ 
power  of  the  other  is  plqlNP-^Kp-^q^  1)!,  p  and  q  being  positive 
integers. 

7.  Find  the  mean  value  of  the  (i)  squares,  (ii)  cubes  of  all  radii 
vectores  of  a  cardioide  for  an  equable  angular  distribution  of  radii 
vectores  about  the  pole. 

8.  Given  the  base  and  the  radius  of  the  circumcirele  of  a  triangle, 
determine  its  mean  area,  stating  clearly  what  assumptions  you  make 
as  to  equal  prbbability.  [St.  John's,  1884.] 

9.  Show  that  the  average  of  the  squares  of  the  distances  of  all 
points  within  a  given  circle  from  a  point  on  the  circumference  is 
three  times  that  of  the  squares  of  all  points  within  the  circle  from 
the  centre.  [Collkoes,  1878.] 

10.  Find  the  mean  value  of  the  squares  of  the  distances  of  all 
points  within  a  rectangle  (i)  from  the  centre  of  the  rectangle,  (ii) 
from  any  point  in  the  plane  of  the  rectangle,  (iii)  from  any  point  not 
in  the  plane  of  the  rectangle. 

11.  Find  the  mean  value  of  the  focal  radii  vectores  of  a  cardioide 
(i)  for  an  equable  angular  distribution  of  radii,  (ii)  for  an  equable 
arcuAl  distribution. 

12.  If  a  solid  be  formed  by  the  revolution  of  a  cardioide  about  its 
axis,  find  the  mean  value  of  the  focal  distances  of  points  on  the 
surface  of  the  solid  (i)  for  an  equable  surface  distribution,  (ii)  for  an 
equable  solid  angle  distribution. 

13.  Find  the  mean  value  of  the  squares  of  the  distances  between 
any  two  points  within  a  given  (i)  triangle,  (ii)  square,  (iii)  sphere, 
(iv)  cube. 

14.  (i)  Find  the  mean  of  the  inverse  distances  of  points  within  an 
ellipse  from  a  focus  for  an  equable  areal  distribution. 

(ii)  Find  the  mean  of  the  inverse  distances  of  points  within  a 
prolate  spheroid  from  a  focus  for  an  equable  volume  distribution. 

15.  Show  that  the  mean  distance  of  points  within  a  sphere  of 
radius  a  from  points  of  the  surface  of  a  shell  of  double  the  radius  of 
the  sphere  is  2 la/ 10,  and  that  the  mean  distance  of  points  on  the 
surface  of  the  sphere  from  points  on  the  shell  is  13a/6. 


788  CHAPTER  XXXVL 

16.  Show  that  the  mean  distance  of  all  points  within  a  sphere  of 
radius  a  from  a  point  midway  between  the  centre  and  the  suiftoe 
is  279a/320. 

17.  Show  that  the  mean  distance  of  a  point  on  the  external 
surface  of  a  spherical  shell  of  thickness  T  from  points  in  the  material 

of  the  shell  is  k^  +  r  R(SRi-SRT'\-'ny  ^^®^  ^  ^  *^®  external 
radius. 

18.  Show  that  the  mean  distance  between  points  P  and  Q,  of 
which  P  lies  within  a  sphere  of  radius  R  and  Q  lies  between  tiiis 
sphere  and  a  concentric  sphere  of  double  the  radius,  is  3^i{/140. 

19.  There  are  two  concentric  spherical  shells,  the  bounding 
surfaces  of  which  are  1  inch,  2  inches,  3  inches,  and  4  inches.  Show 
that  the  average  distance  of  points  in  the  material  of  the  first  from 
points  in  the  material  of  the  second  is  3ff^  inches. 

20.  Two  equal  spherical  surfaces  are  in  contact.  Show  that  the 
mean  distance  of  points  on  the  one  surface  from  points  on  the  other 
»  7/3  of  the  radius  of  either. 

Show  further  that  if  the  points  may  lie  anywhere  within  their 
respective  spheres,  their  mean  distance  is  11/5  of  the  radius  of  eiUier ; 
but  that  if  one  of  the  points  lies  within  one  of  the  spheres  and  the 
other  point  on  the  surface  of  the  other  sphere,  their  mean  distanee 
is  34/15  of  the  radius. 

21.  If  Mn  be  the  mean  of  the  n^  power  of  the  distance  between 
two  points  on  the  area  bounded  by  a  circle  of  diameter  unity,  show 
that  Ar,^,  =  ilf„(n  +  2)(n  +  3)/(n  +  4)(n  +  6). 

22.  If  Af,,  be  the  mean  of  the  n^  power  of  the  distance  between 
two  points  on  the  surface  of  a  sphere  of  unit  diameter,  show  that 

^/.^i==^n(n  +  2)/(n  +  3). 

23.  If  Affi  be  the  mean  of  the  n^  power  of  the  distance  between 
two  points  within  a  sphere  of  diameter  unity,  show  that 

^.M-i  =  ^n(^  +  3)(n  +  6)/(n  +  5)(n  +  7) 

24.  A  poiut  0  is  taken  outside  a  sphere  with  c«*ntre  C  and  radKos 
a.  CO  -  2a,  Show  that  the  mean  of  the  cubes  of  the  distances  of  0 
from  points  within  the  sphere  =731a*/70,  and  that  the  mean  of  the 
fourth  powers  «=171a*/7. 

25.  Show  that  the  mean  value  of  3^}f^a^  over  the  surface  of  a  sphere 
of  radius  a  is  a^'^lbQQb. 
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26.  Show  that  the  mean  value  of  a^^yff-^s*^^  for  positive  values 
of  fls,  y,  2,  subject  to  the  condition  <r-^*  +  ft-y +  r-V=l  for  an 
equable  distribution  of  areas  on  the  a^y  plane,  is 

a-.*^v^xp(|)r(|)r(-l)/,r(e±i±l±i). 

where  p,  q^  r  are  all  greater  than  unity. 

27.  On  a  straight  line  of  unit  length  two  random  points  are  taken. 
Show  that  the  mean  of  the  square  of  the  distance  between  them  is 
1/6  of  a  unit  of  area. 

28.  Circles  are  inscribed  in  the  triangles  formed  by  joining  points 
on  an  ellipse  of  semi-axes  a,  b  and  eccentricity  e  to  the  foci.  Show 
that  the  mean  value  of  the  areas  of  the  circles  for  equal  increments 
of  a  focal  vectorial  angle  is 

ira«(l  -  ey(a/b  -  1).  [Math.  Trip..  18d2.] 

29.  Show  that  the  mean  value  of  the  product  of  the  three  per- 
pendiculars from  any  point  within  a  triangle  upon  the  sides  is 
PiPiPj^Of  where^^,^^,  |>3  are  the  perpendiculars  from  the  angular 
points  upon  the  opposite  sides. 

30.  Show  that  the  mean  value  of  the  product  of  the  four  per- 
pendiculars from  any  point  within  a  tetrahedron  upon  the  faces  is 
PiPiPiPj^^O,  where  Pn  P^t  Pn  Pi  are  the  perpendiculars  from  the 
several  quoins  upon  the  opposite  faces. 

31.  Five  points,  A,  B,  C,  D,  E,  are  taken  upon  a  straight  line  AE^ 
to  which  perpendiculars  are  drawn  through  these  points  of  increasing 
magnitude.  The  sum  of  these  five  perpendiculars  is  10  inches. 
Show  that  the  mean  length  of  the  middle  perpendicular  is  47/30  of 
an  inch. 

32.  Show  that  the  mean  distance  of  all  points  within  a  given 

D        1    ••2  I?  J-  /I 

regular  polygon  of  side  2a  from  the  centre  is  -x  -H  «  —  log ,  where 

B  and  r  are  the  radii  of  the  circumscribed  and  inscribed  circles. 

33.  Show  that  the  rectangle  contained  between  the  average  value 

of  the  radius  of  curvature  at  points  equally  distributed  along  a  curve 

and  the  corresponding  arc  is  double  the  area  contained  between  the 

curve,  the  evolute  and  the  normals  at  the  extremities  of  the  arc. 

[d,  1888.] 


tlM— — ^P*r«-f^rf— — *<i>*i 
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34.  Prove  that  the  mean  value  of  the  radius  of  curvature  at  pointi 
equally  distributed  along  the  cardioide  r»a(l  +oos^)  is  as/S,  while 
the  density  distribution  of  the  corresponding  points  along  the  pedal 
¥rith  respect  to  the  pole  varies  at  any  point  as  the  curvature  at  the 
corresponding  point  of  the  cardioide.  [1, 1881] 

35.  Prove  that  the  square  of  the  mean  value  of  any  functioo  of  a 
variable  between  any  limits  of  the  variable  is  less  than  the  mem 
value  of  the  square  of  that  function  between  the  same  limits  of  the 
variable.  [St.  Johh's,  1881] 

36.  Find  the  mean  value  of  the  squares  of  the  distances  from  a 

focus  of  all  points  within  an  ellipse  whose  eccentricity  is  >/3/2. 

[d,  1881.] 

37.  The  circumference  of  the  auxiliary  circle  of  an  ellipse,  whose 
axes  are  ACA' ^^a^  BCB  -21^  is  divided  at  Q|,  Q,,  ...  into  a  large 
number  of  equal  arcs.  At  P^,  the  point  on  the  ellipse  whose 
eccentric  angle  is  ACQ^^  a  circle  is  described  so  as  to  touch  the 
ellipse  at  P^  and  to  have  its  centre  on  the  major  axis.  Show  that 
the  mean  area  of  all  such  circles  is  ir^(a'  +  ^)/2a^.  [a,  1881.] 

38.  At  any  point  P  of  a  catenary  whose  parameter  is  c,  the  ordinate 
PN  and  the  normal  PO  are  drawn  to  meet  the  directrix  at  N  and  G 
respectively.  Prove  that  the  mean  values  of  the  area  of  the  triangle 
NPO  for  points  proceeding  by  equal  increments  of  (i)  abscissa,  (ii) 
ordinate,  (iii)  arc,  up  to  a  point  whose  coordinates  are  (z,  y),  are 
respectively 

(i)  (y»  -  c»)/6x ;     (ii)  c2  {c  sinh  7  -  4x)  ^  64  (y  -  c) ;     (iii)  (y*  -  c*)/8«. 

39.  Find  the  mean  of  the  inverse  distances  of  two  random  points, 
one  on  the  surface  of  a  sphere,  the  other  on  a  circular  area  exterior 
to  the  sphere  and  whose  plane  is  at  right  angles  to  the  line  of 
centres. 

40.  Prove  that  the  mean  of  the  inverse  distance  between  points 
on  the  surface  of  a  sphere  and  points  on  a  straight  rod  of  length  /, 
external  to  the  sphere,  which  is  bisected  at  right  angles  by  a  per- 
pendicular upon  it  from  the  centre  of  the  sphere,  is  -?  log  tan  ^-r^^ 
where  a  is  the  angle  at  the  centre  of  the  sphere  subtended  by  the  rod. 

41.  Prove  that  the  mean  inverse  distance  between  points  on  the 
suriace  of  a  sphere  of  radius  a  and  points  on  a  concentric  ring  of 
radius  h  is  Ir^  \ih>a  ov  a-^  if  h<a. 
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42.  Prove  that  the  mean  value  of  x  for  all  points  within  the 
positive  octant  of  the  surface  (x/a)^  ■\- (y/b)^  ■\- (z/c)^  —  1  is  21a/128. 

43.  On  a  given  finite  arc  n  points  are  drawn  dividing  it  into  equal 
small  lengths,  and  n  other  points  are  taken,  parallels  to  the  normals 
at  which  divide  the  angle  between  the  extreme  normals  into  equal 
small  angles.  Prove  that  when  n  is  indefinitely  increased  the  mean 
of  the  radii  of  curvature  at  the  former  n  points  is  greater  than  the 
mean  of  the  radii  of  curvature  at  the  latter  n  points,  the  curvature 
being  supposed  finite  at  every  point  of  the  arc.         [St.  John's,  1889.] 

44.  If  log  R  be  the  mean  value  of  the  logarithm  of  the  distance 
between  two  points  F  and  Q  which  lie  on  a  line  AB  of  length  a, 

show  that  B^ae'^,  [Clmbk  Maxwbll,  El  and  Mag,,  II.,  p.  296.] 
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16S0.  Dep.  If  an  event  c&n  happen  in  a  ways  and  foil  in 
6  ways,  and  all  these  ways  are  equally  lihdy  to  occur,  tha 
probability  of  the  happening  is  al{a-\-h)  and  of  the  failore  to 
happen  ia  hj(a.-\-b). 

These  messnres  are  essentially  numerical  positive  proper 
fractions.  Certainty  is  denoted  by  unity.  A  mean  valne  v 
essentially  a  quantity  of  the  same  kind  as  those  of  which  tha 
mean  is  taken.  So  long  as  a  and  b  ore  finite,  the  theot;  ol 
probability  does  not  call  for  any  mode  of  treatment  other 
than  the  processes  of  ordinary  arithmetic  and  algebra.  K, 
however,  a  problem  incurs  the  existence  of  an  infinite  number 
of  ways  in  which  an  event  could  happen  and  on  infinite 
number  of  ways  in  which  it  could  fail  to  happen,  all  that 
being  equally  likely,  the  calculation  of  a,  6  and  a-\-  b  may  ctU 
for  the  processes  of  the  Integral  Calculus,  or  at  leaat  the 
fundamental  conceptions  of  the  Calculus,  to  efifect  the  necM- 
sary  summations,  though  Bometimes  in  such  cases  the  aetul 
labour  of  integration  may  be  avoided  by  geometrical  (x  otha 
considerations. 

1681.  Take,  for  instance,  the  cose  of  a  material  portidc 
thrown  down  upon  a  region  of  area  A,  and  which.ia  equaUj 
likely  to  fall  <U  any  point  of  tlte  area ;  and  let  na  explain  tlM 
phrase.  Imagine  the  area  id  to  be  divided  up  into  an  infiniU 
number  of  intinltesimally  small  elements  of  equal  area,  sod 
suppose  that  an  infinite  number  of  trials  is  made.  We  shall 
also  suppose  that,  after  these  trials,  the  particle  haa  fallen  as 
many  times  upon  any  one  element  as  upon  any  other.  Hmo 
if  a  be  any  region  q{  finite  area  enclosed  completely  within 


CHAUCBL 


793 


the  contour  oi  A,a  and  A  contain  numbers  of  the  infinitesimal 
elements  of  area  proportional  to  and  measured  by  their  own 
areaa  Hence  the  numbers  of  particles  which  have  fallen  respec- 
tively upon  a  and  upon  A  are  measured  by  the  respective  areas 
of  a  and  A,  and  the  chance  that  a  particle  which  falls  upon  A 

also  falls  upon  «  is  j»  &iid  that  it  does  not  so  fall  is  ^^-j' 

The  chance  that  of  two  hazard  throws  of  a  particle  upon  A 

both  fall  upon  ^^  ~T"J'    That  the  first  does  and  the  second 

does  not,  the  chance  is  't(i~'t)'    '^^^  ^^®  ^^^  ^^^^  ^^^ 

and  the  second  does  is  (i~t)7>  ^^^  ^^^^  neither  does  is 
f  1— ^jf  1  — -jj,  and  the  sum  of  these  is  unity.    And  so  on  if 

there  be  more  than  two  throws. 

It  will  appear  that  in  such  cases,  unless  the  areas  be  known 
or  obtainable  by  some  elementary  means,  either  the  Integral 
Calculus  or  some  equivalent  graphical  method  will  be  neces- 
sary for  their  evaluation.  Taking  any  pair  of  rectangular  axes 
in  the  plane  of  the  region  A,  the  chance  that  the  throw  upon 
A  results  in  the  particle  falling  upon  a  may  be  expressed  as 

I  Ie2x  d^  (taken  over  a)/ 1  l(2x  dy  (taken  over  A), 

1682.  We  note  that  the  chance  that  a  particle  should  fall 
upon  the  perimeter  of  the  contour  of  a  is  infinitesimal  in  com- 
parison with  the  chance  that  it  should  fall  upon  the  area  of  a. 

1683.  We  indicate  by  a  few  examples  how  the  Integral 
Calculus  is  to  be  applied  in  some  cases,  and  how  the  actual 
integration  may  be  evaded  in  othera 

I.  0A=^2a  is  the  axis  of  a  eardioide,  Cis  the  mid-point  of  OA.  What 
is  the  ehanu  that  a  random  point  P  taken  within  the  cardioide  is  further  from 
C  thanC  isfromOf 

Drawing  a  circle  with  centre  C  and 
radius  CO,  Pmust  lie  without  the  circle 
but  within  the  cardioide.  The  area  of 
the  cardioide 

-  2 . 1  ra«(l  +  cos  eydd^iwa^. 

Therefore  the  chance  required  is 

(Jro* -  ra*)/2ira>« i.  Fig.  621. 
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2.  Oiven  thtUp,  q  are  any  poaitivequaniUies  of  which  neiiher  is  >4;  whai 
ia  the  probability  thai  when  real  values  are  assigned  to  them  ol  ramdom^  Ae 
rootsof  the  quadratic  a^''px+q=0  shall  be  real? 

If  i-eal,  p'<  49.  Construct  the  parabola  Y^»^.  The  point  (4,  4)  iin 
upon  it.  We  may  then  interpret  the  condition  geometricallj.  A  randooi 
point  H  is  selected  upon  a  square  ONPQ^  whose  aide  is  4.  The  above 
parabola  is  drawn  with  axes  ON^  OQ,  The  values  of  p  and  q  are  denoted 
by  the  abscissa  and  ordinate  of  H.  When  H  lies  without  the  parabola 
p^>4q.  Therefore  the  chance  that  p'^ifjf  is  measured  by  the  ratio  ol 
the  area  OPQ  to  that  of  the  square  ;  that  is,  1/3.    (Fig.  522.) 

A' 


3.  A  rod,  three  feet  Umg,  is  broken  at  random  into  three  parts,    Whst  ii 
the  chance  that  we  may  be  able  to  form  a  triangh  with  them  f 

(i)  If  .r,  y^she  the  parts,  a:+y+is»l,  the  unit  being  a  yard.    We  tn 
to  have  y+f  >j?,  t+x>y,  x+y>s.    Interpreting  x,  y,  i  as  areal  oh 

ordinates,  then  jr + <  »  jb;  etc.* 
are  the  joins  of  the  mid- 
points  of  the  sides  of  the  tri- 
angle of  reference.  In  order 
that  all  the  inequalities  msy 
be  satisfied,  the  represenU- 
tive  point  x,  y,  s  most  lie 
within  the  triangle  formed 
by  them  (unshaded.  Fig. 
523),  which  is  one  quarter  ol 
the  whole  triangle.  Hence 
the  chance  is  ^. 

(ii)  We  might  also  regvd 

X,  y,  is  as  the   rectangoltf 

coordinates  of  a  representa- 

Fig.  624.  ^ive  point.    Taking  1  foot  as 

unit,  x+y  +  is3;  and  tliii 
is  the  equation  of  a  plane  making  intercepts  3,  3,  3  upon  the  ooordinste 
If  A,  By  Che  the  intercepted  triangle ;  P^Q,  B  the  mid-poiiits  ol 
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ito  sides,  y +is=3j7,  etc.,  ai*e  the  respective  planes  OQR^  etc,  and  of  all  the 
unrestricted  positions  upon  the  triangle  which  the  representative  point 
X,  y,  I  may  occupy  those  for  which  tf+t>Xt  etc.,  lie  within  the  triangle 
PQB,    Therefore,  as  before,  the  chance  =s^. 

(iii)  Again,  without  evasion  of  integration,  we  may  proceed  thus : 


P 


Q 

-4— 


Fig.  525. 

Let  OA  (sa)  be  the  rod,  P  and  Q  the  random  fractures,  P  being  that 
which  is  nearer  to  0 ;  OP=^x^  OQ^y  \  y>^' 
Then,  since 

*+(y-x)>(a-yX  (y-^)+(«-y)>^i  and  {a-y)-¥x>{y-x\ 
we  have  ^<ot  y^6>  y~<^<o*     Hence  the  chance  requii*ed  is 

(iv)  Or  still  again,  with  the  above  inequalities,  construct  a  square 
OABC  of  side  a,  OA,  00  being  the  x  and  y  axes.  Let  P,  Q,  R,  8  (Fig.  526) 
be  the  mid-points  of  the  sides,  T  that  of  the  square.  The  representative 
point  must  1)e  in  some  position  on  the  triangle  OBC  as  y  >x,  and  both  are 

positive  and  neither  of  them  >a.    The  conditions  iP<o>  y>o>  y-*<o 

restrict  it  further  to  the  triangle  TRS,  which  is  obviously  ^  of  OBC. 
Hence  the  chance  required  is  \. 

It  will  be  noted  that  the  integration  process  is  merely  the  evaluation 
by  that  method  of  the  areas  of  the  triangles  TB8^  OBC, 


Fig.  527. 


^  An  eUipse  has  its  centre  at  a  random  point  C  of  a  semicircle  ACB, 
and  two  vertices  at  A,  B  the  extremities  of  the  diameter.  AB  =  c,  Find  (i) 
the  mean  area  for  different  positions  of  C ;  (ii)  the  chance  that  its  area  shall 
be  less  than  that  of  the  circle,    (Fig.  527.) 

(i)  Let  0  be  the  centre  of  the  circle  ;  BOC=e,  AC^r^,  BC=^r^, 
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(ii)  Wbeu  irek  of  ellipeeic&rm  of  circle,  r,rj=ie*,  uid  9—30*. 
Hence,  from  0<i3O*  to  0=160*,  welwve  u«Bof  ellipM>M«Kof  cird*. 
Therefore  the  chance  that  the  am  of  the  ellipM  U  lees  ttuw  that  of  tha 
■    .       o     30-     1 


S.  If  a  quatUitu  of  ftomofouout  fluid  eonlaintd  tn  a  sttad 
thaktK  up  and  aUototd  to  eomt  la  rut  again,  provt  CAoI  lie  c 
fortieU  of  lie  fluid  noie  oeeupiu  tit  origitiai  pontim  it  1/e. 


Let  there  ben  particleii  a,  ff,  y,...  occupying  specific  poeitioae: 

X  the  Dumber  of  wayi  of  arranging  them  ip  those  poaitioiiB'>n{a), 

■ay,  =»', 
S{A)  the  number  of  vaji  of  Bmoiting  thetn  with  a  in  its  original 

plSMl, 

N\,a)  the  number  of  ways  of  arranging  tbem  with  a  out  of  it> 

original  place, 
S(aB)  the  number  of  wayi  of  amnging  them  with  /9  in  waA  a  oil 
of  their  original  places,  and  lo  on. 
ThuH  Jff=ir{«);  S{A)  =  \Hn-\)i    J?(o>=n{«)-n(«-I). 
Hence  X(aB}=n(a-l)-n(fi-8); 

.-.  j?(at)=if(a)-*{aB)=n(B)-!n{«-i)+n<»-a): 

.'.   writiugn-lforn,    ff(aie)  =  n(n-l)-2n(it-S)  +  n(a-3}; 
.-.   eubtracting,     JV(<i^}>=n(n)-3n(n-l)  +  3n()i-S)-n(ii-3X 

Thus  Ar(aic...i)=.n(«)-»n(«-l)+^^J'n{«-2)...to»  +  lt«i 


Hence  the  chance  that  all  the  particles  are  misplaced 


=  £(— B 


Xja,  b.  e 


■J- 


[See  the  Problem   of 
Algebra,  p.  S93.] 

In  this  case,  although  the  Dumber  of 
not  call  fur  the 


2!    3r  ■■■     e" 
letters  and  n  directed  envelopes,'  Saitl^ 


a  is  in6nit«,  the  proUen  iam 


r  .    _;_  I 
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0.  Find  the  chance  that  a  random  triangle  interibed  in  a  circle  i$  (i)  acute 
angled,  (ii)  obtuse  angled, 

(i)  Let  ABC  (Fig.  528)  be  the  triangle ;  0  the  centre  of  the  circle. 
Liet  the  angles  AOB,  AOC,  measured  iu  opposite  directions  from  OA,  be 
called  6  and  ^. 

Then  J»(2v-^-<^)/2,  B^^l%  0=^6/2,  and  if  ilJffC be  acute  angled, 

The  chance  for  an  acute-angled  case  is  therefore 


[U"^     L'^''^ 


(ii)  The  probability  that  A  is  obtuse  is 

The  probability  that  one  of  the  three  A^BovC  is  obtuse  —{. 
The   probability    that    the   triangle   is   right   angled   is  of  course 
infinitesimal. 

^        ^  a 


Fig.  628. 

(iii)  Let  us  examine  this  problem  in  an  elementary  way.  TkreiepointB 
being  taken  at  random  on  the  circumference  of  a  cirde^  what  ia  the  chance 
that  they  lie  on  the  same  semicircle  f 

Let  the  arcs  BC^  CA,  AB  be  x,  y,  2 ;  and  take  the  circumference  as 
unity.  Then  x+y+2— 1.  The  triangle  will  be  obtuse  angled  in  any  of 
the  three  cases  y +2  <  x,  t-^x  <  y,  jr+y  <  z. 

Interpreting  x,  y,  2  as  areal  coordinates  of  a  point  referred  to  a  reference 
triangle  A'B'C\  we  may  proceed  as  in  3  {i\  and  if  P,Q,Rh^  the  mid- 
points of  the  sides,  the  chance  required  will  be  the  same  as  the  chance 
that  an  arbitrary  point  of  the  triangle  A'B'C  shall  fall  upon  one  of  the 
three  equal  triangles  A'QR,  B'RP,  C'PQ  (shaded  in  Fig.  529X  ^«*  i  ^nd 
the  chance  the  triangle  ABC  is  acute  angled  is  \. 

(iy)  A  curums  faUaey  lies  in  the  following  argument.  One  pair  of  points, 
■ay  A,  B,  must  lie  on  a  semicircle  terminated  at  A.  The  chance  that  C 
lies  on  this  semicircle  is  | ;  therefore  the  chance  that  all  three  lie  on  the 
semicircle  is  ^1 
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This  18  incorrect :  where  lies  the  fallacy  7  (Rev.  T.  C  SimmoiiB,  Edwe. 
Timea).  Let  the  student  obtain  the  correct  result  bj  this  line  of 
argument. 

7.  Two  points  P,  Q  are  taken  at  random  witiUn,  a  dreU  whom  eenire  it  C. 
Trove  ihaX  the  odds  are  3  (o  1  againti  the  triangle  CPQ  bdmg  memU  mmgUL 

[St.  Johh's  Coll.,  I883L] 

Let  a  be  the  radius  ;  P,  (r,  ^),  the  position  of  one  of  the  points. 

Let  a  diameter  ACB  and  a  chord  DPE  be  drawn  perpendicnltrlj  to 
CP.    Then  (Fig.  530) 

/•x  rm.     V         Au  A  hAa^  •     u*        •   **'^  ^^  *  semicircle  AFB    1 

(i)  The  chance  that  PCQ  is  obtuse  is j—. — s =5. 

^ '  area  of  circle  8 

A 

(ii)  The  chance  that  CPQ  is  obtuse  is  the  compound  <^iance  that  P 
should  lie  on  the  particular  element  rd^dr^  and  that  if  aoi,  Q  lies  00  the 

smaller  segment  cut  off  by  the  chord,  «— ^|—  x ^^oMe — ^    j^ugg^ 


ira' 


ra' 


fore  the  whole  chance  that  wherever  P  lies,  CPQ  is  obtuse  is,  with  the 
notation  indicated  in  the  figure, 

/        /  — ^-5-^ S ,  (where  r=a coe^  =etc«=  I. 

A 

(iii)  Similarly  the  chance  that  CQP  is  obtuse  =|.  And  these  are 
mutually  exclusive  events.  Therefore  the  chance  that  one  of  the  three 
is  obtuse  is  }  +  jl+|— f.  Therefore  the  chance  that  the  triangle  isacate 
angled  is  },  and  the  odds  against  this  are  3  to  I. 

D 


Fig.  530.  Fis.  531. 

1684.  We  have  seen  that  when  a  region  Q  entirely  encloses 
a  second  region  w,  the  chances  that  a  random  point  taken 
within  Q  should  or  should  not  lie  within  »  are  respectively 

^  and  1  — Q*     If  H  random  points  be  taken  within  Q,  the 

chance  that  r  specified  points  lie  within  o»,  but  the  rest  do 

not,  is  \%j  \}'^TU    i^^  ^^  ^^  several  points  be  denoled 


r-r  '-frt*a 
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as  A,  B,  C, ... ,  the  chance  that  some  unspecified  r  of  them  lie 
within  o),  whilst  the  rest  do  not,  is  "C^  times  as  great,  that  is 

"Cr(^)  (l— ^)"~'^-    ^^  ^^^  chance  that  al  least  r  unspecified 
jxnnts  of  the  whole  number  lie  within  a  is 

©■+^.©""(>-s)+-+*-©'('-nr 

Now  suppose  that  the  region  a>  itself  is  variable  with  the 
different  trials,  and  let  the  regions  which  it  represents  in  the 
several  trials  be  denoted  hy  wi,  a^tU}^,-"  tt>m>  &i^d  let  there  be 
a  very  large  number  m  of  such  trials,  and  that  any  of  these 
MS  may  be  equally  likely  to  be  selected  for  any  particular 
trial  of  the  taking  of  a  random  point  P  within  the  region  (2. 
The  chance  that  at  any  particular  trial   any  specified  one 

value  of  M,  say  wp,  is  selected  is  — ,  and  therefore  that  r  specified 

points  of  the  whole  group  should  fall  within  top,  and  the  rest 
not  within  it,  we  have  the  compound  chance 

m\ilJ  \      ilJ     • 

Hence  in  all  the  m  trials  the  chance  that  r  specified  points 
lie  within  the  particular  w  selected  for  each  trial,  and  that  the 
rest  do  not,  is 


n—r 


Is(»)'('-gr-"" — ">" »'  (B)'('-B) 

And  if  the  r  points  be  not  specific  points  of  the  group 
A,  B,C,,,,  which  are  to  fall  within  the  selected  w s,  the  result 

will  be  the  mean  value  of  '^r(^)\l-^)*"^.    That  is,  the 
two  results  are 

M{i^'{n-Wp)^-^}IQ^    or    »C,M{«/(Q-«^)"-''}/n", 

according  as  the  random  points  falling  within  the  particular 
»s  are  to  be  specified  or  unspecified  members  of  the  group  of 

random  points  A,  B,  C, 

It  is  convenient  to  picture  the  two  cases  as  those  of  n  sand 
grains  thrown  at  random  upon  the  region  Q,  the  grains  being 
eokmred  difierently  in  the  first  case,  uncoloured  and  in- 
dittmgiiiabable  in  the  second. 


800  CHAPTER  XXXVIL 

1685.  Taking,  for  iDstance,  the  case  of  a  rod  AB  of  length  a ;  thb  ■ 
the  region  H.  Take  two  points  at  random  upon  it.  This  marks  a 
random  region  o),  viz.  PQ,  within  Q.  Now  take  n  other  random  poiati 
on  AB,  say  differently  coloured  sand  grains  thrown  at  hajcard  upon  tka 
line.  The  chance  that  a  specified  group  of  r  of  these  lies  between  F 
and  Q,  and  the  rest  do  not,  =  if  {P(y(a  -  PQY^Ia^  ;  and  if  the  gnmp  bi 
unspecified,  the  chance  will  be  ='"cjlf  {PO»'(o-.PO)"-«^}/a«. 

Let  P  be  the  random  point  which  is  the  nearer  to  A  ;  AP=Xy  Aif^jf. 

Then  M{PQ'{a-PQY'^^^'^J'^{y--xY{a--y^-xy^^dydx^^^dyii 

l«rr'"'^"*'(^"'>"""^'^^    [puttingy-x=«.4r=f.  ^-g=«] 
:2««J^«'{l-z)«-^*irfz=2a«r(r+l)r(n-r+2)/r(«  +  3)=2a«^j^^^ 

Therefore  the  chance  required  for  r  specified  points,  and  r  only,  tt 

lie  between  P  and  Q  is  ,  y  ~f   .  ;.  .  rr^^  and  if  the   r  points  be 

(n+2)(n  +  l)    "C7y'  '^ 

unspecified  =/  Vqw    ^,x' 
'^  (n+2)(n  +  l) 

1686.  This  result  is  obtainable  directly.    For   the  total  numbor  of 

points  to  be  chosen  on  i4  ^  is  n  +  2.    The  number  of  permutations  of  thoe 

is  (n+2) !    Let  us  fix  positions  for  two  of  these,  X  and  Y^  on  the  anaj, 

say  the  l^  and  m*^.    Then  there  are  n !  permutations  of  the  remaiaiig 

points.    Hence  the  chance  that  two  particular  points  X  and  Y  shall  bs 

2.  n' 
the  P  and  m**  of  the  array  =.   lo\t>  ^^^  these  two  may  stand  in  eitkr 

Older,  either  as  first  and  (r+2)*^,  second  and  (r+3)^,  third  aid 
(r+4)*^,  ...  (n-r+ ly^  and  (n+2)**,  t.«.  in  n-r+1  ways,  events  eqotUy 
likely  to  occur,  and  therefore  the  total  chance  that  these  two  points  shsll 

find  r  unspecified  other  points  between  them  is  7~Vtt7~Xo\' 

1687.  For  instance,  if  there  be  eight  indistinguishable  points  taken  at 

hazard  on  AB  after  P,  Q  have  been  selected  at  random^  the  chance  that 

three  unspecified  ones  should  lie  between  P  and  Q  and  five  on  the  rsst  of 

2   6       2 
the  line  AB  is  777-0  =  tt)  and  the  chance  for  three  specified  ones  to  lie 

10 . 9     Id 

between  P  and  Q  and  the  others  on  the  rest  of  the  line  is 

A     ^  -1    1=-L 
16  '  ^e,    16  ■  56    420* 

1688.  Bandom  Potnts. 
It  is  necessary  to  examine  carefully  what  is  meant  when  it 

is  stated  that  points  are  taken  at  random  within  a  given 
region. 
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(i)  When  a  point  P  is  said  to  be  taken  at  random  upon  a 
line  AB  ol  length  a,  it  is  understood  that  AB  is  divided  into 
an  infinite  number  of  equal  elements,  and  that  each  element 
has  the  same  chance  of  finding  itself  the  recipient  of  the  point 


A  P  Q       R  B 

Fig.  532. 

P.    Thus,  measuring  a  length  x  along  AB  from  A^  the  chance 
of  the  random  point  P  falling  between  x  and  x+dx\B  dx/d. 

If  a  random  selection  of  several  points  P,  Q,  iZ  be  made  upon 
the  line,  the  chances  they  will  severally  fall  between  the  respec- 
tive distances  x  and  x+dx,  y  and  y-\-dyj  z  and  z+dz  from  A 
are  dxja^  dy/a  and  dz/a,  and  the  compound  chance  that  all 

dx   dij    dz 
three  chances  should  concur  is — ,  dx,  dy,  dz  denoting 

CL        CL        (t 

increments  of  equal  length. 

But  if,  after  a  choice  of  P  and  Q  has  been  made  at  random, 
H  is  then  selected  at  random  between  P  and  Q,  the  respective 
chances  are  dx/a,  dy/a,  dz/{y--x) ;  for  now  the  possible  region 
for  the  selection  of  a  position  for  R  has  been  restricted.  The 
compound  chance  that  all  three  things  should  happen  is 
cfe  d^  dz_ 
a     a    y—x' 

If  a  rod  be  broken  simultaneously  at  two  points  at  random, 

the  chance  that  one  fracture  lies  at  a  distance  between  x  and 

x+dx  from  A,  and  that  the  other  lies  between  the  distances 

dx    dv 

y  and  y+dy  from  A,  is -,    But  if  the  rod  be  first  broken 

^  ^       ^  a     a 

at  P  and  then  the  portion  ilP  be  again  broken  at  Q,  the 

chance  that  these  fractures  should  respectively  lie  at  distances 

from  A  between  x  and  x+dx  and  between  y  and  y+dy  is 

dx   dy 

a     X ' 

(ii)  When  a  point  P  is  said  to  be  taken  at  random  on  a 

given  area  A  or  within  a  volume  V,  then,  if  72  be  the  whole 

region  in  question,  and  if  72  be  divided  up  into  an  infinite 

number  of  equal  infinitesimally  small  regions  SR,  SR,  &R\ . . . , 

it  is  understood  that  each  element  has  the  same  chance  of 

finding  itself  the  recipient  of  the  point  P,  and  the  chance 
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that  specified  points  P,  P\  P'\ ...  should  occupy  the  respective 
elements  SR,  SR\  SR'\,,,  is    ^ — p--  — ^ 

1689.  To  return  to  the  case  of  a  distribution  of  pooriUe 
positions  on  a  line  AB  {=a).  If,  after  a  random  selectioii  of 
one  point  P  on  ii^,  a  selection  of  Q  be  made  at  hazard  upen 


A  Q  P  B 

Fig.  533. 

AP,  it  is  evident  that,  since  the  number  of  possible  poaitioiii 
for  Q  on  ilP  is  smaller  than  the  number  of  possible  poaitiooi 
for  P  in  the  whole  line  AB,  the  chance  of  any  one  element  of 
AP  distant  between  y  and  y+dy  from  A  being  the  redineiit 
of  Q  is  greater  than  that  of  the  element  between  x  and  x+dx 
being  the  recipient  of  P.  The  circumstance  of  the  nmdoin 
choice  of  Q  being  made  subsequently  to  the  random  choice  of 
Py  upon  a  limited  range,  has  increased  the  chance  of  the  dy 
element,  but  all  equal  elements  between  A  and  P  have  the 
same  chance,  the  compound  chance  being,  as  before  stated, 
dx  dy 
a      X  ' 

1690.  We  have,  then,  for  the  total  chance  that  AQ  shaD 
not  be  less  than  a  certain  length  c  (^a), 

a'dxdy     f«cte    .        .  i      a 

B  a    X         JqOX 

1691.  Thus  for  a  rod  four  feet  long  and  ^Q  to  exceed  ooe 
foot,  the  chance  ==(.3— log4)/4=  4034 

1692.  It  will  be  observed  from  Art  1690  that  for  the  com- 
pound event  the  chance  of  the  element  between  x  and  x+dx 
being  the  recipient  of  the  random  point  P,  and  also  being  such 
that  the  subsequent  random  choice  of  Q  will  give  a  result  for 

Cm  or  (]r  ■    ^  Cm^jt 

which  ilQ<c,  is  no  longer  —  but ,  and  therefore  the 

CL  X        CL 

density  of  the  possible  positions  of  P  on  the  line  is  not  the 
same  at  various  positions,  but  varies  as  1 — ,  i.e,  in  a  hyper- 

X 
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bolic  manner.  This  "  density  *'  of  distribution  may  be  repre- 
sented graphically  as  in  Fig.  534,  and  shows  that  the 
condensation  of  points  P  in  an  element  dx^  which  can  bring 
about  a  value  AQ  greater  than  c,  increases  from  zero  at  x=c, 
and  continues  its  increase  as  P  approaches  B,  tending  in  a 
hyperbolic  manner  to  an  asymptote  parallel  to  the  x-axis. 

Taking  iy=Jb as  the  equation  of  this  graph,  tidx  is  h 

measure  of  the  number  of  cases  in  which  P  lies  in  the  element 
ix.  That  b,  this  number  is  proportional  to  the  ordinate  of  the 
graph.  And  the  total  number  of  cases  is  measured  on  the 
same  scale  by  the  area  between  the  x-axis,  the  curve  and 
the  ordinate  at  x=a.    This  area  up  to  any  definite  ordinate  is 


I  Jb ifc=Jb|«— c—c log- K 


4    X 


If  we  take  an  ordinate  which  bisects  the  whole  area,  vis. 

35=«b»  we  have   ifx^-o— clog^J=5Jb/a— o— clog-J;    and 

this  ordinate  divides  the  whole  line  AB  into  two  portions  such 
that  there  are  as  many  favourable  cases  for  the  event  desired 
in  defect  of  AP(=x^  as  there  are  in  excess.  On  these  grounds 
the  value  x=Xo  is  said  to  give  the  most  probable  case  to  secure 
the  event. 

In  the  case  a=  4  feet,  <;  =  1  foot,  4ro- 1  -  log  jro^  ^(3  -  log  4)^0*8068. 

.-.  J7,  -  log  4r«  =  1  '8068,  and  by  trial,  or  graphically,  x^  »  2*8663  nearly. 

That  it,  in  order  that  the  portion  AQ  should  exceed  one-fourth  of  the 
rod,  the  most  likely  position  for  the  first  fracture  to  have  been  made  is 
a  little  less  than  three-fourths  of  the  length  of  the  rod  from  A, 

We  shall  call  such  a  graph,  indicating  the  density  or  con- 
densation of  points  P  in  an  element  which  are  such  that  the 
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event  may  be  brought  to  pasfi,  the  "  Condensation  "  or  "  Den- 
Rity  "  graph.  We  shall  return  to  it  later.  It  ia  alao  sometimM 
called  the  "Curve  of  Frequency."  {See  Williamson,  /nt  CA, 
p.  369,  ed.  8.) 

In  all  previous  canes  the  density  or  condensation  has  bca 
uniform.  It  will  now  appear  that  many  cases  will  anas  wha 
this  is  not  so. 

The  mean  value  of  the  ordinates  of  the  graph  from  x=tto 
x=a  is  given  by 

l>'-?*'/l!'^-K'-"-"'°e;)/<-'''-'-^c''«I' 

a—c 


logo— Ic 


=  4,e=l,  jr='3/lag.4-2-|»4... 


for  which  the  abscieaa  is 

Id  the  numerical  case  cited,  viz.  i 

1693.  DlnBtratlve  Examples. 

1.  From  a  rod  of  given  latgth  a  piece  it  cut  off.     From  t 
aitoOui  piece  m  mi  off.     Show  ttuU  Ae  cMante  Oat  (Ac  ttxmd  piece  it  tm 
liantiiefirttUIog.a. 

Let  Ovl('' a)  be  the  rod;  P  mi  Q  the  Inctane  ;  OP-i,0<i~y.    Tkw 
y>x,y-x<x,y<a. 


Vit.S36. 

So  that  if  X  <  al%  jr  <  ^ ;  but  if  x  >  n/S,  y  cannot  range  m  hr  u  b. 

and  the  inequalitj  y  <  iz  ia  neceaaarily  utiaGed  and  replaced  b/ j  <■,  ii. 

when  X  range*  from  Ota\a,y  range*  from  .r  to  Sr ; 

when  X  rangee  from  \atoa,g  rangee  from  ito  a. 

The  chance  of  It  l;ing  between  x  and  x-^iv  i*  dxjtt,  and  t)M  dwM 

of  Q  lying  between  j>  andy+dy  \adgj{a-x). 

Thus  tho  chance  required-  j'T^^*  f  f^i^" ***■"*** *■ 

2.  (i)  Find  the  average  ditlanee  httnit»  tm  poM*  P  atU  ft  wftv*  F  it 
taken  of  Tondom  on  a  line  AB  of  ien^  amdQ  it  tafa*  at  ruajuw  m  AP- 
[Hats.  Tbit.,  lW-1 
L(AAF=x,AQmf,x^if. 


(ii)  Fbtd  Me  attragt  ditlmtt  Mmwoi  tt«  Ueo  poMi  P  axd  Q  uka 

P  and  Q  art  laktn  at  random  m  AB.  [Hatb.  Tut.,  I8S8. 

Her«  Q  maybe  od  either  side  of  i*,»Ddj;-jrebiu)g«a  iigDM  QptmetP 


jr<poeitire  value  of  QF)-- 


hh  a    a 


3L  Two  Imm  art  fatiwn  oi  raiidam,  eocA  o/  Ien0A  <  a.  JVom  (Aot  tte 
«ibMe  tikil,  tofiAtr  viiA  a  lint  o/  Unglh  \a,  litg  ma  /orm  tiie  titret  aida  oj 
«  IKmvIi  m  j.  [8t.  Johh'b,  1883] 

(i)  If  z,y,  Jabetheaidao,  vehk*e 

Ka,    y-<a,    x+y>\a,    jr  +  Jo  >  i,    z  +  Ja>jr. 

T«ke  z,  y  M  CuteaikD  eoordinatea  of  ■  point  Conitnict  &  equtre 
OAOCot  niia  a,  with  OA,  OCa»  coordinate  axee.  Let  F,  Q,  ff,  5  be  the 
■nid-pointa  of  the  aidei  {Fig.  637).  Then,  of  all  pointa  within  the  square, 
any  point  withio  the  ahaded  araa  PSBSQ  will  latisfj  the  conditiona  of 
the  problem.     Hence  the  chance  required  is  f. 

(ii)  Or  we  may  proceed  directij'  thna  ;  The  chance  that  x  lie*  between 
sandz+dz,  ud  thaty  liee  between  y  and  y +  «!)/,  iiiziy/a'. 

Ifz<5,jt»ngeefrMng-ito^  +  i;  if  z>~,jr  ranges  from  z-~  too. 

Therefore  the  chance  required  =  j    /       ~^*Lj    . — ?='^  =  b- 

It  will  be  noted  that  this  i»  the  exact  proceaa  of  integrating  dxdyla* 
le  ahaded 


Fig.  638. 

4.  Thru  lint*  art  ehottn  at  random,  each  of  length  <  a.  Prove  OuU  Ae 
chamet  thai  Aeg  tan  form  a  triangle  u  f 

If  T, y, ibe  the  lengths,  we  munt  havex<a,  etc. ;  y  +  i> x,  etc. 

OMwidar  x,y,i  the  rectangular  coordinates  of  a  point.  Of  all  points 
within  a  cube  of  edge  a,  three  of  whose  edges  coincide  with  the  aiea  of 
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coordinates,  those  which  give  the  result  sought  must  be  iDcloded  bet^ 
the  three  planes  y-\-z=Xy  «+x=y,  j;+ys«,  i.«.  half  the  whole  cobs. 
Heuce  the  chance  is  \. 

5.  A  rod  of  length  a  is  broken  at  random  into  ttoo  part^  and  ome  of  ike 
two  parte  ie  taken  at  random  and  again  broken  at  random.  Show  tkatfer 
the  two  parte  thue  obtained  the  chance  that  neither  it  U$e  than  Ja  u  }. 

[Ox.  n.  p.,  1881] 

Let  OQ  be  the  part  first  broken  off  (Fig.  539),  P  the  second  fractars; 
OP=x^  PQ^y^  QA=M,  j7+y+«=a.  Unless  j?+y>2a/3  there  is  no diaaes 
that  X  and  y  shall  be  each  >  a/3.    Therefore  the  larger  portion  most  bs 


Fig.  639. 

selected.  Regard  :r,  y,  «  as  the  rectangular  coordinates  of  a  point  This 
must  lie  on  a  plane  A'BO  making  equal  intercepts  a  on  the  coordinate 
axes.  The  planes  xsa/3,  y^af^  t^O  isolate  on  the  triangle  A'B^C^^ 
triangle  PQR  whose  area  is  }  that  of  the  triangle  A'B^C,  In  order  thst 
the  specified  condition  roust  be  satisfied,  the  representative  point  x,  jr,  t 
must  lie  within  the  triangle  PQR,    The  chance  is  therefore  ^. 

6.  If  three  pointe  P^Q^  Rbe  taken  at  random  on  a  etraight  line  OA  (ss), 

what  ie  the  chance  that,  ifn>2,  OP^+Piy+QB^+RA*  ekaU  be  >  ^^^^1 

4s 

Let  OP^x^  PQ^yt  QR=Z'    Then  RA^a-x-y-t,  and  wearetobsve 

x8+y«+j«+(a-a?-y-«)*>'  -— a',  whilst  4?,  y,  e  are  positive  and  their 
sum  <  a. 
Take  an  orthogonal  transformation  in  which 

x+y+z=Z^   and    a:*+.y*  +  2*=X'+ F'  +  Z*, 

where  JT,  F,  Z  are  new  variables.    Then 


Jr«+F«+Z«+(a-Z^/3)»>^^a 


«,    •:e.Z«+F»+4(z-li^)V^ 
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The  whole  rauge  of  the  values  of  JC,  7,  Z  is  comprised  within  a 
spheroid  of  semi-axes  a/2»Jny  a/2  Vii,  a/4>/ii,  which  lies  entirely  within  the 
tetrahedron  j?ssO,  ysO,  laO,  4?+y+«=>a,  provided  n  be  large  enough. 
The  centre  of  the  spheroid  is  at  the  point  given  bj-jrayaf  aa~4?-y-c, 
t.«.  (a/4,  a/4^  a/4).  The  minor  axis  lies  along  j? ssy  a  s.  The  perpendicular 
from  the  centre  on  the  plane  4?+y +s»a  is  a/4^  and  the  minor  semi-axis 
being  ajA^Jn^  we  must  have  fi>  3  in  order  that  the  spheroid  shall  not  cut 
the  face  jp+y+saa.  The  same  limitation  will  secure  that  the  spheroid 
shall  not  cut  any  of  the  other  faces  of  the  tetrahedron,  and  must  therefore 
be  completely  contained  by  the  tetrahedron.  With  this  limitation  we 
therefore  have 

f^  .    J       Vol.  Spheroid  ir 

Chance  requ.red=y^,  TetVilhedron'iw;- 

7.  If  n  random  points  P,  Q,  R  he  taken  upon  a  Une  OA,  toAol  is  the 

chance  that  the  aum  of  the  squares  ofthe{n  +  l)  parts  shaU  not  exceed  -  the 
square  of  the  whole  line  f 


O  *i  P        ^      O  -^t   R  A 

Fig.  640. 

Let  a^ ,  ap2i  ^9>  •  •  •  'mi  ^  ~  ^1  ~  ^  ~~  *  *  -  ~  ^Mi  ^  ^^®  lengths  of  the  successive 
parts.    We  are  to  have  aPt'+Jp,*+ ...  +(a-api -  ...-«»)*  :>>  a'/n. 

Take  an  orthogonal  transformation  in  which  X|+2]+...+«i»9*>/^iii 

n  n 

and  let  X,,  X,,  ...  Xn  be  the  new  variables.    Then  2)«|.'»2)X,^  and  the 
condition  becomes 

j,«+ jr,«+ ... + jr««+(a- VSjr,)«  :»>  aVw. 

%,€.  A^,»+J,«+...+(n+l){jr,-a%^/(w  +  l))*:j>aVn(n  +  l) 

or  _  X!+JrS+...  +  jr;_i+J?>aVn(ti  +  l), 

where  JT,  -  wJnKn  + 1)  =  Xn'ly/rTTi. 

With  the  new  variables  the  signs  of  X,,  X,,  ...  may  be  either  positive 
or  negative. 

The  chance  required  is  iV/2),  where  N=  I  j  „.j dXi dX, ...  dX^i-j==^i 

for  all  values  of  Xj,  X,,  ...  Xn_i,  X^,  for  which 
jri+Xi+...  +  X'-i  +  X7:^aVn(n  +  l)    (see  note  in  the  next  article) ; 

and  Da  |  f.„ldxidx^,.. dxn  for  positive  values  of  x,,  z^t  ...  a;«,  for  which 

By  Dirichlet'8  theorem  jya^^<^V^  /n     \  T^  2",  the  last 

2  rg+i)Vn+l 

factor  S"  occurring  because  at  each  integration  the  result  is  to  be  doubled 
to  take  into  account  the  n^^tive  signs  of  the  respective  variables  ; 
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3.  A  TodXT{ia)whrt>kenatluaardMaan* 
parUetutform  thttidt*  of  a  IriaKgU,  whil  wtttdk 


ng.  Kts. 

In  Art.  less,  Ex.  3  (iv),  it  hu  been  wen  tbU  the  ckanoa  tlte  pwU  hn 
A  trUngle  ii  J. 

LetP,Qbethe[rMtuTea,XP°x,^Q=>y,y>:r.  Aain  tlieutideeiud. 
we  malt  h»T« 

*<<»^.    y<H-a/8.    *>a/i. 

To  be  Mute  ftUKled,  we  miul  alio  IwTe 

{y-*)'  +  {a-y)>>i».  (a-y)'+*^ >  {y-*)»,  ««  +  (y-*)»>(a-j)>, 
it    y(y-*^a)  +  o«/8>0,    y<4:-i<)  +  fl»/8>0,    (* - o) (« -y  +  «)  +  rf/!>a 

All  valoMof  ;r  uidy  from  ^r^Obixsy,  uidjrHO  toy  =  a,  areeqotll} 
likely.  Refer  to  recUngalar  Kiea  Ox,  Of.  m  befora,  with  Uie  ■•■ 
deacription  of  figure. 

The  ragioD  bonaded  lij  the  hyperbolae  y(jr-;c— a)-f  a'^~<K  et^  i>- 
cludee  tbe  ODlypoeitionain  which  the  repreaentative  point  (j,,«)  can  ligt« 
enaura  that  the  triangle  formed  by  the  portiona  of  the  rod  aball  be  uatc 


Fig.  Ml. 

•nglfed.  These  h;perbolne,  which  we  dsaignate  tm  L,  M,  H  reaptcti'di, 
paaa  through  R  and  H,  H  and  1,  I  and  A,  and  touch  each  other  at  ihM 
points.  The  three  segraenta  bounded  by  L,  M,  N  and  their  ittptcti— 
chorda  are 


CHANCE. 
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Therefore  the  area  of  the  canrilineal  triangle  RHI 

=  y-3(|a«-iaMog2)=(|log2-l)a«. 

Therefore  the  chance  that  the  three  segments  of  the  rod  fomi  an  acute- 
angled  triangle  =(}log2-l)a«/|a«=31og2-2. 
Yhe  chance  that  any  sjiecific  angle  is  obtuse 

=g  „.  _  ^  log  2)  /  ^  =  (3  -  4  log  2)/4. 

The  chance  that  the  triangle  is  obtuse  angled  =  } (3  -  4  log  2). 
The  chance  that  the  triangle  is  right  angled  is  of  course  infinitesimally 
small. 

4.  P,Q,Rare  random  points,  one  on  each  0/  three  eqwal  lines  X^Yi, 
jr,r,,  X,r,  (^a).  Wkat  is  the  chance  (hat  the  portions  X,P,  Xfi,  xjx 
may  form  an  aeute-angled  triangle  ? 


Xr 
X.- 
X.- 


P 

-I- 


Q 

-I- 


Y, 


R 


In  Art.  1693,  4,  the  chance  the  parts  form  a  triangle  has  been  seen  to 
be  \.  If  or,  y,  2  be  respectively  JTiP,  XsQ  and  X,jR,  we  have  the  additional 
conditions  y*+a*>x*,  «'+J?*>y*,  J?*+y'  > «*.  Referring  to  rectangular 
axes,  as  before,  the  surfaces  of  the  right  cones  ^+^==i^,  etc,  separate 
the  favourable  positions  of  the  representative  point  from  the  unfavourable 
ones.  These  cones  touch  in  pairs  along  their  common  generators,  which 
lie  in  the  coordinate  planes.  The  volume  of  the  part  of  the  cube  in- 
cluded between  them 

Heuoe  the  chance  required=(  l--jaVa'=l  -"^='2146... . 
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0.  TuiopoimaPandQareiaktnathtuardig^oitali»eAB[  =  o),Pb*i»f 
Ikt  Htartr  to  A.  What  u  Ae  cAanet  (Aul  At  mn  of  lit  prodvet*  o/  Hi 
ttgrneMt  li«o  imd  two  togMar  exeade  one  finrtk  of  Ae  ifwt  o/  tMe  Um*  f 

Let  AF=x,A^=y,g  >  x.    Theu  x  nagea  from  0 toy uidjr from 0 too. 

Th«  limiting  caM  is  x(y-x)+(y-x)(a-jr)  +  (a-ji)*- J. 

Rsfsrriiigtoi'ecUagDlu'coorditifttMOx,  Oy,  tfaereprcaeaUtivepaintZiy 
itui7  lie  ftDfwbera  within  the  half  OflC  of  a  aquare  OABC  of  aide  a, 
whose  side*  Oil,  OB  are  along  tha  aiea  Ox,  Oy ;  and  the  favourable  CMea 
are  indicated  by  points  lying  within  the  ellipse **-«y+3('-ay+Y=0, 


which  touches  the  sides  of  the  triangle  OBO  at  their  raid-points^  and  i< 


By  projection  its  area  is  to  that  of  the  triangle  OBC  in  the  ratio  of 
that  of  a  circle  inscribed  in  an  equilateral  triangle  to  that  of  the 
equilateral,  i.e.  r/Sv'S-     The  chance  requiT«d  is  therefore  r/S^S. 

e.  ArodoJ  UnglK  a  U  brottit  at  random  into  Arte  jtarlt.  Wkat  i*  Ae 
clumtx  Aat  Ae  tqaare  on  At  mean  tegment  »Ml  be  Uu  Aan  Ae  reekatgU 
eoniained  bg  tie  olher  two  t 

Let  f ,  y,  I  be  the  lengths  of  the  segments.  Suppose  y  tha  mean 
segment     Then 

x>y>»ort<y<i;    j^+y+i  =  a:    ^<*x. 

Refsr  to recUngular axes  Or,  Og,  Ot,  Let  0A=OB=OC=a{Vv^nn\ 
Then  x-t-y+i  =  a  is  the  plane  ABC.  Let  A  ^i  ^>  ^  the  mid-points  of 
the  sides,  Q  thu  point  (a/S,  a/3,  a/3).  The  equations  of  the  planes  COF 
and  AOii  are  respectively  y  =  x  and  jr  =  z. 

Tlie  inequalities  y<  JHod  y  <  z  f or  points  on  the  plane  Jfi(7  limit  the 
region  to  the  triangle  AOF. 


81S 

The  cone  y'mtx  bu  OA  a,ad  QC  for  gsDeratora,  the  coai-diDAU  plane* 
a:=0  and  z=Q  being  luigeiititJ,  aad  it  pMsra  tlirough  Q,  cutting  the 
plane  JBC  in  an  arc  APOQC.  For  poinli  ot  the  triangle  AOB  on  the 
concave  aide  of  the  ate  we  have  y*  <  tx.     This  further  limit*  the  range 


iAti»  APOA=^.^.l-i 


Flf.  M7. 


of  the  repreeeatative  point  x,f,ito  the  legment  APOA.  Therefore,  for 
tbe  can  z>jf>i,y*<u',  tbe  chance  required  =  Area  APOA/Atea.  ABC. 
Now,  Bince  2.ez='{a-y)'  —  ^-z'',  we  have  along  the  intenection  of 
the  cone  and  the  plane  ^fi(7,z'+y*-l-i'  +  Say  =  a<;  bo  thatitispoaaible  to 
paaa  a  Rpbera  through  the  arc  APQC,  which  ih  therefore  circular,  ae  uiaf 
be  aeen  geometrically,  the  centre  being  at  the  poiut  K  where  J  A' drawn 
parallel  to  FO  meela  BE  produced.     The  radiuB  of  thii  circle  ■lOv'S/S  ; 

Hence  for  thii  cuw  the  chance  in  -'(8x-3n^)/^'^  =  ^^^^. 
There  are  eix  such  caeeii,  viz. 

Therefore  the  toUl  chance  =,'V(2ts'3- 9}=  i|(ZW3^-»)=  418399.... 

If  a  specific  lament  of  the  line,  eay  the  middle  one,  is  to  latiifj  the 
aame  conditions,  we  then  have  the  two  caeee  i>j(>i,  *<y<s,  with 
y*<zr,  and  the  chance  is  ^{ir\'3-S),  i.e.  one-third  of  tbe  total  chance 
d  above. 


^^m 
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7.  A  reckuigvlar  paraUekpiped  is  eonttmekd  wiA  a  giwen  iia§omti^  ui 
edges  of  any  possiUe  lengAs  are  ejuaUy  Ubely,  What  is  tte  dkmmm  IkM  • 
triangle  could  he  eonsirucied  wi^  iia  sides  equal  %o  Iftow  eiigu  ef  §t 
parallelepiped  which  meet  in  a  poini  f 

Let  0^  y,  2  be  the  edges,  a  the  diagonal  Then  o^+jf'+x's  a* ;  y+x  >  i; 
<+a?  >  y,  «+y  >  z.  Referring  the  problem  to  a  set  of  rectaogolar  aicik 
the  planes  y+ 2s X,  etc.,  form  a  spherical  triangle  PQR  on  a  sphere  of 
radius  a.  The  points  P,  Q,  R  are  the  mid-points  of  the  aides  of  tkt 
quadrantal  triangle  ABC  formed  on  the  sphere  «^+jf'+s^~a'  bj  tkt 
coordinate  planes.    The  sides  of  the  triangle  PQR  are   each  r/3,  isd 


Fig.  64a. 

oosP=co6Q=co6i{=^.  The  spherical  excess  s3oosr>}~«>.  Tliearaiif 
the  triangle  PQi{= a*  (3  coe-4-r).  The  area  of  the  triangle  itBt7>*ifl«*. 
The  **  favoumble  **  region  for  x^  y^  *  consists  of  the  three 
triangles,  AQR,  BRP,  CPQ,  the  sum  of  whose 


=!^'-a.(3co.-.-;-,)=3a.(|-co.-.l)-3..«-.J. 
Hence  the  required  chancer- sin'^r. 

IT  « 

S,  A  rod  A£i  {x:'a)  is  broken  alhagardaliwo  poimis  P^Q.   Ifief ii* 

ehtmee  thai  PQ  JM  he  sveh  «Aal  PQ*  <  -  {AP^-^QB*)  f 

Let  iiP«x,  PQ»s,  QiB:sy,  jB+y+s»a,  and  we  are  to  have  M^  <  ^-i-/ 
Befer,  as  before,  to  rectangnlar  axes  Ox^Oy^OM.    Hmd,  of  all  H»iii> 


tha  pUoe  *+y  +  tma  {Fig.  049),  tfaoM  wbich  lie  within  th»  right 
circul&r  cona  x*+y'  =  iu>  kra  "  (kTounble."  The  projection  A'B"  of  tha 
line  of  iatoraectioii  A'B'  upon  the  i-plane  i»   if+y'=nla-x-y)',   ».«. 


1^.  6«. 

ft  conic  with  focna  U  O,  directrix  g+y^a,  eoceotricitj  ^te.  Turning 
the  azea  round  ao  thkt  ON,  the  perpendicular  upon  x+y^a,  ie  the  new 
«-ftiis,  the  oonic  become*  X'+T'=%{a- ^Vl)*,  i-c  in  pokra 

i»s/^/r  =  l+-y!i;coBfl. 
The  uee  of  tiie  portion  of  this  conic  between  the  radii  OA',  OB"  (Fig.  H9), 
in  tiie CMe  when  ti<  },  ie 


"  a  ;_;(l  +  ^8iiooBfl)«""    ■°{i_2b)*'-  -Jiil  +  yfi)'    "  1  +  s/it -I" 

nd  the  chance  required 
=  Are.O^'B-/A«aO^B  =  -^rco.-(i±^.^)Wi^1. 


If  »'>),  the  conic  il'^  ia  ft  panibolft,  vie  <i/p^i-3coe*  =  . 

InthuMM,    Are»0-l'B'-^'r«eo'|je-ete.-^'{4%/J-6), 

uid  the  chance  required  =  (4\^- 9)/3'- -81896 q .p. 

If  «  >  },  the  conic  A"ff'  ia  fajperbolic,  and  the  chance  required  ia 


(ai-i)* 


•r.^- 


^/2(^/^l  +  l)/' 
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9.  Tkt  epiaUcm  az*-f  SA^  +  fiy'-l  ti 
w^IciMte.     Find  Ae  duatu  Aat  U  Ttpraattt  a  Ayperteh. 

[Ox.  n.  p.,  IHT.) 

The  condition  is  A*>  oA.    Conrider  tbo  portioa  of  the  volame  of  Ike 
cone  ^=xif  encIoMd  by  the  pluiai  *=  ±e,  j(=  ±c,  t=  ±c.     Let  PUS 


(Fig.  GSO)  be  a  p«rabolic  tectioa  b/  a  plane  panllel  to  the  y-i  plue 
bounded  by  tbe  planes  x=^,i=0:    The  volume,  to«=c 

The  volume  encloaad  within  tbe  cube,  x=±e,y'-  ±e,  »±c^iaS.|.^; 
and  the  volume  of  the  cube  =  Sc'. 

The  rapneentative  point  of  a,  b.  A,  via.  x,  y,  i  must  lie  ontaide  tbe  com 
but  iniiide  the  cube,  however  lai^  e  may  be. 

Hence  tbe  chance  requiredsl-|s  j. 


It  will  not  affect  the  problem  if  ire  regard  one  of  tbe  point*,  *; 
be  at  a  particular  point  of  the  circle.  Let  AC,  BD  be  | 
dianieten.  Let  the  otber  Sve  Mlected  pointa  be  />,,  P„  P,,  /■,  and^at 
arcual  dietancee  x,,  x^,  '■,  x,  and  x  reepectively  from  A  meaaurad  oonntar- 
clockwise.  One  of  these  fire  moiit  be  in  each  quadrant,  and  not  wm 
Iban  two  in  any  one  quadrant.  Let  />,,  /",,  /',,  P,  be  the  pointa  whick 
lie  in  tbe  first,  second,  third  and  fourth  quadranta,  and  Q  the  one  wkosB 
quadrant  is  unsasigned.  It  will  be  sufficient  to  consider  the  two  cases,  (I) 
when  Q  lies  in  the  first  quadrant,  (!)  when  Q  lies  in  the  second  quadrant, 
for  the  number  of  casee  when  two  lie  in  the  foui-th  or  third  quadianti 
are  the  ssme  a«  if  two  lie  in  the  first  or  second  reepectively.  Also  wbn 
<l  liea  in  the  Brat  or  the  ascoDd  quadrant,  we  shall  suppose  that  poist  vt 
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the  two  which  is  nearer  to  .4  to  be  designated  as  Q.    Let  the  length  of  a 
quadrantal  arc  =  a.    Then  the  two  cases  to  consider  are 

(1)  X  <  jCj  <  rt    and    a  <  x  <  or,  <  2a  (FigP.  561,  562). 

B  B 


A      C 


Then  the  chance  required  =   ^  ^  ^  ^  ^,  where 

f/tl  /«+«!  /«+«■  !'•+«» 

dxj    dx^j        dxjj        dx^j        dx^; 

The  values  of  these  integrals  are  readily  shown  to  be  N^ssicfi/bl ; 
^^,=9a»/6!;  />=(4a)»/5!. 

Hence  the  chance  required  =,.  v6/Rf~of ' 

11.  T/kree  faikiam  points  L,  M,  N  are  taken  within  a  circle  of  centre  0 
and  radius  a.  Find  the  chance  that  the  cireumeirde  of  LMN  lies  whoUy 
wiihin  the  oriffindl  circle,  [R*P-] 

Let  F  be  the  centre  and  x  the  radius 
of  the  circunicircle,  and  OP^r.  Take  an 
arbitrary  and  indefinitely  small  strip  of 
breadth  k  round  the  circumcii*cle.  Its 
area = 2vxk  to  the  first  order.  The  chance 
that  three  random  points  should  fall  upon 

it   =  ( — J- ) ,  which   we   may   write  as 

l^—jdx.    Integrating  with  regard  to  x 

a 

from  x=-0  to  x=a-r^  which  varies  the 
size  of  this  circle  from  radius  zero  to  such 
a  size  that  it  will  just  not  cut  the  original 

circle,  we  have  -^(a-r)\  where  1^  is  an  arbitrary  elementary  area  at  our 


Fig.  ft53. 


JB 


-iUJ 
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choiceu  We  are  now  to  sum  up  all  such  results  as  the  abore  for  Tarioai 
positions  of  P  within  the  original  circle.  Replace  i*  bj  rdSdr^  and 
integrate  over  the  large  circle. 

The  required  chance  =  -Q  I      /   {a-rfrd$dr^—' 

12.  //  n+1  partieUs  P,  Q,  R,  S, ...  he  ikrtntm  down  ai  kaaard  i^kni  s 
straight  line  OA  ( =a)  each  has  the  eame  chance  of  finding  iiadf  Ae  {r-^l^T 
in  order  reckoned  from  0  towards  A,  Also,  since  some  one  of  Asm  mud 
occupy  the(r+lY^  position,  that  chance  is  l/(ii+ 1).     Examine  Ais 

P 


Fig.  664. 

The  composite  chance  that  P  falls  at  a  distance  from  O  lying  between 
X  and  x-^-dx,  and  that  r  unspecified  particles  lie  between  0  and  P,  andtbe 

rest  between  P  and  A^  is  *Cr( -)  ( )      — ,  and  therefore  the  chinoe 

that  P  occupies  the  (r+1)*^  place  irrespective  of  where  it  lies  upon 

Oii  =  "Cr  Paf  (a-a;)»-'(ia;/a"+»  =  etc  =  !/(»+ 1). 

13.  Two  points  P  and  Q  are  selected  at  random  within  the  volume  of  a  right 
circular  cone,  and  circular  sections  are  drawn  through  them.  What  it  At 
chance  thai  the  volume  of  the  slice  exceeds  1/8  of  the  cone  f 

Take  the  vertex  as  the  origin  and  the  axis  as  jraxis,  x  and  jr  tiw 
abscissae  of  the  points  and  y>x.  The  chance  that  a  random  point  hat  in 
abscissa  lying  between  x  and  x+dx  is  proportional  to  the  volume  of  asliee 
of  thickness  dx^  the  abscissa  of  one  of  its  faces  being  a;  i^  to  s*^ 
Abo  if  a  he  the  length  of  the  axis,  y'-x>4:|a^.  The  diance  naj 
then  be  written  either  as 


r 


jr^<fa/Vrf, 


or  as 


iTW. 


-S^pHh* 


Fig.  655. 


.'0  Jo 

and  each  gives  a  reaalt  49/64. 


The  condensation  curves  (Art.  1692)  for  P-points  and  for  ^pointa. 
indicating  the  density  of  clustering  on  the  x-axis  of  the  ends  of  their 
abscissae,  are 


CONDENSATION. 
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Each  touches  the  ^-axis  at  the  origin  ;  (i)  crosaea  the  ^axia  at  5  V?,  and 
has  a  maximum  ordinate  at  fsaV^sax'70473... ;  (ii)  croeaeii  the 
^-axis  at  ^,  has  a  minimum  ordinate  at  f  «a  V^,  and  17  increases  and  is 

positive  from  3  ^  ^    ^^  ^S'  ^^  ^  >"  taken  equal  2  units. 

ai/7 
We  are  only  concerned  with  the  part  of  (i)  from  0  to  -o~»  *"d  ®'  (") 

from  o  to  Ow 
Both  densities  increase  from  ^  to  a  Vf^. 


Fig.  566. 

The  first  decreases  and  the  second  increases  for  the  rest  of  the  range. 

If  we  require  the  chance  that  under  the  stated  circumstances  the  point 
P  possesses  an  abscissa  lying  between  certain  limits,  say  jSa  and  oo,  where 
0<)9<a<l,  that  chance  is 


(a»-i8^(}-a»-iS»). 


It  will  be  found  that  the  chances  that  x  lies  between  *6a  and  '7a,  or 
between  'la  and  '8a,  are  respectively  '151257  and  151255,  and  are  almost 
exactly  the  same.  This  is  in  the  immediate  neighbourhood  of  max. 
condensation. 

The  point  at  which  the  condensation  of  the  4?- values  reaches  its  maxi- 
mum is  aV^^^a X  '70473. 

If  ya  be  the  ^  most  probable  value "  of  4?,  x,e,  such  that  it  is  an  even 
cbAnce  whether  x  exceeds  or  falls  short  of  yo,  it  is  given  by 

The  ordinate  at  this  point  bisects  the  portion  of  the  area  in  the  first 
quadrant  of  the  condensation  curve  for  P-points. 


I  »■  ft. r— v^^MM^M 
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1696.  Inverse  PiobabUity. 

Questions  involving  the  probability  of  causes  as  deduced 
from  observed  events  are  called  questions  on  ''inverse"  pro- 
bability. Supposing  Pp  Pj*  •••  ^n»  the  probabilities  of  the 
existence  of  the  several  causes  of  an  event  known  to  have 
happened,  and  that  these  causes  are  mutually  exclusive,  and 
that  these  are  the  only  causes  through  which  the  event  could 
have  happened ;  and  further,  supposing  that  Pi,  P2f  -'-  Pn^^^ 
the  respective  probabilities  that  when  the  cause  exists  the  event 
will  follow,  then  it  is  known  that  in  any  case  when  the 
event  has  been  observed  to  happen,  the  probability  of  its 

having  done  so  from  the  r"*  cause  is  PrPr  y^  ^rPr  (Smith, 

AJg,,  p.  521).  This  result  is  stated  by  Laplace  [MSm.  sur  2a 
prob.  des  causes  par  les  Mnemens,  MSm, ...  par  divers  savam, 
T.  vi.,  1774]. 

If  Qr  be  the  probability  of  the  compound  happening  of 
the  f^  cause  followed  by  the  event,  Q^^P^Pr,  and  the  above 

expression  may  be  written  Qrl^  Qf 

1697.  Let  the  probability  of  the  happening  of  a  certain  event  J, 
which  voe  may  call  the  cause  of  a  second  event  B,  be  x,  u^ieh  variet 
from  0  to  I.  Let  the  happening  of  B  depend  upon  the  happening 
of  A  in  such  a  manner  that  the  compound  pfobabilihf  tif  Bs 
happening  is  <fi(x).  It  is  observed  thai  B  happens.  What  is 
the  chance  that  x  lies  between  two  assigned  limits  fi  and  at 
(0</3<a<l.) 

Let  OC  denote  unit  length  on  the  x-axis,  and  let  the  grsfh 
of  y=s^(x)  be  drawn  (Fig.  557).  The  ordinates  represent  tiie 
probability  of  B  happening  corresponding  to  the  absdssa 
which  represents  that  of  A. 

Let  OC  be  divided  into  n  equal  elements  of  length  A,  fiA:=l. 
The  points  of  division  are  at  distances  from  O,  O/n,  l/n, 
2/n,  etc.,  and  the  probability  of  the  existence  of  the  r^  cause  is 

-  —0 

n 

Hence  the  probability  of  the  abscissa  lying  between  x  and 


- .  . 1-  i — .  Jl 
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x+dxis  <f>(x)dx  \  <f>{x)dx',  and  therefore  the  chance  that  the 
abscissa  lies  between  ft  and  a  is  I  <fi(x)dx  I  <l>{x)dx. 


Fig.  6S7. 

This  chance  is  therefore  measured  by  the  ratio  of  the  area 
bounded  by  the  curve  and  the  x-axis  comprised  between  the 
ordinates  x=p  and  x=a  to  that  comprised  between  x=0 
and  x=l, 

1698.  In  the  same  way,  if  the  secondary  event  B  be  de- 
pendent upon  two  (or  more)  primary  events  A^,  A^,  whose 
probabilities  are  represented  by  x^,  x^,  whilst  that  of  the 
dependent  secondary  event  is  <l>(x^,  x^),  the  chance  that  the 
probabilities  of  these  primary  events  respectively  lie  between  jS^ 
and  aj,  jS,  and  a,,  where  0<)8i<ai<l  and  O^fi^^a^^l,  is 

with  corresponding  expressions  if  there  be  more  than  two 
variables. 

1699.  Recurring  to  Ex.  12,  Art.  1695,  we  have  seen  that  if 
a  point  X  be  taken  at  random  on  a  line  OA^a,  and  then 
m+n  other  points  be  taken  at  random  on  the  same  line,  the 
chance  that  m  unspecified  points  of  the  group  lie  between 
O  and  X  and  the  remainder  between  X  and  A  is 

-"4:©T-?)t-5^' 

a  fact  obvious   from   another  consideration  as  pointed  out. 
We  may  use  this  problem  to  illustrate  the  result  obtained  in 
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Art  1697.  The  fact  that  X  lies  at  a  distance  x  from  0  may 
be  regarded  as  a  primary  event  or  caaae  from  which  the 
nature  of  the  secondary  events  viz.  the  particolar  allocation 
of  the  m+n  unspecified  points,  arises;  and  the  chance  of  the 
happening  of  the  secondary  event  is  a  function  of  the  variable 
X  which  defines  the  cause. 


O'X 


Fig.  668. 

The  total  number  of  ways  in  which  it  can  happen  thftt 
whilst  X  lies  between  an  unassigned  x  and  x+dx,  an  un- 
specified m  of  the  m+n  random  points  lie  on  OX  and  the 
remainder  on  XA  for  all  values  of  x  from  0  to  a  is  measured  by 


«H-«(7    /|«i-HH-l 


f:©T-?)"?^ 


and  the  number  of  ways  the  same  thing  can  happen  when 
X  lies  between  an  assigned  x  and  x+dx  is  measured  by 

Therefore,  when  the  compound  event  happens,  the  chanee 
that  X  lies  between  x  and  x+dx  is  the  ratio  of  the  aeeood  of 

these  expressions  to  the  first  i-^*  Qif^(a^x)rdx  \  x^{a-xyix. 

And  the  chance  that  when  the  compound  event  hajqpenib^ 
will  lie  between  x==l3  and  x=a,  (0  <  )8  <  a  <  a)  ia 


I  x^(a—xydx\  x^(a—x)*dx. 


1700.  Next  suppose  that  a  new  group  of  p+q  nmdoB 
points  is  taken  upon  the  line  OA,  What  is  the  chance  that  bb 
unspecified  p  of  these  points  also  lie  between  O  and  X  and 
the  remainder  between  X  and  A  ? 

The  total  number  of  such  cases  when  X  falls  between 
X  and  x+dx  will  be 

and  the  total  number  of  cases  for  all  positions  of  jt,  in  wkiek 
m  unspecified  points  of  the  m+n  lie  on  QZ,  whilst  the  otkr 


—  ■*  ■    ^         •» 
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fi  lie  on  XA,  whilst  the  p+q  points  are  distributed  any- 
where on  the  line,  is  "•+*C«a"»+»+^+«r(-)"'(^^^y~. 

Therefore  the  compound  chance  that  (i)  X  lies  between  x 
and  x+dx;  (ii)  m  unspecified  members  of  the  first  group  fall 
on  OX  and  the  other  n  on  XA ;  (iii)  that  p  unspecified  members 
of  the  second  group  fall  on  OX  and  the  other  q  on  XA,  is 

y^Cp  a^P{a-x)r^dx 
I  7?^a—xYax 

Hence  the  whole  probability  that  this  compound  event 
happens  when  X  lies  anywhere  on  OA  is 

*^,  £»^(«-^)"^«^'^_(y+g)!    (m+y)!(n+g)!     (m+n+1)! 

*^      ['^(a-xYdx         P^^^    (m+n+p+q+l)\      m!»! 
Jo 

1701.  The  above  problem  forms  a  landmark  in  the  History 
of  Probability.  It  is  associated  with  the  names  of  many 
investigators,  Bayes,  Condorcet,  Trembley,  Laplace  and  others. 
(See  Todhunter's  History,  pages  295,  383, 399,  414,  467,  etc.) 

It  is  often  enunciated  in  a  different  way. 

An  urn  is  supposed  to  contain  an  infinite  number  of  white 
tickets  and  an  infinite  number  of  black  tickets,  and  no  others, 
and  that  is  all  that  is  supposed  to  be  known  as  to  the  tickets. 
These  tickets  correspond  to  possible  situations  of  a  point  to 
the  left  of  Z  or  to  the  right  of  X  in  the  foregoing  problem. 
Then  m+n  tickets  having  been  drawn  from  the  urn,  m  are 
found  to  be  white  and  the  remainder  black.  What  is  the  pro- 
bability that  a  further  drawing  of  p+q  tickets  will  result  in 
p  being  white  and  q  black  ? 

\  ar^{l-x)'^dx 

io 

-fl ' 

I  x^{l—x)^dx 
Jo 

which,  without  the  factor  {p+qV/plqU  supposes  the  tickets  to 
have  been  drawn  in  a  specific  order.  Todhunter  quotes  the 
following  remark  of  Laplace :  "  La  solution  de  ce  probl^me 
donne  une  m^thode  directe  pour  determiner  la  probability  des 
tfvteemens  futurs  d'apr^  c^ux  qui  sont  d^ja  arriv^." 


Laplace  gives  the   required   result  as 


1 1    1^    I  ■- 
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1702.   Next  suppose  that  on  the  line  OA  (=a)  several  nndcMii 
points  Xi^  X^,  ... ,  X^^i  be  taken  at  distances  a^»  x^*  ... ,  x^i 


I     I 


X,  Aa  Ag 

Fig.  659. 


X„.,   A 


from  0,  in  this  order,  and  let  Pi+Pt+--+Pn  other  random 
points  be  taken  upon  OA,  Then  the  compound  chance  that 
(i)  X^  lies  between  x^  and  x^+dx^,  X^  between  oc^  and  x^-^dx^, 
etc ;  (ii)  p^  speci6ed  points  fall  on  OX^,  p^  on  X^X^,  p^  on 
X^X^f  etc,  is 

/gAy/gg-xAy'     /g- Xn-iV*  dx^   dx^     fc,-i 
\o/\a/'\      a      /        a      a'"o* 

Hence,  for  unspecified  groups  of  p^  points  between  O  and  Jl,, 
p^  between  X^  and  X^,  etc,  whilst  X^^  X^,...  -^n-i  li®  <^t  any 
points  of  Oil,  in  this  order,  the  chance  is 

{Pi-\-Pt+'"+Pnyf  f*--*  f'--'      f^/gAi>'/x,-gA>' 
JH^Pfi  — PuJ     Jolo     Jo     *"Jo^«''    \     a     /    '" 

\      a      /       a        a    '"  a      a* 

which  at  once  reduces  to  l/(2p+l)(2p+2)...  (2p+fi— 1).  And 
this  is  an  obvious  result.  For  of  the  Pi+Pi+...+jJ„+ii-l 
points  of  division,  the  chance  of  the  n— 1  points  standing  in 
the  specified  order  in  the  {Pi+l)^,  (Pi+Pt+^Y^*  ®*c..  podtioiis 
is  clearly 

(Pl+Pi+'"+Pn)^l(Pl+Pt+  -"  +  ^-1)1 

=  l/(2p+l)(2pi-2)...(Zp+n^iy 

If  now  another  group  of  9i+9t+--+9n  points  be  chosen  it 
random  on  OA,  the  chance  that  q^  unspecified  ones  shall  lie 
in  the  same  segment  as  the  p^  points,  q^  in  the  same  segment 
as  the  pi,  and  so  on,  will  be 

dffi+.+fc       qilq%l  ...qn^. 

JJ...jxi»^(x,-x,)i^...  {a-x^;j^dx^idx^^...dxi 
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the  limits  for  Xi  being  0  to  a^;  for  x^,  0  to  z^,  etc. ;  for  x«.i, 
0  to  a,  which  we  may  evaluate  as  before. 

1703.  Ex.  Fnm  a  hag  eorUaining  an  if^niie  number  o/  tieheia^  each  of 
tnkieh  is  known  to  he  hkiek  or  white,  ten  are  drawn  ai  random,  and  found  to 
be  four  whUe,  six  black.  WhU  ie  (he  ehanu  that  a  furiher  draw  of  two 
Hekete  gives  one  white,  one  htaek  t 

Here  m=s4,  n=6,  p^  I,  9-I,  as  1,  and  the  chance  required 

.K,,f^,-,.Vf^,-.,^.?«ni).,ri»L.^.». 

What  would  he  (he  chance  tkaJt  a  draw  of  one  Ockei  only  shoM  yidd  a 
white  one,  and  that  a  subsequent  draw  should  yield  a  black  one  t 
The  chance  for  a  white  one  at  the  next  draw 

The  chance  for  a  black  to  follow  =  (  x^l  -xydxl  j  a?»(l  -x)*dx=':r^. 

The  chance  for  the  two  draws  to  result  in  this  order  ^To' To^ika' 

The  chance  that  x\  which  represents  the  proportion  of  the  number  of 
white  tickets  to  the  whole  number  of  tickets  in  the  bag,  should  be  more 

than  i  of  the  whole  is  Cx*(\  ^xYdxj{^x\\  -xfdx^^\p}^, 

1704.  BufTon's  Problem.    Parallel  BulingB. 

An  infinite  plane  is  ruled  by  an  infinite  system  of  equidistant 
paralld  Unes,  whose  distances  apart  =2a.  A  thin  rod  of  length 
21  (<  2a)  w  throum  at  random  upon  the  plane.  What  is  the  chance 
thai  the  rod  will  cut  one  of  the  parallels  f 

Take  as  y-axis  that  one  of  the  parallels  to  which  the  centre 
C  of  the  rod  falls  nearest,  and  the  x-azis  perpendicular  to  the 
set  The  problem  is  unaffected  if  we  suppose  the  centre  of 
the  rod  to  fall  upon  the  x-axis,  for  the  proportion  of  the 
number  of  cases  in  which  the  rod  cuts  one  of  the  rulings  to 
the  whole  number  of  possible  cases  is  not  altered  thereby. 

Let  0  be  the  origin,  OC=x.  Let  the  figure  represent  the 
case  in  which  one  end  of  the  rod  lies  upon  the  2^-axis,  the 
angle  between  the  rod  and  CO  being  </>.  Then  x=lco&<f>. 
Then  for  a  given  position  of  C,  the  chance  of  a  cut 

^•2ir    -r  I' 


pud  tiM  obuice  that  C  lies  between  x  and  x+dx  on  a  line  of 
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length  a  is  dx/a,  and  when  C  falls  between  x=sl  and  s=a, 
there  is  no  chance  of  a  cut.    Hence  the  whole  chance  required  is 

2  f*        i»  J       21  f^  ^    .    ^   ,^      a     double  the  length  of  ike  rod 

—-I  C08-*yete= — I   0sin0a0= — =—. j .    ^    , — j-, 

fra Jo  I         trajQ  ^       ^    ^     ica      circ  of  a  circle  of  radius  s 


Fig.  660. 

This  is  a  particular  case  of  a  remarkable  general  result  to 
be  seen  later.  It  is  another  landmark  in  the  history  of  the 
subject.  It  was  given  by  the  naturalist  Buffon  in  his  Et9ai 
d'ArithmStique  Morale,  1777.  Also  see  Laplace,  Th^orie  de 
Prob.,  p.  359  (Todhunter,  History), 

1705.  Bectangnlar  BulingB. 

Suppose  a  second  system  of  parallel  lines  drawn  at  ri^t 
angles  to  the  former  set,  whose  distances  apart  =26  (> 21). 
thus  mapping  out  the  infinite  plane  into  a  net- work  of  equal 
parallelograms.  Consider  that  rectangle  formed  by  a  eos- 
secutive  pair  of  each  family  of  rulings  which  finds  itself  tb« 
recipient  of  the  centre  of  the  rod.  Suppose  the  rod  to  haTe 
come  to  rest,  making  an  angle  0  with  the  side  of  length  %il 
If  we  join  the  centres  of  the  extreme  positions  of  tiie  rod 
at  this  inclination,  an  inner  rectangle  is  formed  of  sides 
2a— 21  cos  0,  26  ~  21  sin  0,  and  no  rod  at  this  inclination,  whose 
centre  falls  within  this  rectangle,  can  cut  a  side  of  the  mesh, 
whilst  those  whose  centres  fall  without  it  do  so.  Taking  axes 
coincident  with  two  sides  of  the  rectangle,  the  angular  position 
of  the  rod  may  range  from  being  parallel  to  the  s-axis  to 
being  perpendicular  to  it.  The  chance  that  the  indinaftioo 
lies  between  ^  and  0+({^  is  proportional  to  d^,  and  we  aie 
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to  evaluate  the  ratio  of  1 1 1  —  x^  ^^^  ^^^  favourable  cases 

to  the  same  integral  for  the  whole  number  of  casea    The  inte- 
gration for  X  and  for  y  has  been  effected  geometrically  above. 
The  chance  required  is  therefore 

[r{2a.26-(2a-2Ico8  0)(26-2Isin0)}i^]/[  4abdi/> 

21  f^  I 

=— vl   (asin0+6cos0— Isin0co80)i^=— g(2a+26— Q. 

Buffon  8  result  2l/ira  follows  at  once  by  making  6  infinite. 
Putting  a=b,  the  result  is  l(4a—J)/7ra*  for  square  meshes. 


1706.  Suppose  a  square  of  diagonal  22  to  be  thrown  upon  the  above 
rectangular  mesh-work,  I  being  less  than  either  a  or  6,  and  let  the 
indioation  of  a  diagonal  to  the  side  of  length  26  be  <f>. 

To  avoid  a  cut,  the  centre  of  tbe  square  must  lie  within  an  inner 
rectangle  of  area  4  (a  -  2  cos  <^) (6 -2  cos  ^).     The  range  for  ^  is  from  0 

to  ^,  and  the  result  ^g— v{4(a  +  6)N/2-(ir+2)2}. 

-- .  ^v   1  perimeter  of  square  ,„      .    .   ,^ri^  v 

If  6»  00 ,  this  becomes  -r-^- — ^ — j— ; — r—^ — j —  •    (See  Art.  1707. ) 

circumf.  of  circle  of  rad.  a     ^ 

If  a  circular  lamina  of  radius  r  {<a  or  6)  be  thrown  at  hazard  in  the 
Hune  waj,  the  chance  of  a  cut  is  obviously 

2o.26-(2a-2r)(26-2r)    r(a  +  6-r) 
2a725  ab       ' 

circumf.  of  circle  of  rad.  r 


And  when  b  becomes  oo  this  becomes 


circumf.  of  circle  of  rad.  a' 
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Tbia  claM  of  problem  lead*  ua  to  enquire  m  to  the  ebmiice  of  s  baanl 
throw  of  *  lamiiu  of  anj  nhape  cutting  one  of  a  ijetem  o(  equidiitwit 
paralleb  dniwD  upon  •  plane.    This  we  proceed  to  consider. 

1707.  Random  Lines. 

Let  an  infiaite  plane  be  ruled  by  parallel  liaee  at  diataneeR 
apart  =2a.  Let  n  equal  short  lines  of  lengths  Si,  whether  in 
rigid  connection  or  not  ia  immaterial,  be  thrown  down  it 
hazard  upon  the  plane  so  ruled.  Then  each  one  haa  an  eqaal 
chance  of  finding  itself  crossing  one  of  the  rolings.  If  p  be 
that  chance,  the  chance  that  some  one  of  them  croasea  a  mling 

Suppose  that  the  n  elementary  lines  St  are  the  infimt««iDal 
elements  of  the  perimeter  of  some  oval  of  perimeter  a.  Thai 
n  Sa=s,  n  being  infinitely  great  The  chance  of  the  perimrier 
of  the  curve  cutting  one  of  the  rulings  is  therefore  ^  >,  that  ia 
Xs,  where  X  is  the  limit  of  p/Ss  when  it  is  infinitesimally 
small.  Next  consider  the  case  of  a  circle  of  radias  a.  If 
this  be  thrown  at  hazard  upon  the  plane,  it  is  a  certainty 
that  it  must  cut  one  of  the  rulings,  and  only  one.  Heoee 
X2xa=I.    This  determines  \. 

Thus  the  chance  of  a  curve  of  perimeter  s,  whose  gTeat«rt 
breadth  does  not  exceed  2a,  cutting  a  ruling  is  ifi-ra.  Cnrvn 
therefore  of  the  same  perimeter,  and  whose  greatest  breadthi 
do  not  exceed  2a,  have  equal  chances  of  cutting  a  ruling. 

1706.  Examples. 

1.  If  a  circle  at  radius  b{<a)  be  thrown  down  at  haiard  npM  Ifci 
plane,  ths  chance  uf  crosaiag  a  ruling  ^Sir6/2irii^6/tt. 

2.  If  the  contour  be  a  square  of  Bide  b  ( <  ay/i),  the  chance  is  ai/f«> 

3.  If  the"curva"  thrown  down  be  a  straight  line  of  length  2l(< Is), 
it  may  be  considered  as  an  eJlipse  of  minor  aiU  zero  and  perimeterll 
and  the  chance  U  M/ra  (Art.  1704). 

4.  ForaBsmicircle  of  radius  i  (<<>),  the  chance  ia  (w-f  8)6/3^0. 
1709.    Let  0  be  a  point  fixed  to  the  contour  thrown  Aon. 

and  OA  a  fixed  axis  on  it. 

Let  0  fait  at  a  dintance  p  from  one  of  the  rulings,  RS,  wi 
let  OA  make  an  angle  ^  with  the  perpendicular  p.  Let  tl» 
contour  be  thrown  down  at.  Otodom  upon  the  ruled  plane  • 
very  large  number  of  tinMHiAlet  the  trace  of  the  rofiB|i 
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Fig.  663. 


be  marked  at  each  throw  upon  the  plane  of  the  contour. 

Now  it  is  immaterial   whether  we  regard  the  contour  as 

thrown  down  at  hazard  upon  the 

ruled   plane,   or   the   ruled   plane 

thrown  at  hazard  upon  the  plane 

containing  the  contour.    Take  the 

latter  case.     Let  a  doubly  infinite 

number  of  lines  be  drawn  upon  the 

plane  of  the  contour  according  to 

the  following  plan : 

(a)  Let  the  lines  be  drawn  parallel 
to  a  standard  line 

p=a:  cos  ^ + y  sin  ^, 

which  we  may  call  the  line  (p,  \ff\ 
at  equal  distances  apart,  such  that 
n   of    them   are   contained   between   the   lines  (|7,  yfr)  and 

(6)  Let  us  suppose  drawn  for  each  value  of  p,  p+^,  etc, 
the  infinite  family  of  lines  yfr,  ^+5^,  ^+2^^,  etc.,  there 
being  m  lines  with  the  same  value  of  p  between  (p,  yf/)  and 
(p,  yff +&>!/)»  viz.  those  for  which  p  makes  with  OA  angles 

1  2  , 

We  shall  define  any  line  chosen  at  random  from  this 
double  set  for  equal  gradations  of  p  and  of  ^  as  a  "  random 
line." 

The  actual  number  of  lines  from  {p,  yfr)  to  (p+Sp,  yfr+S\fr) 
is  mn,  and  we  obtain  in  this  way  the  same  system  of  lines  as 
those  obtained  by  the  tracings  of  the  rulings  upon  the  plane 
of  the  contour  after  the  contour  plane  is  thrown  down  at 
hazard  upon  the  ruled  plane. 

Taking  the  case  of  a  circle  of  radius  a  and  centre  0,  the 
number  of  such  lines  crossing  it  is 

mn  I    I   dp  d\jr=mn .  2'7ra=FX,  say. 
Hence  the  number  from  (p,  \jf)  io  p-\-8p,  ^+5^,  viz.  mn  Sp  i\ff. 
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Now,  if  0  be  a  poiat  within  any  cloeed  coavei  omitoar, 
1 1  d})(I^=|p(I^=perime(er. 
Hence  the  namber  of  lines  crossing  such  a  closed  convex 
Goatour  == —  X  perimeter,  »a 

Ng  of  lines  croaoiDg  any  cloeed  convex  coDtoor_  perim.  of  carve 
Na  of  lines  crossiDg  a  circle  of  radios  a  perim.  of  circle 

The  length  of  the  perimeter  therefore  measores  the  number 
of  lines  crossing  the  contour. 

This  is  the  same  result  as  that  of  Art.  1707,  from  a  diflbrant 
point  of  view. 

1710.  If  there  be  any  re-entrant  portion  of  the  contour, 
the  perimeter  must  be  regarded  as  the  length  of  a  stretched 
elastic  band  which  encircles  it ;  that  is,  the  re-entrant  portions 
most  be  excluded  by  doable  tangente.  Otherwise  some  of 
the  random  chords  will  be  counted  more  than  once  by  the 
above  rule. 

ITU.  Examples. 

1.  If  K  closed  convex  contoui^  of  perimeter  X  completclj  andoM*  ■ 
■econd  clowd  convex:  contour  of  perimeter  8,  tha  number  ot  dMrde  of 
the  outer  which  cut  the  inner  it  kS/ira.  And  tha  total  aumberof  ehsHi 
of  the  outer  is  \1fira.  Tfaerefora  the  chance  of  a  chord  of  th«  ootw 
cutting  the  inner  tiao  is  5/2. 

If  the  outer  be  a  circle  of  radiui  JI,  and  the  inner  a  K]uar«  at  mi»  i, 
the  chuce  is  Si/rJt. 

S.  If  the  inner  degeneratea  into  ■  straight  line  of  leogth  U,  and  tht 
outer  be  a  circle  of  radiua  S,  the  chance  ia  4f/2rA-Sf/*'B. 

3.  The  chance  that  a  random  chord  of  a  circle  cute  a  given  daiil^ 
ie!/ir. 

1712.  We  may  then  speak  of  i8  or  1 1  dpdyfr  aa  "  the  number 
of  lines  "  which  cross  any  convex  contour  thronghoat  which 
the  integration  is  conducted,  whenever  a  comparison  is  to  be 
instituted  between  the  number  of  lines  which  cut  one  convex 
contour  with  the  number  which  cut  another. 

1713.  Tailau  Oases. 

In  the  case  of  a  straight  line  of  length  c,  which  is  the  Umit 
of  an  ellipse  of  zero  minor  ^ua  and  perimeter  2c  the  Dumber 
n  lines  cutting  it  i^B||Beasnred  by  2c. 
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1714.  In  the  case  of  an  arc  of  length  s  bounded  by  a  chord 
of  length  c,  there  being  no  re-entrant  portion,  the  number  of 
random  chords  crossing  the  contour  is  measured  by  s+c. 
But  the  number  which  cross  c  is  2c. 

Hence  the  number  which  cross  s  twice  and  do  not  cut  c  is 
«— c. 


1715.  In  the  case  of  the  contour  bounded  by  an  arc  8  and  a 
pair  of  tangents  of  lengths  x  and  y,  let  c  be  the  length  of  the 
chord ;  then,  if  «  be  concave  at  each  point  to  the  foot  of  the 
perpendicular  upon  the  chord, 

the  number  of  random  lines  which  cut  x  and  y,  but  not 

c,  isx+y— c; 
the  number  which  cut  8,  but  not  c,  is  «— c. 
Therefore  the  number  which  cut  x  and  y,  but  not  «,  is 
x+y-8. 

1716.  In  the  case  of  two  arcs  8^,  8^  and  a  chord  c,  each  arc 
being  convex  at  every  point  to  the  foot  of  the  perpendicular 
upon  the  chord,  as  in  Fig.  566  ;  let  c^,  c^ 
be  the  chords  of  the  arcs  8^,  8^  respec- 
tively. 

Then  the  number  of  chords  cutting 
Cj,  Cj,  but  not  c,  =c^'\-c^—c.  These 
necessarily  all  cut^^  and  8^,  each  once 

only. 

The  number  of  those  which  cut  8^  twice,  but  not  c^,  =5j— Cj. 

These  also  cut  8^  once  and  c  once. 
The  number  of  those  which  cut  8^  twice,  but  not  Cg,  =5,— Cj. 

These  also  cut  8^  once  and  c  once. 
Hence  the  number  which  cut  both  8^  and  8^^ 

1717.  In  the  case  where  the  region  considered  is  bounded 
fay  three  arcs  tf^,  8^,  8^,  lying  within   the  chordal   triangle 

9  ^»  4>  ^^^  e8iJ^  concave  at  all  points  to  the  foot  of  the 


Fig.  666. 
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Their  number  is  therefore 

(5,+ori-T,)+(5,+(r,)+(5,+(r,-r,)=P^+P,-/8., 
%,e,  the  sum  of  the  perimeters  less  by  the  belt 


T. 

Fig.  670.  Fig.  571. 

1722.  If  one  oval  B  lie  entirely  within  the  other  one  A, 
every  random  chord  of  ^  is  a  chord  of  A,  The  number  of 
chords  which  cut  both  is  therefore  P^. 

1723.  If  a  third  non-re-entrant  oval  X  lie  partly  between  A 
and  B  and  be  cut  by  the  uncrossed  belt,  but  not  by  the  croased 
belt,  as  shown  in  Fig.  572,  we  shall  consider  how  many  random 
lines  can  be  drawn  cutting  all  three  contours,  it  being  under- 
stood that  the  ovals  are  so  situated  that  for  all  chords  catting 
all  three  the  X-segment  is  intermediate  between  the  other  twa 


Fig.  572. 


Indicating  the  lengths  of  the  several  arcs  and  tangents 
Fig.  572,  all  such  random  lines  as  are  chorda  of  all 
must  be  chords  of  the  region 
cross  T,  with  the  excel 
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o-j+tf  twice,  with  on  incidental  crossing  of  T.  By  Art  1718 
their  number  la  «,+(i+«+'t+<ri— T ;  \.t.  the  amount  by  which 
the  oncroesed  belt  has  been  lengthened  by  X  having  been 
pushed  into  position  from  outside  the  belt. 

1724.  If  in  the  last  cose  the  oval  X  hsa  been  pushed  com- 
pletely within  the  region  bounded  by  the  uncrossed  belt,  but 
still  not  so  as  to  cut  the  crossed  one,  denote  the  variooa  lengths 
of  arcs  and  lines  as  in  Fig.  573- 


F<(.  B7& 

Then  tiie  number  of  random  lines  which  cut  all  three  ovals 
is  a— j8— y+J,  where 

(i)  a  is  the  number  which  cut  the  contour  \?-}^^^^\  but 
do  not  cut  e,  with  the  exception  of  those  which  cut  '|+^  or 
B-.+i,  twice,  =*,+(»+e,+t,+<r,-c; 

(ii)  /3  is  ttie  number  which  cut  ('i— y.  (j— 9>.  c),  but  do  not 
cnttt,  =(,— y+tj— 1 

(iii)  y  is  the  number 
which  cut  (x,  y,  Cg),  but  not 
C,=a!+y-C;  ««■"*■ 

(iv)  j  is  the  number  which  cut  e,  twice,  but  notc„=t,— c,. 

The  total,  after  rearranging,  is 

which  is  the  difference  of  the  increases  of  length  of  tiie  un- 
crossed belt  caused  by  its  being  made  to  pass  round  the  contour 
of  X  in  opposite  directions  (Fig.  674). 


-^  -?r 
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1725.  In  a  similar  manner  it  is  easy  to  examine  other 
special  cases.  The  last  two  results  are  due  to  Sylvester  [Educ 
Times],  who  refers  for  simpler  cases  to  Czuber's  (feometriaeke 
WaJiracheinlichkeiten, 

1726.  Bz.    Three  pennies  of  diameters  d  are  sMered  togeiher  im  mistmd 
cmUaei  ai  their  edges. 

This  fgure  is  thrown  upon  a  table  ruled  toiih  paraUd  lines  ai  efMiI 

distances  (2a)  apart  {a  >  d).     What  is  the  chance  of  %  4  or  6  inierssetioiuf 

[Biddlb'8  PBomaL] 
Let  the  discs  be  labelled  A^  By  C, 

Let  the  number  of  chords  which  cat 

(i)  A  alone,    (ii)  A  and  B^  but  not  C,    and    (iii)  all  three 

be  respectively  .r,  y,  32.    Then 

3f+3y  + 32= length  of  surrounding  belt=(ir+3)(l, 

3«s3  X  lengthening  of  an  uncrossed  belt  round  A  and  B 
by  pushing  C  into  position 

ys  (crossed  belt  round  A^  i9~uncroflBed  belt)-3r 
=  (ir-2)<l-(ir-3)rf=rf. 

Hence  x=ys=(i,  «=(ir-3)rf/3. 

Therefore  the  chances  required  are  respectively 

3d/2ira,    Sd/iira,    (ir  -  3)(i/2ira. 


Fig.  575.  Fig.  576w 

1727.  Orofton's  Theorem. 

In  any  centric  convex  contowr  of  area  A,let  AB  he  a  dian^ 
and  0  the  centroid  of  the  area  of  either  semi-oval.  Lei  P  b 
the  periToeter  of  the  path  of  0  as  AB  rotates  ;  then  the  mast 
radial  dista/nce  of  any  point  within  the  ctmiov/r  from  At 
centre  0  is  {P. 

If  i,  y  be  the  eoordinates  of  0  referred  to  OB  as  x^ixia. 
W  the  iroM^i  the  half  oval,  AB^2r,  and  if  we  place  tvo 


/ 
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small  weights  tc;  and  — ir  at  distances  ^OB  and  ^OA  from  0, 
the  new  coordinates  of  0  will  be 


X 


+(e={  IFS+tr.  |r+(-«;)(-|r)}  /  Tr=i+|  -^r ; 


y+dy=^(Wy+0)/W=.y. 

Hence  ^"^3  W^'    ^=0. 

The  centroid  has  therefore  been  moved  parallel  to  AB.  The 
effect  upon  0  is  the  same  as  the  above,  if  AB  rotate  through 
a  small  infinitesimal  angle  d\lr  to  a  contiguous  position  A'OR, 
and  then  w  is  the  weight  of  the  sector  =^f*d^,  and 


Tr=rjr«dV^=J.i, 


and  d£  is  an  element  of  the  arc  of  the  G-path  =cb.    Hence  the 
intrinsic  equation  of  the  6-path  is  cb=^  -t^^>  <^^  ^^  radius 

of  curv»ture  =  i^|^  and  P=^|]'(Chord)»dV- 

kgain  Jf(r)=J-L =jl)'^''V'dr=2^J    (C^orAf  d^=.\p. 

\\rdylrdr  ^^ 

Prof. Orof ton's  proof  of  this  result  [Proc.LoTid.Math,  Soc., viii.] 
runs  on  different  lines,  but  he  indicates  the  above  as  a  method 
of  procedure. 

1728.  Useftil  Besnlts  for  a  Oonvex  Oontour  of  Area  A  and 
Perimeter  X. 

Let  C  be  the  length  of  a  chord,  coordinates  {p,  yfr),  with 
regard  to  an  origin  0  within  the  oval,  0  the  centroid  of  the 
oval,  00  (=c)  the  initial  line  from  which  ^  is  measured,  0( 
a  line  parallel  to  the  chord,  p  the  perpendicular  from  0  upon 
Of;  Pi  and  p^  the  perpendiculars  upon  the  tangents  parallel  to 
the  chord.     Then  we  have,  taking  limits  from  — pj  to  p,, 

(i)  {cdp=:A;    (ii)  {pGdp=Ap;    (iii)  [p^Cdp^Ap'+Ak^ 
where  Ai^  is  the  moment  of  inertia  about  a  parallel  through  0, 
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=^ir 


contour 


Hence  integrating  (i)  and  (ii)  with  regard  to  yft  from  Oio 
which  takes  in  all  random  chords, 

(i)  j|Cdpd^=jild^=ir-4;  whence 

^,^^^,    W^^Pd^         Area  of 
.if  (Chord) =Yj5 

(ii)  I  |p(7(2pc{^=|il^(2^=ilc|8in^(2^=2^c,    and    in    ttiis 

integration  it  is  to  be  noted  that  p  changes 
sign  as  C  passes  through  the  origin. 


Perimeter 


Fig.  577.  Fig.  57& 

If  the  oval  be  centric  and  the  origin  be  taken  at  the  centre, 
we  shall  integrate  for  j>  from  0  to  pi,  the  perpendicular  upon 
the  tangent  parallel  to  0,  and  for  yjr  from  0  to  2x.     Then 

(i)  [{cdpd\lf=\A .  2ir=Air,  as  before ; 

(ii)  I  lpC(2p^V^=M|p^^>  where  p  is  the  perpendicular  from 

the  centroid  of  the  half  area  upon  a  line  through  0 
parallel  to  the  chord  (/>,  yff)  =  \A.  Perim.  of  &-path. 

WhyCdfdjr  Perim.  of  Q-path 

[[dpdylr  '    Perim.  of  oval    * 


rhus  M{AOAB)= 


1729.  Mean  n^  Power  of  the  Distance  between  two  Bandom 
Points  within  an  Oval. 

This  mean  may  be  expressed  as  an  integral  in  terms  of  a 
chord.     Let  ^  Y  be  the  random  points,  and  >/f  the  inclination 


-  —  ..  .^-^r    .b4>r._«_ 
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of  Zr  to  a  given  direction.  Let  C  be  the  length  of  the 
chord  AB  through  X,  Y\  ON  (=|?)  the  perpendicular  from 
an  origin  0  within  the  oval  to  AB\  XA=r,  XB=-'r^,JCY=p, 
Keep  X  fixed  at  first.  Then  the  sum  of  all  the  values  of  />* 
which  are  contained  between  AXB  and  a  chord  A'XV^  making 
an  angle  dy^  with  the  former,  each  multiplied  by  an  element 
of  area,  is 

and  integrating  this  for  all  positions  of 
X  lying  between  the  parallel  chords 
(f,  y^)  and  (p+(ip,  y^\  we  have 

yn+2  I  <y.'n+2 


f 


n+2 


dylfd/pd/r. 


Fig.  579. 


d^  dr  being  the  element  of  area  in  which 
X  lies.     And  r  varies  from  zero  to  G  and 
r'=C—r.     We  therefore  obtain 
r-j»+8ic!__r<y.'«+3To  20^-^ 

(n-|-2)(n+3)     ^  ^     (n+2)(n-f3)  ^  ^ 

The  final  stage  of  the  integration  is  to  sum  this  expression 
for  all  elements  dp  dyff  within  the  contour  and  then  to  divide 
by  the  number  of  cases,  which  is  measured  by  A\ 

Hence  ^(p")=(^+2H.+a)  xJI^'^'^y'^-^'  <«>-2)- 
1730.  In  the  case,  where  ti=  — 1,  we  have 

This  may  be  interpreted  as  an  expression  for  the  mean  value 
of  the  mutual  potential  of  a  pair  of  unit  particles  at  random 
points  within  the  contour. 

The  case  n=0  gives      '^*=il  jC7*dp(i^. 
The  case  n  =  \  gives   M{p)  =  ^-^  1 1  G^dp  dyjf. 
The  case  n=2  gives  M(p^)=^A\G^dpdyfr, 
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But  sinoe  M{p^  =  ik^,  where  k  is  the   radius  of  gyntioii 
about  the  centroid, 


^***=^ff^**^^- 


We  obtain  thus  the  mean  values  of  various  powers  oiCfat 
cases  in  which  the  mean  values  of  the  corresponding  powen 
of  p  have  been  otherwise  found. 

Thus,  for  instance, 


M{C)=-rr =^  =8  j>eHmeter' 


If /ps\_  J  J  ^_  20 .  Area .  (Moment  of  In.  about  centroid) 

^    '^   f  f ,   J  ,    ~*  Perimeter 

1731.  Other  Sesults  due  to  Orolton. 

Let  p  be  the  distance  between  any  two  random  points  X,  T 
within  a  given  convex  contour  of  area  A  and  perimeter  L 
Then  the  probability  that  any  random  line  drawn  across  the 
contour  also  crosses  a  particular  position  XF  of  the  line 
joining  the  random  points  is  2p/L, 

If  n  be  the  number  of  cases  of  a  random  line  XY,  the  chance 
that  any  particular  one  is  selected  is  1/n.  Therefore  the 
chance  that  a  particular  one  is  selected  and  cut  by  the  random 
chord  is  2p/nL ;  and  the  chance  that  a  random  chord  cuts  a 
random  line  XY  is  the  sum  of  the  values  of  2p/nL  for  all  the 
cases  of  a  pair  of  random  points  (Fig.  580), 

Again,  suppose  the  random  chord  to  divide  A  into  two 
parts  S  and  Z".  The  chance  that  X  lies  in  £  and  F  in  S',  or 
X  in  Z'  and  Y  in  Z=2ZZ7'^*  ^^^  ^^7  particular  position  of 
the  chord.  If  m  be  the  number  of  random  chords,  the  chance 
of  selection  of  any  particular  one  is  1/m,  and  the  chance  that 
a  particular  chord  should  be  selected  for  which  X  and  T  lie 
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1  2ZZ' 
on  opposite  sides  is -j^- ;  and  the  chance  that  a  random 

chord  should  cut  a  random  XY, 


=^lf(22')=^,'- 


Hence,  by  equating  the  two  values  of  the  chance,  we  have 

Moreover  we  have  two  expressions  for  M(p!)t  viz. 

gijJjc^iipiV'    and    ^jjzS'rfpdV' 

(Crofton,  Proc.  Lond.  Math,  8oc,t  viii.).  This  furnishes  an 
interesting  illustration  of  a  diflScult  geometrical  result  arrived 
at  by  a  consideration  of  mean  values  and  chancea 


Fig.  580. 


Fig.  681. 


1732.  A  and  L  being  respedivdy  the  area  and  perimeter  of  a 
given  cofivex  contour  which  enclosea  a  eeoond  contour  of  area  B,  it 
is  rehired  to  find  the  chance  that  a  pair  of  random  chords  PQ, 
P'Q'  of  the  former  should  irUersect  wUhin  the  latter.    (Fig.  581.) 

Take  an  origin  0  within  the  smaller  contour,  and  let  the 
random  chords  be  denoted  by  the  p-yfr  system.  Let  a  par- 
ticular position  of  PQ  intersect  B,  and  suppose  C  the  length 
of  the  chord  intercepted  upon  it  by  B,  The  number  of 
random  lines  cutting  C  is  measured  by  2C,  The  number  of 
random  chords  of  A  is  measured  by  L,  Therefore  the  chance 
that  one  of  the.se  cuts  C  is  2C/L, 
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The  chance  that  the  particular  chord  C  is  one  of  the  lines 
whose  p  and  yfr  lie  between  p  and  ^,  p+dp  and  %lr+i^  is 

dpd\lri\\dpd\lr=dpd\lr/L,  the  integration   being   taken  for 

the  il-contour. 

Therefore  the  chance  that  whilst  the  chord  PQ  lies  between 
these  limits  it  is  met  by  a  second  random  chord  at  t 
point  within  B  is  2Cdpd\lf/L\  and  the  total  chance  of  the 
intersection  of  two  random  chords  of  A  lying  within  B  is 

^llCc^pd^  for  all  values  of  p,  xjr  which  can  give  chords 

intersecting  B.    Therefore 

the  required  chance=2x5/Z»*=2x .  Area  of  5/(PerinL  of  Af. 

1733.  The  above  result  is  independent  of  the  area  of  J  or 
the  perimeter  of  B,  and  except  that  it  involves  B  and  L  it  is 
independent  of  the  shape  and  relative  position  of  the  ovala 

When  the  inner  curve  coincides  with  the  outer,  B=A,  and 
the  result  becomes  2-^ .  Area/(Perimeter)*. 

1734.  Next  take  a  very  small  convex  contour  of  area  iv 
external  to  A,  Let  a  random  chord  of  A  cut  the  perimeter  of 
this  small  contour  at  P  and  Q,  and  let  PQ=z\  which  is  a 
small  quantity  of,  say,  the  first  order.  The  chance  that 
the  p  and  ^  of  this  chord  should  lie  between   (p,  ^)  and 

{jp+dp,  \lr-\-d\jf)  is  dpd\lr  \\dpd\lr,  the  integration  being  for 

the  contour  Aj  i.e.  dpdxjr/L, 

Let  0^  and  0^  be  the  angles  which  the  tangents  from  P  to 
the  oval  make  with  any  specific  position  of  PQ  (Fig.  582^ 
Then  regarding  the  chord  PQ  as  itself  a  narrow  oval  whose 
greatest  breadth  is  an  infinitesimal  of  the  second  order,  the 
chance  that  a  random  chord  of  A  cuts  this  line  PQ  is,  k 
Art.  1719,  (Crossed  Belt— Uncrossed  Belt)/£,  i.e.  in  the  limit 
(2\ — X  cos  flj — X  cos  O^yL.  Hence  the  chance  that  the  chord  of 
A  should  be  selected  to  lie  between  {p,  ^)  and  (p+dp,  ^-f  rf^l 
and  then  cut  by  a  second  random  chord  of  A  within  the  small 

-^j-l^ .  =  (vers  fli+ vers  0^). 
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Now  X  being  an  infinitesimal  of  the  first  order,  d^  and  0^ 
may  be  regarded  as  constant  throughout  da-  for  a  given 

direction  of  PQ,  and  the  integration  \\dp  gives  the  area  do- 
when  taken  for  the  small  area.  This  integration  therefore 
gives  dcrdyfr {vers  6^+ vers  0^/L\  We  next  integrate  with 
regard  to  yjr,  and  vers  0i+ vers  02=2— cos  («— dj)— cos  dg,  where 
w  is  the  angle  subtended  by  A  at  the  elementary  area  d<r. 


Fig.  582. 


Fig.  583. 


The  possible  directions  of  the  chord  cutting  PQ  will  vary 
between  the  directions  of  the  common  non-crossing  tangents 
to  A  and  dcr,  and  one  of  these  tangents  may  be  taken  as  the 
fiixed  direction  from  which  yfr  is  measured.  We  therefore 
have  d\lf=dd^,  and  we  have  to  integrate  from  ^=0  to  ^=a). 
This  gives 

^j   [2— cos(«— ^)— co8^]d^=-v^(«— sino)). 

We  may  now  integrate  this  through  any  finite  convex  oval 
of  area  B  external  to  A,    Thus  the  chance  that  two  random 

chords  of  A  intersect  within  B  is  y^  |(^~'3^^^)^* 
1735.   If  jB  be  taken  as  the  whole  of  space  external  to  A, 
the  chance  of  the  random  chords  intersecting  outside  A  must 

2'jf'A 
be  1  — the  chance  of  intersecting  within  A^  i.e,  1 yT' 

Hence  we  obtain  the  remarkable  theorem  that 


2  |(a)— sin  a))Ar=L'— 2-^.4, 
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where  the  integration  is  taken  over  the  whole  plane  external 
to  A.  This  theorem  is  also  due  to  Crofton.  It  is  quoted  by 
Bertrand,  Caic.  Int,,  p.  491.  It  is  another  carious  example 
(see  Art  1731)  of  a  geometrical  fact  brought  to  light  by 
consideration  of  chances. 

1736.  D' Alembert's  MortaUty  Ourve.  (See  Todhunter,  ffiiCory, 
p.  268.) 

DeflnitionB.  Mean  Duration  of  Life.  For  a  person  of  age  x 
years,  the  mean  duration  of  life  beyond  x  years  is  the  sum 
of  the  lengths  of  the  lives  lived  by  a  large  number  of  persous 
beyond  that  age,  divided  by  the  number  of  persons. 

Probable  Duration  of  Life.  For  a  person  of  age  x  years,  the 
probable  duration  of  life  beyond  x  years  is  such  a  period 
that  it  is  an  even  chance  whether  the  life  of  the  individual 
exceeds  or  falls  short  of  it. 

1737.  Let  \lf(x)  denote  the  number  of  persons  still  living 
X  years  after  their  births.  Then  the  graph  of  y=\lf(x)  is 
known  as  the  curve  of  mortality. 

Let  c  years  be  the  supreme  limit  of  life,  i.e.  the  greatest  age 
to  which  any  person  can  attain.     Then  i^(c)=0. 
By  the  definition, 

Mean  duration  for  a  person  aged  a  years     =  I    \lr{x)dx/yfr{a). 

Probable  duration  for  a  person  aged  a  years =6  years, 
where  ^(6)=i^(tt). 


In  Fig.  684,  OC=c  is  the  limit  of  longevity,  OA~a  years. 
The  ordinate  AR  represents  the  number  of  persons  alive  at 
age  a  years,  AP  the  probable  duration  of  life  beyond  the 
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age  a  for  persons  now  of  age  a,  the  ordinate  at  P  being 
half  that  at  A.  AM  measures  the  mean  duration  for  persons 
of  age  a  years,  and  is  such  that  AR .  ilAf =area  RAPCQR. 

1738.  A  Different  View. 

The  usual  method  of  estimating  the  mean  and  probable 
duration  of  life  for  a  person  aged  a  years  is  somewhat 
different  from  that  explained  above,  but  will  be  shown  to  be 
in  agreement  with  it. 

Let  0(x)  dx  be  the  number  of  persons  who  die  between  the 
agee  of  x  and  x+dx.  Then,  since  ^(x)sthe  number  of  persons 
living  at  age  x,  \lr{x+dx)  is  the  number  living  at  age  x-\-dx. 
Hence  to  the  first  order,  0(»)(fa=^(a:)— i^(x+cfa)=— ^'(x)(fa 
and  0(x)=— ^'(')*  Suppose  a  person  to  die  at  the  age  of  x 
years,  where  x  >  a.  The  length  of  life  for  this  person  beyond 
a  years  =x— a,  and  the  average  value  of  this  is 

I  {x—a)i/>{x)dx\   i/>{x)dx. 

This  then  is  the  mean  duration  for  persons  of  age  a  years. 
The  probable  duration  is  6  years  where 

I  0(x)(2x— I  0(x)(2x,   ».e.   I  0(x)(2x=i|   i/>(x)dx, 

1739.  Agreement. 

The  agreement  of  these  estimates  with  those  of  D'Alembert 
will  be  clear. 

For  (i)   r0(x)(fe=- [V'(«)^=V^(«)-V^W=^(«) 
and  I  (x— a)0(x)(fa=  — I  {x—a)\lr'(x)dx 

.'.  \\x-a)<p{x)dx/\\{x)dx=\  \lr{x)dx/\lr(a). 

(ii)  Again,  since  I   0(x)da;=^l  0(x)(2x,  we  have 

^'^ylr'(x)dx=i\\'(x)dx: 
:.  yl^{b)-ylr(a)=\{ylr(c)-ylr(a))  =  -ixlr{a);    V^(6)=i>/r(a). 
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174K).   Ghuiee  of  SnrviTaL 

For  a  person  of  present  age  a,  the  chance  of  death  hetween 

the  ages  p  and  ,  (p<,)  ia  V-W-|W.  ^  ±^^=l, 

and    the    chance  of  survival  to  at  least  the   age  of  9  is 
yl.{q)/ylr(a). 

The  probability  of  death  between  the  ages  of  x  and  x+ii 
for  a  person  of  age  a  is 

Ma)  V^(a)^ 

The  probability  of  death  for  a  person  of  age  x  yean, 
between  the  ages  of  x  and  x+dx,  i.e.  of  almost  immediftte 
death,  is  —\lrXx)dx/\lf{x)  =—dlog\jf{x). 

1741.  Expectation  of  Life. 

Defining  the  '*  Expectation  of  Life  "  at  a  definite  age  of  a 
years  as  the  average  or  mean  duration  of  life  after  that  age,  the 
following  results  were  calculated  by  Neison  {Viial  Staiittiu, 
p.  8)  from  the  tables  of  the  Registrar  General.  (See  Boole, 
Finite  Differences,  p.  45.) 
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47'7664 

40-eoio 

84*0000 

27*4700 

10-840S 
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rMi 

A  (Bxpaotatton)  -7*0054  -6*AM0  -6*6880  -6^0807  -6*M)0  -S-8078  — 4*0Q1« 
A*  (Bzpoetatlon)  4784     -*0810  --0067      -8688        -eOH      l-ieet     l-« 

etc. 

The  expectations  for  intervening  ages  may  be  very  closely 
obtained  by  the  ordinary  interpolation  methods,  e.^. 

But  probably  no  purely  algebraical  law  expressed  as  • 
series  in  powers  of  the  age,  on  which  supposition  interpcdttioB 
formulae  are  based,  would  be  adequate  to  express  the  tmekw 
of  expectation  for  all  ages ;  particularly  near  the  extranitieB 
of  the  table,  for  ages  of  very  young  children  or  for  peraoos  of 
very  advanced  years.  The  graph  of  this  expectation  is  ahoWB 
in  Fig.  585. 
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Id  the  decades  of  the  first  differetices  from  20  to  60,  it  will  be 
noted  that  there  is  but  sinall  change.  Hence  in  the  graph  of 
the  expectation  the  fall  in  the  value  of  the  expectation 
between  these  tif^ea  is  roughly  uniform,  and  this  portion  of 
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Fig.  58E. 


the  graph  ia  very  approximately  straight.  From  the  age  of 
60  onwards  the  curvature  shows  a  definite  bending  away  from 
Uie  axis  of  age,  the  curve  becoming  more  definitely  convex 
at  each  point  to  the  foot  of  the  ordinate.    This  ia  the  curve 

y=jy(f)if/V-(x),  that  is  y=l\(-x)i>(Od(j^y(i)dl 


1742.  Semadoi  on  the  HortoUty  Ojure. 

It  has  been  remarked  by  Todhunter  {Hist,  of  Prob.,  p.  269) 
that  the  "mean  duration"  beyond  a  represents  the  absciaaa 
of  the  "centre  of  gravity  of  a  certain  area,"  namely  of  that 
area  which  is  bounded  by  the  curve  y=tp{x),  the  z-azis  and 
itti  ordinate  for  age  a,  the  abscisita  in  question  being  meaGur«d 
from  x=a.  The  "  probable  duration  "  beyond  a  ia  represented 
1^  the  abscissa,  also  measured  from  x— a,  of  the  ordinate 
which  bisects  that  area.  It  would  appear  from  tables  that  the 
"mortality  curve"  y=i^(x)  ia  not  either  always  concave  or 
always  convex  to  the  foot  of  the  ordinate  upon  the  z-axis,  and 
also  that  the  probable  duration  is  not  always  greater  than  the 
mean  duration.  (See  Todliunter's  remarks  on  Buffon's  tables 
and  on  d'Alembert's  views,  Higlory  of  Prob.,  p.  285.) 
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1743.  Let  U8  take  a  supposititious  law  that  the  probabilitj  of  a  penoo 
of  present  age  x  years  dying  before  he  is  aged  x  +  dx  in  Xx"djr,  where  A 
and  n  are  certain  constants. 

Let  ylr(x)  denote  the  number  of  persons  alive  »  years  after  their  birth, 
<f>(x)(lxthe  number  who  die  between  x  and  x-^dr.     Then  ^(x)=  -^'{')- 

And  ^^.' .    is  the  probability  that  a  person  aged  x  will  die  het 

X  and  JT+ctr.     Hence  ^\x)l^{x)^  —Xjf*,    i.e.  ^(x)^Ae      "+*, 

where  ^  is  a  constant  and  ^(O)sil. 

-■+1 

»irth  is  I    e      " 


Hence  the  mean  duration  of  life  from  birth 


n  +  l^X. 


When  X  is  large,  the  integrand  l)ecomes  extremely  small,  and  its  ▼aloe 
is  insensible.  Hence  we  may,  without  sensible  error,  take  c,  the  superior 
limit  of  age,  to  be  oo .    Put 


1     /w-fl\<H-i  n+i~* 
n  +  1  —•      •• n-{-l\    A    J 


dx 


1       1 
t 
z 


1     ,     I     , 


Mean  duration  at  birth 


1  /   A.   \STi  /■■ 


X,    \H'l  /■-    IM-I   *  ,        1/    A    \*+i„/     1      \ 


The  Probabie  durtUion  of  life  at  birth  is  b  years,  where  e    «+^  s^ 

I 
t.ff.  6»+i  =  — ^log,2,    t.«.  &a|~Z-log,2V 


For  a  person  of  age  a  years,  the  probability  of  death  within  the  next 
r  years 

:^ — ^''  ^^  -'• 

If  r  be  small  in  comparison  with  a,  this  becomes  approximately 

K^h^^^^V    where  iC-Aa«H.i. 
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PROBLEMS. 

1.  A  cardioide  is  drawn  upon  a  plane  and  a  point  P  is  taken  at 
random  within  the  contour ;  show  that  the  chance  that  it  is  nearer  to 
the  vertex  than  to  the  cusp  is 

-(o  +  — cos^oV     where  cosa  =  2sinT^. 

2.  Given  that  p  and  q  are  any  two  positive  quantities,  of  which  q 
cannot  exceed  9  and  p  cannot  exceed  6,  show  that  it  is  a  2  : 1  chance 
Uiat  the  roots  of  the  quadratic  a^-jw;  +  g  =  Oare  imaginary. 

3.  Three  positive  quantities  are  chosen  at  random,  except  that 
their  sum  is  known.  Show  that  the  chance  that  the  sum  of  any 
two  is  greater  than  l/n"*  of  the  third  is  1  -  3/(»  +  1)^,  provided  n<l. 

4.  There  are  n  letters  and  n  directed  envelopes.  The  letters  are 
placed  at  random,  one  in  each  envelope.  Show  that  the  chance  that 
r  specified  letters  go  wrong  and  s  specified  letters  go  right  is 

[(n-«)!-r(n-«-l)!  +  ?^^p^(n-«-2)!-...+(-ir(n-«-r)!]/n!, 
where  n-4:r  +  «. 

5.  A  circle  of  radius  r  lies  entirely  within  an  ellipse  of  semi-axes 
a  and  h\  m-¥n  random  points  are  taken  within  the  ellipse.  What  is 
the  chance  that  m  of  them  lie  within  the  circle  and  the  rest  do  not  1 

6.  Let  two  points  P  and  Q  be  taken  at  hazard  in  a  line  AB  in 
either  order,  and  let  three  other  points  be  now  taken  at  hazard  upon 
the  linov  What  is  the  chance  that  (i)  all  three  should  lie  between 
P  and  Q,  (ii)  one  should  lie  between  P  and  Q  and  the  others  not  so, 
(iii)  tvro  specified  ones  should  fall  between  P  and  Q  and  the  other 
not  sol 

7.  A  point  P  is  chosen  at  random  upon  a  line  AB,  and  then  a 
random  point  Q  is  taken  upon  AP.  Show  that  the  chance  that  AQ 
is  Im  than  Ijn^  of  ^^  is  log  ^/m,  (n>l). 

9.  Four  random  points  are  taken  upon  a  straight  line.  Show  that 
the  chance  that  the  sum  of  the  squares  of  the  five  parts  should  not 
exceed  the  square  on  half  the  line  is  ^'^IXQO'Jb, 

9.  A  rod  is  divided  into  five  pieces  at  random.  Show  that  the 
ohanoe  that  none  of  them  is  less  than  1/10  of  the  whole  is  1/16. 

10.  A  rod  AB  is  broken  into  three  pieces  AP,  PQ,  QB  at  random. 
Show  that  the  chance  that  the  sum  of  the  squares  of  AP  and  QB 

1m  than  the  square  of  5PQ  is  tvIt(35  -  6  log  3/^^). 
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11.  A  random  point  X  is  taken  upon  a  line  AB.  Six  other 
random  points  are  then  taken  on  AB,  What  is  the  chance  that  two 
of  these  will  lie  on  AX  and  four  on  XB\ 

12.  From  an  urn  containing  an  infinite  number  of  balls,  aD  of 
which  are  known  to  be  either  red  or  white,  a  group  of  seTen  ii 
drawn  out  at  random,  and  four  are  found  to  be  red  and  tliree  whiter 
What  is  the  chance  that  a  second  draw  of  seven  shall  also  prodnee 
four  red  and  three  white  1 

13.  A  square  ticket  of  side  a  is  thrown  at  hazard  upon  a  largji 
table  ruled  into  squares  of  side  2a.  Show  that  the  cbaDoe  that  the 
ticket  will  cross  a  ruling  is  about  0*86. 

1 4.  A  circle  of  radius  a  is  thrown  at  hazard  upon  a  table  ruled  in 
squares  of  side  3a.     Show  that  the  chance  of  crossing  a  ruling  is  5/9. 

15.  A  large  table  is  ruled  with  parallel  lines  two  inches  apart  A 
one-inch  equilateral  triangle  is  thrown  at  hazard  upon  the  table. 
Show  that  the  chance  it  cuts  a  ruling  is  3/2ir. 

16.  A  letter  L,  with  thin  arms  3  inches  long  and  at  right  angleB 
to  each  other,  is  thrown  at  hazard  upon  a  large  table  ruled  with 
parallels  4  inches  apart.  Show  that  the  chance  of  crossing  a  ruling 
is3(2+>/2)/4ir. 

1 7.  A  cardioide  of  axis  2a  inches  is  thrown  at  hazard  upon  aliige 
table  ruled  with  parallel  lines  at  a  distance  4a  inches  apart  Shov 
that  the  chance  it  cuts  a  ruling  is  9>/3/8ir. 

18.  Show  that  the  mean  value  of  the  cubes  of  all  random  ehovdi 
of  a  circle  »  f  x  area  of  circle  x  radius. 

19.  Show  that  the  mean  value  of  the  cubes  of  all  random  ehordi 
which  meet  an  equilateral  triangle  of  side  a  is  3aV16. 

20l  Show  that  the  mean  value  of  the  lengths  of  all  random  linee 
terminated  by  the  sides  of  a  square  of  side  a  is  ira/4. 

21.  A  circle  of  radius  b  lies  entirely  within  a  circle  of  radios  e. 
Show  that  the  chance  that  a  pair  of  chords  of  the  latter  intersect 
within  the  former  is  b^l2a^. 

22.  Show  that  the  chance  that  a  pair  of  random  chords  of  the 
director  circle  of  an  ellipse  of  semi-axes  a  and  b  should  not  interact 
within  the  ellipse  is  1  -a6/2(a*  +  6*). 

23.  Evaluate  the  integral  I  (ci>  -  sin  <»)  f^  for  all  elements  of  arei 
da-  which  lie  outside  a  given  circle  of  radius  o^  «•  being  the  ai^ 


CHANGE.  851 

between  the  tangents  from  the  element  da-  to  the  circle.    Explain 
the  connection  of  this  integral  with  the  theory  of  chances. 

24.  Find  the  chance  that  if  two  points  be  taken  at  random  within 

a  circle  of  radius  a  the  distance  between  them  will  be  <c  where  c<2a. 

[St.  Johk's,  1886.] 

25.  Two  men,  A  and  B^  are  walking  at  rates  equally  likely  to  be 
anything  from  0  to  a  miles  an  hour  and  from  0  to  6  miles  an  hour 
respectively.  They  walk  in  the  same  direction  along  a  straight  road 
for  a  time  e/(a  -  b)  hours,  where  c  miles  is  the  initial  distance  between 
them.  What  is  the  probability  that  A^  who  starts  behind  B,  will 
overtake  him?  [Trinitt,  1889.] 

26.  Suppose  there  are  n  sugar  sticks  each  of  length  2a,  each  broken 
at  random  into  two  pieces.  A  child  is  promised  the  biggest  of  the 
2n  pieces.     What  is  the  value  of  his  expectation  1 

[W.  A.  WuiTwoKTH,  B,T.,  13736.] 

Show  that  the  expectation  of  the  piece  of  r^  largest  si2se  is 
{(r  +  l)n+ 1  }/2r(n+ 1)  of  a  whole  stick. 

27.  If  there  be  an  infinite  number  of  balls  in  an  urn,  each  ball 
being  known  to  be  of  one  of  n  different  colours,  and  ilp^  -^p^  +  . . .  -^Pn 
balls  have  been  drawn  and  found  to  be  j^^  of  one  colour,  p^  of 
another  colour,  etc.,  what  is  the  chance  that  a  further  drawing  of 
9i'*'$s'^?8+  *"  '*'?»  ^^^  yield  q^  of  the  first  colour,  q^  of  the  second, 
etc.  1  [Zbbb,  E, T.,  11924.] 

28.  Two  points  are  taken  at  random  within  a  circle  of  radius  r ,  and 
a  chord  is  drawn  at  random.  Find  the  chance  that  the  chord  passes 
between  the  points.  [Collboks  p,  1888.] 

29.  An  equilateral  triangle  lies  entirely  within  a  regular  hexagon 
whose  sides  are  equal  to  those  of  the  triangle.  A  random  chord  is 
drawn  to  cut  the  hexagon.  Show  that  it  is  an  even  chance  that  it 
also  cuts  the  triangle. 

30.  In  a  circle  of  radius  a  the  mean  of  the  inverse  distance  between 
two  random  points  within  the  circle  is  16/37ra. 

[Crofton,  Lond,  M.S.  Proc,,  yiii.,  p.  399.] 

31.  If  the  probability  of  a  person  of  ago  x  years  dying  before  he 
is  aged  x  +  dz  be  XxdXy  show  that  the  average  length  of  life  from 
birth  is  J^ipk  (See  a  problem  by  Stanham,  E.T.,  13021.)  Also 
show  that  the  probable  duration  of  life  is  V(2log2)/A,  which  is 
rather  less  than  the  average  duration. 
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Two  points  are  taken  at  random  within  a  circle.     Find  the  chance 

that  their  distance  apart  is  less  than  the  radius  of  the  circle. 

lOx.  I.  P..  l«l«.l 

33.  Show  that  the  mean  of  the  cubes  of  all  lines  FQ,  which  are 
random  chords  drawn  across  the  contour,  are  (i)  for  a  square  of  side 
a,  Sa*/i ;  (ii)  for  a  circle  of  radius  a,  Sva*/2 ;  (iii)  for  a  semicircle  of 
radius  o,  3r«aV4(ir  +  2). 

34.  Show  that  the  mean  of  the  fifth  powers  of  all  lines  PQ,  which 
are  random  chords  drawn  across  the  contour,  are  (i)  for  a  square  ci 
side  a,  5a^/6 ;  (ii)  for  an  equilateral  triangle  of  side  a  and  area  A, 
5aA79 ;  (iii)  for  a  circle  of  radius  a,  bva^. 

35.  If  two  pennies  of  diameter  d  be  soldered  together  by  their 
edges  so  as  to  be  in  firm  contact  in  a  plane,  and  be  thrown  upon  a 
plane  ruled  with  equidistant  parallel  lines  whose  distance  apart  ii 
a  {a>  2d),  show  that  the  chance  of  both  pennies  being  cut  by  a  mliiig 
is  (it  -  2)d/ira, 

36.  If  a  straight  line  be  divided  at  random  into  four  parts,  prore 
that  the  chance  that  one  of  the  parts  shall  be  greater  than  half  tbe 
line  is  1/2.  Show  also  that  the  chance  that  three  times  the  sum  of  the 
squares  on  the  parts  is  less  than  the  square  on  the  whole  line  ii 

»v/3/18. 

37.  If  a  straight  line  be  divided  at  random  into  five  partly  abov 
that  the  chance  that  four  times  the  sum  of  the  squares  of  the  psrti 
is  less  than  the  square  on  the  whole  line  is  3r<>/5/500. 

[WOLBTBNBOTJfB,  K  7*.,  STSI] 

38.  If  random  values  between  ±a>  be  assigned  to  H  and  betwen 

±(2a*  +  j93)  to  0  in  the  cubic  a^  +  3jEr2  +  G^«0,  show  that  the  duuwa 

2      a' 
of  three  real  roots  =  ? 


5  2a«  +  /^' 

39.  Obtain  the  mean  value  of  z>  +  y*  +  ;Bf'  subject  to  the  oonditioa 
x^y-\-z  =  0,  and  that  x,  y,  m  each  lie  between  -c  and  +c. 

[Laplagb;  ToDHUirmLy  JSTiiC,  pu  411] 


CHAPTER  XXXVIII. 

ERRORS  OR  UNCERTAINTIES  OF  OBSERVATIONS. 

1744.  Suppose  a  large  number  of  observations  to  be  made 
to  ascertain  the  measurement  of  some  physical  element.  To 
fix  the  ideas  take  one  of  the  simplest  kind,  the  distance 
between  two  marked  points  A  and  £  on  a  straight  rod. 
Suppose  the  distance  AB  to  be  roughly  known  to  be  10  feet 
long,  but  that  its  true  value  T  is  unknown  to  the  observers, 
of  whom  there  are  many,  but  known  to  some  other  person. 
And  suppose  that  as  great  accuracy  as  possible  is  required. 
Out  of  a  large  number  of  observations  by  careful  observers, 
it  is  clear  that  there  will  be  none  of  them  which  differ  very 
much  from  the  true  value  T.  The  more  care  is  taken,  and 
the  more  accurate  the  means  of  measurement  at  disposal, 
the  closer  will  the  estimates  be  together.  And  it  is  a  matter 
of  experience  that  slight  over  estimates  are  as  likely  as 
under  estimates,  and  occur  with  equal  frequency.  Absolute 
''mistakes"  of  counting  feet  or  inches,  or  of  registration  of 
units,  or  of  the  use  of  the  instruments  we  are  not  considering. 
In  fact  we  eliminate  from  this  explanation  any  errors  which 
are  of  the  class  of  careless  "  blunders." 

It  will  be  found  by  the  person  who  knows  the  true  value 
T,  that  very  few  of  the  estimates  differ  from  T  by  as  much 
as  I  an  inch  either  way;  fewer  still  by  |  of  an  inch,  still 
fewer  by  a  whole  inch,  whilst  errors  of  4  or  5  inches  would 
not  occur  in  the  tabulated  results  of  the  observations  at  all. 
And  if  the  number  of  observations  which  give  an  error  be- 
tween X  and  x-\-dx  be  represented  graphically,  it  will  be 
iDmid  that  the  graph  takes  the  form  of  a  curve  symmetrical 


I 


flRH 
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aboat  the  y-axis,  having  a  maximum  ordinate  at  the  origin, 
falling  rapidly  to  the  ataxia,  the  <Mndinate  speedily  becoming 
insensibly  small  (see  Fig.  586). 


1745.  It  follows,  therefore,  that  for  the  existence  of  an 
error  of  magnitude  lying  between  x  and  x+dx,  there  will  be 
a  far  greater  probability  when  x  is  small  than  when  x  is 
large ;  «.e.  a  far  greater  number  of  errors  of  ofaoervation  will 
fall  between  x  and  x-^dx  for  small  values  of  x  than  for  laiger 
ones.  Let  ^(x)dx  be  that  number.  We  wish  to  examine  the 
nature  of  this  function  ^(x).    And  about  it  we  know  that 

(i)  it  decreases  very  rapidly  as  x  increases ; 

(ii)  it  must  be  such  as  to  become  insensibly  small  within  « 
short  range  of  values  of  x ; 

(iii)  it  must  be  an  even  function  of  x,  as  errors  of  exoesB  or 
defect  are  equally  numerous  within  oorreqxxidaf 
limits; 

(iv)  it  must  contain  some  constant  or  constants  dependinf 
upon  the  goodness  of  the  observation,  the  training 
and  competence  of  the  observer,  the  accoracy  of  the 
instruments  used,  and  the  circumstances  under  whieh 
the  observation  is  made ; 

(v)  the  number  of  observations  must  be  I       ^{x)ix,  md 

supposing  N  be  this  number,  the  chance  that  ihit 
error  of  any  particular  observation  lies  betwea 
X  and  x+dx=<p(x)dx/N=\l/(x)dx,  say. 

1746.  Laplace's  Investigation. 

Starting  with  the  hypothesis  that  an  error  in  an  observatios 
is  due  to  no  one  single  cause,  bat  is  the  aggregate  of  tht 
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cumulative  effects  of  a  large  number  of  causes,  each  pro- 
ducing its  own  separate  effect,  and  that  these  effects  are 
extremely  small,  and  as  likely  to  be  positive  as  negative, 
Laplace  has  shown  by  a  very  laborious  and  diificult  investi- 
gation that  the  chance  that  the  error   lies  in   magnitude 

between  x  and  x+dx,  viz.  \lf{x)dx,  is  a/~  c~"''dc  for  some  value 

of  w  which  depends  upon  the  goodness  of  the  observation. 
The  argument  is  of  such  length  that  we  must  refer  the  reader 
to  Laplace's  original  work  {Thiarie  Analyiique  dea  ProbabiUUa). 
We  therefore  assume  the  law  as  our  fundamental  hjrpothesis 
in  what  followa  A  good  idea  of  the  principal  steps  in  the 
process,  which  avoids  the  obscurity  of  the  original  work  of 
Laplace,  will  be  found  in  Airy's  Theory  of  Errors  of  Observation, 
pages  7  to  15.  Todhunter's  History  of  ProbabUity,  Art&  1001 
onwards,  may  be  consulted,  also  a  paper  by  Leslie  Ellis  {Trans, 
Comb.  PhU.  Soc.,  viii.),  and  a  paper  by  Merriman  (Trans,  Conn. 
Acad.,  iv.). 

1747.  The  Frequency  Law. 

The  law  \lf{x)=^J-  e-^*  is  termed  the  law  of  "  Facility  "  or 

"  Frequency  "  of  Errors.  It  will  be  noticed  at  once  that  this 
18  a  probable  law,  for  it  answers  all  the  requirements  laid 
down  in  Art.  1745.  It  has  a  maximum  at  x=0,  it  is  an  even 
function  of  x,  it  contains  an  arbitrary  constant  w,  it  diminishes 
with  great  rapidity  as  x  increases,  and  speedily  becomes  of 
insensible  magnitude,  and 

r    il>(x)dx=Nr    ^J^e"^dx=N. 

1748.  Weight  and  ModnluB. 

The  constant  a>  is  called  the  weight  of  the  observation.    It 

is   sometimes  replaced  by  -|.     Then  c  or  -— =r  is  called  the 

modulus.  The  weight  a>  measures  the  care,  skill  and  precision 
of  the  observer,  the  goodness  of  his  instruments  and  the 
excellence  of  the  conditions  under  which  the  observation  is 
Biada 
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1749.  The  ordinary  method  of  estimatiDg  the  Tmlne  of  a 
physical  element  of  which  a  number  of  presumably  equally  good 
measurements  have  been  made  is  to  take  tiie  arithm^ieal 
mean  of  the  result  As  a  matter  of  experience  this  gives  good 
results,  and  therefore  this  mean  is  frequently  adopted  as  giving 
the  best  estimate  available,  and  regarded  as  the  most  likely 
value.  If  we  might  assume  this,  the  above  law  of  Facility  of 
Errors  easily  follows. 

Let  T  be  the  true  value  of  the  measured  quantity,  T  being 
unknown.  Let  2;^,  ^j, ...  2;.  be  n  independent  results  of  obser- 
vation; ^(x)  the  law  of  Facility. 

Then  z^—T,  z^—T,...z^—T  are  the  actual  errors,  some 
positive,  some  negative,  and  the  d  priori  probability  of  the 
coexistence  of  these  errors  is  proportional  to  the  product 

Then,  by  the  principles  of  inverse  probability,  the  probability 

that  the  true  value  lies  between  T  and  T+dT  is  PdT    \PiT. 

the  limits  being  such  that  the  integration  is  conducted  over 
all  values  of  T  which  it  is  capable  of  assuming.  That  k, 
after  the  observations  were  made,  the  probability  that  f  ■ 
the  true  value  is  also  proportional  to  the  product  P,  tad 
therefore  this  expression  is  to  be  made  a  maximum  hf 
variation  of  T.    Taking  logarithms  and  differentiating,  in 

have  ^0'(«,-r)/^(^,-T)=O. 

Now,  if  we  take  for  T  the  arithmetic  mean  of  the  ofaservt- 
tions,  this  equation  is  to  hold  when  ^^^y]  z^.     To  find  tlie 

form  of  0  which  will  satisfy  these  requirements,  take  the 
Z2=2j=...=2ii=2Ji — iiT.    Then 

nr=2i+(n— l)2j=Zi+(n— l)(Zi— fiT)=n«i— n(n— 1)t. 
i.e,       ^i-r=(n-l)T,    «^2-r=(«,-2;,)+(«i-r)=-T, 

2j-r=-T,  etc; 

0^(n-l)T »'(~t) 

""^  (n-l)T^(n-l)T     (-t)^(-t)' 
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which  is  independent  of  n;    and  this  is  to  be  true  for  all 
positive  integral  values  of  n. 

This  will  be  satisfied  if  0  be  such  that  -  ?i4= const. =C; 

^  u  0(w) 

whence  log0(^)=C^     and    <p{u)=Ae   *. 

And  since  0(u)  is  to  decrease  as  t^  increases,  C  mnst  be 

2  -^' 

negative.    Let  0=—-^.    Then  <p{u)=Ae  *".    Again,  if  i^T  be 

the  total  number  of  observations, 

N=\      <f^(u)du=:\      Ae  ^du=Ac'Jir]    .*.  A—N/c^Wy 

J. 00  J— 00 

N     -^ 

which  establishes  the  law  of  facility  under  the  hypothesis 

specified  as  to  the  Arithmetic  mean. 

This  remark  is  made  by  Dr.  Glaisher  in  the  solutions  of 
the  Senate  H.  Problems  for  1878,  pages  167,  168,  where  there 
will  also  be  found  a  concise  account  of  the  allied  subject  of  the 
principle  of  "Least  Squares."  [See  also  Todhunter,  Hist., 
Art  1014.] 

1750.  Mean  of  the  ErrorB,  Mean  of  the  Sqnarefl,  Error  of  Mean 
Squaie,  ProbaUe  Errors. 

The  following  facts  will  now  appear  : 

(1)  The  mean  of  all  the  positive  errors 


i: 
I 


1      -?? 

0     cvir C  _    1 


0   C's/tt 

(2)  The  mean  of  all  the  negative  errors  with  their  signs 

c         1 
changed  is  also  -j= =—==.. 

c  1 

(3)  The  mean  of  all  the  errors  taken  positively  is  --=:=—=. 

VX       VTTW 
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(4)  The  mean  of  the  squares  of  all  the  errors 

e  ^dx 


I 


f- 


7=6    ^dx 


(5)  The  ''  Error  of  Mean  Square,"  i,e,  the  square  root  of  the 

c        1 
mean  of  the  squares  of  the  errors,  =-^=— =.     Tliis  ia  the 

abscissa  of  the  point  of  inflexion  on  the  Probability  Carre 

(6)  The  "  Probable  Error,"  which  is  such  that  the  numbff 
of  positive  errors  which  are  greater  than  itself  is  equal  to  the 
number  which  are  less,  is  given  by  the  value  of  p,  where 


Os/w 

Let  x=cz.    Then 


K^'"''^^^! 


1  -?^  1 


4=  r  e-«"&=0-26. 

vxJo 

Tables  have  been  calculated  for  the  values  of  this  integnl 
for  various  values  of  the  upper  limit  [Ejramp's  R^radiimt: 
Eneyc.  Metropol.,  ''Theory  of  Probabilities"],  and  interpob- 

tion  from  them  gives  ^='476948....    Hence  the  "  ProbsUe 

Error  "='476948...  c  or  -476948... /n/S. 

1751.  Kramp's  Table  is  given  by  Airy  (TA.  of  Brran,  pi  % 
also  by  De  Morgan  (Diff,  CalCy  p.  667).  We  reproduce  lily's 
abstract  of  this  table  for  convenience  for  other  purposes. 


Integral  tabulated,  7=-^=  [  er'^dz, 

vttJo 


X 

/ 

X 

I 

* 

I 

X 

/ 

0-0 

0-000000 

1-0 

0-421360 

2-0 

0497661 

3-0 

o-48oe« 

01 

0-066232 

11 

0-440103 

21 

0-498610 

0-2 

0-111361 

1-2 

0-466167 

2*2 

0-499068 

0-3 

0164313 

1-3 

0-467004 

2-3 

0-499428 

0-4 

0-214196 

1-4 

0-476143 

2-4 

0-499655 

0-6 

0-260260 

1-6 

0-483063 

2-6 

0-499796 

0-6 

0-301928 

1-6 

0-488174 

2-6 

0-499881 

0-7 

0-338901 

1-7 

0-491896 

2-7 

0-499932 

0-8 

0-371061 

1-8 

0-494646 

2-8 

0-499962 

0-9 

0-398464 

1-9 

0-496396 

2-9 

0-499979 

00 

OiWOOOO 

PROBABLB  ERROR»  ETC. 
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1752.  BaUtiTe   Magnitude   of  Probftble  Error,   Mean  Error, 
Error  of  Mean  Sqnaxo,  Modalns. 
To  sam  up,  we  have 

Probable  Error = -476948... /n/«; 

Mean  Error=  l/N/ii= '664189... />/«; 

Error  of  Mean  Square =l/^/2ii=  707 107... /n/^; 

Modulus =l/^/ctf; 
in  each  case  varying  inversely  as  the  square  root  of  the 
weight,  f.6.  directly  as  the  modulus ;  and  obviously,  when  any 
one  of  these  is  found  the  rest  may  be  deduced.    They  are 
arranged  in  ascending  order  of  magnitude. 

Taking  the  x-axis  as  the  axis  of  magnitude  of  errors  and 
the  y-axis  as  the  axis  of  frequency.  Fig.  587  will  exhibit  to 
the  eye  the  relative  magnitude  of  these  errors  and  the  fall  in 
frequency.  The  figure  is  that  given  by  Airy  (loc.  eit.  tup.). 
The  abscissa  is  the  ratio  of  the  magnitude  of  an  error  to  the 
modulus.  The  points  P,  M  in  the  figure  indicate  respectively 
the  abscissae  for  Probable  and  Mean  Error. 


P  M 


M.Sq.        Mod. 

Axia  of  mgignltudt  of  orror 

Tho  ProbabtHtg  Cmivo  ym  9 
Fig.  687. 


C 


1753.   Several  Observations.    Resultant  Weight. 

Suppose  there  to  be  a  result  b  dependent  upon  two  obaervationa 
Oj  and  a,  o^  weights  o^i,  co,  respectively ,  say  6=0(0^,  o^).  To 
find  the  u>eight  of  the  result. 

Let  a^,  a^  be  the  actual  errors  and  z  the  consequent  error 
in  b ;  all  being  small  quantities  of  the  first  order,  then  to  that 

order  z^^x^-}- 


da. 


^Xt=ip,,Xi+i>„Xt,  say. 


■k^ 
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is  known  as  the  "  apparent  value/'  but  is  not  necessarily  the 
true  one.     This  gives  as  an  approximation 

1      1A|           1  /  *      V 
f.6.  as  an  approximation  we  have  ^=~S'^'* ivS'^'J 

__  /Mean  of  squaresN  __  /Square  of  mean\ 
"^  \  of  observations  /     Vof  observations/* 

1757.  Determination  of  the  '*  Error  of  Mean  Squaie,"  "  Ptobahto 
Error/'  etc.,  of  a  Measnxement  of  an  Element  from  the  Appaiwi 
Errors. 

Since  the  true  value  of  the  measured  element  is  rarely  or 
never  known,  we  have  to  devise  a  method  of  obtaining  the  Error 
of  Mean  Square,  etc.,  by  some  way  other  than  as  being  llJ2ti 
wliich  would  require  a  knowledge  of  w.  Let  A^,  A^,A^,,.. 
be  the  actual  results  of  n  independent  observations  on  the 
single  physical  element  in  question,  a^,  o^,  a,, ...  the  actaal 
errors,  T  the  true  value ;  then  A^^T+a^,  A^^T+a^,  etc 

Let  M  and  m  be  the  arithmetic  means  of  the  ^'s  and  of 
the  as.    Then 

ar-m=Ar-T~i](Ar-T)=Ar~^r=Ar''M. 

The  difference  or—m,  viz.  the  difference  between  the  acioal 
error  and  the  mean  of  the  actual  errors,  is  called  the  "  Apparent 
Error."    And  the  sum  of  the  squares  of  the  Apparent  Erron 

Therefore,  iiQ  =  l(Ar-M)\  we  have  0=ra,.«— 1  (Sor)". 
Now  let  €  be  the  error  of  mean  square  of  each  meamireL 
Then  (Art.  1750,  5)  ^=-y^ar\  ♦.«.  TJ «'*=»»«*• 

Again,  the  square  of  Zar=8q.  of  error  in  XA^ 

= (Error  of  mean  square  in  XArf 

=  y^  (Error  of  mean  square  in  ArY 

=n€«     (Art.  1753); 

.*.  sum  of  squares  of  Apparent  Errors=n€* nc*=(H— 1)#*. 
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Hence  c=a/       ..  ;  and  Q  being  known,  this  determines  e. 

Since  the  Error  of  mean  8quare=l/%/2«0,  we  have 

«=(n-l)/2g. 

Also        Mean  Error =-7== a/-— ^; 

Vxa>      ^»'n— 1 

0-476948 


Probable  Error=^J:^:^H^=0 476948...  J^. 

>n— 1 


1758.  Again,  since  the  Error  of  mean  square  of  the  mean 
of  n  independent  measures  of  a  physical  quantity 

=  -j=:X  Error  of  mean  square  of  any  one  measure  (Art.  1764) 


=  --=.c=a/   /       ,v»  we  also  have 
^n        Vn(n-l) 


Mean  Error  1        /2       Q 
of  the  mean/     'V.tt  n(n— 1)' 

Probable  Errorl     ^.^^^^^       /^^ 
of  the  mean  J  V  n(n—  1) 

1759,  Oase  of  a  Ssrstem  of  Physical  Elements. 

Suppose  next  that  it  is  required  to  discover  the  values  of 
a  certain  set  of  physical  elements  ^,  v,  ^, ... ,  and  that  observa- 
tions upon  certain  connected  groups  of  them  have  been  taken 
giving  results  of  the  form 

the  forms  of  0i,  0s>  ^^>  being  known,  and  all  the  constants 
involved  being  known  from  theoretical  or  other  considerations, 
whilst  Ni,  2^2, ...  are  the  results  of  observation^  and  therefore 
subject  to  small  errors. 

Theoretically,  if  the  number  (m)  of  observations  be  the 
same  as  the  number  (fi)  of  elements  to  be  found,  there  will  be  a 
definite  number  of  sets  of  solutions  of  these  equations  depend- 
ing upon  the  degrees  of  the  several  functiona  If,  however, 
the  number  of  observations  exceed  the  number  of  elements, 
it  will  not  in  general  be  possible  to  satisfy  all  the  equations 
by  the  same  values  of  f,  i;,  f,  etc.,  and  it  becomes  important  to 
examine  a  method  of  finding  their  most  probable  values  under 
the  circumstances. 
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1760.  Redaction  of  the  Equations  to  Linear  Fonn. 
The  observed  quantities  Ni,  N^,  etc.,  will  not  differ  largely 

from  those  which  would  give  true  values  to  (,  9,  ^,  etc.,  and  if  we 
solve  /A  of  these  equations  we  shall  obtain  close  approzimatioDB 
to  the  values  of  ^,  17,  ^,  etc.,  or  in  some  cases  soch  close  approxi- 
mations ma}'  be  otherwise  available.  Let  these  approzimato 
values  be  a,  j8,  y,  etc,  and  x,  y,  z,  etc.,  the  small  residnab  ci 
the  true  values  of  f,  ti,  f,  etc.,  so  that  f=a+«>  ^=i8+y,  efct, 
and  these  residuals  being  small  their  second  and  higher  powen 
and  products  may  be  rejected,  and  each  equation  of  iorm 
4^(9 1*  ^»  -'-)=Ni  may  be  regarded  as  reduced  after  expansioii 
of  ^((a+x,  /8+y, ...)  by  Taylor's  theorem  to  the  type 

such  equations  being  m  in  number.  Now  n^  being  itself  Uie 
result  of  the  subtraction  of  0(a,  j8,  y, ...)  and  various  second 
and  higher  order  small  quantities  from  Ni  depends  upon  tbe 
observations,  and  is  a  small  quantity  subject  to  error,  whiU 
^o  b(>  Cif"  fti'e  supposed  known  from  theoretical  or  otiier 
considerations. 

1761.  The  Equations  of  (Condition. 
We  therefore  have  m  linear  equations  connecting  n  oi- 

knowns  x,  y,  z,  etc.,  fi  being  <m.  Let  a  typical  eqnatkn 
be  a<»+6<y+c,2;+...— n,=0,  where  f=l,  2,  3, ...  m.  We  need 
not  for  the  moment  consider  x,  j^,  z, ...  to  be  smalL 

These  m  equations  are  not  in  general  capable  of  being  satisfied 
by  the  same  values  of  x,  y,  z, ... ,  but  we  have  to  obtain  the 
most  probable  values  of  x,y,z,...  from  them ;  that  is,  as  good 
an  approximation  as  we  can  under  the  circumstances. 

These  equations  are  called  the  "  Equations  of  Ck>nditi<HL' 

1762.  Standaidisation  of  the  Equations. 
As  to  the  several  results  of  observation^  14, 14, 14, —1)^ 

us  suppose  that  they  are  each  the  result  of  several  sqiiiiAi 
and  independent  observations ;  e,g.  taking  the  typical  esse  K 
suppose  it  to  have  been  formed  as  the  arithmetic  mean  if 
Wi  observations  upon  the  value  of  o^+b^+***»  and  sappettf^ 
all  these  <»<  observations  to  be  equally  good  ofaaerratM 
Then  the  weight  of  this  observalmi  is  pcqpoitiooal  to 
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Therefore,  unless  the  number  of  observations  in  forming 
*h>  *H>  ^>  •••  has  been  the  same  and  the  individual  observa- 
tions equally  good,  some  of  the  Equations  of  Condition  will 
have  greater  importance  than  others. 

K  My  be  found  by  W|  observations,  each  with  the  same  pro- 
bable error  €,  the  probable  error  in  n^  is  €/>/wj,  and  the  probable 
error  in  n^ .  >J^i  is  e. 

Hence,  if  we  multiply  the  Equations  of  CJondition  by 
viw^,  >/m^,  n/c^,  etc.,  we  get  another  group  in  which  the  pro- 
bable errors  of  the  right-hand  sides  are  each  e. 

We  shall  suppose  our  m  Equations  of  Condition  to  have 
been  already  subjected  to  this  preparation,  and  therefore 
suppose  that  the  quantities  n^,  tij,  n,, ...  which  occur  are  sub- 
ject to  the  same  probable  error  e. 

1763.  Principle  of  Least  Square& 

If  0^0,  y^y  2^, ...  be  the  most  probable  values  of  x,y,Zy... 
respectively,  then,  by  the  nature  of  the  case, 

is  a  small  quantity  of  the  nature  of  an  error.  Call  it  v^. 
Then  the  probability  of  the  occurrence  of  the  error  v^  being 

a/— e~"***it;<,  the  probability  of  the  co-existence  of  errors 

Vi,  Vj, ...  v, ...  v,^  is  Il\^-^e'''*^^dVi  and  as  these  errors  have 

1  '"T 

occurred  through  taking  x^,  yo,  Zq,  ... ,  etc.,  as  the  true  values 
of  X,  y,  Zy ... ,  etc.,  the  probability  that  Xq,  y^,  etc,  are  the  true 

values  is  n  v  -  6~******  dt?i  /  I      I       ...I      fiv— «"*****' dv„    in 

which  the  denominator  is  a  definite  constant ;  and,  supposing 
the  Conditional  Equations  to  have  been  prepared  as  described 
in  the  preceding  article,  the  a>'s  occurring  are  all  equal. 

But  in  any  case  we  have  to  determine  a^o*  Vo*  ®^>  ^^  ^^^^ 
this  probability  shall  be  as  great  as  possible ;  and  this  will  be 

achieved  by  making ^^iV,*  a  minimum;   or,  if  the  w's  are 

equal,  St;|^=  a  minimum.  The  method  of  procedure  is  therefore 
called  the  method  of  "  Least  Squares." 
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which  are  known 
as  the  **  Normal " 
Equations. 


1764.  The  "  Normal    Eaoatioiui. 

The  primary  condition  for  a  minimum  is 

m 

and  therefore,  on  equating  to  zero  the  coefficients  of  dx^^  dtf^, ..., 
we  have  m  linear  equations  to  determine  aB^»  y«,  2t»  —  »  vis 

2ft>ia<w,=0,    2a)<6,v,=0,     2«Av<=0,     etc.; 

or  in  the  case  when  the  equations  have  been  prepared  before- 
hand, so  that  the  weights  are  equal, 

2;a|V<=0,     26,t;|=0,    rc<v<=0,     etc,  i.e, ; 

2a*.  350 +2)a6 .  y^+Soc .«,+  ...  =2an/ 
^ba,x^+^^,y^  +26c.Zo4-.-.=26n, 
2ca.a;0+2c6.yo4-2)<^  .?o4--..  =  2cn, 

etc., 

The  very  compact  notation  [oft],  [ad],  etc,  is  often  used  for 
Za6,  2a\  etc.,  but  we  adopt  the  sigma  notation  as  a  Uttk 
easier  to  write. 

These  equations  determine  the  values  of  Xot  y««  ^^»  so  as  to 
give  the  most  probable  values  of  x,  y,  etc.»  to  satisfy  the 
original  group  of  CJonditional  Equations  in  which  the  n's  ire 
subject  to  small  errors. 

1765.  Before  proceeding  further,  let  us  examine  the  m 
prepared  equations  of  type  api+ h^  '\-CiZ+ . . .  =^n^  from  anoUier 
point  of  view. 

Multiply  the  several  equations  by  p^,  p,,  ...,  p^  and  add; 
then  by  q^,  q^,  ...  q^  and  add ;  then  by  rj,  r„  ...  r«  and  add; 
and  so  on ;  viz.  by  /a  groups  of  multipliers,  th.  in  each  groups 
We  obtain  fi  equations, 

x^iTp^ + y  26,p< + 22c,p,  + . . .  =  2n«p<, 

xZa^Vi  +  ylhiV^ + zYjc^^  + . . .  =  2»Hr<, 

etc 

Again  multiply  these  by  X|,  A,*  •••*  ^m  ^^^^  ^Ad,  and  choose 
the  X*8  so  as  to  remove  the  terms  y,z,  ...,  i.«. 

Xi26<p,+>226<g<-f->,26<n+ ...  =0, 
Xi2c,p<+A,2c<3f,  +X,2c<r,+ 

etc 


(1) 
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»Pljg^     ^^  XiSn<p(+ \t^n^i+  Xt^n^r^-i-  ..._l,njc^ 

where  A:i=Xij><+Xj7<-fX8r|+... ;  whilst  26|fc«=0,  2C|fc,=0,  etc., 
and  the  new  constant  multipliers  ki,  k^,  k^,  ...  replace  the 
p'a,  q'a,  r%  etc.,  and  X'& 

Let  ctf  be  the  weight  of  each  of  the  observations  ti|,  tis, ...  rim, 
by  supposition  prepared  to  be  of  equal  weight,  and  let  oHBt  «fjf> 
fl^  ...  be  the  weights  of  the  deduced  values  otx,y,z,  .... 


Then  ±.:=-^^^±^    Art  1753 (2) 


And  if  e  be  the  error  of  mean  square,  or  the  probable  error 
in  each  of  the  n%  and  e*,  ey,  e^,  ...  the  resulting  error  of  mean 
square,  or  the  probable  error  in  the  deduced  values  of  a;,  y,  z, ... , 

we  therefore  have  €»*=/-v~r^  ^»  *"d  we  have  to  make  this 

error  of  mean  square,  or  this  probable  error,  as  small  as 
possible  with  the  conditions  ^Jei=0,  ZC|fc|=0,  etc 

1766.  To  do  this  we  have  the  A;'s  at  our  disposal.  Their 
number  is  m  and  their  connecting  equations  number  /a— 1, 
which  is  •<  m.  It  will  be  observed  that  the  expression  cx 
contains  only  the  ratios  of  the  A;'s,  and  when  their  ratios  to  any 
particular  standard  k  have  been  fixed  e.  becomes  determinate. 
We  shall  therefore  in  no  way  alter  the  value  of  e.  by  the 
addition  of  some  one  additional  linear  equation  amongst 
the  ik'a  For  convenience  we  take  that  relation  as  2a|fc|=l, 
which  will  give  x = Sn^ii.  We  then  have  to  make  e/ = 2fc«* .  e*  a 
minimum  with  the /n  conditions  ^Jci==l,  ]S&|^=0, 2C|%|=0,  etc. 
We  obtain  at  once  2i<dfc,=0,  2a<dfc,=0,  26,dfe<=0,  etc.,  and  by 
Lagrange's  method  of  undetermined  multipliers 

fci=ilai+5ftrf...,  k^=Aat+Bb2+ kn,'=Aan,+Bbn,+  ..., 

whence  ^^=^AIaLiki=A. 


Also        ^2a*H-55:a6+C2ac+...=2a<A:<=l,^ 

AZca+BI/ih  +  G'Lc^  +...=2c,fc<  =0, 

etc., 


(3) 
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whence  A  = 


26*,  26c,  .. 
2c6,  2c«   .. 


2a»,  2a6,  lac  ... 
Yha.Yi^,  26c  ... 
2ca,2c6,  2c«  ... 


and  18  known. 


and  A=lkf.  Therefore  €x=A^  ftnd  €»=^€jA\  and  A  is 
essentially  positive,  being  the  sum  of  a  number  of  squares  of 
real  quantities.    The  weight  of  the  deduced  value  for  x  is 

a^=yjr^o>=-j  .0),  and  if  we  take  ta  as  unity,  «0^=--|. 

1767.  The  symmetry  of  the  work  shows  that  the  same 
process  will  give  us  a  minimum  error  of  mean  square,  or  s 
minimum  probable  error  also  for  y  or  for  Zy  etc.,  and  that  the 
weight  of  2/  so  deduced  may  be  found  by  solving  equations  of 
the  same  form  as  those  in  group  (3),  but  with  the  1  now 
replaced  by  0  in  the  first  equation  and  the  0  by  1  in  tk 
second ;  and  so  on  for  the  weights  of  z^  etc 

1768.  Again  it  will  be  noticed  that  if  we  choose  oor 
preliminary  multipliers,  viz.  the  p's,  ^'s,  r's,  etc,  as  the 
coefficients  of  the  original  prepared  conditional  equations,  m 
Vr^^i*  9<=^<»  n=Co  etc,  we  have  A;,=Xia<+Xt6,+X|C<+..., 
and  for  this  choice 

2A,«==2(Xia<+XA+...)*5<=Xi2a|fc,+X,26,fc<+...=Xi=i. 

That  is,  substituting  for  the  p's,  ^'s,  r's,  ...  in  equations  of 
group  (1),  the  equations  which  will  give  a  value  of  x  wiUi 
the  least  error  of  mean  square,  or  least  probable  error  for  t 
are  the  "  normal "  equations  arrived  at  in  Art.  l764»otherwi8ei 
and  the  symmetry  shows  that  the  values  of  y^  z,  etc,  wiO 
also  be  determined  by  the  same  equations  with  the  least  error. 
But  as  these  equations  are  the  same  as  those  arrived  at  bj 
making  2(a|a5+6,y+...— n<)*  a  minimum  by  variation  of 
x,y,z,  . . . ,  this  is  a  convenient  way  of  reproducing  the  equation 
for  these  unknowns.  And  the  result  is  the  same  as  thst 
arrived  at  in  Art:  1764,  the  weights  of  the  several  observatiooi 
having  been  made  equal  by  preparation  of  the  conditioosl 
equations. 

1769.  If  the  conditional  equations  are  left  unprepared,  w 
arrive  at  the  proper  equations  for  the  values  of  x,  y,  s,  eta,  If 
making  2«i(aca;+64y  +  ...— fi^*a  minimuuL 
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1770.  BealityofVil. 

The  deierminants  occurring  in  Art  1766  are  essentially 
positive.    For  such  a  determinant  as 

I  'Sa\  Za&,  Sac,  ...  occurs  in  squaring 
26a,  26*.  26c,  ...  the  rectangular  array 
2ca,     2c6,     2c*,  ... 


Ol. 

Oi. 

... 

Om 

bv 

&., 

.  .  . 

bm 

Cu 

Ct, 

.  .  . 

Cm 

•  •  •  • 

in  which  the  number  of  rows  (/a)  is  less  than  the  number  of 
columns  (m),  and  is  therefore  expressible  as  the  sum  of  the 
aqoares  of  all  possible  determinants  which  can  be  formed  from 
the  array  by  taking  /a  columns  (Bumside  &  Panton,  Th.  ofEq,, 
p.  260).    Such  a  determinant  is  therefore  essentially  positive. 

1771.  To  complete  the  theory  we  must  examine  how  the 
quantity  e  is  to  be  found  from  the  details  before  us ;  that  is, 
we  are  to  do  for  the  case  of  measurements  upon  a  system  of 
physical  elements  what  was  done  in  Art.  1757  for  the  measure- 
ment of  a  single  element  We  have  used  e  indifferently  in 
Art  1765,  etc.,  for  either  the  error  of  mean  square,  the  probable 
error  or  the  mean  error.  We  shall  now  define  the  letter  as 
standing  definitely  for  the  "  error  of  mean  square "  in  the 
measure  of  an  observation.  Let  t;<  be  the  residual  error  in 
4ik4t+b^+ ...—nit  when  the  values  x^,  yo>  s;^, ...  obtained  from 
the  "  normal "  equations  have  been  substituted  for  x,y,Zf 

— —  replaces 
that  of  Art.  1757.  ^^^ 

Let  the  true  values  of  x,  y,  z, ...  be  Xq-\-Sx,  y^+Sy,  z^+Sz, 
etc.,  and  let 

ai{x^-\-Sx)+bi{y^+Sy)  +  ...-ni=Ui    (t=l  to  f=m). 

Multiply  by  a«  and  add  the  system.     Then 

2a*. Xq  +2a6.yQ+2ac.Zo  +  ...— 2an 


+la^.6x-\-Zab.8y+Xac,Sz+.,. 

:.     ^^,Sx+I,ab,8y+lac.Sz+.., 

Similarly     26a.  ^x+26*.  Sy^  +  lbc.Sz-^ ... 

2ca.  Sx  +lcb.Sy  +2c«.  ^z  + ... 

which,  as  in  Arts.  1765,  1766,  give  Sx=Yku. 


=2ati; 
=2ati. 
=26u, 
=2cM,  etc., 
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1772.  Equationsof typea^+&4yo+**«^M«=v<(«'=l tof=«i), 
multiplied  by  v^  and  added,  give  2v<*-=— Sftyt^^,  ainoe 

2at;=0,    2&t?=0,    Sov^O,    eta 

And  equations  of  type  Oi(xQ+fe)+6j(y^,+  iy)+...— ii|=ii|give 
in  the  same  way  XUiVi= —'Zf^Vi. 

Hence  2v<*=2u,v<=3 — 2n<V(. 

1773.  Equations  a|2o+%o+Cf2o+*--~~'^='^<>  multiplied  bjr 
U(  and  added,  give 

Equations  Oi(a:o+&c)+*<(yo+^y)+  — "-*««=<*<f  multiplied  by 
Ui  and  added,  give 

Hence  2w,*=2v<*+2a<w,. ^x + 26,w,. ^yH-Zc^u^. <Jz+... . 

And,  since  2t4{^  is  the  sum  of  the  squares  of  the  true  ennonof 
the  observations,  Xu^=in^. 

Now,  in  the  terms  2a(tif.^x+26<U(.  jy+... ,  we  must  oeeee- 
sarily  approximate. 

Take  for  them  their  mean  values.    Then 

whose  mean  value  is  that  of  aikiU^+aJ:^u^+aJt^u^+ ... ;  far, 
remembering  that  the  errors  t^i,  u^,  u,, ...  may  have  either 
sign,  all  products  involving  errors  with  unequal  suffixes  will 
disappear  in  taking  the  mean.  And  the  mean  values  of 
t/i*,  t/j^i  ^3*,  ...  are  each  €*. 

Hence  ^lU^ .  Sx  will  be  replaced  by  2a|ib| .  e',  that  is  c'. 

Similarly  2&<U( .  Sy,   2CfU<  .Sz, ...  will  be  replaced  by  c'. 

Therefore  m€*=2v,*+/u€*,  /u  being  the  number  of  unknowns 

^>  y*  Zf ,.. . 

Hence  €*= —- 

1774.  If  there  be  but  one  unknown,  i.e.  when  the  observa- 
tions are  made  upon  a  single  physical   element,  we  bAVv 


m—1' 


(Art.  1757.) 
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1775.  Effect  of  Exact  CkheziBtent  BelationB. 

If,  in  addition  to  the  m  conditional  equations  of  type 

a^+b^+ ...  —11^=0, 
there  be  ^  (</u)  exact  equations  of  type 

these  latter  equations  may  be  regarded  as  determining  p  of  the 
unknowns  in  terms  of  the  other  fi—p.  Upon  substitution  of 
these  in  the  conditional  equations,  we  have  a  system  of  m 
conditional  equations  amongst  fA—p  unknowns.  Hence  the 
error   of    mean   square    e   will   in    this    case  be  given   by 

— r^^-= — ,  where  v<  is,  as  before,  a|a5o+6<yo+...— n<,  and 
m-^-p—fA 

the  summation  is  from  t =1  to  i=m. 

If  /A  be  large,  or  if  there  be  several  exact  equations,  a 

different  process  is  usually  employed  to  reduce  the  labour  of  the 

elimination.     (For  this  see  Chauvenet,  Astron.,  p.  552,  Vol.  II.) 

1776.  Finally,  if  e.,  e^,  e,, ...  be  the  errors  of  mean  square 
in  x^y  y^,  s^o'  •••  >  ^^^  ^^  ^>  Y^Z, .,.  be  the  respective  weights 

of  0^0,  yo»  2^0, ... ,  then  €x=-7=,  ^v^-f^f  ®te->  *nd  ^be  values  of 

X,  Y,  Zf ...  are  to  be  determined  as  follows  (Art.  1766) : 

ForZ: 


Za«-  i  +2:a6p+2aci+...  =  l, 


For  Y: 


2ca-^  +2c6-  p+Sc*-  ^/+...=0, 

etc.; 


2&a-ji;4-26*-  y+2ftc.i,4-...=l, 

Ica.^.-^lcb'  y+Sc*-  ^,+  ...=0, 

etc., 

the  accented  unknowns  of  each  group  not  being  required ; 
and  such  equations  may  obviously  be  written  down  from  the 
normal  equations. 
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Hence  we  obtain  X,  i.e,  the  value  of  -^  (Art  1766),  ^c 

Moreover,  in  cases  where  the  valaes  of  2^,  y^,  2^,...  An 
expressed  in  terms  of  letters  and  not  numerically,  their 
weights  may  be  obtained  more  readily,  as  in  Art  1753,  by 
differentiation. 

This  completes  the  details  of  the  process  to  obtain  the 
Mean  Sqoare  error  for  each  element,  and  the  Probable  wdA 
Mean  errors  may  be  at  once  deduced. 

1777.  Order  of  Procedure. 

To  sam  up,  the  order  of  procedure  is  as  follows : 

I.  Given  the  m  conditional  equations  amongst  /a  unknowns 
(m>^)  of  type  a|X+6<y+c<zH-...— n»=0,  let  each  have  been 
prepared  by  multiplication  by  the  square  root  of  its  weig^t^ 
viz.  Jwi. 

II.  From  these  prepared  equations,  or  by  differentiating 

deduce  the  normal  equations  and  find  as^,  yo>  ^o'  -*-  • 

III.  Form  2V=2(a^+6<yo+...-«i)* 

IV.  Find  €,  the  error  of  Mean  Square  of  an  observatioD 

from  €=\l *—, 

V.  Then  to  find  ex,  ey,  e^,  etc.,  in  the  normal  equatiooB 
replace  'Lan,  Xbn,  Sen, ...  by  1,  0,  0,  etc,  and  solve  for  s,  sij 

x=Y'y  *'^®^  replace  Ian,  26n,  Xcn, ...  by  0,  1,  0, ... ,  etc,  and 

1 
solve  for  y,  say  y=Y*  ^^^  ^  ^^»  *'^®^  ^*  ^»  Z,  ...are  the 

several  weights  of  Xq,  y^,  Zq,  ... ,  and  the  errors  of  Mett 
Square  are  e,:=-=,  £y=--=, ... . 

These  values  may  also  be  obtained  by  Art  1753  wiUioot 
the  trouble  of  solving  the  normal  equations  when  the  nsiilti 
of  the  observations  are  given  in  letters  instead  of  numerieil 
quantitiea 

VL  Having  found  e,  e^,  cy,  e<, ... ,  we  may  then  dedooe  tk 
ProbaUe  Error  or  the  Mean  Error  by  Art  1752. 
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1778.  For  farther  information,  the  reader  may  consult  the  appendix 
to  Vol.  II.  of  Chauvenet's  8ph,  and  PraeHedl  Astronomy. 

For  those  interested  in  the  Bibliography  of  the  subject,  reference  may 
be  made  to 

Legendre,  NouveUes  MHhodes  pour  la  diUrminaiion  des  orhites  des  ConUUs, 
1800. 

GaoM,  Theoria  Moiua  Corporum  CoduHum^  1809. 

DiaquisUio  de  SlemenUs  EUipt,  PaOadU,  1811,  etc. 

Bertrand,  MHkode  det  moindres  earrieSf  1856. 

Enoke,  Ud>er  der  Mdh.  d.  Klein.  Quad.,  Berlin  {Aatr.  Tear  Booh,  1834,  etc. ). 

Laplaoe,  Thiorie  analyUque  des  PrdbabiliUs. 

Poisson,  8ur  la  probabUiU  des  resuUais  moyens  des  observaHons  {Con- 
naisanee  des  Temps,  1827). 

Bessel,  Astron.  Nach.  (357,  368,  300). 

Hansen,        Do.  (192, 292,  etc). 

Peirce,  Aslron,  Journal  (Camb.  Mass.,  Vol.  II.). 

Liagre,  Caie.  des  Prob.,  Brussels,  1862. 
And  other  references  have  been  made  to  the  works  of  Airy,  Glaiaher  and 
Merriman  in  the  oourfle  of  this  chapter. 

1779.  Illustrativb  Examplxs. 

1.  Suppose  0  a  central  station  on  a  plain,  and  A,  B,  C,  D  four  distant 
poinU.  Let  the  angles  AOB,  BOC,  COD,  DOA  be  respectivdy  estimated 
by  ji,  q,  r,  s,  equaUy  good  measurenMnts  tohea,  fi,  y,  8  ;  and  suppose  that 
after  aU  due  care  has  been  taken  a+i3+y  +  3  faUs  a  Uttie  short  of  360% 
say  by  V.  It  is  required  ta  find  the  corrections  ta  be  appUed  ta  the  several 
observations. 

Suppose  the  true  values  of  the  several  angles  to  be  a-^-s/',  )3+y", 

Then  x-{-y+z-{-w=k  is  an  exact  equation.  The  equations  of  condition 
are  orsO,  y«0,  ^^O,  .r+y+x-i;=sO,  which  cannot  be  satisfied  simul- 
taneously. Making  pa:'+fly^+r2'+*(x+y+«-i)'  a  minim um,  we  have 
px:=:qy—rz=^  -«(.r+y+«-ifc)  =  A,  say.    These  are  the  Normal  Equations. 

Thus  «=-,  y=-,  t—-    and    a( -+-+-)=*-- ;    t.c.  A=— — ; 
P    ^    q'        r  \P    q    rj  s*  jl 

P 

whence       jr=-/2-,    y^-ll-,    a=- /S-,     u;=-/2-, 
PI     P     ^     91     P  rl    p'  si     p' 

which  give  the  probable  values  of  x,  y,  z,  w. 

2.  Let  p  observations  of  the  zenith  distance  of  a  circumpolar  star  be  made 
sA  the  upper  culmination,  and  q  at  the  lower.  It  is  required  ta  find  the  co- 
iaiitude  of  the  place.  [Airy,  p.  42,  Errors  of  Observation.] 

Let  a  and  6  be  the  means  of  the  two  sets  of  observations.  Then  ti^a 
and  2s— 6  are  the  estimated  zenith  distances  at  the  two  culminations. 
Ajid  we  are  to  find  the  probable  error  in  i(a  +  6),  which  would  be  the 
true  co-latitude  if  the  means  of  the  observations  were  accurate. 
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Let  ta  be  the  weight  of  any  of  the  original  obeervationa,  all  rappowl 
of  equal  value  ;  ta'  the  weight  of  ^(a+6).    Then 

11111^1  p-hq 
w'    4  jMo    4qto    Am   pq  ' 

Hence  if  c  and  c'  be  the  probable  errors  of  an  obaerration  and  of  the 

deduced  co-latitude,  ^''^sy   — ~^  ^^^  ^^®  same  fonuala  oonneetiaf 
the  errors  of  mean  square  and  the  mean  eiTora 

3.  Consider  a  rod,  whoat  aceuraU  weigJU  is  h  grammes,  to  he  hrokm  into 
three  random  pieces  of  unknown  weights  x,  y,  z  grammes  ;  y  and  z  an  wcijirf 
iogelher  I  times  ;  z  and  x,  m  times  ;  x  and  y,  n  times,  and  the  means  of  At 
three  sets  of  weighings  are  a,  b  and  e  grammes,  and  aU  the  weighings  en 
equaUy  good  observations  so  far  as  is  known.  It  is  required  to  find  Ae  wutl 
probable  weights  of  the  several  parts  and  the  probable  error  in  each, 

[Mats.  Tbip.,  \9!t] 

Here  x+y+««*,  (1) ;  y +«=a,  (2) ;  «+x=6,  (3) ;    x+y^e,  (4). 

Equation  (1)  is  exact.  The  others  are  subject  to  error.  Let  «  be  the 
"weight"  of  any  one  observation.  The  "weights"  of  the  means  are  lis 
nua,  ma.  The  equations  (2),  (3),  (4)  may  be  written  h-z-a^Q, 
A-y-6=0,  h—s—c^O,  and  we  are  to  make 

Z(A-x-o)»+m(*-y-6)«+i»(A-»-c)« 

»a  minimum  with  condition  x+jf +<»&. 

Thus,  Z(A-x-a)<2x+  +  =0,rfx+  +  =0,  whence  l(*-x- a)— ...=...« A, 
i.e.  3A-(x+y+»)-a-6-c=x(j  +  i+i\  t.e.  2*-a-6-c=A(j  ++\ 

i.e.  x=A-a~(2^~a-6-c)^^^^^^,    y:=etc..  x=etc. 

If  crt«  be  the  '*  weight"  of  this  expression  for  x, 

i=:i-/'^V+-i./^Y4.JL/^Y=etc  =  -         m-m 
o»,    ial\Sa/      iam\5b/      ci»«\5c/  w  mn+nl-^lm' 

Now  A  being  known  exactly,  2A-a-6-c  is  a  known  error,  and  it  is 
the  only  known  error,  and  if  12  be  the  "weight"  of  this  expiuwins 

n=a+iSi+i(^'*-  ^""^^  »»"*  ^=(2A-«-i-c)'  (Art.  1760X    1*. 

latter  equation  is  the  approximative  one  for  12.    Hence 

1  2lmn       ,^i  r      \t      1       2lmn(m-^n)  -_.  .      ^ 

<i>    mn-^-nl-^lm^  "     w,    (mii+iM+toi)*^  ' 

The  probable  error  for  x,  viz.  />,  is  such  that 


1        J  -4769... 

J    and    />= — 7=- 

4  V«j, 


t.0. 


Suppose  in  the  same  eiampki  ik/A  A 
several  observations  are  (^n  i^f  « 
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We  then  have  I  equations  of  type  y+2-a^sO,  m  of  type  £4-x-6y.=0, 
n  of  type  jr+y  — Cy=0. 

Then  x,  y,  g  are  to  be  found  from  making 

2(y+«-ay)*+2(«+«-  6,.)"+2(jP+y-c,)*  a  minimum  ; 


from  which  (m + »)  j?, + ny^ + mz^  =  2^^  +  Z^r » 


1 


I  I 

I  m 

»»o  +  (y.+(^+m)«o=  2ar+2^, 

I  I 


^t>  yti  '  being  the  values 
which  give  the  minimum. 


We  then  have  as  an  approximation 

J      2(yo  +  *o-«r)'+2(«o  +  Ao-^)*+2(^o+yo-Cr)* 
2o»  l+m  +  n 

4,  A,  B,  C,  D  are  four  points  in  order  on  a  straight  line  ;  AB,  BC,  CD, 
AC,  BD,  AD  are  measured  respectively  a,  )3,  y,  S,  c,  (  times  with  mean 
respective  measurements  a,  b,  c,  d,  e,  /.  Find  the  most  probahle  value  of  AB  ; 
ondifa=:^fi^y  =  8^€^{,finditspr6babUerror.  (BIath.  Tbip.,  1878.] 

Let  AB=x,  BC^y^  CD^z ;  then  we  are  to  find  a  minimum  for 
a(jr-a)«+)8(y-6)»+y(z-c)»+8(ar+y-(J)«+€(y  +  «-tf)«  +  f(:F+y+f-/)« 

The  conditions  are : 
«(*-a)+a(j;+y-d)+((*+y+,-/)=0,  \    ^j,j^  determine 

i8(y-6)  +  8(:F+y-d)  +  €(y  +  z-0  +  f(j?+y+«-/)  =  0,  V  ^       , 
y(«-c)  +  €(y+2-e)  +  f(a:+y+«-/)  =  0,  J      '^'   * 

In  the  case  a=)3=etc.,  these  become 

ajr+2y+«=a+<J+/,    2ar+4y+22=6+rf+tf+/,    x+2y+3«=c+«+/; 
whence 

*=i(2a-6+rf-e+/);y  =  l(-a  +  26-c  +  d+tf);  ,:=i(-6  +  2c-rf+«+/), 
t.«L         *-a  =  i(-2a-6+rf-e+/),         3r+y-rf=i(o  +  6-c-2<i+/), 
y-6  =  i(-a-26-c  +  d  +  tf),  y  +  ,_er==J(-a  +  6  +  c-2e+/), 

«-c=i(-6-2c-rf+e+/),     4r+y+«-/=i(a  +  c+d+e-2/), 

and  the  sum  of  the  squares  of  these  six  expressions  is,  say  K. 
We  also  have 

.-r=i(4+l  +  l  +  l  +  l)l:»    :^  =  :i(l  +  4  +  l  +  l  +  l)-, 


16 


16 


-  =  :i(l+4+l  +  l  +  l)-, 
a>a       16  CD 


f.«.   «i«»2i«,  C0y=2a»,  <i>c=2<i>  by  (Art.  1753X  or  they  may  be  derived 
as  in  Art.  1776. 


»"   i-V^-Vf(A-m3„..i.l.i.lVf= 


thA  Mean  Errors,  Mean  Squaro  Errors  and  Probable  Errors  of 
0  mjr  be  at  once  written  down. 

[See  861,  S.ff.  Prob.,  Qlaisher,  1878,  p.  165.] 
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PROBLEMS. 

1.  In  a  plane  triangle  the  angles  A^  B^  C  are  respeetiTely 
measured  m,  n  and  p  times,  and  the  means  of  these  measnremenU 
are  respectively  a,  p  and  7,  and  a-hjS+y^v  +  c.  The  sepante 
measurements  are  equally  good.  Show  that  ifa  +  2,  /S+jr,  y-i-fbe 
the  true  values  of  the  angles,  the  probable  values  of  2,  jr,  ;r  are 

-np€/5,    -pnulS,   -tiMu/S^    where  5  =  «p  +  jwi  +  fim, 

2.  In  the  plane  triangle  ABC,  the  side  6  is  to  be  determined  in 
terms  of  a  from  the  measured  values  of  B  and  C.  Find  the  aetoil 
error  in  the  determination  of  6  in  terms  of  the  actual  errors  d 
measurement  of  B  and  C,  and  the  probable  error  of  6  in  terms  of  tke 
probable  error  of  any  measurement  supposed  to  be  the  same  for 
the  measurement  of  any  angle.  Show  that  of  all  the  direetioH 
in  which  the  side  b  can  be  drawn,  that  gives  the  probable  emr 
of  the  determination  of  its  length  a  minimum  for  which  the 
angle  C  satisfies  the  equation 

a6(2a8  +  36«)(  1  +  cos«  C5  =  (a*  +  7a«6«  +  2^)  coe  (7. 

(MAnu  Turok] 

3.  At  Pine  Mount,  a  station  in  the  U.  S.  Coast  Survey,  the  angki 
subtended  by  four  surrounding  stations  A,  B,  C,  D  were  obserfsd 
as  follows : 

AB,  weight  3,  65*  11'  52"-60O ;    CD,  weight  3,  87*  2'  24''-703 ; 

BC,  weight  3,  66'  24'  16"-663 ;     DA,  weight  1,  UV  21'  21''-757. 

The  five  points  are  in  one  plane.  It  is  required  to  estimate  kke 
corrected  values  of  these  angles.  The  result  is  that  the  mnal 
results  in  the  seconds  should  be  53"'4145,  16" -4675,  25'''6175, 
24"'5005,  the  degrees  and  minutes  being  unaltered. 

[Chauvbhet,  Auram.,  IL,  p^  Sil] 

4.  Taking  the  equations 

a;-y  +  22(-3  =  0,         4x  +  y  +  42r-2I  »0, 
3a;  +  2y-52f-5  =  0,     -a;  +  3y  +  3ar- 14  =  0, 
show  that  (I)  the  probable  values  of  x,  y,  z  are  2*470,  3*551,  HH 

respectively ; 

(2)  the  weights  of  x,  y,  z  are  24*597,  13-648,  53-927; 

(3)  the  error  of  mean  square  of  an  observation,  ul  d 

the  numbers  3,  5,  21,  14,  is  0*284 ; 

(4)  the   errors    of  mean  square   oi  x,   y,   x  are  (H)57, 

0*077,  0-039 ; 
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(5)  the  probable  errors  of  an  observation  and  of  x,  y,  z 
are  respectively  0192,  0038,  0-052,  0026. 

[Gauss,  Th,  Motm ;  Chauysnr,  IL,  p.  021.] 

5.  In  finding  the  latitude  of  a  place  by  observation  of  two 
meridian  altitudes  of  a  circumpolar  star,  p  observations  are  made 
at  the  upper  transit^  q  at  the  lower.  Taking  the  probable  error  of 
each  observation  at  the  upper  transit  as  c^,  and  at  the  lower  as  c,, 
and  all  astronomical  and  instrumental  corrections  to  have  been 
applied,  show  that  the  probable  error  in  the  determination  of  the 
latitude  is  >/pcj^  +  g€j*/>/2py. 

6.  If  the  altitudes  of  the  upper  and  lower  transits  of  several 
circumpolar  stars  be  observed  and  ZTj,  H^,  H^,  ...  be  the  harmonic 
means  of  the  numbers  of  observations  at  the  upper  and  lower  transits 
for  the  several  stars,  and  all  observations  be  equally  trustworthy, 
with  a  common  probable  error  c,  supposing  all  astronomical  and 
instrumental  corrections  to  have  been  applied,  show  that  the  protmble 

error  in  the  determination  of  the  latitude  will  be  -^^[227]"'. 

v2 

7.  At  three  stations  P,  Q,  B  on  the  same  meridian,  the  zenith 
distances  of  n^  stars  are  observed  at  each  of  the  stations  P,  Q,  R; 
14  at  P  and  Q;  iig  at  Q  and  B;  n^  at  B  and  P.  It  is  required  to 
determine  the  amplitude  of  the  portion  PQ  of  the  meridian.  Show 
that  there  are  four  independent  modes  of  determining  that  arc ;  and 
on  the  supposition  that  the  probable  error  of  each  observation  is 
the  same  and  »  e,  show  how  to  determine  the  combination  weights 

of  the  four  measures.     If  n^s^n^^n^^n^^n,  show  that  the  square 

4  c^ 
of  the  probable  error  in  the  result  ==  e  ^  • 

8.  State  the  criterion  for  the  selection  of  the  combination  weights 
of  n  independent  measures  of  a  magnitude.  Determine  the  probable 
error  of  the  result  in  terms  of  the  probable  errors  of  the  n  measures. 

In  the  observation  of  the  zenith  distances  of  stars  for  the  amplitude 
of  a  meridian  divided  into  four  sections  by  three  stations  intermediate 
between  the  extreme  stations,  a  stars  are  observed  at  the  first, 
second,  third  only ;  b  at  the  second,  third,  fourth ;  c  at  the  third, 
fourth,  fifth;  and  the  probable  error  of  every  observation  is  c 
Show  that  there  are  only  three  independent  modes  of  measuring 
the  whole  arc,  and  obtain  equations  for  determining  the  combination 
weights  of  the  three  measures.  In  the  case  where  a='b'=Cf  prove 
that  the  square  of  the  probable  error  of  the  result  is  10 t^Sa, 

[Math.  Trip.] 
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9.  If  0,  6,  c,  ...  be  the  actual  errors  in  n  measures  of  a  physical 
element,  the  apparent  error  of  each  measure  is  defined  as  the 
difference  of  each  measure  from  the  mean. 

Let  Q  be  the  sum  of  the  squares  of  the  apparent  errors.  Then 
prove  that  (i)  the  Probable  error  of  a  measure^  (ii)  the  Mean  error 
of  a  measure,  (iii)  the  Probable  error  of  the  Mean  and  (iv)  the  Mean 
error  of  the  Mean  are  respectively 

0-674506.^^,     0-797885,^^, 

0-674506  J  ,  ^  ,, ,     0-797885  J  ,  ^  .. - 
\n(n-l)  \n(n-l) 

10.  If  we  have  any  number  of  sets  of  n  observations  of  the  value 
of  a  physical  element,  all  of  which  are  i^ priori  supposed  to  be  equally 
good,  and  if  the  difference  between  any  observation  and  the  mean 
of  the  set  of  n  observations  to  which  it  belongs  be  called  the 
apparent  error  of  that  observation,  then,  assuming  the  usual  law 
of  frequency  of  errors,  prove  that  the  mean  of  the  squares  of  the 

apparent  errors  » m\  where  m^  is  the  mean  value  of  the  square 

of  an  actual  error  of  observation.  [Smftr's  Pann.] 

11.  A  rod  of  known  length  /  is  broken  into  four  portions.  The 
lengths  z,  y,  2r,  to  of  these  portions  are  measured  respectively  p^  q,  r ,  s 
times  under  the  same  circumstances  and  with  the  same  oare.  The 
means  of  these  several  measurements  are  a,  ft,  y,  S.    Show  that  the 

probable  length  of  x  is  .  +  •m5^.^^^^^f^±l±^ ^1(1 +!+!). 

12.  The  angles  of  a  geodetic  triangle  of  known  spherical  excess 
are  measured,  and  the  probable  errors  of  the  several  measurements 
Are  C|,  €,,  €,  respectively.  It  is  found  that  the  sum  of  the  three 
measurements  needs  a  correction  of  ^'.  Show  that  if  a",  fi",  y'  be 
the  corrections  to  be  applied  to  the  angles, 


CHAPTER  XXXIX. 

THEOREMS  OF  STOKES   AND  GREEN. 
INTRODUCTION  TO  HARMONIC  ANALYSIS. 

1780.  It  is  proposed  to  give  in  this  chapter  several  theorems 
of  the  Integi*al  Calculus  which  are  of  especial  service  in  the 
higher  branches  of  Physical  Analysis. 

1781.  Stokes'  Theorem. 

Let  X,  Y,  Z  he  the  components  referred  to  rectangular  axes 
Ox,  Oy,  Oz  of  any  vector  quantity  V.  Then  the  line  integral 
of  this  vector  taken  along  a  given  path  on  any  given  surface 
from  a  fixed  point  A  to  another  fixed  point  B  is 


AB 


^\{^^+y^+Z^)d^=\(Xd.+  Ydy+Zdz). 


Let  us  deform  this  path  into  an  adjacent  arbitrary  path 
from  A  to  B  on  the  surface. 

Then      SJC=^Sx++,    dJC=^dx++,  and 

ox  ox 

SlAB=\'{(SXd(c+  +  )+(JCdSx+  +  } 
=  \{{SXdx-dX8x)+  +  } 


=f:{(i 
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Bat  if  P,  Q  be  adjacent  points  (x,  y, z),  (x+dx, y+dy,t-^d2) 
on  the  path  APQB,  and  P',  Q'  the  points  to  which  they  are 
deformed,  having  coordinates  {x+Sz,  etc),  and  to  the  fini 
order  {x+dx-^Sx,  etc.),  these  foar  points  are  to  that  order  Um 
comers  of  a  parallelogram  the  area  of  whose  projecticm  apon 
the  plane  of  y-z  is  Sy  dz—Sz  dy. 


Vig.  688. 


Let  dS  be  the  area  of  the  element  PQQ^P' ;  I,  m,  n  iht 
direction  cosines  of  the  normal  to  the  surface  at  x,  y,  z.    Then 
to  the  second  order 
Sydz^Szdy^ldS,    Szdx—Sxdz^mdS,    Sxdy—Sydx^ndS, 

Therefore  the  variation  in  the  line  integral  along  APQB  by 
deformation  into  AFQB  is 


SI 


=l['(l 


,3y      "dzJ         \'dz      dxJ        \'dx      'dy 

the  integration  being  for  ail  the  elements  of  S  which  lie 
between  the  two  paths. 

If  we  enlarge  the  strip  by  taking  a  new  variation  of  tbe 
path  AFQ'B  to  an  adjacent  path  AF'<^'B,  the  extra  increMe 
is  the  same  integral  taken  over  the  area  between  the  seeood 
and  third  paths;  and  this  process  may  be  followed  bj 
other  deformations  to  any  extent  so  long  as  X,  Y,  Z  mbA 
their  differential  coefficients  remain  single-valued,  finite  and 
continuous  in  the  deformation  (Fig.  589). 

If  then  A  and  B  be  any  two  points  upon  a  contour  ACBD 
drawn  upon  the  surface  within  which  contour  X,  Y,  Z  mi 
their  differential  coefficients  are  at  all  points  single-valued, 
finite  and  continuous,  the  difference  of  the  line  int^pral  akog 
ACB  and  that  along  ADB  is  measured  by  the  surface  integnl 

J  Lv^""^ )''""'"  r^*  taken  over  the  whole  surface  boundid 

by  the  contour.     Also  the  line  integral  from  A  to  B  aloog 
ADB=''  the  line  integral  along  BDA  (Fig.  590). 
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Hence  the  line  integral  round  the  whole  contour  is  equal  to 
the  surface  integral  I  l(— — ■^)++  \^»  over  the  whole 
area  bounded  by  the  contour. 


Fig.  589. 


Fig.  500. 


Now  let  iZ  be  some  vector  quantity  whose  components 
2^,  2ir,  2^  are  such  that 

then  we  have 

taken  over  the  bounded  surface. 

But  2(!f +ini;+n^)  is  the  component  of  the  vector  R  along 
the  normal  =/2co8€,  say,  where  6  is  the  angle  between  the 
normal  to  the  surface  and  the  direction  of  R\  and  if  ^  be 
tiie  angle  between  the  vector  V  and  the  tangent  to  the  contour 

Hence  11  Acos€(2S=|I7cose'cb,  a  result  due  to  Stokes  and 

of  the  highest  importance  in  Higher  Physics.     [See  Lamb, 
Hydnrodyn,,  Art.  33.] 

It  is  remarkable  that  the  surface  integral  is  independent  of 
the  form  of  the  surface,  and  depends  only  upon  the  line 
integral  round  the  bounding  edge,  so  that  it  is  the  same  for  all 
diaphragms  with  a  given  edge ;  provided  that  in  the  deforma- 
tion from  any  one  diaphragm  to  any  other  no  point  in  space  is 
passed  for  which  A',  F,  Z  or  any  of  their  first  order  differential 
coefficients  cease  to  be  single-valued,  finite  and  continuous. 
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1782.  Green's  Theorem.*    Lord  Kelvin's  Extension. 

Let  Fi  and  F,  he  any  two  functions  o/»,  y,z,the  eoofdinatei  tf 
a  paint  P,  and  a  any  quantity  ^  eontianl  for  Green* 8  Theorem,  m 
^ny  function  of  the  variables  for  Lord  Kdvin's  eaiensiomj  wd 
suppose  aU  three  functions  and  their  differential  ooefidents  to  he 
single-valued,  finite  and  continuous  throughout  a  fimte  and  otm- 
tinuous  region  hounded  hy  a  given  surface  S.  Let  volume  integror 
turn  he  conducted  throughout  the  vdume  so  bounded»  and  surface 
integration  over  its  surface.    Let  V*F  he  an  abbreviation  for 

Let  dn  he  an  element  of  the  outward  drawn  normal  at  any  point  of 
the  hounding  surface  S,    The  theorem  to  he  established  is 

Consider  the  term  j  j  ja*-^ -^(irrfy&.  Integration  by 
parts  gives 

Construct  an  elementary  rectangular  prism  parallel  to  the 
X-axis  on  base  dy  dz  in  the  y-z  plane,  and  let  it  intercept  upon 
the  surface  S  elementary  areas  dS^,  dS^,  dS^, ...»  at  which  the 
direction  cosines  of  the  normals  are  (X^,  Mi>  ^i)*  (\>>  A4»  i>^».-» 
the  suffix  1  relating  to  the  element  furthest  from  the  y-z  plane 
and  the  others  being  in  order  of  approach  to  that  plane.    Then 

[31^  -I 
V^a*  ^-^     are  those 

which  correspond  to  the  elements  in  which  the  elementaiy 
prism  cuts  the  surface  S,  i,e,  from  the  end  of  any  intercepted 

"^Maik.  Papef  </lA<  ImU  Otorgt  Qreem,    Edited  by  Dr.  Ferrem 
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portion  of  the  prism  nearest  the  y-z  plane  to  the  end  furthest 

from  that  plane.    Let  the  values  of  ^s^*-^  &t  t;he  several 

points  be  denoted  by  the  corresponding  suffixes  to  the  square 
brackets. 

Then  1 1 1  ^2°'"^  \dydz  taken  for  the  whole  prism 


+ 


^-•^l<+^«^«>-'}' 


that  is  simply,  when  we  integrate  for  the  whole  surface, 
summing  the  results  for  all  such  prisms 


II' 


=  ffF,a«^XiS. 


Fig.  601 

Treating  the  remaining  terms  in  the  same  way,  and  noting 

7s  7s  7^        TS 

tiiat  X^-+M^5 — V^^^^ ;^»  we  have  upon  addition  the  theorem 
cx        oy       oz    on 

staWu.  ^      ^      ^ 

Green's  Theorem,  for  which  a=l  and  ^*  =  o^+g^+^'  ^® 
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1783.  VariooB  Deductions. 

1.  It  follows  that 


2.  If  Vi  and  F,both  satisfy  Laplace's  Equation  V^FsO,  we  have 

3.  If  F,= constant,  j j^  dS= j j jV^V^dLvdydz.    This  is  known 
the  Divergence  Theorem  (see  Webster,  ElecL  and  Mag.^  p.  G6). 


4.  If  F,s  constant  and  Fi  be  a  function  of  x,  y,  r,  viz.  F, 

Laplace's  Equation,  //^^=0*      ^^  follows  that   V  does  not  under 

such  circumstances  admit  of  a  true  maximum  or  minimum  value  for  all 
directions  of  displacement  at  any  point  of  space  for  which  it  remaiiii 
finite  and  continuous  and  satisfies  Laplace's  Equation.     For  if  at  aay 

point  such  a  maximum  or  minimum  could  exist,  F  would  be  decreaang 

3F 
or  increasing  in  all  directions  from  that  point,  and  therefore  ^--  would 

maintain  the  same  sign  at  all  points  of  a  small  sphere  with  that  point 

for  centre,  and  /  f  ^  ^  could  not  vanish  for  that  surface.    The  ame 

thing  is  obvious  also  from  Laplace's  £!quation  directly  ;  for  one  conditioB 
for  a  maximum  or  a  minimum  is  that  V„,  V„,  V„  must  have  the  nne 
sign,  and  therefore  their  sum  could  not  be  zero. 

6.  If  V,  and  F,  be  two  homogeneous  algebraic  functions  of  jr;  jr,  <  of 
respective  degrees  p  and  7,  each  satisfying  Laplace's  equation  for  tht 
region  between  a  pair  of  spherical  surfaces  of  radii  a  and  6,  whose  eentni 
are  at  the  origin  ;  then  if  Vp  and  F,  be  written  respectively  as  f^Tp  and 
f^y, ,  so  that  Yp  and  7,  are  functions  of  angular  coordinates  only,  tbcs 

will   j^  j^  YpT,Bineded4>^0,   provided 

p^q  and  p-k-g 'jfc  - 1. 

^''''  /  ^"^  *^"/  ^*  ^^*  ^®  '"**«^ 
tion  being  conducted  over  the  two  sarfaeea 

Writing  dS^a^dw  or  6*clw  for  the  ntptD- 
tive  elements  of  the  outer  and  the  isiier 
surface,  d(a  being  an  elementary  solid  mb^ 
we  get 

Fig.  602.  a"d  (9  -p)(<^*^*'  -  fc*^**")/  YpT^dm^a, 

and  therefore,  provided  p  f  f  and  p-^q  '^  ~ ^*  JL  /    ^p^^^^  $d$d^m(k 


GREEN'S  THEOREM.  885 

or  writing  /Ltscoeft  T   (    Y,Tfdfidif>^0 ;  that  is  jV^V^dS^O,  where 

the  integration  is  taken  over  the  surface  of  any  sphere  with  centre  at  the 
origin. 

The  theorem  is  due  to  Laplace.  The  proof  is  Lord  Kelvin's  [Thomson 
and  Tait,  Nat.  PkU.  1879,  p.  180]. 

Note  that  in  the  proof  of  this  general  result  the  taking  of  an  inner 
sorfaoe  ra6  avoids  the  continuation  of  the  volume  integration  over  the 
immediate  region  of  the  origin  at  which  such  a  solution  of  Laplace's 
Equation  as  Fsf^^  would  become  infinite,  and  Green's  Theorem  on  which 
this  result  is  based  would  be  inapplicable. 

6.  Many  other  deductions  will  be  found  in  works  dealing  with  attrac- 
tions, electricity  and  magnetism,  etc. 

The  region  bounded  by  the  surface  8  is  regarded  as  "singly  connected," 
or  capable  of  being  made  so  by  suitable  diaphragms ;  so  that  any  of  the 
infinite  number  of  paths  from  any  point  A  to  any  second  point  B  within 
the  region  are  deformable  into  each  other  without  crossing  the  boundaries 
of  the  surface.* 

1784.  Uniqae  Ohaiacter  of  SolntionB  of  Laplace's  Eanation. 

If  a  solution  of  Laplac^s  Equation  has  been  found  which 
is  tmcih  as  to  assume  a  definite  assigned  value  at  each  point 
of  a  given  dosed  surface  S  bounding  a  given  region,  that 
solution  is  unique  for  aU  points  within  the  region ;  and  if 
ii  is  such  as  to  vanish  at  co  it  is  also  unique  for  all  points 
outside  the  region. 

For,  if  two  functions  Vi  and  V^  could  each  satisfy  the  stated 
conditions  at  points  within  the  surface,  their  ditference  W  would 
vanish  at  all  points  of  the  surface.    But  Qreen's  Theorem  gives 

Hence  -;r- ,    jr—,  -^-  must  vanish  at  every  point  of  the 

ox      oy      oz 

region,  and  therefore  W  must  be  a  constant  throughout  the 
region,  vanishing  at  the  surface,  and  therefore  at  all  other 
internal  points.     Hence  V^  and  V^  must  be  identical. 

Similarly  for  points  outside  the  surface  with  the  condition 
as  to  vanishing  at  infinity. 

Hence  solutions  of  Laplace's  Equation  are  unique  and 
determinate  for  any  finite  region  when  their  values  are 
known  over  its  surface  supposed  closed. 

*  For  tiie  eflbot  of  Qyolosis,  see  Clerk  Maxwell,  E.  and  if.,  I.,  page  109. 
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..  dV 


We  note  also  that  if  —  were  given  at  each  point  of  the 
surface,  we  should  equally  have  I W  -^  dS=0,  for  -^  =0. 


HARMONIC  ANALYSia 

1785.  Del  Any  homogeneous  functicm  of  x,  y,  z  which 
satisfies  the  equation  V*  F = 0  is  called  a  Spherical  Solid  w******»<* 

Denoting  «*+y*+2*  by  r*,  we  have  W*=ifi(iiiH-iyr*^ 
(2).a,  p.  137). 

This  vanishes  when  m=0,  or  —1,  (except  where  r=0). 
Hence  a  constant  is  a  spherical  solid  harmonic  of  degree  sero^ 
and  f^  is  a  spherical  solid  harmonic  of  degree  —  1. 

Laplace's  equation  is  unaffected  by  writing  z—x^^  y-^h* 
z—z^  for  «,  y,  z  respectively. 

Hence  {(«— a;g)*+(y— yg)*+(2— zj*}"*  is  also  a  adutioo, 
except  at  (a^,  ^o*  ^o)>  where  it  becomes  infinite. 

If  y,»  be  any  homogeneous  function  of  degree  n  satisfying 
V»F=0,  then  7^/f*"+*  is  also  a  solution  (D.C,  p.  137).  Its 
degree  is  —  n— 1.  Therefore  to  any  spherical  solid  harmonk 
of  degree  n  corresponds  another,  viz.  VJf^'^^  of  degree  —  n— 1. 


1786.  Spedmens  of  Spherical  Solid  Hamioiiiea. 

Lord  Kelvin  (Thomson  and  Tftit,  Nat.  Phil,  pp.  172-176)  giTW  aloof 
liflt  of  particular  solutions  of  V*Fb0.    We  select  a  few  typical 
which  may  readily  be  Terified. 


Degree  zero, 


log 


.   ton-«^ 
-.3'.  i 


rx 


X 


1     ^+'        * 


X    J?+p* 
Degree -1,  - 

Degrees  1  and  -2, 

Jx+/?y+C?.,  .Un-i|.   ^.  5,  ^,   ptao-i|.   ^-|^. 

Degrees  2  and -3,    2i«-««-y»,  Jc*-y»,   Jjfi+Aar+CSry,  fB/r*. 

1787.  If  F,^  be  a  spherical  solid  harmonic  of  degree  «» ui 
we  write  r«=r"F«,  as  in  Art  1783  (5),  F»  isa  fnnetiooofthi 
direction  of  the  point  x,y,g9s  viewed  txom  the  otigis,  aid  i 
we  take  r  as  a  constant,  7,|  ia 

i 


Hsimonic  "  or  a  " 


^>^ 
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1768.  HnmlMi  of  ArUtruT  Oaoituta  ia  ttw  OomtkI  SptiBriul 
Eumonk  of  degiM  n. 

The  number  of  coefficients  in  the  geoeral  ratioiuU  integral 
al^brftic  expression  oE  degree  n  in  three   variables  is  the 
number  of  homogeneoos  prodncts  of  degree  ninx,y,  z,  viz. 
}(»+2)(n+l). 

When  operated  npon  by  V*  we  have  a  homogeDeoufl  function 
of  d^^ee  n— 2  containing  }n(n— 1)  coefficients,  each  of  which 
is  to  vanish,  which  f  umishea  this  number  of  relations  amongst 
the  original  coefficients.  Hence  the  number  of  independent 
arbitrary  constants  in  V,  or  Y^  is 

i(n+2)(»+l)-i«(«-l)=2»+l. 

Such  a  series  as  ^  Y^+^  ^1+^  I'«+-"+^i  ^-  "•»««'  <* 

is  pven,  will  therefore  contain  l+3+6+...+(2n+I),  lA 
(n+l)*,  arbitrary  constants,  and  in  the  case  where  ¥,=^0, 
as  for  the  potential  of  a  magnetic  body,  the  number  is  less 
than  this  by  unity,  viz,  n(n+2). 

1789.    OoBxtmetion  of  Kow  Hannonica, 

Since  V^V^O  is  a  linear  differential  equation,  when  any 


another  soluUon.     So  that  if  F^  be  a  spherical  solid  harmonic 
of  degree  i,  we  have  another  of  degree  i—a—b—c. 

Moreover  ('^+™^+™^)^i  *'!'  ^'^o  be  a  solution;  or 

further  sUU,  if  (^  th,,  n,),  (^  m^  n,), ...  be  any  number  of  seta 

of  direction  cosines  of  arbitrary  linear  elements  dh,,  dhp . . . 

,,    .3      .3.         3.        3      ,      ,1         333       -3., 
«.UiMgj-_i,g+m,^+«,^,  ete,  then  55-55_gj-...g^  F 

is  also  a  solution  of  Laplace's  Equation,  and  is  a  spherical 
•olid  harmonic  of  degree  i—j. 

I       1790.  Poles  and  Axes.     Clerk  Maxwell  (£.  and  M.,  p.  162) 
t      Consider  a  spherical   surface  of  centre  0  and  radius  r, 
Leterred  to  three  rectangular  axes  Ox,  Oj/.Oz.    Let  J,,  J,,  J,, ... 
Bbe  fixed  points  on  the  surface,  and  P  any  other  point  upon 
nhe  surface.      Let  Uie  direction  ooainea  of  OA^,  OA^, ...  be 
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ihf  ^i>  ''^i)*  (hf  '"^t  ^t)'  •••.cui<l  ^9  Vf  2  the  ooordinates  of  P. 

A  A 

Let  \i=eoQAiOP,  /uL^^cosAftAj.  Let  dh^^  cZA,, ...  be  linetr 
elements  in  the  directions  OA^,  OA^,....  Then  the  lines 
Oil|,  OA^, ...  are  called  "axes";  A^^A^^ ...  are  called  ''poles*; 

7i  7i  7i  7i 

and    the    operation    .5T-=^<;r-+TW^;r-H-n<^-  is  called  differ- 

o/ti       ax         oy        oz 

entiation  *'  with  regard  to  the  axis  OAi** 

Let  p<  be  a  perpendicular  from  0  upon  a  plane  through  ¥ 
perpendicular  to  OAi ;  then  p<=^<a+m,y+n<a;:=rXo  ^od  we 
have 


w'^V^Sr'*'  "*"X''^'^  +  j=^i6  +  m,fn^+n4fv=ftV=/v<=^*, 


1791.   Consider  the  effect  of  the  operations 


3    _3_ 


(-1)*^5I-.     (-!)• 


3     3     3 


3/i,3/t,3Si' 


performed  successively  upon  the  function  - .     Let  us  write 

ZX^'^li'  for  the  sum  of  all  possible  products  oonsisting  of 
i— 2«  X's  with  different  suffixes  and  8  /ul's  with  double  suffixes, 
each  suffix  1,  2,  3 , ...  i  occurring  once  and  once  only  in  eseh 
product. 

Also  let  us  write  F^i_i  for  (—1)*^  ^^  -  •••  ^ir-  .  -.andabo 

y-i-i  =  i^Yi='T^i-  Then  F_<_i,  Vi  are  spherical  solid 
harmonics  of  respective  degrees  —  (1+ 1)  and  t.    We  Uien  have 


r 


-  ""  *  -1  ~  - » 


'-=^-^)'^.4a;?-*^-'^^>'^-*^''*'^*^^ 
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1792.  The  Oeneral  Form  is 

"^(2i-l)(2i-3)  2X**V~-.| 
•     1 

to  — =—  or  s  terms,  according  as  i  is  odd  or  even, 

"*"(2i-l)(2i-3)^^*~*'**~'"J  • 

1793.  This  form  may  be  established  by  induction  (Clerk 
Maxwell,  E,  and  M,,  I.,  p.  161).  To  do  so  it  is  desirable  to 
substitute  for  each  X  the  corresponding  p/r.  For  differentia- 
tion of  f  and  the  p'a  is  simpler  than  that  of  the  X's  in 

performing  the  operation  —  ;rT — • 

1794.  When  all  the  axes  coincide  the  X's  are  all  equal,  and 
the  fiB  are  each  unity. 

If  we  write  F.<_jsi!-j^  when  the  axes  are  different,  and 

Z 

»!-j^  when  they  are  coincident,  we  have 

n ';/        |AtA....X,-^-^2A'-V+^2^._l)(2i_3)^^'"*'**"-}' 

1.3...(2i-l)f         »(i-l)  w.,,t(>-l)(*'-2)(>-3).,,,         \ 
^^  i\  V     2(2»-l)^     ■^2.4(2t-l)(2i-3)'^         '")' 

1 795.  In  the  latter  case,  when  the  t  axes  coincide,  Z^  is  a 
function  of  one  variable  only,  viz.  the  angle  which  the  vector 
to  z,  y,  z  makes  with  the  fixed  axis.  When  this  an^e  is 
fixed,  the  value  of  Z^  is  fixed,  and  the  equation  Zi= const, 
gives  a  family  of  circles  on  the  surface  of  the  sphere,  the 
planes  of  these  circles  being  at  right  angles  to  the  axis  of 
the  harmonic.     The  harmonic  is  now  called  a  "  zonal  harmonic." 

1796.  In  the  former  case  Fi  is  a  function  of  the  %  cosines 
Xj,  Xf, ...  X<  which  are  variables,  and  of  the  -^-s — -  cosines 
i"^»  fh$9  /%>*-  which  are  constants.    As  there  are  in  this 


H&ki^' 


890  CHAPTER  XXZDL 

case  t  arbitrary  axes,  and  each  requires  three  direction  cosines 
hm^n  to  fix  it,  between  which  there  is  an  identical  relatioo 
P+m*+n*=l,  y,  will  involve  2*  arbitrary  constanta  Also 
since  the  expression  for  F^  may  be  multiplied  by  any  arbitrary 
constant  M,  and  the  function  Vi^ilMY^  still  aatisto 
Laplace's  Equation,  this  value  of  Vi  contains  2t+l  arfattmy 
constants  inclusive  of  M,  and  is  the  most  general  form  of  a 
spherical  harmonic  of  degree  *  (see  Art  1788). 

1797.  The  Zonal  Surface  Harmonic  Z^  will  contain  three 
arbitrary  constants,  viz.  two  which  fix  the  dii*ection  of  its 
axis,  and  M,  After  the  fixation  of  the  axis,  say  to  coincide 
with  the  2-axis,  the  only  constant  left  is  M,  and  if  we  choose 
M=l,  Z^  becomes  a  definite  numerical  quantity. 

If  the  axis  OA  of  this  zonal  harmonic  Zi  be  in  the  directioo 
(do,  0o)>  *'^'  given  by  its  co-latitude  and  azimuthal  angle,  and 
if  OP  be  drawn  in  the  direction  (d,  0),  then 

X=cos  d  cos  flQ+sin  6  sin  6^  cos  (^ — </>^y 

If  the  axis  be  the  2;-axis,  then  6^=0  and  X=oo8  6. 

In  the  former  case  there  are  two  independent  variables 
6,  0,  and  the  Zonal  Spherical  Surface  Harmonic  is  known  as 
a  Laplace's  Coefficient. 

In  the  latter  case  there  is  but  one  independent  variable,  m 
d,  and  the  pole  of  the  harmonic  is  the  pole  of  the  sphere 
which  is  the  positive  extremity  of  the  2;-axi8. 

1798.  Lkgendre's  Coefficients. 

If  we  expand  the  function  (1— 2pA +*•)"" '  in  powers  of  4 
taken  as  <  1,  as 

(l_2pA+AT*=P,+P,A+P^«+...+P^«+.... 

irrespective  of  what  p  may  stand  for,  then  P^  or  Pnip)  ^ 
called  Legendre's  Coefficient  of  order  n. 

If  (f,  0,  0),  (f0,  00,  </>q)  be  the  coordinates  of  points  P,  ^ 
and  X  the  cosine  of  the  angle  AOP,  0  being  the  origin,  tbe 

inverse  of  the  distance  AP  is  (r*— 2ffoX+V)"',  and  may  be 

written  as  ^-(l-2X^+^)      or  l(l-2X^H-^    .according 
as  f Q  is  >  or  <  f .     Accordingly,  we  have 


\ 
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1 
AP 


^(Qo+Qi ^+Qt ^2+ '-+Qn^+-)  for  r<r^, 

^(«0+ei7'+02jV...+On^'+...)forf>fo, 


where  the  Q  s  are  Legendre  s  Coefficients  for  the  case  when 
p  is  <  1  and  is  a  certain  cosine.  And  for  all  values  of  rJif  one 
or  other  of  these  expansions  holds  good. 

Also  -jp  being  an  inverse  distance  is  a  Spherical  Harmonic, 

and  that  series  of  the  two  above  wliich  is  convergent  is  a 
spherical  harmonic,  and  satisfies  Laplace's  Equation;  and  as 
it  does  so  for  all  consistent  values  of  r^,  each  term  will  do  so ; 
so  that  one  or  other  of  the  sets 

forms  a  series  of  spherical  solid  harmonics.  Moreover,  by 
Art  1785,  if  one  set  be  spherical  harmonics,  so  also  are  the 
other  set.  Therefore  they  are  all  spherical  harmonics;  and 
Qm  is  a  spherical  surface  harmonic  of  the  zonal  species. 

It  follows  therefore  that  a  Legendre  s  Coefficient  for 
which  p  is  a  cosine  is  a  Zonal  Surface  Harmonic.  We  shall 
see  later  that  it  satisfies  Laplace's  Equation  whatever  p  may  be. 

1799.  The  function 

satisfies  Laplace's  Equation. 

Let  a5*+y-+«*=r*,  and  write  (a^+3/*+«^)'"*  as/(«). 
Then 

Again,  writing z=\r, R-^={r^—2\cr+c^)'^  and  taking r'^'C, 

«-^  =  K«0+«l^  +  «.5  +  -  +  <Tn+...) 
Qn      (-ir^^f     (-1)"  d- 1 


Hence 


r'»+*        n !     32**       n !     dz^  r 


The  harmonic  Q^  is  therefore  identified  with  one  of  those 
obtained  in  Arts.  1791  to  1794. 
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1800.  Preliminary  Bemarks  on  Legandre's  CkMtteiMit  P«(p)- 
The  definition  being 

it  follows  that,  whatever  p  may  be, 

P,(l)=coef,  A«  in  {\-h)-^=l, 
P,(-l)=coef.  A"  in  (l+A)-»=(-l)", 
P.(0)=coef.  h'  in  (l+A»)-*=0  or  (_i)tl-8  "(n-l) 

iB  •  ^V    •  •  •   f  V 

according  as  n  is  odd  or  even. 

If  the  signs  of  both  p  and  h  be  changed,  (I— 2p&+fc*)'*i8 
unaltered.    Therefore 

Hence 
n(-l>)=n(p);^i(-p)=-A(P).  etc..  P.(-l))=(-l)-P.(p). 

1801.  Power  Series  for  Legendre's  Ooeffldent  PJip)' 
To  obtain  an  expression  for  P«  as  a  power  series  in  terms 
of  p,  we  proceed  directly  by  Expansion  of  (1  — 2pfc+/^*)*i,  m 

-i+n»-*)+...+lf|f|5E|»-(2,-»r' 

+'/.«.'.w'''^-"»-*'-+- 

Picking  out  the  coefficient  of  h\  we  have 

_1.3...(2n-l)r         n(n-l) 
n\  F      2(2n-l)^ 

n(n~l)(n-2)(n~3)  1 

2.4(2n-l)(2n-3)  ^      -.J. -l-^^ 

which  is  in  agreement  with^the  second  series  of  Art  1794. 

Pfiip)  ^8  therefore  a  rational  integral  algebraic  funcdoo 
of  p  of  degree  n.  The  highest  index  is  n.  P,  is  an  odd  or 
an  even  function  of  p,  according  as  n  is  odd  or  even ;  tod 
Pn{—p)={—l)^Pn{p),  as  already  seen. 
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1802.  Rodrigoes'  Form. 

Applying  Lagrange's  Theorem  [D.C,  p.  454], 

Hence 

1      ({" 
^n(p)=2ir^,  5^(P*-l)^  *  *^"^  ^^^  ^  Eodrigues (B) 

1803.  Rodrigues'  form  satisfies  the  differential  equation 

For  writing  2=(p*— 1)*»,  and  denoting  by  suflBxes  of  z 
differentiations  with  regard  top,  we  have  Zi{ji^'—l)=2npz; 
and  differentiating  this  n+l  times  by  Leibnitz'  Theorem, 

«n+a(l^- Ij+S^WPn+i^-^C^H- l)«n, 

1804.  ExpanflioninTemiBof  Tangents  of  Half  Angles. 
Using  Aodrigues'  form  and  putting p-^l=u,p-l  =  v^ 

^"  =  24"!  ^(«"«^)  =  J;{u"+-C,«u-»v+-C,«u-V+...+f^};  ....(C) 

0  0 

and  patting  p =008  0,  usScos'^,  v=  -28in'^,  we  have 

P,=co8»"|[l--(7,«tvi«|+-C,«tan«|--C,«tan«|+...}; (D) 

1805.  EziMUision  in  a  Series  of  Powers  of  tan  d. 

Regarding  (p'-l)'*  as  a  function  of  p^  and  applying  the  rule  of 
Dif.  Calc,  Art.  106, 

^-=p-+^,-C',«C,p'-»(p>-l)  +  ^,-C/C,p-^-l)^  (®) 

and  writing  f>  s  cos  0,  we  have  a  form  homogeneous  in  cos  d  and  sin  0, 
P, = cos- 0  -  ^^^^=i-^  cos— «  0  sin"  0 

^n(,^n-2)(^3)^^^_,^^.^.^_     ^  (F) 

r»           M/if,     «(n-l)^     ,  -    n(n-l)(n-2)(n-3).      -^        T        ,«. 
i.e.  P^^cos^^l^l-    ^    ,    ^tan«0+— g,  ^/^ ^ten«0-...J.  ...(G) 
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1806.  These  forms  may  also  be  derived  by  writing 

(l-2pA+A»)-*  =  {(l-i>A)«+A«(l-p«)>"*, 
expanding  and  picking  out  the  coefficient  of  A*. 

(Todhanter,  F,  oj  Loffiac^  p.  11] 

Q 

1807.  Expansion  in  Powers  of  COS  s* 

Since  (l>*-ir=(pTi-2)-(j>+l)- 

=  (- ir[2-(fi  +  l)---Ci2-Hl»+ l)'^*+"^t2— "(P+ i)^-    - 
we  have  by  Rodrigues'  form,  and  putting  p=ooB$, 

P.=(-l)-[l--+iCi-CiC08»|+M-tC7,-C,ooe*|-«^C,-C\coe«|+..J(H) 

1808.  Expansion  in  Terms  of  Ck>sines  of  Multiples  of  ^. 

Taking  2/> = <  +  - = 2  cos  ^,  we  have,  writing 

(l-«)~*  as  AQ  +  Aig-\-A^  +  ...^ 
r=(l-2|>A  +  A«)-*=(l-A<r*(l-Ar-»)-« 

={Aq+ A^ht  ■*-...  + A  Jtrr  ■\-.. . ){Aq+ Aihf^ +  ...  +  Anhrr-*  ¥...), 

and  the  coefficient  of  A**  is  obviously 

iio/4,(r+r*)  +  il,J,-i(r-»  +  r-H-«)+... 

sa2[AQAnC(Mn6  +  AiAt,^eoiB(n-2)$-\-,.,-\-An^.A,^^o(m$  or  |i«*l 

t        ~i~  i 

as  »  is  odd  or  even  ; 

o      -  ri.3...(2n-l)         ^     1     1.3...(2fi-3)        ,       ..- 


1_^    l_.3...(2ii-6) 
2.4*2 


.4...(2»-4)'^<*~'*>^"^-7 '^^ 


1809.  Limiting  Values  of  the  Rb. 

The  binomial  coefficients  in  the  above  form  of  P^  are  all 
positive,  and  therefore  P^  cannot  exceed  in  numerical  value 
that  for  which  each  of  the  cosines  is  replaced  by  unity.  And 
in  this  case  the  expression  for  P« = 2  (A^n + -^ i-^ «-i+  — ) =coef. 
of  p"  in  (1  — pr*(l— p)"^  ie,  in  {l  —  pyK  i-^-  1,  t.«.  Uie  value 
of  each  of  the  P's  cannot  lie  outside  the  limits  +1  and  -L 

The  convergency  of  the  series  l+Pih+PJi*+...  follows  at 

once  by  comparison  with  l+A+^*+  —=|3i »  fc<  1. 

1810.  Expressions  in  Terms  of  Definite  Intesrala.  [Laplace. 
MSc,  Ca.,  XL] 

Supposing  a  positive  and  >  6,  both  being  real,  we  have 


i: 


LEGENDRE*S  COEFFICIENTS.  895 

and  writing  a=l— Ap,  6=A>/p^— 1,  where  p  is  positive  and 
^  1,  and  h  negative  to  ensure  a  being  positive,  and  both 
a  and  6  real,  we  have 

"  x/l-2|?A+A2    Jol-A(p-N/y^-lcosx)' 
and  expanding  each  side  in  powers  of  h  and  equating  co- 
efficients, Pn{p)=- 1  (p—Jp^—  1  cos  x)**<^X- 

1811.  Upon  expansion  of  (jj— Vjj*— Icos^)"  and  integra- 
tion from  0  to  IT,  all  terms  arising  from  odd  powers  of  cos  x 
disappear,  and  we  are  left  with  a  rational  integral  algebraic 
function  of  p  of  degree  n,  which  is  identical  with  P«(p),  (which 
is  known  to  be  a  rational  integral  algebraic  function  of  p  of 
degree  n),  for  all  positive  values  of  p  greater  than  unity,  i.e,  for 
more  than  n  values.  Therefore  the  identity  with  Pn(p)  must 
hold  for  all  values  of  p,  though  it  was  convenient  in  the  last 
article  to  take  p  positive  and  >  1.  It  will  be  seen  that  the 
expanded  form  is  identical  with  the  expansion  {E)  of  Art.  1805. 

Also,  since  the  terms  with  odd  powers  of  cos  x  contribute 
nothing,  we  have  also 

Pn{p)  =  i  r  (P+X^?=7C0SX)'*(^X- 

1812.  Writing  p=cosh  a,  we  have 

P„  (cosh  a)  =  - 1    (cosh  a  T- sinh  a  cos  x)*^X' 
"""Jo 

and  we  may  transform  these  further  by  putting 

cosh  a  cos  u±sinh  a 
^     cosh  a ±cos  M  sinh  a 
to  the  forms 

1  f ' 
P„  (cosh  a)  =  -  I    (cosh  a  ±  sinh  a  cos  u)"^^  du. 

1813.  Various  Forms  of  Laplace's  Eauation. 

Before  proceeding  further  it  is  convenient  to  collect  to- 
gether for  reference  the  more  useful  forms  which  Laplace's 
Ekjuation  V'F=0  takes  when  transformed  to  other  systems 
of  coordinates  than  the  Cartesian,  and  the  modifications  it 
undergoes  under  various  circumstances. 
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By  direct  transformation  to  spherical  polars  (r,  0,  ^)  {DX}^ 
p.  469), 

V«F=^+^+^=0  becomes 

u«F    ^'y^  I  2  3F     1  3«F    cot03F    coeec«fl»F_^ 

If  Fn=f*rn»  ^w  being  a  function  of  6  and  ^  only,  we  have 

V«F,=r«-«[^«+cote^+co6ec«fl^+n(n+l)y.]=0. 

and  any  solution  of  this  is  a  Siiheiical  Siufkoa  Haimook  or 
Laplace's  FnnctioiL     See  Art.  1787. 

Writing  fi  for  cos  0,  this  equation  becomes 

Laplace's  Coefficients,  which  are  Zonal  Harmonics  and  sre 
cases  of  Laplace's  Functions,  satisfy  this  equation.  When  ^  is 
absent,  F„  is  a  homogeneous  function  of  the  n^  degree  sym- 
metrical about  the  2;-axis ;  Fn  is  a  function  of  6  alone,  =?., 
and  the  equation  becomes,  when  p  is  written  for  /4, 

Legendre's  CoeflBcients  satisfy  this  equation,  and  are  the 
cases  of  Laplace's  Functions  for  which  ^  is  absent,  and 

Other  forms  of  V*F=0  are 

1814.  Method  of  Obtaining  these  EauationB  firom  Hydrodynamieil 
Considerations. 

The  readiest  way  to  reproduce  any  particular  form  of  the  differential 
equation  is  not  by  direct  transformation,  but  by  formation  of  the  appro- 
priate hydrodynamic  "Equation  of  Continuity,"  expressing  the  physiol 
fact  that  in  the  case  of  any  fluid  motion,  no  creation  of  matter  is  going  oc 
in  any  element,  any  increase  or  decrease  of  mass  in  that  element  being 
due  to  what  enters  the  element  from  outside  or  which  leaves  iU 
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For  a  homogeneous  fluid  in  motion  with  velocity  potential  F,  this 
condition  may  be  written  in  the  notation  of  Art  789  as 

and  by  expressing  this  for  Cartesians,  for  Cylindricals,  for  Spherical-polafs, 
etc,  the  several  forms  cited  are  at  once  obtained. 

1815.  Reverting  to  the  power  series, 

(l-2*co8y+*«)-*=iio+«iA+fii**+...+«nA-+...    (A<1). 
which  defines  a  case  of  Legendre's  Coefficients  in  which 

co8y=oo8flcoeflQH-sinflsinflQCOs(^— 0o)  l^^-  1797); 
it  appears  that  R^  being  a  zonal  harmonic,  and  a  function  of  6 
and  0,  is  a  solution  of  the  equation 

^+cotd^+C06ec«e^+n(n+l)B,=0. 

or,  what  is  the  same  thing,  if  we  write  /ul,  /ulq  for  cos0  and 
006  00,  so  that  coBy=fjLfjL^+Jl—fjL^Jl^fi^*coe(<p--<p^\ 

1816.  The  Oeneral  Solution  in  the  Case  when  <f>  is  absent. 
If  the  ;;-axis  be  taken  coincident  with  the  axis  of  the 

harmonic,    aao=1>    co8y=Ai=co8d=|y,    and    the    Laplacian 
equation  reduces  to 

It  will  be  noted  that  we  usually  use  p  instead  of  fi  in  this  case. 
The  zonal  harmonic  P^  is  a  solution  of  this  equation.    To 
obtain  the  general  solution  put  R^^PnU,  and  we  obtain 


u[(l-p«) 


d^P. 


^p-^+Mn+l)Pn] 


djp^     "^^  dp 

+[a-^)P.$-*i'.0+2(i-r-)f|]-«. 

in  which  the  first  bracket  disappears.     We  therefore  get 


dhi  jdn       2p        2  dP^ 
1^1  d^~\^    Fn  dp  ' 


du 
t.e,  -T-  = 


B 


dp^p,\i-p^y 


B  being  a  constant. 
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The  general  solution  of  equation  (1)  is  therefore  of  the  form 
R^=^APn+BQn,  where  Q,=PnJp^,^j^^»y  which  is  called  » 

Legendre's  Function  "  of  the  seQond  kind." 

If,  then,  we  limit  our  solutions  of  equation  (1)  to  such 
functions  of  p  as  give  R^  a  rational  integral  algebraic  form, 
we  take  the  arbitrary  constant  £  to  be  zero,  and  therefore  the 
most  general  solution  of  (1)  of  this  form  is  R^^AP^. 

1817.  Since  P^  is  a  particular  form  of  the  Spherical  Surbce 
Karmonic  for  which  we  have  obtained   the   general  result 


JqJo 


Y ^Y ^dfi d4>^=0  when  taken  over  the   surface  of  the 


sphere,  we  have 
£ J*Xp^dpd^=0,     and  /.  ^  P^P^dp^O,    {mi^n). 

1818.   Particiilar  Oases  of  P^  expressed  in  Terms  of  p,  aai 
Positive  Integral  Powers  of  p  in  Terms  of  P's. 

The  general  result  being 


P-= 


"^  2.4(2n-l)(2n-3)^ 


1.3.,.(2n-l)r         Ti(n-l) 
1.2...  n      V      2(2n-l)P 

we  have  the  particular  cases 

„     5.7.     ^3.5,  ,1.3.     „     7.9-     o5.7    ,.3.5         , 

Reversing  these  results,  we  have 

\^P.;    p^P,;    p«-jP,+iP.;    P»  =  !P,+|P,; 

P'==^hP€-^iPt  +  iPo;  etc. 

1819.  The  general  character  of  these  latter  results  will  be 
obvious,  viz.  p"  will  consist  of  a  series  of  Legendre's  cofficieots 
beginning  with  P^,  falling  in  order  two  at  a  time,  with  certain 
numerical  coefficients ;  i.e.  its  form  is 

and  we  shall  consider  in  due  course  the  law  of  formaticm  d 
the  successive  A*b, 
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We  note  at  once  that,  since  each  of  the  Ps  becomes  unity 
when  jp=l,  we  have  il„+-4„_3H-il„_4H-...=l. 
Again,  if  m<n, 

1820.  If  f{p)  be  any  rational  integral  algebraical  function 
of  p  of  lower  dimensicms  than  n,  then,  in  the  same  way, 

1821.  The  same  result  may  be  deduced  from  Rodrigues*  form  of  P^. 

For  PjiP)Pndp-^Jj(p)^n(P'-^r^ 

for  after  the  differentiations  are  performed  (p*  - 1)  is  a  factor  of  the  whole. 
It  follows  that  I  f(p)Pn^^O  when  the  integration  is  taken  over  the 
surface  of  the  unit  sphere. 

1822.  The  theorem  i    p^Pn^=0,  (m<n),  may  be  used  to  obtain  the 
•averal  functions  P^y  P^^P^^,.,  without  using  the  general  formula. 

Ex.  1.  To  find  P„  assume  P^^Ap^-^Bp,    Then  il+B»l. 

2A    2B     /■* 
Multiply  by  p  and  integrate ;  then  ~jr  +  ~«~  ™  /    pP» ^^0. 


Hence 


A     B      }         ,     „     Sp'-Sp 


2 


Ex.2.  To  find  P4.    Assume  P4=ilp«+Bi)*+C.     Then  il+B+C=l. 
Multiply  by  1  and  by  p*  and  integrate. 

Then  M+f=0    and    ^+|+f=0; 

Or  we  might  use  a  determinant  to  eliminate  A,  B,  C, 

These  processes,  however,  speedily  grow  laborious  by  virtue  of  the 
number  of  equations  to  be  solved  or  the  order  of  the  determinants  to  be 
evaloated.  It  is  therefore  desirable  to  follow  another  method,  as  we  now 
show. 
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182a  Lemma. 

If  it  be  desired  to  solve  a  system  of  equations  of  form 

a  +  7    6+*y    c+y 
one  less  in  number  than  the  number  of  unknowns,  with 


X 


+  5+X"^cl-A'^- 


1 


and  further  to  calculate  such  an  expression  as  — r-a+r-y.-l — r7i+— 

for  the  values  of  x,  y,  s, ...  found  from  the  above  equations  withoat 
actually  calculating  jt,  y,  s, ...  themselves,  we  may  proceed  as  foUovt. 
For  convenience  take  the  case  of  three  letters  jt,  y,  s. 

X  fi  2  1 

Then  —TZ'^hTg'^  ~rs  *•  ^  vanish  when  S^aor  ff  and  to  become  t 
when  $=X..    Such  requirements  are  obviously  satisfied  by 

a-^e^b+e'^c+e    X(a+^Kft+^(c+ft(A-a)(A-i8)' 

which  is  an  obvious  identity,  for  it  is  a  quadraiie  relation  in  ^,  and 
satisfied  by  three  values  of  0.  The  value  of  x  can  be  found  bj 
multiplying  by  a  +  ^,  and  putting  ^=s  -a,  viz. 

l(a+A)(6+AXc+A)  (a+a)(a4-g) 
*-A       (6-aXc-a)        (A-aXA-itf) ' 

and  similarly  for  y  and  z.  When  A  is  indefinitely  large,  the  last  of  Um 
given  equations  takes  the  form  j;+y +«» 1,  in  which 

^    (o+oXo  +  fi) 

and  generally  we  have 

_£^+  y    +    «    +     _     (g-a)(g-i8)(g-y)... 
jrf^^6+?^?T9^-"*(a+tf)(6+6IXc+W+^)...' 

there  being  one  more  factor  in  the  denominator  than  in  the  numentff, 
no  A  occurring. 


9  '  7  •  6    ^'     7  •  6  ■  3 
Take  as4,  jS^S,  as5,  6^3,  c^l  in  the  Lemma. 

7.5 


Then 
and 


(6-a)(c-a)     2.4'    ^''T:: 


1824.   Ex.1.  Calculate  P^     Assume  P^  a  ilp*+Bp*4.Qi. 

ABC  ABC* 

Then  -+^  +  t  =  0.    ?+?+^=0,    il+£+Cml. 
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Ex.  2.  Calculate 


fp'P.dp. 


OA        QD       Oft 

The  result  is  clearly  tq  +Ti  "(""a  »  ^^^  without  calculating  A^  B  or  C, 

13       11       8 


we  have,  putting  ^^8, 


2 


(8-4)(8-2)      2.4.6  _  16 
13.11.9    ''9.11.13    429' 


1825.  We  have  seen  that  f    p~Pndp=0,  if  m  <7>.   But  if 

m4i'>h  we  can  readily  calculate  the  value  as  in  the  above 
example. 

But  first  note  that  if  m  and  n  are  one  of  them  odd  and  the 
other  even,  the  result  is  still  zero.     For  writing 

as  no  two  suffixes  in  any  of  the  products  of  the  P*a  can  be 
equal. 

But  if  m  and  n  be  both  even  or  both  odd,  and  m  ^i  i^>  the 
result  does  not  vanish.    In  this  case,  writing 

multiplying  by  p*,  where  4=n— 2,  n— 4f,  n— 6,  etc.,  and 
integrating  from  ~1  to  1,  we  have  a  set  of  equations  of 

number  than  the  coefficients  to  be  found.    Also 


•od  Jl^  p«p,dp=_M_ 


A+B+C+...=l, 
2B 


+ 


+. 


2C 


m+n— 1    m+n— 3 


^"  •  • •  . 


Hence  the  problem  of  evaluating  this  integral  (m  >  n)  is 
fbai  considered  above. 


Here 


a=w— 1,     j8=n— 3,     y=n— 5..., 

a^n^         6=1*— 2,     c=Ti— •*..., 


CHAPTER  XXXIX. 


l[p'P,dp  = 


(nt+l  — «  — l)(Tn+l— n— 8)...  to  — =—  or  ■= 

I ^ -= 5 

(m+l+n)(m  +  l+«-2)...  to^or  ^ 

_a    (m-n+2)(w-«+4) ...  m— 1  {or  m) 
(n»+n+l)(m+n— 1) ...  TO+2  (or  m+1)  ■ 


1826.   If  m=»,  wehave  j   p"P_dp=2-+'(mI)*/(2m+l)!. 
IS27.  Again 


jjP,+P^k+PJin...rdp=^[^ 


dp  1,     1+k 


+...). 


i.e.      ^'  (P*+P^Vi^+P^%*  +  ...)dp=2(^^. 

Hence 

fp.-d,.2;    l'p-d,=i.   etc.,   j'  /...^p-^j. 

Rememberiag  that  the  area  of  an  elementary  belt  od  the 
unit  Bphere  may  be  written  as  da-^iTBinSd&^—irdf, 
we  have  for  the  whole  sphere 

1SS8.  ProfeMor  J.  C.  Adams  haa  shown  that  m  nay  eaUulait  liU  tdn 
oj  li-j  ^-^ip,when  lt  =  y!\-tpK  +  h\hy  meant  oj  HodrigMt^  eipnmm 
for  P.,  and  lAence  wt  may  etlabliiA  the  inltgrali  j  F^P,dp^O  or  ^- 
aceording  04  n  +  n  or  m=n.  "' 

lategnting  bypatu.  we  bave 

-[j(P)i,-[yr^-)l.* -<-'■■•-■■<—>'•/:*' 

-l-ilM.3.6...(8»-i)A-/'j'^,=(-ir.i.a.a...ta«+ii*"ff,^. 

Take  a  *pher«  of  radiiiB 
upon  OA.    Dmw  an  eU 


B.  writing  Jf  for  {j^-  if  ford 
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saperflculelemants  tArido-'  at  /'and  Q.     LetAHP'^i//,  AOP-O,  QOA^ff, 
ltP=R,HQ  =  R.     ■nianifo-/«*-Ar'/«^;  p-eosfi-A  +  fleo«^; 

^  being  the  kziniutluti  uigle  ot  the  pUue  AOP ; 

.-.  tin  edeiB^ -tin  »d$-IIC*,    i.t.  dp/IP  =  ip'IS^; 


da_p(. 
■■  dk-].,~ 


.,-,-]:. 


Mid  for  oppo«it«  elemeats  tX  P  and  $,  ■in**V'  nmi  ^  have  the  «ame  values, 
but  CM  if/  baa  an  oppoaite  lign  ;  hanca  cormpoading  elenieDts  of  the 
iat«gniDd  cancel  whan  the  iategnitioD  is  effected  for  the  whole  aphere, 

dO 
».«.  ■2T-  =  0,  and  therefore  U  is  independent  ot  A. 


Hence  to  evaluata  U  we  niaj  talcs  A~0,  and  therefore  JI=1. 
Then  (-l)"(S»  +  l)P-r,(l-p'r<ip- rwn'-fl<-iin  fliitf) 

=  8[*«iii»**'tf  iW-2"+'b!/1  -3.6 ...  (in  + 1) ; 


It    follows    that     r  P,iFa  +  P,A  +  ...  +  P.h"*...)dpm^^;    whence 
lr^i>.i'.iip  =  0.  (m  ^  n),  and  rP.'iip=g^j,  an  seen  before. 

'.  M    A»  =  J     B^'^P.    where     B*  =  l -SpA  +  A',    -gr-^A-p     wd 
L     [*mP.p-A.  /'    P.    l-A'-JPj  1-A'         .m. 
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Thus  /m^s—  iTTIiVQA ^"  '*' "  IT  P^  reduction  fonuala  for  such  int^grmbL 


U 


U 


2A" 


1830.  Since  (t-2p^+A«)-*  =  Po+AA  +  —  +  ^*^+.-+''^.+**'^+"f 
we  have 

1.3...(2ib-l)(l-2iiA  +  A«r'^  =  ^^'+^^*A  +  ...+^±iA-  +  ...; 
and  writing  (l-2pA  +  A«)"  "  =Co  + Oi*  +  Ci**  + ••  +  ©-*"+ -m  ^©k*'* 

Therefore 

(l-2pA  +  A«)  • 

.*.  j_^PnQmdp=coet  of  A*  in  /tM-l» 

/'I  (J»n 

»*.«.  /    Pn '    j^^^  =  1 . 3 ...  (2it - 1)  X  coef.  of  A*  in  1^*% ; 

or  writing  it  +  m  =  /, 

jjP,  2^dp  =  1 . 3 ...  (2it- 1)  X  coef.  of  A'-»  in  /.kh- 

1831.  We  can  now  undertake  the  calculation  of  the 
coefficients  of  the  series  referred  to  in  Art  1819.  It  v 
convenient  to  consider  the  cases  of  odd  and  of  even  powers  d 
p  separately. 

(i)  Tike p^+'=A^^,P^i+A^.iP^.^+...+A^P,, 
Multiply  by  Ptm+i>  ^tm-i  •••  successively,  and  integrate  bm 
p=  —  1  to  p=}.     We  then  obtain 


2A 


tm-H         ^2 


2. 4. ..2m 


2(2m  +  l)-f  1       (4m+3)(4m+l) ...  (2m+3)' 


2-«im-l 


=--2 


4. 6. ..2m 


2(2m-l)-hl       (4m+l)(4m-l)...  (2m+3)' 
2i4im-s      _'-  6.8...2wi 


2(2m-3)  +  l     ^(4m-l)(4m-3) ...  (2m+3) 
Hence  writing  2m +1=71,  we  have  (n  odd) 
n!  n^     .  ,.,>    .  .^       «.2n+l 


;  etc. 


P"=1.3...V+l)[<'"+^^^"+<'"-'^ 


^.-. 


_y^(2n+l)(2n-l)^^^| 
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(ii)Take   p^=^A^P^+A^^^P^.^+...+AJP,; 

then  multiplying  by  P^,  Ptm-«.  ©^»  ^^^  proceeding  as  before, 
and  writing  2m =n,  we  obtain  the  same  result 

Particular  cases  have  already  been  given  in  Art.  1818. 

It  will  now  appear  that  any  rational  integral  algebraic 
function  of  p  of  degree  n  may  be  expressed  as  a  series  of 
Legendrian  coefficients,  of  which  the  order  of  the  highest  is  n. 

1832.  Expansion  of  f(p)  in  Terms  of  Legendre's  Ooeffldents. 
Supposing  the  expansion  possible,  let  f{p)  =  y^AJ^^ .    Then 

multiplying  by  P^,  Pi,  ...  and   integrating  from  —1  to   1, 

2  f^ 

— i4„=  I    f{p)Pn  dp,  which  determines  An ; 


2n 


.-.  m=l  5(2«+l)P.f^P,/0>)  dp. 


It  is    assumed    that  f{p)  remains  finite  and  continuous 
throughout  the  range  of  integration. 

1833.  The  Series  obtained  torfip)  is  uniane. 

For  if  a  second  series  for  f{p)  were  possible,  we  should  have 

/(j>)=iA,Pn  and /(p)=|;BnPn;  whence  |;(^n-Bn)Pn=0. 
Multiply  by  P„  and  integrate  from  —  1  to  1.    Then 

(^n-Bn)g^=0     and     An^Bn. 

1834.  Differential  Ooefllcients  of  Pn  in  Terms  of  Lower  Order 
Legendre's  Ooefllcients. 

Pn  being  a  rational  integral   algebraic  function  of  p  of 

degree  n,  -r-^  is  a  similar  function  of  p  of  degree  n— 1,  and 

therefore  expressible  in  terms  of  P^.j  and  lower  Legendrian 
functions,  and  of  form 

dPn 

~^  ='^ii-lPn-l  +'4|i-»Pn-8  "^An^^Pn-S  +  •  •  •  • 

Multiply  by  P^_i,  P^_„  P^_5, ...  and  integrate  from  —1  to  1. 

fi         dP  ri         dP 

Then,  since  J^/m^dp=[P^PJ!.,-J^^P„^dp,    and 

liaving  any  of  the  values  n— 1,  n— 3,  n— 5,  ...,  m  and  n  are 
of  them  even  and  the  other  odd,  we  have  PnPn=l  or  —  1 
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according  as  p  is  +1  or  —1,  and  therefore  [P«Pii]li=2;  and 

dP 
further,  since  --r-^  cannot  contain  a  Legendrian  function  of  as 

high  order  as  P^  the  second  integral  vanishes.     Hence  in  all 

rdP 
P^'-T-^dp=2.       Hence 

2An-J{2n- 1) = 2A^.J{2n^  5)  =  2^^_,/(2n-  9)  = . . .  =  2, 
and  we  have 

^=(2n-l)P,_,+(2n-5)P,_,+(2n-9)P,.5+...+3Pi  (or  PJ 

according  as  n  is  even  or  odd. 

1835.  Similarly  we  may  write 
d*P 

and  multiplying  by  P^  for  r  =  fi~2,  n-4,  n-6, ...,  and  integrating  froo 
p=  -I  top  =  l  and  using  accents  for  differentiationa, 

and  as  r  <  n  the  final  integral  vanishes. 

Also,  since  (1  -l>*)P,i"-2i)/»/+n(n+l)P^=0,  we  have,  when  ^=  ±1, 


P    P 

and  n  and  r  being  both  odd  or  both  even,  — s_r  is  an  odd  function  of  f, 

[P  p  -^i  2r+ 1 

-*^*'       =2.     Therefore  By=—^(n-r)(n+r+l)»«l 

d^P 
^=l.(2j*-l)(2j*-3)P^,+2(2j*-3)(2n-7)P^+3(2»-6)(2ji-ll)/U+.», 

and  in  the  same  way  higher  order  differential  coefficients  may  be  ezprened. 
1836.   Obviously 

and,  if  m+n  be  odd,  no  suffixes  can  be  the  same  in  the  two  brackets,  sad 
the  integral  vanishes.  But  if  m-{-n  be  even,  suppose  ml^w.  Then  tk 
terms  which  do  not  vanish  are 

(2m-l)«j**  Pi.|<^  +  (2m-5)«J'^/^.,<ip+... 

=  2[(2m-l)  +  (2m-5)  +  (2m-9)  +  ...  +  l(or3)]aami8oddorem: 
and  there  being  — 5—  or  -^  terms  in  the  two  cases,  their  sum  is  in  either 

case  m(m+l),  f.e./  -t^ -t^  ip =0  or  m(m+ 1)  as  m+n  is  odd  or  em, 
m  being  the  smaller  of  the  two,  m  and  n. 
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1837.  We  might  also  proceed  directly  thus  (m  <  n), 

/»  dp    dp  /■» 

andtfince  n  is  greater  than  the  degree  of  any  power  of  p  in  P^'\  the 

terminal  integral  vanishes. 

Again,  (l-l>*)/',»'-2l>/',„'+m(m  +  l)P^  =  0,  and  therefore  if  i)=±l 

„  ,_m(m+l)  /^^ 

^* 2        T^' 

P  P 
^ow  -JB—fi  ig  an  even  or  an  odd  function  of  p  according  as  ili  +  n  is 

^  rP  P  ~1* 

odd  or  even,  and  therefore      ■■**  *       =0or2asm  +  ni8  odd  or  even ; 

ri  dP    dP  ^    ^         * 

therefore  /     -^  -t-^  dp  =  0  or  m(m  +  1)  according  as  m  +  n  is  odd  or  even 

and  n  <m. 

1838.   Differential  Equation  satisfied  by  Legendre's  Fnnctions. 
Starting  again  from  the  definition  of  Legendre's  Coefficients, 

viz.  7=(l-2;?A+/i»)"*=VP„/i«,  it  is  easy  to  see  that  they 

satisfy  a  form  of  Laplace's  equation,  without  reference  to  the 
fact  that  when  p  is  a  cosine  these  coefficients  are  Zonal 
Harmonica 

For   F«(l-2^A+/t»)=l   and   21og7+log(l-2|>/t+A»)=0, 
whence 

|=AF».    %=(p-h)y*.    and    p|-A^=A.F».  ...(1) 

Again, 

^(A*^)=(2Ap-3A«)  F»+3A«(p-A)«P, 

and  adding.     |{(i_^0}+|(ft.3^)=O.   (2) 

by  virtue  of  F*(l-2pA+/t»)=l. 

Substituting  V-^^Y.PJi^y  and  equating  to  zero  the  coefficient 
of  A", 

|(<i-^f'}+"<'»+i)^-=<> (») 

fitp          tip 
or      (l-^)^-2p^+n(n  +  l)P„=0  (Art.  1813) (4) 
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1839.  Differentiating  8  times,  we  have 
(l-2'*)S-2(»+l)p'^**'^" 


dp 


+{n(n+l)-»(»+l)}^=0. 


(5) 


which  is  known  as  Ivory's  Equation. 

If  we  then  take  as  the  expansion  of  P^  in  powers  of  p, 

it  follows  that 
i4^,=  {«(«+l)-ri(n+l)}^=-(n-«)(n+8+l)ii.,    «^n. 
Moreover, 

shows  that  i4„=1.3...(2n  — 1),  also  that  A^^i,  A^^^^,  A^t^,-" 
are  all  zero,  for  the  coefficient  of  A**  contains  no  power 
of  p  above  p^;  and  this  coefficient  containing  the  powers 
pnpn^tpn-4^ ...,  it  is  clcar  that  A^_i,  -4«_i,  A^^, ...  are  abo 
all  zera 

Also,  as  A,=  —At^J(n—8){n+8+l),  we  have 

ii„=1.3...  (2n— 1),    il„_ts= 2(2n--l^ — ' 


Am— A—- 


1.3...(2ii-l) 
2.4(2n-l)(2n~3)''"' 

and  we  have  the  series  of  Art  1801  (A). 

ffnp 

1840.   It  appears  that  -j-^^l  .3.5...  (2n—  1),  and  that  ill 

higher  differential  coefficients  of  F^  vanish. 

If  n  be  even,  =2m,  the  lowest  order  term  of  P^  is  in 
arithmetical  constant,  viz.  what  is  got  by  patting  psO,  t^ 

the  coefficient  of  h*^  in  (1  +h^)'\  viz.  (-l)*  ^'o  V^^^""^^ . 

If  n  be  odd,  =2m+l,  the  lowest  order  term  of  P^  0(»itains|i; 
viz  (     i).3-5...(2m+l) 
^     ^'       2. 4. ..2m     P- 
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1841.  Varions  Theorems. 


2jti=(2n+l)P,+(2n-3)P^,+(2n-7)P,^+..., 


Since 
we  have 

^'-^'=(2n+l)P.    and    P,«-P._i=(2«+l)fp.di) 
and  since         ^{(l-|>»)^}+n(n+l)P,=0, 

we  have  p.rfy=-^(p.-,)^-; 

1842.  Since 

F=(l-2j>A+A»)-*=2PJi«    and     i!^J=(p-A)F». 

we  have  (l-2|A+*«)2(n+l)P^iA"=(p-A)2P,A"; 

whence    (n+l)P,«-2y«P,+(n-  l)P^j=yP,-P,_„ 

tA  (n+l)P^,-(2n+l)pP,+nP,.,=0, 

which   forms   a  difference   equation  connecting   any   three 
BQCcessive  Legendrian  Coefficients. 

1813.  Again 

lg=*F,  .•.«.(l-2Aj,+*«)2A-»^=2A-P,; 


dp 


-«_2y^+^»=P,; 


dp       dp 

dPn^l      dPn.i 


and  subtracting  the  result  — j^         , 
we  have 


=(2n+l)P,. 


dP,    dPn_^ 
'^  dp       dp  "' 

1844.  Since  ?=*F»  and  ^=(p_A)p,  we  have 
(p»-l)^-(l-j*)^=-Pi»(l-2|*+*») Fp; 

(li^-l)Sl"^=2»P,A"-»-j»2»iP,_iA"-». 
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'^  n       dp 


(P"-!) 


V 


(»+iKP^,-yP.). 


We  therefore  have  the  two  results, 

1845.   Wo  now  have    P„,-j»P,=^^P', 

=„J;PWP  [smee|(rvf^)+«(n-.l,P.=0] 

where  (7  is  a  certain  conatant,  viz.  the  value  of  F^,,  wba 
y^O.     To  find  C, 

1         tf»^'(y*-l)"^'_  1 

"+'    2-*M»+l)!        ^*^^  S'+'CH-l)! 

x^[}>^*'--"Cj"+"'Cj'— -  -  +(-!)' "«.?>—•■+  I 

If  n  be  even,  each  term  left  after  (n+1)  differentiations  eai- 
tains  p,  and  therefore  in  this  case  C  vanishes.  If  n  be  odd, 
there  is  a  term  not  containing  p  after  the  differentiations,  ni 
when  r=— =— .     Hence  when  p=0,  we  have  in  this  case 


2-+1     /'•i  +  l 


.-.  P„^,-pP,=nrF„dp+C,  where  C=0  c 
according  as  n  is  even  or  odd. 


(-1)"'^  (.+11' 


'J 
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We  slso  hare  by  differentiatioQ  (and  writing  n— 1  for  n), 

1846.  Since  («+l)P„»-(2«+l)pP«+»F,_i=0,  we  have 
{'•+I)^M-.-(2n+l)j.P'.+nF..,={2n+l}P,=PU,-i>'„„ 

a  differeDce  equation  for  the  first  differential  coefficients  of 
the  Fa. 

1847.  Differentiating  again, 
nP:+,-(2n+l)pP;+(n  +  l)P;.,=(2n+l)P;=P;;+,-i»;.,; 

whence  (n-l)P;;^.,-(2fH-l)pP:+(n+2}i^.,=0. 

Similarly     (n-2)itn-{2«+l)j)P;'+(n+3)P:.,=0, 
and  so  on,  forming  a  series  of  difference  equations  for  the 
highet-  differential  coefficients 

184a   Sinc8p/'.-/'.-i-»/'....(lXand/'.-pP'._i  =  iiP^...(2),<Art«. 
1843  and  1845),  we  hftve,  1);  aquaring  and  tublractiag, 

(p'-l){i?-i<,'-0-n'(/'.-/'.-i).   (3) 

WriUng  n'l^-iff- 1)/^-  U.,  w«  bHve 

U.-D^,  =.{«•-{«-!)•}  it_,-(aii-l)/*;-,; 
.-.   t/_,-t/_-  -(S«-3)rt_„eU., 

and-  ^.-/^-(p'-Oi^'     =1-/?. 

Hmce    i«'/*-(p'-l)/'.*-/?+3/^  +  6fi+...  +  (2n-])rt-i (4) 

1849.   AgmiD  differantiktiag  (1)  aod  (S)  r  times,  and  agaJa  aquaring 
and  aubtractiog, 

{?•- 1)  [iK*"T-  (/-:*,")'l  -{n-r)'(i-r')'-(«  +  r)'{rtl.A 
or  writing  7.=(«-r)'(Pir)'-(p»-lKi^*'r, 

F.-r,^,-{(«+r)'-(n-l-r)'}tPi:L,)*-{2«-l)(8r+l)(i*l,)', 
andif        «-r,     F,-0;    it  ii-r  +  l,     r„,-(Sr+l)'(f«)' j 
whence     ^-(a»- l)(/tl.)'+(2»-3)(/-:i.)'  +  ...  +  (Sr+I)(if)», 
or  oompleting  the  aeriea  vitk  tero  tenat  and  ravening  the  order, 
FJ(2r+l)™(fi'r  +  3(Pl'')'  +  fl(rtr')'  +  ...  +  (8n-l)<rtl,)'. 
iBfiO.  BlnitntiTe  Eiampla. 

Tofi)id  a  taiu  S  mAm*  tnB  OMtaM  a  ommImU  «bIih  A  at  aU  ^mmIi  on 

lk«  ttirfaet  of  tiU  tnuE  .^pAerr  in  Ike  norAem  hemisphere,  and  a  comlant  aditt 

Bvtali  pointt  of  tin  turfaa  in  (A«  «o«tkcni  AcmMpAcra- 

Snppoae  tha  aariw  to  b 
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Then  flf=ii  from  p^Oiop  =  lj  S^Btromp^  -1  top«0.    Theralon 
multiplying  by  P., 

f  C^Pn*dp=f  BP^dp-^f^AP^dp;  andjV.djp-C-irjTp.*; 


2fi 


or 


A-B 


=  -7 — TTxl-T^)     =0,  if  n  be  eTen(=») 


(2i  +  l)(2»  +  2) 
Also,  if  11=0,    (7,  =  J(ii+B)rdi)  =  '*'*'^- 


2 


if  11  =  1,    Ci  =  J(ii-B)jr*l>rfl)  =  }(il-BX 

Hence  the  series  required  is 

g^^^Bp     A-BfSPi    3    7^.3^LL?»_     \ 
2        •■*"     2     ^1.2    2*3.4    2.4  5.6      ••/' 

1851.  In  case  the  distribution  be  symmetrica]  about  some  other  axis 
than  O2,  the  zonal  harmonics  may  be  expressed  iu  terms  of  harmonics 
with  Oz  for  axis. 

1852.  For  instance,  if  we  require  an  expreatitm  in  terms  of  Harmama 

wUh  Oifor  tude,  ukere  the  vakm  of 
the  function  is  A  over  ike  ukoUhemh 
sphere  with  OA  for  axis  and  nemv 
to  A,  and  is  B  over  lAe  htmsfk&t 
more  remote  from  At  then  we  hare 
just  found  an  expreasion  for  sod 
a  function  in  terms  of  Zonal  Har- 
monics with  axis  OA^  viz.  2C«?,. 

X  If  P  be  any  point  on  the  spken- 

cal  surface,  and  we  put  tOA-^ 

tOP^e,   POA  =  e',    AzP=4^  ws 

have,  from  the  spherical  triangle 
AzP, 

COS  ^  =  cos  a  cos  ^ + sin  a  sin  ^  cos (^ 
and  Pn(c08  O')  becomes  a  sphericai 


O 

Fig.  594. 

Surface  Hariuonic  Q„  expressed  in  terms  of  0,  <^,  and  the  value  of  the 
function  sought  will  be 
A  +  B 


2      ^'^     2     \l.2    !    3.4*2.4  6.6       "^/* 
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1853.  List  of  Working  Formulas  for  Leobkdre's  (^osfficixnts. 
(Differentiations  with  regard  to  p  are  denoted  by  accents.) 

1.  ^{(l-l»*)i*.'}+n(n+l)P,=0;  (l-i)«)P/-2pP/  +  n(n  +  l)P,=0  ; 


1¥ 


dP 


2.  Rodrigues'  Formula  ;    Pn  =  ^  ^(P*  - 1)* 
p  _1.3.5...(2n-l)r  n(»-l) 


n(n-])(n~2)(n-3) 
2.4(2"n-l)(2n-3)  '^ 


•  ••  }• 


D     ft.7    .     „3.5    ,     1.3      o     7.9    .    o*-7    ,    3.5 


^(8«_7)(?!LL^(jL±)p_+...}. 


ViM-t 


6.  1  =  P.,    i»  =  P»,    l>«  =  iP,  +  JP„    p'  =  JP,  +  J/'„ 
j»*=lP,  +  tP,  +  AP4,    P»  =  ?Pi  +  tP.  +  AP.,    etc. 

7.  P,  =  L/;(p^^^^cosx^cix4/;(p^^^^y 

8.  £^  P».P,rfp=0  if  mifen,    fPn^  =  ^^' 

9.  P,'=(2n-l)P«_i  +  (2n-5)P,^,  +  (2n-9)P,»_,  +  ...  toP,or3Pt. 

10.  P:^,-P:.,  =  (2n  +  l)P,.  11.  P.,,-P^,  =  ^±^(p.-l)P^'. 

12.  (n  +  l)PH*,-(2n+l)pP,  +  nP^i  =  0. 

13.  nP^^i-(2n  +  l)pP„'  +  (n  +  l)P;_,=0. 

14.  pP/-P^.,  =  nP„     PH-l>Pj_i=nP^,. 


15.  Pn-pP^i=^^P 


n 


N-l> 


1>P«-P-1=^/'-'. 


16.  Pn^i-ppH  =  nl  Pudp  +  C.     C  =  0,  if  n  beeven,  and 

(-!)•         (n  +  1)! 


...    -HnTTIT 


if  n  be  odd. 


17.  1  +  3/^1  +  5P,  +  7 r,  +  . . .  =  0  for  all  values  of  p  except  p  =  1,  and  then 
is  X  .     See  Art.  1857. 
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1854.  The  Boots  of  Pn=0. 

Between  any  two  real  roots  of  a  rational  algebraic  eqnatioo 
f(x)=0,  at  least  one  real  root  oif{x)=0  must  lie ;  and  if  the 
roots  of  the  equation /(a;) =0  are  all  real,  the  roots  of /X«)=0 
are  all  real,  and  separated  by  the  roots  of  /(x)=0;  and  lie 
between  the  extreme  roots  of  f(x)=0.  The  roots  o{f(z)=0 
are  therefore  all  real  and  lie  between  the  extreme  roots  of 
f'(x)=0,  and  therefore  between  the  extreme  roots  of /(aj)=0; 
and  similarly  for  all  the  derived  functiona 

Hence   the    roots   of    Pn=0,    i.e.    of    ^— i(p*— 1)*=0,  lie 

between  +1  and  —1,  for  the  roots  of  (p*— 1)*  are  all  real,  sod 

either  +1  or  —1. 

Also  no  two  roots  of  Pn=0  can  be  equal.     For  if  they 

dP 
could,  Pn=0  and  -^=0  would  have  a  common  root.    Bot 

and 

for  all  positive  integral  values  of  a.    So  that  if  P^=0  mbA 

-^=0,  we  have   -^r-y ,  'ZTT  \  ®^»  ^^  zero.      But  this  is 

d^P 
contrary  to  the  result  -^=^  .  3 . 5  ...  (27i-l)  (Art  1840). 

Hence  the  roots  of  Pn=0  &re  all  different  and  lie  between 
+  1  and  -1. 

It  is  obvious  from  the  forms  of  P^  shown  in  Art.  1818,  thsi 
when  n  is  odd  one  of  the  roots  is  zero.  Also,  that  in  any 
case  as  the  powers  of  p  are  either  all  odd  or  all  even,  all  the 
other  roots  occur  in  pairs,  one  positive  and  one  negative,  of 
each  magnitude. 

1865.  The  Onrves  r=aPo)  r=aPi,  r^aP^,  etc,  aie  nsdily 
traced. 

(1)  r=aPo=<*  is  a  circle,  centre  at  the  origin  and  radius  a  (Fig.  596)l 

(2)  rsaPisacoB^  18  a  circle  of  radius  ^  touching  the  y-axis  at  tke 
origio  (Fig.  596). 
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(3)  r=aPf  =  a 5 has  max.  rad.  vect.  r  =  afr=^y  where  ^  =  0  or 

IT,  and  ^  =  (2fi+l)|,  and  touches  the  lines  $=  ±cos-»3~*  (Fig.  697). 


(4)  r=aPt=a 


Fig.50S. 

5coe*^-3co8^ 


Fig.  696. 
has  max.  rad.  vect  a  and  a/y/b^  where 


^=0  and  ±cos-»6"*,  and  touches  6=  ±co8-V3/5  and  ^  =  |  (Fig.  608). 


Fig.  697. 


Fig.  698. 


(5)  r=aP^  =  a ^ has  max.  rad.  vect  a,  where  ^=0 ; 


3a 

8 


,  where  ^=  «  ;  if^  0=006"^^=^  etc.,  and  touches  ^  =  cos"M  ±  a/ ^ 1 ; 


and  so  on  for  those  of  higher  orders  (Fig.  699). 


•Fig.  699. 
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1856.  We  may  now  note  the  effect  of  a  small  harmonic  when  niper- 
posed  upon  the  graph  of  a  cunre  otherwise  circalar  bj  traciDg  cnrres  of 
the  type  r=a(l  +cPm),  where  c  is  a*  small  positive  fraction.  We  nerilj 
have  to  add  with  their  proper  signs  the  radii  of  the  carves  traced,  multi- 
plied by  c,  to  those  of  the  circle. 

(1)  r=a(l+cPe)  means  that  the  radius  of  the  circle  is  slightly  hot 
uniformly  increased  (Fig.  600). 


Fig.  600. 


Fig.  601. 


(2)  r  =  a(l+ci'i).  Here  the  new  locus  shows  the  substitution  of  a 
Limayon  locus  for  the  circle.  The  Lima^on  lies  partly  inside  and  psrtlj 
outside  the  circle  (Fig.  601). 

(3)  r= a(l +ci'|).  This  change  substitutes  an  oval  for  the  circle^  whidi 
is  thereby  extended  at  the  poles,  and  contracted  at  the  ends  of  tkt 
perpendicular  axis  (Fig.  602). 


Fig.  602. 


Fig.  603. 


(4)  r=a(l+cP|).    Here  the  circle  is  extended  in  three  placesi  sad 
contracted  in  three  other  places  (Fig.  909>)» 
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(5)  r=a{l  +  €P^).    Here  the  circle  is  extended  in  four   places    and 
contracted  in  four  others,  and  so 
on  (Fig.  604). 

If  we  revolve  these  curves  about 
the  axis,  the  corresponding  shapes 
of  the  solids  of  form  r=a(l +  €/'«) 
can  be  readily  imagined ;  r  =  a  re- 
presenting a  sphere,  and  €  small 
and  positive.  The  shape  is  that  of 
a  sphere  slightly  swollen  out  at  // 
the  pole,  and  surrounded  by  belts 
alternately  lower  than  and  higher 
than  the  normal  level  of  the 
spherical  surface,  and  when  u  is 
even  the  equatorial  plane  is  a  plane 
of  symmetry. 

If  the  radius  of  the  sphere  be 
affected  by  other  harmonics,  e.g. 
r  =  a(l+€P,+€'P«),  the  locus  can 
be  similarly  constructed  by  superposition,  i.e.  the  addition  of  the  separate 
effects  to  the  radius  of  the  sphere. 

1857.   A  Bemarkable  DiBContinnity. 

The  expression  l+3Pi+5Pt+7P3+...+(2w+l)P„+...  is 
discontinuous.  It  vanishes  for  all  values  of  p  except  />=1, 
when  it  becomes  infinite. 

For  (l-2pA+/i«)"*=2P„A",  and  differentiating. 

(p-AXl-2p/t+/t«)"*=f;  nP^h'^'K 
Multiplying  the  second  by  2h,  and  adding  to  the  first, 
(l_fc«)(l_2/>/t+A«)"*=y;  (2n+l)P,^«, 

00 

and  puttmg  &=1,         y;{2n+l)P^=:0 

for  all  values  of  p  except  when  p=ly  i.e.  at  the  pole  of  the 
sphere,  and  there  the  expression  becomes  infinite,  being  the 

limit  when  /t->  1  of  7^ — tto. 

Similarly  putting  /t=  —  1, 

l-3Pi+5P,-7P,+  ...+(2n+l)(-l)»P„  +  ...=0 


i 


''earn 
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except  when  p=  —  I,  i.e.  at  the  opposite  pole,  and  there  it 
becomes  infinite. 

We  also  have  r   ?^{\+ZPJ^+bP^^+...)dpdi, 

=  fT'sin  e«Wi^ . 1=^^1— j=2xi^r \ -T 

JoJo  ^  (1-2/tcose+A*)*  f^    L     (l-2Aooe«+A«)*-* 


18&8.  Physical  Meaning. 

The  potentials  produced  at  points  within  or  without  a  spherical  waabat 
of  area  8  and  radius  Tq  by  a  layer  of  matter  on  the  surface  of  surfsoe 

density  (2n+l)/V<S  are  respectively 
^-r"/ft;+»  and  P^V/r"**.  For  botk 
these  expressions  HtUsfy  Lapbet^ 
Equation ;  the  second  vanishei  at  c 
and  Green's  surface  oonditioa  ii 
satisfied,  viz.  that  the  difference  of 
attractions  on  two  points  on  tke 
same  normal,  one  just  outside  sad 
one  just  inside,  is  to  be  4«>  x  snrlM 
density.  And  such  a  aolutioo  ii 
unique. 

Take  a  particle    of   mass  anity 

situated  at  the  pole  C  of  the  spUre 

p.    ^Q-  with  centre  the  origin  O  and  niam 

r,.    The  potential  produced  at  la; 
point  P  distant  r  from  0  in  colatitude  cos'^jp  is 

(ro«-2iiror  +  r«)-*  =  l2P,(^J"    or    l2P,(^*)"  as  r  <  or  >  r^  ...(I) 

and  we  have  seen  that  an  internal  potential  P»— tt   ^■'d  an  ezteml 

-•  'o 

potential  P..— ^  ^^^  produced  by  a  distribution  of    surface  deuitf 

which  varies  as  (8n+l)P». 
Hence  the  potentials  (I)  are  produced  by  a  distribution  2(2ii  + 1)?.. 

0 

But  the  distribution  producing  a  given  potential  inside  and  outside  ii 
unique,  and  we  have  seen  that  a  concentration  into  a  point  at  the  polt^ 

does  produce  it    Therefore  the  distribution  Z(2ii  +  l)P»  must  leprMiet 

a  concentration  of  matter  into  a  single  point  at  the  pole  C,  and  BOrt 
tbenfore  vanish  at  all  points  of  the  sphere  except  at  the  pule,  when  ii 
most  beoome  infinite. 
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This  theorem  is  of  great  service  in  obtaining  expressions  for  the 
potential  in  the  case  of  discontinuous  distributions  of  matter. 

1859.  Let  P  be  a  point  at  which  there  is  no  attracting 
matter,  0  the  origin,  Q  the  position  of  an  attracting  element 
of  mass  m;  OP=r,  OQ=r\  PQ—R.  Suppose  the  attracting 
body  to  be  a  homogeneous  solid  of  revolution  whose  axis  is 
taken  as  the  2;-axis.    Then  the  potential  at  P  is  expressible 

in  the  form   F=2^=2i4^nr»+ii?n^,  where  An.  Bn  are 

constants ;  the  first  summation  ^AnPnf^  referring  to  that  for 
all  those  particles  for  which  r  <  t^,  and  the  second  for  those 
for  which  r  >  r^,  and  this  is  a  unique  solution.  Now  supposing 
that  the  potential  is  known  for  these  two  parts  in  convergent 
aeries  for  each  such  portion  at  each  point  on  the  axis,  where 
P^s=.l,  then  the  values  of  An  and  Bn  are  known  for  all  values  of 
Ik    Therefore,  assuming  that  the  potential  at  any  point  on  the 

axis  is  expressible  as  ^(^vT^+t^j,  its  value  at  any  point 

off  the  axis  may  be  at  once  written  as  ^(Anr^-\ — -jPn- 

1860.  Consider  the  expression 

0 

where  Pn(X),  Pnif)  are  Zonal  Harmonics 
and  A,  fi  the  cosines  of  the  colatitudes  of 
two  points. 

Take  the  case  of  a  circular  wire  of 
infinitesimal  section.  Take  as  origin 
ihe  centre  of  a  sphere  of  radius  Tq  of 
which  the  wire  forms  a  small  circle, 
and  let  the  z-axis  be  the  normal  to  the 
plane  of  the  wire.  Let  M  be  the  mass 
ci  the  wire  considered  of  uniform  line- 
density. 

Tlie  potential  of  the  wire  at  a  point  Z,  (0,  0,  z)  on  the  s-azis  is 

M(r^ — 2AroZ +2*)  ~  ^  where  co8~*  A  is  the  angular  radius  of  the  small  circle, 
le.  -  iP,(X)f-V  or  -  |p»(X)f^V  as  2<  or  >  r©,  and  therefore 
at  a  point  Q  in  colatitude  coar^fi  and  distant  r  from  0,  the  potential  is 
^ 2PM PnW(^J at  ft,  where r<r,;  and  y  iPn(A)/>,(M)(^)"atft, 
^  where  r  >  r©. 


Fig.  606. 


I 


■ji  npiSwHI 
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Now  (2»+l)P»(A)  is  the  law  of  distribntion  of  suHmoe  denaiij  giving 
a  potential  ocP^r*  within  and   QcP«/r"+*  without  the  apbere.    Hence 

a  eurfaoe  density  l{in'i-l)Pn(k)Pn{ji)  will  give  the  same  pptentials  u 

0 

it  has  been  seen  that  the  distribution  of  a  uniform  line  densttj 
along  a  circular  wire  gives,  and  is  unique.    Therefore  the  exprenioo 

Z(2ft+l)/'»(A)P,(fi)  must  be  zero  at  all  points  of  the  spherical  sorfece 

0 

except  for  such  points  as  lie  along  the  small  circle  of  angular  radius  cos~*  A, 
where  the  surface  density  is  infinite  but  the  line  density  finite.  That  is, 
the  expression  is  zero  except  where  X=:/a,  where  it  is  infinite. 

The  theorem  is  similar  to  one  occurring  in  Poiseon's  discusdon  <d 
Fourier's  Theorem,  Chapter  XXXV. 

1861.  Practical  Method  of  Ezpreaaion  of  a  Bational  lBt«nl 
Algebraic  Function  of  a;,  y,  jer  in  Terms  of  Harmonics  on  Unit  Sphsn. 

Let  H^^Aa^+x''-^(By+Cz)+x'''*{IY+Eyz+Fz*)+...  be 
the  general  homogeneous  expression  of  degree  n,  which  con- 
tains i(n+l)(n+2)  coefficients.    Subtract  and  add 

(a:*+y'+2')ff»-«,  where  ff„.,si4'a;-«+a;-«(B'y +(?'«)+.... 
which  contains  ^(n— l)n  coefficients  A',R,C,  ...  to  be  found 
Apply  the  operator  V*  to  ff^— (x*+y*+«*)£r,»_„  vit 

{A-A')x''+.... 
We  then  obtain,  after  this  operation,  by  equating  to  zero  etdi 
resulting  coefficient,  ^(n— l)n  equations  to  determine  the 
J(n— l)n  quantities  A\  R,  C,  etc.,  and  H^—(af+y*+:f)H^i 
becomes  a  spherical  harmonic  of  degree  n.  Next  apply  tk 
same  mode  of  procedure  to  ^»_t,  and  so  on.  We  hsYe  then 
expressed  H^  in  the  form 

or  r"(rn+yn-l+yn-4+...); 

and  if  we  take  our  sphere  as  r =1,  we  have 

1^*+  l^n-l+  l^«-4+ •  •  •  > 

a  series  of  surface  harmonics. 

If  the  rational  integral  algebraic  function  eaomdmnA  €QmM  J 
of  groups  of  terms  of  different  degrees,  the  Mine  ide  nH 


apply  to  the  terms  of  each  group.  ■ 

As  a  preliminary  to  such  procedure,  all  tenna  lAkk  M  ■ 

obviously  already  solid  harmonics  should  be  laid  arid^ltt^fl 

restored  when  the  process  is  completed,  amoDfifc  tfM  ifti^fl 
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18SS.  Ei.    Eipr«B 

MMMriMinthafonu  r'7,  +  f«7,  +  rr,+ r,. 

Wa  odI  J  nMd  oonaider  the  teriug  b^  +  b^  +  6)1*, 
Cc  {6,-A)*'+(6,-X)*'+(6,-A).«  +  X(j:'  +  y'+i»J, 

and      y[{6,-XK+(i,-X)y'  +  {6,-A)j']  =  S(6,  +  6,  +  6,-aA)=0 

if  X=l(6.  +  6,+Mi 

■  *-«3*+L — a '** — 3 '  * — 3 ' 

,  ,    6,+6,  +  6,  , 

wluchoath«Mirfiuer=l  to  of  form  r,  +  r,+  ri+r,. 

1863.  If  the  fuDctioD  be  not  nlready  expressed  in  CartesiaoB, 
it  U  usually  best  to  express  it  ao  first 

Ex.     Eipms  no'tfiin'S^  iu  temiB  of  Surface  Harmonica. 

Mn»tfiin'!*  =  4(iiiiecOB*)«(.in«iin^)'  =  try    <r=l), 
»nd  prooeediDg  as  before, 

mid  putting  x~»ia8eoa<fi,  y  =  Binf)Rin^  i=coa0,  and  r=l,  we  have  a 
result  of  the  required  form  F(  +  f,  +  Yf 

1864.  Ohuce  of  Azli  of  a  Leiendre's  Ooeffletamt. 

If  Pa  be  Legendre's  coefficient  of  order  n,  we  have  the  series 
of  solid  harmonics 

P,r=8;    P^= 


~1 


3««~r*     2a«- 


P^ 2       '^~       2        -  2  ' 


etc. 


Writing  IX+mY+nZ  for  s,  where  I*+m*+ii*=l  and 
s^+^+^=X^+Y'+P=IP.  these  solid  harmoiucs  become, 
when  referred  to  new  axes  OX,  07,  OZ,  IZ+mF+hZ; 

«ax+«r+nZ)'-(jp+r*+g).  5(»:++)'-8if(u:++).    . 


and  the  axis  of  this  set  of  hai-monics  is 
(Fig.  607). 

If  we  transform  to  polars  so 
I=sinO'cos0',  m=siii9'Bin^',  n=a»^i 
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Y=Rsindsm<l>,  Z=£cosd,  the  axis  OA  of  the  new  set  of 
harmonics  is  inclined  to  the  new  Z-axis  at  an  angle  ff  and 
the  azimuthal  angle  is  if/,  and  the  expression 


lX-\-mY+nZ  . 


R 


is  co8dcoeff+sm6Binffco8{^^^'), 


and  is  still  a  cosine,  viz.  the  cosine  of  the  angle  between  the 
original  axis  OA  and  the  direction  OP  of  the  point  X,  Y,  Z. 
If  then  we  take  rsR=sl^  and  if,  instead  of  p,  we  write 

cos  0  cos  d'+sin  d  sin  d'  cos  {^—^'), 
we  get  a  more  general  form  of  Harmonic  than  the  Legendre  s 
Coefficients.    There  are  now  two  independent  variables  d  and  ^, 
ff  and  <l>  being  regarded  as  known. 

The  Harmonics  in  their  new  form  are  known  as  Liflaot's 
OoefllcientB  and  denoted  by  Y^,  Y^,  F,  —  Thus  for  Legendre's 
Coefficients  the  2;-axis  OA  is  taken  as  the  axis  of  the  system,  and 
AOP=d.  In  Laplace's  Coefficients  the  axis  of  the  system  is 
the  line  ff,  0',  and  the  direction  of  P  is  d,  ^. 

Z 


Fiff.  607. 

A 

The  curves  for  which  AOP  is  constant  are  a  set  of  parmllds 
about  the  axis  of  the  coefficient  in  either  case,  viz.  cos  0=ooiMi 
for  a  Legendre*s  Coefficient,  and 

cosdcosd'+sindsind'cos^— 0'=oonst  for  a  Laplace's  CoeC 
Both  sets  are  Zonal  Surface  Hannonies.  When  multiplied  hj 
r*,  i.e.  OP",  they  are  Zonal  mHpHinoniea    If  we  forilMr 
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transform  coordinates  so  that  Z  becomes  the  distance  from 
any  other  fixed  plane  through  0,  the  Solid  Zonal  Harmonic 
remains  a  Solid  Zonal  Harmonic  and  the  Surface  Zonal 
Harmonic  remains  a  Surface  Zonal  Harmonic. 

1865.  Tesaeral  and  Sectorial  Hazmonics. 

Take  the  case  of  an  unreal  plane  i?=  2; + a  (x  -f  iy\  l=a,m=at, 
n=l,  so  that  P+m«+n*=l. 

Then,  if  F{z)  is  a  Solid  Spherical  Harmonic,  so  also  is 
F{z+a(x+iy)},  i.e. 

also  satisfies  Laplace's  Equation  V'F=0  for  all  values  of  a, 

and  the  equation  being  linear  each  term  of  this  expansion  will 

also  do  so,  and  will  itself  be  a  Solid  Spherical  Harmonic ;  and 

taking  either  sign  for  t,  we  have  new  forms  of  Solid  Spherical 

Harmonics  {x±iyYF^'\z).    Also  their  sum  and  difference  are 

also   Solid    Spherical    Harmonics.     Therefore    transforming 

to  polars  with  r=l,  x=sindcos0,  |y=sindsin0,  z=:cosd, 

Bin*  0  COB  8<t>F^'^  {cob  6)  and  Bin*  ff  sin  8<I>F^^  {cob  0),  or,  what  is 

'  d'P  *  d*P 

the  same  thing,  (1—|!>*)^  cos  «0-T3j^  and  (1  — p*)^  sin  «0 -^3~  are 

new  forms  of  Spherical  Surface  Harmonic  functions  of  0,  <f>. 

1866.  These  new  Harmonics  are  called  Tesseral  Harmonics 
of  degree  n  and  order  a.    When  8=71, 

d*P     d^P 

-T-f=-^-~  =1 .3.5  ...{2n—l),  a  constant. 

Rejecting  the  constant,  {l—p^)^  cobv^  and  (1— p*)^sinn0  are 
called  Sectorial  Harmonics  of  degree  n. 

It  has  been  seen  that  in  the  case  of  a  Zonal  Harmonic  its 
vanishing  gives  an  equation  of  degree  n  in  p  with  all  its  roots 
real,  and  the  spherical  surface  is  mapped  out  into  a  series  of 
belts  or  zones  by  circular  sections  at  right  angles  to  the  axis 
of  the  Harmonic,  the  angular  radii  of  which  sections  are 
determined  by  the  roots  of  this  equation. 

In  a  Sectorial  Harmonic  the  roots  p*=l  give  the  poles  in 

the  axis  of  the  Harmonics  cuts  the  sphere.    But  in 

we  have,  by  the  vanishing  of  such  an  Harmonic, 
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COS  710=0  or  8inn0=O,  as  the  case  may  be,  which  indicate 

roots  7i0=2Xx+a  ^^  ^'"''9  ^'^'  &  ^^  of  great  circle  sections 

through  the  axis  of  the  system  of  Harmonics,  which  therefore 

map  out  the  surface  of  the  sphere  by  meridians. 

In  the  case  of    a  Tesseral   Harmonic  the    vanishing  of 

•  cos      d'P 
(1— p*)^  .    »0-j— ^  would  give  in  addition    to  (i)  the  poles, 

(ii)  the  meridians  (in  number  s),  the  solutions  of  -33=^ 

This  is  an  equation  of  degree  n— 8  in  p  determining  n— « 
small  circles  whose  planes  are  at  right  angles  to  the  axis  of 
the  system. 

The  surface  is  now  mapped  out  by  these  meridians  and 
small  circles  into  a  set  of  tile-shaped  elements  or  tessene 
Thus  to  any  Zonal  Harmonic  correspond  new  Harmonica^ 
Tesseral  and  Sectorial,  which  are  all  species  of  Laplaei^B 
Functions. 

1867.  The  most  general  homogeneous  function  which  U 
rational  with  respect  tox—siud  cos  </>,  y=sin  0  sin  0,  z  =cc$6, 
and  of  the  n^  degree,  for  which  r  is  put  =  1,  and  which  saiisfia 
the  equation 

i^  O=aoP„+2(^*cos/:0+64sinA^)sin*6-^-jf, 

where  P„  is  the  Legendrian  coefficient  of  the  n^  order. 

For  considering  the  expression  A  ^  cos  k^+B^uak^ 
Ajt  cos  ki/t  could  not  be  a  rational  integral  algebraic  f nncUcn  of 
sin  6  sin  i>,  sin  d  cos  0,  cos  6  unless  A^  itself  contains  a  faetv 
sin*  ft 

Put  Qscos  A^  sin*  6 .  vscos  k^ .  u,  say.   Then  the  differaitisi 

equation  becomes  (I— /u*)t^—2m^  +  1'»>('»>+1)—t |}ii=0; 

and  writing  u={l—fi*)^v,  we  have 

(l-M«)^-2M(A;+l)|^+{n(n+l)-i(Jt+l))i,-0^ 
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which  is  Ivory's  Equation  of  Art.  1839,  where 

But  as  we  require  the  integral  function  of  fi  which  will 
satisfy  the  general  equation,  we  take  B=0.    Hence 

O=i4cosJfc08in»e?^ 

o/ur 

satisfies  the  equation.  And  in  the  same  way,  starting  with 
Q=:8inX:^ain*d.t;,  we    should    have    arrived  at  a  solution 

Q  =  B sinkfffsm^ 0  z^-^ ;  and  these  solutions  hold  for  all  posi- 

tive  integral  values  of  k.  Hence  the  most  general  solution 
of  the  kind  required,  viz.  homogeneous  (with  r=l)  and  a 
rational  integral  algebraic  function  of  sin  d  cos  0,  sin  d  sin  0, 
cos  0,  is  that  stated  above,  viz. 

Q=a0P^+>j(ct»cosA:0+64sini0)sin*O-^-T  » 

where  /A=C08d,  and  contains  2n+l  arbitrary  constants.  It 
18  clearly  useless  to  continue  the  summation  for  values  of 
ib  >  n,  for  the  last  factor  would  vanish  for  such  terma 

It  thus  appears  directly  from  this  form  of  the  Laplacian 
ESquation  how  the  Tesseral  and  Sectorial  Harmonics  arise. 

1868.  To  expand  any  Function  of  fi  and  0,  say  F(fi,  0),  in  a 
Series  of  Laplace's  Functions. 

We  have  seen  when  p  is  any  quantity  between  dbl,  that 
with  the  definition  (1-2;A+A«)"*sl+Pi*+P^«+... ,  we 
have  l+3Pi+5P,+  ...+(2n+l)P^+=0  except  where  jp=l, 
when  the  sum  becomes  x .  Let  p  stand  for  the  cosine  of 
the  angle  between  the  direction  fi,  <f>  and  a  fixed  direction 

/i',  ^',  so  that  p=/i/i+'Jl—fjfs/l—/i^cos{<l>—il/),  and  consider 
the  integral  Jj(l+3Pi+5P,-f-...)JP(M,  <f>)dtid4>. 

If  we  integrate  over  any  closed  region  S  on  the  sphere,  which 

is  not  cut  by  the  direction  fi,  <f>\  this  result  is  evidently  zero. 

If  the  integration  extends  over  the  whole  surface  of  the  sphere, 

jtllie  direction  fi\  ^'  must  be  included;    but  no  part  of  the 

Ahfagnikm  contributes  anything  to  the  result  except  that 
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included  in  a  very  small  contour  about  the  directi(»  it,  ^',  and 
in  this  direction  f  (^,  ifi)  becomes  F(/i,  ^').    Hence  the  valw 

of  this  double  integral  is  f(^;  #')[J(1+3P,+5P,+...)<f^ 

taken  over  the  iufinitesimally  small  area  wiUun  the  smiU 


contour  just  enclosing  yu',  if,'.  But  as  l+3P,+fiPi+..- 
voniBhcB  at  all  other  points  of  the  sphere,  this  is  equal  to 

F(^',0')||(l+3P,+5P,+...)rf^d*. 

taken  over  the  whole  sphere,  =4xP(ju',  ^')i  by  Art.  1857; 

When  the  integrations  are  effected  each  term  is  a  fuoctio 
of  n',  <p',  which  enter  through  the  P  functions  a)(«ie,  and  fA 
tenn  will  satisfy  Laplace's  Equation  and  be  a  Ijf>liee't 
Function. 

This  proof  is  due  to  O'Brien. 

When  F{jt,  ^)  is  itself  a  Laplace's  Function,  say  Y^,  we  ban 

where  Y„'-  represents  the  value  of  Y^  along  the  axis  of  On 
functions,*^,  when  /i=^'and  <p=^';  and  every  term  vaniifaa 
«xoept  that  for  which  r=^N,  whence 
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1860.  The  Value  of  the  aboye  Integral  may  be  readily  deduced  by 
Physical  Consideratioiit. 

Take  a  layer  of  matter  of  surface  deDaity  c^Yn  on  the  surface  of  the 
sf^ere  (radius  a).  The  potential  at  any  internal  point  C  at  distance  r  from 
the  centre  and  R  from  the  element  dS^ 

A 


t.e. 


r,./ 


Similarly,  at  an  external  point, 

F.=/r.J(p.+p,?+p.»'+...)ds, 

But,  by  QreeD'a  Theorem, 

at  any  point  A  of  the  surface. 
.    Sa+l 


Fig.  609. 


i"- /  Yt^Pnd8=AirYn%  and  d8=a^dia^  where  d^  is  the  elementary 


solid  angle  subtended  by  d8  at  the  centre. 


Hence 


/^ 


Y^P^di^  = 


n'  n 


2n  +  l 


d 


1870.  Tiemma. 

If  asjp+l,  t7=p-l  and  ^»^>  we  may  show,  by  applying  Leibnitz* 
Theorem  and  comparing  the  r^  non-vanishing  terms  on  each  side,  that 
iiV/>"+»u"t7*/(n+«)I«D»-«u*V»/{n-«)! ;    ».e.  that  if  «s(p«-l). 

Hence  f  «•(/)»+•«••)«  cip 

«  rj-jTjTj  /    />"+*i" .  D*-*f«»  rfjp,  and  integrating  by  parts. 


■ji  npiswin 


mpoMM 
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1871.   Integral  of  Product  of  Two  Harmoiiies  over  Unit  Bptee. 

If  y„,  Z„  be  two  Spherical  Harmonics  each  of  degree  n,  viz. 

AqK^+^{A,  cos  8</>+Bg  sin  8</^)Kg 
1 

tto^Q + yj  (^»  ^^  *^ + ^«  ^^"^  *^)  ^» » 

where  iC,=(l— 2^)^2'5*^  (Art.  1867),  we  have,  upon  integrating 
the  product  with  regard  to  </»  from  0  te  2x, 


and 


r 


and  integrating  this  with  regard  to  p  from  —  1  to  1,  we  have 


by  the  Lemma  I     I    Y'JZ^dpd^ 


In  the  case  when  the  harmonics  are  of  different  orders, 

viz.  n  and  m,    n    rsv 

J      I     r„Z^d;>  d0  =  0,    by  Art  1 783. 

If  the  harmonics  be  identical,  \.e,  Z^^sY^,  we  have 

1872.  If  any  function  of  fi,  0,  say  V^F{fi,  ^),  be  expanded 
in  a  series  of  Laplace's  Functions  as  F=  7©+  ^i+  ^1+  ^8+— » 
which  is  true  upon  the  surface  of  the  sphere  r  =:<i,  then  at 
points  within  the  sphere  we  shall  have 

and  at  points  without 

For  each  term  is  a  spherical  harmonic  satisfying  Laplace's 
Equation  and  satisfying  the  conditions  at  the  surface,  and  tbe 
latter  vanishes  at  oo  ;  and  there  is  but  one  value  of  V  whicft 
does  so. 

Thus,  when  V  is  given  all  over  the  sphere,  we  can  wriit 
down  ita  value  at  any  iitonplor  jiiqr  eztemal  point 
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Z^sPjt*,    Z^ 

T" 

With  cylindrical  coordinates  (p,  <f>,  z\ 

f =>/?+/?,    /u=co8  e=zls/^+p\ 

-,,3  3  ^l-M*  9       ^       /i i/^      M  ^\ 


32 
32P 


is  {MnPn+(l-M*)^}r--*=ni^iP„_i=nZn-i,  (Art  1844), 


aZi 


Therefore,  whether  t  be  positive  or  negative,  -;^=iZ<-i,  a 

oz 

role  analogous  to  the  differentiation  of  a  power.    It  follows  that 

^*=i(»-l)Zi-2, ...  ^=i(»-l)...(i-r+l)Z,-.. 

Again,  by  Arts.  1843, 1845, 
BZ.      /= =  _  ,  /   ^         dP. 


1874.  Ohange  of  Origin  of  Zonal 
Hannonics  to  a  New  Origin  (X  on  the 
•una  Axis  Oz. 

Let  n  be  a  positive  integer. 
Taking  0  as  the  origin  and  Oz  as 
ttie  axis  of  the  Zonal  Harmonics, 
Z«  is  a  function  of  p  and  z  alone, 

*  «/(p,  zy     Then  taking  &  at  the 

*  |ioint  (0,  0,  —a),  the  new  ordinate  z' 
I  of  any  point  P,  whose  coordinates 

9^  iff*  with  regard  to  axes  with 

0^  it  whan  relerred  to  parallel  "  Fig.Sio. 


...(B) 


mmn 


mm 
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axes  with  origin  (/,  z+a,  and  the  oorresponding  Zonal  Har- 
monic Z„'  is  denoted  by  /(/>,  aO»  i-^-fipf «+«) ;  and  this  being 
of  degree  n  in  z,  we  have 

^* -•'+'* 32+2!  3a»+'"+n!  Sz"' 
the  accent  denoting  the  Zonal  Harmonic  of  degree  %  with 
reference  to  the  new  origin.    That  is, 

7  '    7  j.«  aZ»  ,  a«  3»Z,  o"  3«Z. 

=Z,+naZ^,+^^^|^a»Zn_,+ . .. +fia->Zx+o-. 

Similarly,  if  the  Zonal  Harmonic  be  of  n^ative  order, 
Z_  and  f  >  a,  we  have  a  series  in  aacending  powers  ?  bo» 
extending  to  oo .    For,  as  before,  Z^.is  of  form  jP(p,  z\ 

Z:.=i'(p,.+a)^J'+ag+|-;g+... 

=Z..-gaZ__,+!^)a«Z„^,-'><"+y;+^>Z_,+-. 

But  in  cases  where  r ,  being  measured  from  the  first  origin, 
is  <  a,  this  expansion  is  inadmissible.     We  then  have 

Z:i={aj«+y*+(2+a)*r*=(a"+2arcoee+f«)"* 

o\        o     a"    a"        / 

Differentiating  with  regard  to  z,  ijt.  with  regard  to  c+aca 
the  left  side, 

3Z:.        1/-     2Z,,3Z,_4Z,,      \ 

l.Z:.4(l.Z.-2|+3^«-4^»+...) 
Differentiating  again, 

1.2Zl,=i(l.2Z,-2. 3^+3.4^-...),    etc.. 

and  tiras,  by  ocmtinuod  difierentiations,  we  arrive  at 

«'  _ir,     »Z,.n(n+l)Z,    n(n+l)(n+2)Z. .     I 
•••    aM.      To'*'    1.2     a»  17173        ?'*""J 
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PROBLEMS. 

1.  Show  that  ^aj»  +  ^y»  +  a«»-|(a;«  +  y«  +  ;g«)(^a;  +  ^y+a»)  is  a 
spherical  harmonic,  and  that  the  corresponding  surface  harmonic  on 
unit  sphere  is 

(i<oo8«^  +  ^sin»*)sin»^  +  Cco8»^-f(^cos*  +  ^sin*)sin^-|Cco8^. 

2.  If  OAy  OB,  OC  be  three  perpendicular  axes  cutting  a  unit 
sphere  with  centre  0  at  Aj  Bj  C,  and  if  P  be  any  other  point  on  the 
surface,  show  that  cos  PA  cos  PB  cos  PC  is  a  surface  harmonic. 

3.  ABC  is  a  fixed  quadrantal  triangle  on  unit  sphere,  and  a 
point  F  moves  on  the  surface,  so  that 

Fsacoe«P^+6coe«P^  +  ccoe«PC+2/cosP^cosPC 

+  2^  cos  PCcos  P^  +  2A  cos  Pi^  cos  P^ 

is  a  surface  harmonic.    Show  that  the  cone  F<=  0  has  three  perpen- 
dicular generators. 

4.  If  Pn  be  Legendre's  coefficient  of  order  n,  show  that 


L 


PiPn(5P, -3)dp-0. 


unless  n=-3,  in  which  case  the  yalue  is  6/7. 

5.  Show  that 
•1 


r  (PoVT  +  Pi>/3  +  P,N/5  +  ...+P„>/2n+l)«dp  =  2(n+l). 


6.  Show  that  I    p^Pndp^O,  except  in  the 


cases 


^j>*F,dp=i.  {V^,*=,«„  j^/i*4*=AV- 


cases 


7.  Show  that  I    p^Pn^p^O,  except  in  the 

^[^fP,dp^\,    ^[p^P.dp^^,    ^\p^P,dp^^, 

8.  Show  that  the  area  of  one  of  the  larger  loops  of  the  curve 
r-«P,i.f3(6^+lloo6-»;)|). 

9.  Show  that  if  c  be  very  small,  the  area  of  the  nearly  circular 
figure  r«tt(l  +«P3)  is  approximately  wo'(l  +  Jc). 

10.  Show  that  if  c  be  very  small,   the  volume  of  the  nearly 
mrfaee  r-fl(l  +€P,)  is  very  approximately  4«-a*(l  +  |€«) 


3  CHAPTKR  XXHTX, 

11.  Show  that  if  ff-l-2aa:  +  o*,  ^  =  l-2i8r  +  !^, 

'1     <£c 


tNllI-^^^^, 


«n50     I     8„      128 


and  deduce  the  values  of 

^'  PmPndp,    m, 

12.  Show  that 
nnSf     I     8„       gin4g    4- 
■wHT"3     3    ''     mnf  "5 

13.  Give  the  rational  integral  function  of  the  second  d^teeof  tlu 
three  quantitiea,  «in  A,  coa  Xain  0,  coa  Xcoe  9,  aod  pat  the  temu  of 
the  second  order  under  the  fonn 

C(  un*  X  +  (c,  sin*  0 + e,  sin  9  cos  {> + e^  OOB*  0)  co^  A 

+  (c,  cos  tf + e,  sin  fl)  sin  A.  cos  i, 
and  show  that,  with  the  addition  of  an  arbitmy  quaatit;  c,,  ii 
becomes  a  Laplace's  function  if  3^ ->  -(iJi  +  i^+e,). 

[Skith'B  Pun,  1Kt| 
H.  For  points  i,  y,  z  which  lie  on  the  sphere   a!*+y*+»'"l, 
express  Q  as  a  series  of  stirfuce  harmonics,  where 

C  =  j;  +  2y  +  3«  +  4i' -i- 5y=  +  62' +  7yz  +  8cr  +  9ip  +  lOi*  +  1  Ijyi 
15.  Express  sin*  ^  in  a  series  of  Legendre's  coefficients  as 


15'' 


21 


^36 


•P.- 


Why  cannot  i 
harmonics  I 


16.  If  P„= 


-  ,  prove  that  if 


{P^d^  be 


un'  6  he   expanded   in   a   finite  aeries   of  sphniol 
[Math.  Twt..  IKl! 

1      ^"(/.'-ll- 

a"ti!     j;j~~ 

vanish  when  f  — 1, 

Show  how  by  the  help  of  these  formulae  the  numerical  valtM^ 
Pi,  Pf,  i*,.  ■--  P«,  and  those  of  their  differential  coefficient^  mayh' 
conveniently  found  for  any  given  value  of  p. 

[PKor.  Adams.  8.P„  unj 

17.  Prove  that 


"<«(i 


^i)-^»  +  *''l*J''.+i^.+  --. 


[Oou-bl 
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18.  Obtain  «  solution  of  the  differential  equation 

in  the  form  of  a  aeriea  of  coeines  of  multiples  of  x. 


19.  Showtluitif(l-2ai  +  o«) 
(•+2)0. 


lUlXB.  Ttap.  n.,  IBS8.} 
.l  +  yg;o",  thenwiU 


(2i.+*  +  l)»e„,  +  («+i- l)«.-0. 

[E.  J.  BOVTB,  Pne.  L.M.B.,  uvi. 


fO.  Prove  that  if 

r»(l-2a«  +  aS)-*=l+Z,a  +  ^^»  +  ...  +  Ji:;a-  +  .. 


(II)  (l-z')^f'gj.i2."F'; 
(iii)  (l-.')Jii"-fci.'  +  »(»  +  3)i..O: 

(iv)  (»+i)*r„,-(an-3)ij:,+(»+2)/t„.0i 
(v)  ir.'.(2»+i)y„+(2o-3)*r„(.(2«-7)*r„i 

(vi)  {2n  +  3)fx,(fo-r^,-i:^,  +  con«t.; 

(Tii)  *r„-3P,  +  7f,+  ...  +  (4«-l)P„, 
Arfc-l+5J',  +  9P«  +  ...+(4n+I)i'j,. 

(viii)   r   ir.J-.i-0  or  (.+  l)(>,  +  2), 

according  as  m  +  n  is  odd,  or  even  and  m 

*M-H 

21.    If  r-(l-2oj>  +  a»)      ^  =  l+2G„a",  show  that 


If  F-(l -2ap  +  o»)      «    =  1  +  Se,a".  prove  that 


b  £^c»''i'= 


23.  Show  that  the  r 


B|n-1)    n(n-I)(n-2)(ft-3) 


"Iita(2fl-l)  1.2    2«(2n-l)(-2n-2){2f 

«  all  real  and  nntqtutl,  and  lie  betveeii  1  a 
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24.  Prove  that  one  solution  of  Legendre's  Equation 

(l-««)y,-2ayi  +  n(n  +  l)y-0, 

where  n  is  a  positive  integer,  is  a  polynomial  of  the  n^  degree,  and 
determine  it 

26.  Prove  that  a  like  statement  is  true  of  the  equation 

(l-«»)y,+aa^i+n(«-l-o)y*"0 

unless  1  +  a  -  n  be  one  of  a  series  of  numbers  n  -  2,  n  -  4,  a  -  6, ... 
which  terminate  in  1  or  0,  according  as  n  is  odd  or  even,  and  in  that 
case  a  polynomial  of  degree  1  +  a  -  n  is  a  solution. 

[Math.  Tup.  IL,  1918.] 

26.  P«(aa)  being  the  coefficient  of  A«  in  (1  -  2/uA  -i- A')*^  and  «» t 
equal,  show  that  I     t^^Pn(j^)^mW^f^  ^^  ^^  unless  m  and  t 

differ  from  one  another  by  2,  and  that  when  m»n-f- 2,  its  value  ii 
2(n  +  l)(n  +  2)/(2n  +  l)(2n  +  3)(2n  +  5).  [Math.  Tbif.  IL,  IWl] 

If  m-Bfi^  show  that  the  value  is 

2(4n«  +  6n«- l)/(2n- 1)(2«+ l)«(2n+ 3). 

27.  Prove  that 

(i)  J^^(l-a:«)P^'(«)P,»(fe  =  0     {ni^m); 

(ii)  ^^^^(\-x^){Pn'{x))*dx      -2n(«  +  l)/(2n+  1). 

[Math.  Tbif.  IL.  Wli) 

.  Prove  that  Fn+i  -  Pn^i  -  (2n  + 1)1'   ^«<(p  «  (2n  +  1) ^  P^if. 


un 


28 

29.  Prove  that 


(i)  {'Pn(co8e)de 


or 


{ 


1.3...(n-l)\« 


2.4...n 


}' 


as  fi  is  odd  oreTeo; 


(ii)  rcos^P„(cos^)rf6^  =  0    or    ^  {^'J;;;  j||     ^jVas  n  is  evenor(*. 


SO.  Show  that 


(»)? 


(oo-^-'-i{..»S)V...(H)v.*"(^7i..*4 


(Hi) 


[Use  formula  of  Art  1813.] 

[Obsixb,  Joht.  Ii 


fM 
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P^-P^     P^-P^     P^-P*     p^^p* 

31.  Show  that  p?a_p%,  p'l./^r  p^^pv  pU^p*i  »" 

respectively  equal  to  0>*-l)/l«,  0>*-l)/2»,  0>*-l)/3«,  0>*-l)/4«, 

i*y6  —  1 
and  thatP,=Pi,  whenjp»  -|orl;  Pj  =  P2,  whenjp- ^-^  orl. 

32.  Prove  that 

Po*  +  3Pi*  +  6P,*+...  +  (an+l)P.«-.(ii  +  l)«P^«-0>«-l)P.'«. 

[Math.  Trip.,  1888.] 

33.  Prove  that 

Po'*  +  3Pi'*  +  6P,'«+...+(2n  +  l)P,'«-i{(n  +  2)«P,'«-(/i«-l)P^"«}. 

[Math.  Trip.,  1888.] 

21+1 

34.  If  (l-2oa;  +  o«)"  «  =1 +Zia  +  Zja«+...  +  Z^a«+.  .,/ being 
a  positive  integer,  show  that^  accents  denoting  differentiations  with 
regard  to  2, 

(i)  I      Z^Z^dx^O  if  m  +  n  be  odd; 

(ii)  (l-a;«)V-2(Z+l)«Z,'  +  n(n  +  2Z+l)Z»-0; 

(iii)Z,'-{2(n  +  0-l}Z^i+{2(n  +  0-5)Z^+{2(n  +  /)~9)Z^+.. 

35.  If  (1  -  2aa;  +  o«)-~  -  2  ^m.  «***  *^^^  ^^*^ 

0)  «x^-.«-;?:;^i».-i==*»^i».«; 


rfP. 


(ii)  (1 -flji)  •^^.(2;/i+l)a:'^+n(n  +  2m)P«,  =  0; 

(iii){^^(l-x«r-*P^,P^,rfz  =  0,    r^n; 

(iv)  r   (l-x«)-*P«    ^,2!!;i^n(n  +  2m-l)fn(m-i)V 

36.  Show  that,  if  k>0  and  Pa  be  the  Legendrian  coefficient  of 
order  X, 


{1  i*  p    /» p  \ 

(ii,  j;a:i>.^P^,^=^-£±i^£.pP.rfx; 

(iii)  r«PP.^,(fe £z:?-raji'P.eir; 

Jo  p  +  n  +  3jo       *      V 

37.  Prove  that  P,(8ec  ^  =  - 1  8ec»^(l  +  sin  ^cos  x)"rfx. 

■•Jo 


m  and   fi   being  different 

.     positive  integers,  and  p 

any  positive  quantity. 

[Math.  Trip.  II.,  1489.] 
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38.  If  P«(/a)  denote  Legendre's  coefficient  of  degree  n^  ahow  tiiat 
/i(l  -  /x^)  -j^  ~J^^l^  ^^  ^^  unless  m  <~  n  be  unity,  and  detonniiM 

its  value  in  these  cases.  [Math.  Txif.,  1801] 

39.  Prove  that 


I 


and  deduce  the  formulae 

..        1        d'*-^  ..  (g«-l)"*  d*^  .^      ., 

^^'  (n  -  wi)  !(&*-•»  ^        ^  ""  (»  +  m)!  •(/«••+•  ^        ^^  ' 

(ii)  i^«(^)  =  if^(:t  +  cofl*s/Srn)ne^.         p^^  ^^  ^^j 

40.  Denoting  by  P,|(fi)  the  Legendrian  coefficient  of  order  i, 
prove  that  if  f»  <  ti, 

fi   (PP«d«P.,       (n-l)n(n+l)(n  +  2),^,        ,,       ,       ,,    ., 
y^-di^W^^      24      -M3m(m+l)-n(n  +  l)  +  6}, 

if  171  +n  be  even,  but  zero  if  m  +  n  be  odd.  [Math.  Trit.,  1897.] 

41.  Prove  that  if  n  be  a  positive  integer  fsiuh'x^  j  cosech^zis 
equal  to 

( -  l)«2«n!coth"x{l  +!i(!L^)Bech«x+«<"-  ^)^-?)<*-  »).ech«,^...). 
and  that  either  expression  satisfies  the  differential  equation 


sinh'jB  ;a  ^  *  (*  +  ^  )y- 


[Math.  Tbip.,  1817.] 


42.  Prove  that 


I     cosiK^cos^  I     cosn^dn^ 

-^P^(co8^)-=         ■  \d4>-^  ^ 

V  2  Jo  Vcos  4>  -  cos  B         •'•  ^coaO  -  coe  ^ 


^ 


except  when  n»0,  when  the  right  side  =^«'^/2Po(oos  6). 

[Di&ichlbt  ;  ToDHUMTKE,  FuncUoHs  o/Laplae€t  F  ^^ 

43.  Show  that  if  the  usual  polar  variables  ^,  ^  be  replaoed  bj 

0  0 

X,  y  defined  by  cot^ .  <^  =  a;,  tan  ^.  «*♦=»  -y,  the  surface  harmonie of 

order  n  satisfies  the  equation  ^  ^  +  -7^ ri  F«=  0. 

If  F  be  any  solution  of  this  equation,  verify  that 

[Matk.  Tbip.  H,  18*] 
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44.  X^  is  the  aolid  Zonal  Harmonic  of  positive  order  ti,  having 
ihe  axis  of  z  for  its  axis  and  the  origin  of  coordinates  for  its 
origin ;  X^  is  the  solid  Zonal  Harmonic  of  positive  order  m,  having 
the  same  axis,  and  a  point  distant  a  from  the  origin  for  its  origin ; 
prove  that 


The  corresponding  Zonal  Harmonic  of  negative  order  being 
denoted  by  Y^,  prove  that  for  points  included  within  any  sphere 
whose  radius  is  less  than  a,  and  whose  centre  is  the  new  origin, 

r'-    1    n     (n-H)!Jr^.(nH-2)lJr,    (n  +  3)ljr^.      "l 
^•"o^L  »!       a        2!nl     a«       3In!    a^'^'J* 

Obtain  the  expression  for  Y^  for  points  outside  any  sphere 
whose  radius  is  greater  than  a,  and  whose  centre  is  the  new 
origin  in  the  form 

F'«.y  -(^Ill-fly      ,(^  +  2)!  (n  +  3)l 

[Math.  Trip.,  1885.] 

45.  Prove  that  the  series 

is  equal  to  -  ft  for  all  values  of  /x  from  - 1  to  0,  and  to  ft  for  all 
values  of  ft  from  0  to  1.  Apply  this  formula  to  calculate  the 
potential  of  a  hemispherical  shell  whose  suriace  density  varies  as 
the  density  from  a  diametral  plane  at  an  external  or  internal  point 

[Math  Trip.,  1878.] 

46.  Show  that  the  surface 

ri     1  6P5     1 . 3  9P.     1.3.5  13P-        -| 

rasa  I  —4- * ^ -I U—       .1 

L2     21.4     2.43.6^2.4.6  5.8     •"J 

oonsists  of  two  equal  spheres  which  touch  each  other  at  the  origin. 

[Math.  Trip.,  1884.] 

47.  If  sc = sn  a:  +  -^,  sn'a:  +  A^^  sn*a;  +  A^  sn^x  +  . . . ,  show  that 


(n^2)(n4-l)(n)(n--l)^^,^^_^^,^^^ 


'Jo 


[Math.  Trip.  III.,  1886.] 


mm** 
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48.  Prove  that  if  p^^z*  +  ^  and  f*-pS  +  <*,  then  Ui  being  Um 
solid  Zonal  Hannonic  of  degree  t,  and  Pi  the  correeponding  Legendie's 
coefficient^  -p^ 


and 


i[p;-i-»(»-i)p,i 


where  accents  denote  differentiations  with  regard  to  the  oonoe 
of  the  co-latitude,  giving 

49.  If  p»a:>+y^  and  F<  be  the  solid  Zonal  Harmonic  of  degree  i, 
show  that  I    3»r<^    _^  F*., 

where  r«  =  ««  +  y«  +  ««.  [Math.  Tmf.  ,  \m] 

50.  Show  that 

(^P    <■  (2"*P  (^P 

(«-»+»)li;^-(2«+i)''d;?i?-(-+"»)T^-  [&P..,n« 

51.  Find  the  number  of  independent  solutions  of  the  eqaatioM 
ii»  +  iiyy  +  i<zf »  0,  anis + ytCy + niy  »  ni^  and  prove  that  if  «  be  a  solotMB, 

tt(a:'  +  y^  +  «') '  *^*'"^^  also  will  satisfy  the  first  equation. 
Prove  that  if 

a+)8«  +  y«*=/(a;+y»+2to«)   and   A-hB^-^Ct^'^fKa-^pm-^y^ 

where  «•  is  one  of  the  primitive  cube  roots  of  unity,  then  «-A 
P-y^y-a^A-B,  B-C,  C-A  will  all  be  spherical  harmonica 

[Math.  Teip.,  18711 

52.  Prove  that  the  function  which  has  the  value    +1  on  tk 

Northern  hemisphere  and   - 1  on  the  Southern  is  given  in  Zooii 

Harmonics  by  the  series  ^tm*\^wii*\*  ^here 

fl.3.5...(2n-l)  .  1.3.5... (2n-hl)\ 
^••♦i-*^     a;    ^     2.4.6...  2n     ■*"2.4.  6 ...  (2»  +  2)/' 

Hence  find  a  function  which  has  the  values  A-{-B^  A-B  » 

(i)  the  Northern  and  Southern,  (ii)  the  Eastern  and  Western,  (in) 

any  two  corresponding  hemispheres,  respectively,  the  axis  of  tk 

Earth  being  permanently  the  axis  of  the  harmonics. 

[Math.  Trii-.,  l«i} 

53.  The  polar  equation  of  a  nearly  spherical  surface  is  r»a+i'r 
where  P^  is  a  zonal  harmonic  of  the  n^  degree,  and  6  is  a  tm^ 
quantity  whose  powers  ^^^[e  the  second  may  be  neglected.    Skv 
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that  the  area  of  the  surface  exceeds  the  area  of  a  sphere  of  radius  a 
by  2t6«(ii«  +  II  +  2)/(2ii  +  1).  [Math.  Trip.,  1878.] 

64.  In  the  nearly  spherical  surface  fc^a  +  ^P^,  where  P^  is  a 
sonal  harmonic  and  b  is  small,  prove  that  at  any  point  the  excess  of 
the  measure  of  curvature  above  1 /a'  is  to  a  first  approximation 

a»  (***  +  '*'"  ^)^«-       [Math.  Trip.  III..  1886.] 

65.  Show  that  the  Legendre's  function  Q^  of  the  second  kind 
(Art.  1821)  may  be  expressed  in  the  form 

r^      D  X    1.  1        f2n-l  n  2n - 5   ^  2n-9   „  1 

mod  that  the  general  solution  of  John  Ivory's  Equation, 

is  given  by  t-^=>^PJ^+  BQ/JH^;  and  further  that  Q^  may  be  expressed 

(1  -jp>)~<*H-i)^  a  form  corresponding  to  that  of 


^-"(4) 


Bodrigues  for  P^,  C  being  a  constant. 

56.  Find  the  integral  of  the  square  of  a  tesseral  harmonic  over 
the  surface  of  the  unit  sphere. 

If  the  general  expression  for  a  tesseral  harmonic  be  of  the  form 

m 

A  (I  ~  ft') *^^^  cos  iik^,  where  the  coefficient  of  the  highest  power  of 
fi  in  ^^"*^  is  unity,  prove  that 

»•+!     /*»•       4n«-l^«-i*  [Math.  Trip.] 


■^■*< 


CHAPTER  XL. 


SUPPLEMENTARY  NOTES. 


Note  A.    Dkfinition  of  Integration.    Rxemanit. 

1875.  The  definition  of  the  integral  J  if>(x)dx,  given  in 

Art  11,  for  the  case  where  ^(x)  is  single-valued,  finite  md 
continuous  for  the  range  a ->  6,  is  an  analytical  expression  of 
Newton's  Second  Lemma.  It  is  pointed  out  in  Art.  13  tint 
the  several  subintervals  A^,  /t,,  Z^,...  of  the  range  a-b  need 
not  be  taken  as  equal  so  long  as  it  is  understood  that  the  greateat 
of  them  is  ultimately  taken  as  indefinitely  small ;  and  Caiicby 
adopted  this  modification  as  the  basis  of  his  inveetigaftiGOB 
(see  Art.  1266).  But  in  dividing  the  range  a-6  into  aa 
infinite  number  of  subdivisions, 

the  definition  has  still  kept  to  the  idea  that  each  of  fhm 
intervals  is  to  be  multiplied  by  the  value  of  0(x)  at  the 
beginning  or  at  the  end  of  the  interval,  that  the  aum  of  tnA 
products  is  to  be  formed,  and  then,  if  such  sum  has  m 
existent  limit  and  converges  to  a  definite  quantity,  that  linii 

is  defined  as  I  ^(x)  dx.    And  it  has  been  seen  in  Chapter  T. 

how  Cauchy  proposed  to  exclude  from  the  definition  any 
element  or  elements  in  which  ^(x)  becomes  infinite  or 
discontinuous. 

For  the  class  of  functions  met  with  in  elementary  analy0 
and  with  which  this  treatise  has  been  mainly  concerned,  tUi 
treatment  will  sufiice,  and  has  been  adopted  as  ofiforing  li 
adequate  scope  for  the  beginner,  with  fewest  difficulties* 
the  initial  concepticm  of  the  prooesses  to  be  followed 
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Bat  it  is  evident  that  the  multipliers  of  the  several  sub- 
divisions need  not  have  been  taken  as  the  values  of  <l>(x)  at 
either  end  of  the  interval,  but  might  equally  well  have  been 
taken  as  any  of  its  values  intermediate  between  the  greatest 
and  least  values  which  if>{x)  is  capable  of  assuming  in  each 
interval. 

1876.  Starting  with  this  idea,  Riemann  in  a  memoir  (Veber 
die  Darstdlha/rkeU  einer  Function  dv/rch  eine  Trigonome- 
trische  Reihe)  has  given  a  definition  of  integration  which  does 
not  require  that  the  function  considered  shall  be  continuous 
in  the  interval  a-^b.  Let  a  and  6  be  two  finite  quantities 
between  which  a  real  variable  x.  ranges.  Let  ^(x)  be  a  func- 
tion of  X  which  remains  finite,  but  not  necessarily  continuous 
in  the  interval.  Take  d  a  definite  given  small  positive 
quantity,  which  is  called  the  Norm,  of  any  mode  of  division 
of  the  interval  Orb  into  sub-elements  or  segments  Si,Sf,.».Sn, 
viz.ii=»i— a,i,=Xt— «j,  •••  in=ft--3?„_i,  each  of  these  elements 
being  not  greater  than  the  norm  d  of  that  mode  of  division. 
Then  evidently  there  is  an  infinite  number  of  modes  of  division 
corresponding  to  any  particular  norm  d,  and  each  of  these  is 
also  a  possible  mode  of  division  for  any  greater  norm.  Let 
^i>€2,  ...e«  be  positive  proper  fractions,  and  let  8  stand  for 

^irf(^r-i+efSr)-     Then,  if  8  converges  to  a  definite  limit 
1 

whatever  mode  of  division  be  chosen  and  whatever  the  frac- 
tions €i,  €^f,,.€n  may  be  when  the  norm  d  is  made  to  diminish 

indefinitely,  this  limit  is  represented  by  I    f(x)  dx,  and  the 

function  is  said  to  admit  of  integration  for  the  range  a-^b. 
(See  Prof.  H.  J.  S.  Smith,  Proc.  Ixmd.  Math.  8oc.,  vi.,  p.  140.) 

1877.  A  formal  proof  of  the  convergence  of  the  series  S 
under  certain  conditions  is  given  by  Riemann,  and  amended  by 
Prof.  Smith  in  one  or  two  particulars  in  which  Riemann's 
demonstration  is  wanting  in  formal  accuracy.  The  values  of 
^(x),  corresponding  to  the  values  of  x  for  any  segment,  are 
called  the  "  ordinates  **  of  the  segment.  The  difierence  between 
the  greatest  and  least  ordinates  of  a  segment  is  termed  the 
"  ordinate  difference "  or  the  "  oscillation  **  of  ^(x)  for  that 
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aegmeDt.  Let  D^,  7>,, ...  i>,  be  the  oscilUtioDS  in  the  aevenl 
segments.  Then  the  greatest  &nd  least  valaea  of  i8  for  aaj 
particular  mode  of  division  are  respectively  attained  by  takii^ 
the  greatest  and  leaat  ordinates  of  the  several  segments,  and 
the  difference  of  these  sums,  viz.  9,  is  given  by  Qz^y^Sfi^ 
But  for  any  definite  norm  d  the  greatest  and  least  values  of  8 
do  not  in  general  result  from  the  same  mode  of  subdivisian. 
Therefore  the  difference  @  between  the  greatest  uid  least 
values  of  8  for  all  modes  of  division  corresponding  to  a  giro 
norm  d,  will  in  general  be  greater  thtin  0,  'which  is  tht 
difference  for  a  particular  mode  of  division.  And  to  be  sure 
of  the  convergency  of  S  it  will  be  necessary  to  show  that  6 
in  any  cai<e  diminishes  without  limit  when  d  diminishw 
without  limit 

1878.  Professor  Smith  enunciates  Riemann's  Theorem  U 
f<dlowB : 

Let  IT  be  any  given  quantity,  however  amaU.  Then,  if  in  envj 
d\vi»i&n  of  norm  d  the  sum  of  Uk  tegments  for  which  lAe  oKiS*- 
tioHiturpa.1t  a  Mminiaha  without  limit  when  d  dtminiaka  mtiMt 
limit,  the  function  admits  of  integration,  and  oonveroeltf. 

Let  Q(d)  and  L{d)  be  the  greatest  and  least  values  <d  3 
corresponding  to  a  given  norm  d,  not  necessarily  arising  fnn 
the  sane  system  of  subdivisions  for  that  norm. 

Then  taking  any  two  norms  d,  and  d^  (i2,  >  d^,  since  eTsy 
mode  of  division  for  norm  d,  is  one  for  norm  d,,  we  h«n 
Q{di)  i  <i{d^  and  L(dj)  >  i(rf,).  Moreover,  for  every  norm  t^ 
another  norm  d,  can  always  be  found  which  is  leas  than^. 
such  tliat  (i{d,)>6(dt)  and  £((!,)< £((2,),  unless  the  nu 
and  min.  ordinates  of  the  several  segments  iu«  the  bum 
throughout  the  interval,  however  small  the  segments  maj  bt 
taken,  in  which  cas6  0(d)  and  L(£)  are  respectively  i^^i— ij 
•od  k^(h—a).  where  A,  and  h^  are  the  greatest  and  W 
ordinates  common  to  all  the  segments.  And  therefore,  ei(«I< 
in  thia  case,  a  series  of  norms  d^,  d,,  i,,  ...  of  decm^ 
magnitude  can  be  found  so  that  (?((Q,  0(d^  &(<!*>.  ■  -  fn^ 
a  decreasing  series,  and  £{<!,). /.((^./.(i^'        'n  inereaaiiiet* 

And  0(d^)>Hd^.  except  in  the  q^  ■•'»  the  fuBtf* 
««ti  b»  rc^reeente^WW   >'jgB  of 
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the  a;-ftxU,  when  we  ihk;  have  0(d^)=L[d^.  For  if  the  two 
aystems  of  division  which  respectively  furnish  0(d^  and  L{d^ 
be  superimposed,  then  to  find  the  value  of  Cfid)  (or  the  new 
^vtom  of  diviflion,  each  resulting  segment  will  have  to  be 
moltdplied  either  by  the  same  ordinate  which  multiplied  it 
before  or  by  a  etill  greater  one  from  a  neighbouring  segment; 
and  to  find  the  value  of  Z(d)  for  the  new  system,  each  segment 
most  be  multiplied  either  by  the  same  ordinate  which 
multiplied  it  before  or  by  a  still  smaller  ordinate  from  a 
neighbooring  segment.  So  that  the  least  value  of  iS  obtain- 
able by  taking  the  greatest  ordinate  for  each  segment  in  any 
mode  of  division  whatever  is  not  less  than  the  greatest  value 
fif  S  obtainable  in  any  division  whatever  by  taking  the  least 
Ofdinate  of  each  segment. 

If  then,  for  any  given  norm  d,  L'{d)  be  the  least  value  of  S 

for  the  mode  of  division  which  yields  &(^,  and  G'{d)  be  the 

greatest  value  of  8  for  the  mode  of  division  which  yields  L{Si, 

a{di>0'(d);    G'()()>£'(d)    and    L{d)<L'(d); 

.■.a{d)-L{di=[0(d)-LXd)]+md)-Hd)-\-lO'{d)-L'{d)) 

*[ff(d)-£'(<i)]+[0'(d)-£(i)]. 

But  if  «!  be  the  sum  of  the  segments  which  in  the  division 

{&((!),  L'{ii)  have  oscillations  >  o-,  «■  the  sum  of  the  segments 

which  in  the  division  {0'{d),  L{d)}  have  oscillations  >  o-,  and 

O  be  the  greatest  oscillation  for  any  division  of  norm  d,  which 

ia  by  Buppodtion  finite ;  then 

G'(^— £'((!)= contribution  from  s, 

+contribution  from  (6— o— s,) 
>«iD+cr(6-o— «,) 
and        ff'(d)-i(d)  ?-«rfl+<r(6-a-fl0; 

.-.  adding,  Q(i)-L{di  >  (8,+«0(n-<r)+2<r(6-a), 
and  therefore,  as  tr  is  as  small  as  we  please  and  d  can  be  taken 
so  small  that  Si+Si  is  as  small  as  we  please,  0(d)~L{d),  that 
■  6,  diminishes  without  limit  as  d  diminishes  without  limit 
A  fix)  admits  of  integration  for  the  range  a  to  6. 

^879.  Conversely,  if  f(x)  admiU  of  integration  in  the  in- 
b,  S  converges  to  a  definite  limit,  and  @  diminishes 
tdis  made  indefinitely  small,  and  therefore  also 


S^srr^* 
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each  of  the  differences  6  must  do  the  same.  But  if  «  be  the 
sum  of  the  segments  in  which  the  oscillations  exceed  o*  in  toy 
mode  of  division,  we  have  as  >  6,  And  however  small  o*  may 
have  been  taken,  we  can,  by  taking  d  small  enough,  make  0/0- 
less  than  any  assignable  quantity,  however  small.  Hence  if 
8  converges  to  a  definite  limit,  8  must  also  diminish  without 
limit  as  d  is  indefinitely  decreased.* 

1880.  Prof.  Smith  {loc,  cit)  points  out  also  that  Riemanns 
criterion  of  integrability  is  applicable  in  the  case  of  any 
multiple  integral  extended  over  6,  finite  region. 

1881.  It  is  incidentally  assumed  that  the  interval  a-6  ib 
one  which  extends  from  a  given  value  of  x,  viz.  x=a,  to  i 
greater  one,  2=6,  and  the  interval  a-b  has  been  divided  into 
subsections  x^—a,  x^— x^,  x,— a^>  etc.  If  we  reverse  the  order 
of  the  array  of  points  a,  x^,  x^,  ...  x^i,  b,  the  only  differenee 
in  the  argument  will  be  that  the  sign  of  each  of  the  paitial 
products  formed  in  constructing  the  maximum  and  minimim 
values  of  S  has  been  changed ;  the  new  sums  formed  for  tbe 
reversed  order  do  not  difier  in  absolute  value  from  the  vahieB 
before  considered,  but  are  of    opposite  sign.     It  therefoR 

follows  that  f«  ^.  . ,  f *  ^.  V  T 

Jy(x)(fa=-Jy(x)(fc 

1882.  Moreover,  if  we  add  to  the  array  several  othor 
points  of  division  x=Ci,  x=Cs,  ...  x^c^i,  the  maximum  and 
minimum  values  of  S  have  not  been  respectively  inereued 
and  decreased,  for  the  norm  of  the  mode  of  division  with  tiie 
additional  points  in  the  array  cannot  have  been  increaaed 
by  their  introduction.  But  the  sums  corresponding  to  tbi 
maximum  and  minimum  values  of  8  for  the  several  interfiii 
a  to  Ci,  Clio  c^,  etc.,  are  respectively 

<  and  >{y(x)dx,    fV(»)*B»  etc, 

and  modes  of  division  of  these  intervals  can  be  fooiid  k 
which  their  maxima  and  minima  differ  from  these  reqwetin 
quantities  by  less  than  any  assignable  quantities^  howffV 
amalL    Also  the  agflHili  of  any  of  these  modes  of  Jiiiwi 

.» tit,  fb  MH  .        <t 
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of  these  partial  intervals  forms  a  mode  of  division  of  the 
whole    interval    a-6.       Hence    I  f{x)dx  must  be   equal  to 

the  sum  of  the  integrals  I  f(x)dx,  I  f(x)dx,  ...,  I      f(x)dx. 

1883.  In  the  same  way  other  general  propositions  such  as 
those  of  Chapter  IX.  may  be  reconsidered  for  Riemann  s 
generalised  definition. 

Note  B.    Ck)NVERGENCE  of  an  Integral. 

1884.  An  infinite  integral  is  one  in  which  either  of  the 
limits  is  +00  or  —  oo ,  or  in  which  the  integration  extends  from 
—  00  to  +00.  In  what  follows  we  shall  assume  that  a  is  a 
positive  quantity,  i,e,  a>0,  and  that/(x)  is  a  finite  function 
of  X  for  all  values  of  x  from  a  given  value  x=a  to  another 
value  x=b  which  is  greater  than  a,  and  that /(a?)  is  integrable 
in  this  range. 

The  integral  I  f(z)  dz  is  defined  as  the  limit,  supposing  such 

limit  to  exist,  when  x  becomes  infinitely  large,  of  the  integral 

/  s  I   f(z)  dz.    If  such  limit  be  finite  the  integral  is  said  to 

converge  to  that  limit.  If  there  be  no  finite  limit  to  the 
increase  in  the  value  of  /  as  x  tends  to  +  oo  ,  then,  according  as 
/  tends  to  ±00,  the  integral  is  said  to  diverge  to  ±oo. 
Integrals  in  which  the  integrand  changes  sign  periodically  in 
the  march  of  x  from  a  to  oo ,  such  as 

I    sinxcte    or     I    a?8in(bx+c)dxy 

are  said  to  oscillate,  and  such  oscillations  may  be  either  finite 
or  infinite  by  virtue  of  the  growth  of  the  multiplier  of  the 
factor  of  the  integrand  which  causes  the  changes  of  sign 
during  the  march  of  x. 

1885.  If  f{x)  be  a  function  which  changes  sign  during  the 

march  of  x,  the  integral  I    f{z)dz  is  said  to  be  absolutely 

I  f{z)  I  dz  is  convergent.     But  such  an 

integral  may  be  convergent  even  when  not  absolutely 
convergent. 
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The  integral  I      f{z)  dz  is  defined  as  the  sum  of  the  int^rals 

I      f{^)dz  and  I    f(z)dz,  where  c  is  a  finite  constant^  and  is 

said  to  be  convergent  when  each  of  these  intesgrals  is  conver- 
gent. Moreover,  this  definition  is  independent  of  the  particalar 
value  of  c  For,  let  c  and  c'  be  two  values  of  x  on  the  range 
of  its  values,  0'>c. 

Then       \  f{z)dz=^ f{z)dz+\  f{z)dz    {x<:c) 

and  ^  f{z)dz^^  f(z)dz-\-r  f{z)dz    (x>c'). 

Hence,  as  r/(:s)c29  and  1/(2?)  da;  are  finite,  r/(2?)c22  and 
\  f{z)  dz  are  both  convergent  or  both  divergent  as  x->~  oo  and 

I  /(^)d^  c^cl  I  /(a;)  eta;  are  both  convergent  or  both  divergent 


as  x-^oo. 


Therefore,  supposing  j      f{z)dz  and  I    f{z)dz  to  be  both 
convergent  integrals,  we  have 

Jl'j{z)dz+£f(z)dz^^^f(z)dz+^J(z)dz. 

which  establishes  the  independence  of  the  definition  with 
respect  to  the  particular  value  of  c  used. 

1886.  If  /i(x),  /t(x)  be  two  positive  finite  functions  of  x, 
both  integrable  for  the  range  a  to  6,  6>a>0,  and  such  that 
ft{x)>fi{x)  for  all  values  of  x  for  that  range,  then,  when  6 

becomes  infinitely  large,  I    ft(z)dz  is  convergent  if  I    fx(z)dz 

be  convergent    And  if /t(a?)  4:/i(x)  for  all  values  of  x  from 

a  to  6,  then,  when  6  becomes  infinitely  large,  I    ft(z)dz  is 

fx(z)  dz  be  divergent. 

In  many  cases  comparison  with  a  known  convergent  or 
divergent  integral  will  suffice  to  determine  the  convergency 
or  divergency  of  an  integral. 
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rdiZ 
—  is  oonrergent  or  divergent 
- 
according  as  n  is  >  or  >  1. 

Hence  I     ,  ,  ,        <  I    -3  and  is  conyerirent,  whilst 

and  is  divergent  (6>a). 

1887.  If  then  an  index  n  can  be  assigned  which  is  >•  1,  and 
for  which  x^f(x)  is  finite  for  all  values  of  x  from  a;=a  to 
x=  00,  where  a  >  0,  it  will  follow  that  1 2^f(x)  |  does  not  exceed 
some  finite  positive  limit  X,  and  therefore  that 

X       1 


[^\f{z)\dz>\ll^, 


%,e.  > 


n-la**-!' 

and  is  therefore  convergent    Hence  in  such  case  I  f{z)dz  is 
absolutely  convergent.  * 

But  if  an  index  n  can  be  assigned  which  is  >  1,  and  for 
which  aff(x)  is  never  less  than  some  finite  positive  limit  X 
(excluding  zero)  for  all  values  of  x  from  a  to  00 ,  (a  >-  0),  or  if 
it  becomes  infinitely  large  when  x  increases  indefinitely,  it 
will  follow  that 

[j(x)dx<x[^^.    .>.  H: yA_[«i-.J  or  .^A[log»J. 

and  therefore  in  either  case  becomes  positively  infinite,  and 
the  integral  diverges  to  +<>o . 

And  if  an  index  n  can  be  assigned  which  is  >  1  for  which 
7f^{x)  is  negative,  and  its  numerical  value  is  never  less  than 
some  finite  limit  X  (excluding  zero)  for  all  values  of  x  from 

a  to  00 ,  (a  >  0),  it  will  follow  that  I  f{x)dx  diverges  to  —  oo . 

It  appears  therefore  that  under  the  conditions  speciHed  as 
to  the  integrability  of  f{x%  and  as  to  its  remaining  finite  for 
the  range  of  integration,  a  to  oo ,  where  a  >  1,  if  n  can 
be  assigned  >  1,  such  that  a  finite  limit  of  z^f{x)  exists  when 

x  becomes  infinitely  great,  then  I  f{z)dz  is  convergent;  and 

if  n  can  be  assigned  >  1,  such  that  x**f{x)  does  not  become  zero 
when  X  is  increased  indefinitely,  but  whether  it  approaches 
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a  finite  limit  or  becomes  either  positively  or  negatively  infinite, 
the  integral  I  f(z)dz  is  divergent. 

For  instance  the  integrals  I\^\  -j.  jrf-g;  '»=  f  jT^'*'  "* 
raapectivel;  convergent  and  divergent,  for  tfae  indices  8  and  1  can  be 
assigned  for  these  respective  cases  for  which 

ifn—j^-j j=l     and     /,(,^.„jr   .-— J  — 1, 

and  u  Anita  in  each  case. 

1888.  Again  the  integral  f  -^cl0iac<>nvei^nt,ab«ingpcaitiraasd 
>0.    For  bj  Art  340,  '     ° 

J'^i^dtf-il'iintfrftf+jPsintfrffl,     o<f<6, 

--(ooso-coBf)+j(ceiif-cot6), 

which  for  any  values  of  a,  ^,  b  cannot  be  greater  thftn  -  +  xi<uid,  wbnl 

increases  without  limit,  cannot  be  >-.    Similarlj  /     rxS^^  "  '"*' 
vergent.  ' 

Also  theee  intograls  taken  front  0  to  a  ar«  obvioDBly  both  Gniu. 
Hence  the  integrals  from  0  to  oc  are  finite,  llieir  Tslue*  ha*«  baa 
found  in  Arta.  994, 1046. 

1889.  For  other  tests  for  Convergency,  the  reader  nif 
refer  to  Prof.  Carslaw's  Fourier's  Series,  pages  98-121. 


Note  C.    Standard  Forms, 

1890.   Id  such  standard  integrals  as  those  of  Arts. 44,71, 

et«.,viz.  I-T==,  I   .^— -.  etc,  which  it  ia  usoal  to  give  tam^ 

as  ain~'-,  sioh'*  -,  etc.,  it  is  to  be  noted  that  the  leftJunl 

iDembers  are  even  functions  of  a,  whilst  the  right-hand  metabea 
are  odd  fonctions  of  a.    To  be  strictly  accurate,  such  nsaki 

should  be  written  as  ain'^p-i.  8iuh~'| — u  etc.,  where  |a|i8tii 

positive  numerical  value  of  Ja*,  and  where  the  inverse  fnnctia 
is  understood  to  have  ita  j^acipal  value.     Similarly 
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For  in  such  cases  the  integral  does  not  change  its  sign  with  a. 
And  for  exactness  there  must  be  a  corresponding  understand- 
ing as  to  all  deduced  results.  In  the  same  way  in  any  other 
of  the  integrals  discussed,  and  in  which  a  constant  is  to  be 
found  with  an  even  index  in  the  integrand,  and  with  an  odd 
one  in  the  result  of  integration  a  corresponding  modification 

is  to  be  understood;  e,g.  in  the  integral  I        i  ■  fc«g«        ' 

Art  1044,  the  result  of  which  is  usually  written  as  j-  log  —7-- , 

but  which  is  itself  manifestly  unaltered  by  a  change  of  sign 
of  a  or  of  b,  the  value  should  strictly  be  written  as 

And  similarly  in  any  like  case. 


Note  D.    Rational  Fractional  Forbis. 
Hekmite's  Pkocess. 

1891.  In  the  integration  of  rational  algebraic  fractional 
forms,  yiz.f(z)/<p{z)  (Chap.  V.),  where /and  <p  are  [K)]ynomials, 
rational  as  regards  z,  it  has  been  assumed  that  the  factorisation 
of  ip{z)  could  be  effected.  This  depends  upon  the  possibility 
of  solving  <p(z)=0. 

It  is  a  well-known  fact,  established  by  Abel  and  Wantzel, 

that  it  is  impossible  to  solve  algebraically  the  general  equation 

of   degree  higher  than   the  fourth.    Hermite  has  given  a 

■olntion  of  the  quintic  by  aid  of  Elliptic  Integrals  (Burnside 

and  Panton,  Th.  Eq.,  p.  435).    In  consequence,  the  integration 

off  Buch  algebraic  fractional  forms  as  involve  an  unfactorisable 

2^jfciiOiiiiiinfni    of   the    fifth   or    higher  degree  can  only  be 

ijdetely  performed  for  special  forms  of  the  numerator. 

in  any  caae^  as  we  know  that  the  equation  ^(a;)==0  does 

I  many  roots  as  indicated  by  its  degree,  although 

may  be  no  means  of  discovering  them,  we  are  entitled 

^'Vi^  tha  integral  of  f{x)/<l>(x)  does  in  every  case 

li^  the  one  a  rational  algebraic  function, 
I  a  set  of  simple  logarithms  with 
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constant  coefficients  in  which  sach  pairs  of  terms  as  involTe 
complementary  imaginary  roots  may  combine  to  form  real 
terms  by  aid  of  the  inverse  symbols  tan*^  or  tanh'^ 

1892.  It  has  been  shown  by  Hermite  that  the  algebraic 
portion  of  such  integrals  can  be  always  found,  whether  ift{x)  be 
f  actorisable  or  not,  and  in  cases  where  no  logarithmic  portion  is 
present,  or  if  the  residual  numerator  happens  to  be  a  constant 
multiple  of  <p\x)  the  whole  integration  can  be  effected.  But 
in  the  general  case  no  means  of  discovery  of  the  Logarithmk 
portion  is  available  for  the  reason  stated. 

An  examination  of  the  ordinary  process  for  obtaining  the 
H.C.F.  of  two  polynomials  in  x,  A  and  B,  will  disclose  the  bd 
that  each  of  the  successive  "  remainders  "  is  of  the  form  X^  +^ 
where  X  and  fi  are  themselves  polynomial  expressions,  and  that 
when  A  and  B  are  prime  to  each  other  the  final  remainder 
which  is  then  merely  numerical  is  also  of  the  same  form. 
It  follows  therefore  that  it  is  always  possible  in  such  eiae 
to  find  two  polynomials  X  and  /a  such  that  \A+itB  is 
independent  of  x,  and  therefore  also  to  find  two  polynomiib 
X'  and  ft!  such  that  WA+fi!B=G,  where  G  is  any  given  third 
polynomial  in  x.  Moreover,  supposing  the  degrees  of  A  and  J 
in  X  to  be  respectively  the  p^  and  9^,  and  that  of  0  to  be 
not  more  than  p+9— 1»  we  may  note  that  it  may  be  aaBmned 
that  the  degrees  of  X'  and  fi!  do  not  exceed  the  (9— IjP^and 
(p—  1)^  respectively.  For  if  we  take  their  degrees  to  be 
greater  than  9— 1  and  p— 1,  we  could  by  diviaioo  write 
X'=X^5+X'",  ^'^^"A+^"\  where  W\  V".  m".  m"'  ««  othtf 
polynomials  such  that  the  degrees  of  X'^  fk"  do  not  reqpeetifeif 
exceed  9-I  andp-1,  and  thus  (X"+/*'OilB+X"'^+^'^i»=ft 
and  by  equating  coefficients  of  terms  of  higher  degree  ths 
the  highest  in  (7,  <.«.  of  the  {p+qf,  (P+J+l)^,  etc.,  degress 
it  will  appear  that  \"+ti'  must  vanish  identically. 

1893.  In  the  discussion  of  the  integration   of  /(s)/^ 
where  ^(fl;)  is  unf actorisable,  we  may  assume 

(1)  That  ^(x)  contains  no  repeated  factor;  otherwise  ib 
li.ar.  process  upon  ^(x)  and  ^'(»)  would  disclose  that  fMte 

(2)  That/(0)iyn0wer  degree  than  f(p\  by  Art  m«i 
thit  In  this  oawjj^liltfl  ii  ponfy  kgarithnie. 
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(3)  But  if  <p{x)  be  itself  the  square  of  an  irreducible  poly- 
nomial u,  and  f(x)  of  lower  degree  than  u,  we  may  find 
polynomials  X  and  /n  such  that 

and  supposing  u  of  degree  p,  ^  is  of  degree  p—l,  so  that 
\  and  /n  are  of  respective  degrees  >p— 1  and  p—2,  so  that 
/A +3-  iB  of  lower  degree  than  u,  and  therefore  the  unintegrated 
portion  is  entirely  logarithmic,  but  vanishing  if  /tA+^  vanishes. 

(4)  Ji  <p{x)  be  the  r^  power  of  an  irreducible  polynomial  u, 

dm 
we  may  find  X  and  /n  such  that/(fl;)=X^ — hM^^'S  <^d  ^^^^ 

in  which  the  index  of  the  u  in  the  integrand  has  been  lowered 
by  unity ;  and  by  repetitions  of  this  process  we  may  obtain  a 
result  in  which  the  only  unintegrated  part  is  of  the  form 


x^) 


dx, 
u 


(5)  If  ^(x)  be  the  product  of  positive  integral  powers  of 
such  irreducible  factors,  say  <p{x)=UiHi^jf ...,  the  separate 
prime  factors  U|,  u,  ...  may  be  discovered  by  the  usual  process 
employed  in  finding  the  h.cf.  for  <p{x)  and  its  diflferential 
coefficients,  and  thus,  supposing  a  <  j3  <  y  ... ,  if  we  determine 
X  and  fi  so  that  XiU/u,y...+/aU|*=/(x),  we  can  write /(fl;)/^(x) 

in  the  form  -\-\ — ^ ,  and  repetitions  of  the  process  will 

separate  out  the  fraction  ^^-^  into  the  form  -^H — K'\ — ^+..., 

to  each  of  which  portions  we  can  apply  the  foregoing  rules. 

Hence  in  all  cases  the  algebraic  portion  of  |Tf~\^  ^^^  ^ 
discovered.  JrV  ; 


"Pl^h'^ 
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Ex.  To  in 


*•)« 


Here  1=  f<i±£±i^izil^±i^*^„d  finding  A,|.«Kaill-t 

X(l+&E*)  +  /A(l+x+x*)s5  +  4x,wenia7Uke  X  of  degree  4,  |&  of  degree 3, 
*nd        (a^+atX+aaS*+a^+a«r«)(l+&B«) 

giving  ai=  —  1,  b^^b  and  the  rest  zero,  whence 

-«(l+5««)  +  6(l+«+x^  =  6  +  4x, 
And  /=  fU  •»•*'»•  **)(-3-i-&g*)-g(l-t-&x«)>i-5(H-g-i-ag»). 

J  !+«  +  *•         J    (1 +«  +  *•)• 

The  fame  process  will  be  helpful  even  in  siaiple  caaea. 

Ejg.  (i)  ^^jn^^'    Writing  (a.+arF)2*+M«*+l)=l,  ^«  *»^ 

J  (^+1)*        ^         2j:«+1^2j  Jt«+1     2(x»+l)'2 

(a,+a,x)(l +x+jJ)+(\+6jX+V^(l +a««)s  - 1 +ajr», 

we  have  ajs^ksftiaO,    a«»-l,    6|»1  ; 

.     /_  r  -(x»4-J:+l)4-x(ag«+l)  .  X 

•    ^~J  (:r»+x+l)«  *"'     «»+x+r 


X  I 


Note  E.    Leoendrs's  Substitution  applikd  to 
Functions  of  Form  l/X^JY. 

1894    With  regard  to  integrals  of  the  form  7s  I    —/«,"*> 

where  X=a^3^+2biX+Ci,  Y=^a^+2b^+c^  discussed  in  Ait 

291  onwards,  in  which  we  have  adopted   the  sabstitnlioi 

y 
y— -^,  it  should  be  mentioned  that  QreenhiU  in  his  "Ctmfl^ 

1 

on  the  Integral  Calculus "  generally  prefers  to  pot  j^^s*. 

This  of  course  alters  the  ohnftpt^r  of  the  sabfititotiQii-fMlh 
making  them  symmetrical  a|H|i|lM  «-«zia.    (See  B&  C|[fJft 
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Vol.  I.)  An  alternative  anbstitution  is  m^tioDed  by  Mr. 
Hardy  as  being  followed  by  Stolis  (Qnmddige  der  Diff.  vnd  Int.- 
ntAMung)  and  by  Dr.  I'A.  Bromwich,  viz.  to  ose  the  same 
aabstitutiOD  as  that   of  Legendre  in   the  reduction  of  an 

Elliptic  Integral  to  Standard  form,  viz.  x=-§^,  whereby 
X  takns  the  form 

{(a,\«+o.)f*+2(a.Xu+6.\+i:+a,)f+(Oi;x*+o,)}/(f+l)* 
and  T  takes  a  similar  form  with  suffixes  2.    Then,  if  X,  ft  be 
80  choeen  that 

a,A/»+6,(\+Ai)+o,=0.  <h\ju+6j(X+/i)+c,=0  {cf.  Art  1463) 
/  is  reduced  to  the  form 

where  A,  B,  a,  b,  a',  b'  are  certain  Constanta.  And  now  we 
may  proceed  either  as  in  Art.  310,  or  use  the  substitutions 
«%/o'f*+6'=l  in  the  first;  v>/a'^+b'=£  in  the  second,  which 
I  reduce  each  integral  to  the  form  I  „  vrn  ■  '^'^^^  method 
(ails  if  =?■  But  we  may  then  put  a^x+b^=^  and  proceed 
as  in  Art  309. 

KoTE  F.    Continuity,  Double  Limits,  Dipfbrkhtiatiom 

0»  AN  InTEOOAL,    etc. 

1895.  Oontinuity  of  a  Function  of  two  real  Independent 
TaziaUes. 

Let  t=f{x,  y)  be  a  single-valued  function  of  two  independent 
real  variables  x  and  y  which  may  be  regarded  as  fixing  a 
definite  point.  Construct  a  small  rectangle  with  centre  at 
v;  y  and  with  corners  s±^,  v*'^  Then  it  6,,  6^  be  poutive 
proper  fractions  and  finite  values  of  f,  q  can  be  found  for 
which  the  value  oi  f{x±&^^.  y4i%i)—f{x,  y)  taken  positively 

I  is  determinate  and  less  than  any  arbitrarily  chosen  positive 

II  quantity  t,  however  small,  for  ail  combinations  ot  the  quantities 
U  6,,  dg,  the  function  is  said  lo  i>e  continuous  at  the  point  X,  y 
T  and  throughout  any  region  of  the  x-y  plane  for  each  point  of 
^    which  the  same  test  is  satisfied. 
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1896.  In  the  case  of  80ch  a  fanction  as  Uie  above,  viiL 
z=f{Xy  y),  it  may  happen  that  in  evaluating  the  value  of  i 
for  a  point  for  which  x=a^  and  Sf=Sft,  tiiie  mode  of  approach 
of  X,  y  to  the  limiting  position  oe^,  y^  is  not  immateriaL  That 
is  lAg^g^lA^^p^  f(x,  y)  may  not  be  the  same  thing  as 

Take  for  instance  the  case  of  Sir  R  Ball's  Cylindroid,  viz. 
the  surface  g=^~^.  At  any  point  for  which  x=x^,  y=|^ 
other  than  those  which  lie  on  the  is-axis,  the  value  of  t  is 

t^^f  and  is  not  dependent  upon  the  direction  in  which 

X,  y  approaches  its  limiting  position.  But  for  points  on  the 
2-azis  putting  y=mx  so  that  the  direction  of  approach  is  d^ned 

as  being  in  a  definite  direction,  g=.        ^,  and  as  m  changes 

from  0  to  1,  z  changes  from  0  to  o^  so  that  if  Uie  direction  of 
approach  to  the  point  for  which  x=0,  y=0  be  unaasigned,  the 
value  of  z  cannot  be  assigned,  and  there  is  discontinuity  in 
that  its  value  is  not  independent  of  the  relative  mode  of 
approach  of  x  and  y  to  their  ultimately  zero  valuea  Aa  » 
matter  of  fact,  the  c-azis  is  a  nodal  line  upon  the  cyiindroid 

1897.  In  partial  differentiation  of  a  function  of  two  inde- 
pendent variables,  z=f{x,  y),  which  is  itself  single-valued,  finite 
and  continuous  for  all  values  of  x  and  y  which  lie  within 

specified  limits,  the  value  of  the  fraction  "^^^^  ^^^^^^^^  ^^ 

will  in  general  approach  a  definite  limit  when  ^  becomes 
indefinitely  small  for  each  value  of  x  within  the  specified 

range.    The  limit  is  then  denoted  by  ^^JiP^*  Sf)-     But  it  is 

possible  that  within  this  range  of  values  of  x  there  may  be 
one  or  more  values  of  x  for  which  no  such  limit  exists.  In 
such  case  the  operation  of  differentiation  fails  and  is  ao 
illegitimate  process.    Take  the  case /(x,  y)=x  sin  a^.     Here 

/(g»  y+Sy)-f(x,  y)    xainx{y+Sy)-xsinxy 
Sy  "  Sy  ' 

and  for  all  finite  values  of  x  and  y  this  tends  uniformly  to 
the  limit  x^cos  xy  when  8y  is  indefinitely  diminished. 
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But  if  x  be  increased  indefinitely,  the  limit  when  Sy^O  of 
XBmx(y+Sy)-XBmxy    ^^^^ 

does  not  vanish,  but  may  assume  any  value  we  please,  however 
great.  Therefore,  for  instance,  the  second  differentiation 
suggested  in  Ex.  37,  p.  381,  Vol.  I.,  would  be  an  illegitimate 
operation. 

But  in  the  case  u~  I    sfer^dx,  where  r  is  a  positive  integer 

Jo 

and  a  is  real  and  positive,  ^  =  I    afer^  — -jt- —  dx,  and  whether 

X  be  zero,  finite  or  infinitely  large,  afer^  — r- —  tends  uni- 
formly to  the  limiting  form  — af+*e"**,  vanishing  whether 
x=0  or  x=QO .  Hence  the  differentiations  employed  in  Ex.  3 
p.  369,  Vol.  L,  are  legitimate  although  the  range  of  x  is 
infinite.  Similar  remarks  apply  to  Arta  1039,  1041,  1046, 
etc.,  as  therein  noted. 

1898.  If  discontinuity  in  such  a  function  as  z=^f{x^  y) 

exists  for  any  values  of  x,  y,  the  equation  .   ^  =^  ^    is  not 

^  oxoy    cyox 

necessarily  true  for  such  points.    This  equation  holds  for  any 

point  X,  y  if  a  small  rectangle  whose  centre  is  a?,  y  can  be 

constructed  in  the  plane  of  x-y  within  which  each  of  the 

differentiations  is  a  possible  operation,  t.e.  provided  there  be 

no  discontinuity  in  the  function  or  in  either  of  its  differential 

coefficients. 

The  rule    ^  U(»,  «)*«^=  f^  *(«»  «)*»    (-^^rt  364) (1) 

is  virtually  a  consequence  of 


dxdc     dcdx ^  ^ 

For  \lf(x,  c)=\<f>(x,  c)dx  is  only  another  way  of  writing 

0(g,  c)=  ^^        ;  whence  -^=^^,     And  the  assertion  of 

^^      ^         3x      *  3c     3c3a? 

rule  (1)  is  that 
—  >/r(x,  c)=J^^(a;,  c)dx,  which  is  the  same  as  —  ^=^. 
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Hence  the  aasertion  (1)  is  equivalent  to  the  asBertioo  (2); 
and  therefore,  where  the  one  role  fails,  the  other  breaks  down 
also. 

1899.  In  all  multiple  integral  evalnations  and  theorema, 
such  for  instance  as  that  of  Art  361,  viz. 

j  J  ^(jT,  y)dxiy=j  J  ^(z,  y)dydx, 

it  is  assumed  that  the  subject  of  integration  remains  finite 
and  continuous  for  all  points  within  and  at  the  boundaries 
of  the  region  over  which  the  integration  is  conducted;  and 
moreover  that  the  differentials  which  we  int^rate  do  not 
become  infinite  or  discontinuous  at  any  point  within  the 
range  of  the  integration  at  each  step  of  the  process.  If  this 
be  not  the  case,  anomalies  and  contradictions  may  arise  such 
as  that  noted  in  Ex.  38,  p.  381,  Vol  I. 

Note  Q.    Unifomm  Convergence. 

1900.  After  the  investigations  of  Stokes  (Tram.  Comb.  PkU, 
Soc.,  viii.  1847)  and  Seidel  {Abh.  d.  Bayerischm  AkadL,  1848), 
some  time  elapsed  before  writers  on  the  General  Theory  of 
Functions  realised  fully  the  importance  of  careful  distinction 
between  the  uniform  and  non-uniform  convergence  of  infinite 
series.  The  question  of  uniformity  of  convergence  is  a  funda- 
mental point  in  this  General  Theory,  and  it  always  arises  when 
we  have  under  consideration  the  limiting  value  of  a  function 
depending  upon  more  than  one  independent  variable.  For  s 
very  uneful  discussion  of  the  Convergence  of  Infinite  Series 
and  Pnxlucts,  we  may  refer  to  Chrystal's  Algebra,  vol.  ii., 
pages  113-185.  Reference  may  also  be  made  to  Dr.  Hobson's 
Trtgimometry,  ch.  xiv.,  or  Harkness  and  Morley,  Th.  of  F,, 
ch.  iii. 

1901.  Consider  any  series  M^-}-ti,+ti3+...-t-t4,j -}-...  ,in  which 
each  term  is  a  single-valued  finite  and  continuous  functicm  of 
a  variable  i,  which  may  be  complex,  and  lying  within  a  given 
region  V  in  the  Argand  diagram,  and  of  the  integral  number  n 
which  signifies  its  position  in  the  series;  then,  if  for  every 
positive  value  of  c,  however  small  we  can  assign  a  positive 
integer  p  independent  of  z,  such  that  for  all   values  of  n 
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greater  than  v^  the  modulus  of  the  residue  of  the  series  beyond 
the  term  u^  is  less  than  e,  the  series  is  said  to  be  uniformly 
convergent  for  all  points  within  that  region  (Chrystal,  Alg,,  ii., 
p.  144).  If  Zum  converges  uniformly  within  the  aforesaid 
region  to  a  definite  value  tfk{z\  then  ^(0)  is  itself  a  continuous 
function  of  z  for  all  points  within  the  region.  That  is  at 
each  point  z^  within  the  region  F,  writing  Ur^fiz,  r), 

^(2o)=i<^«,2M  r)^^LtM^Mj{z,  r)=^/(2o.  r). 
(See  references  above.) 

1902.  With  the  definition  of  an  integral  as  in  Art  1266, 

viz.  /^t,r>oe^(2^r— 2;,_|)c0,_|,  and  supposing  that  each  of  the 

o^'s  is  a  single-valued  finite  and  continuous  function  of  z  and 
a  complex  constant  a,  which  both  lie  in  a  definite  region  I' 
of  the  Argand  diagram,  say  tiOr=fr{af  z\  and  that  when 
a  and  z  are  made  to  approach  indefinitely  near  definitely 
assigned  points  a^  and  z^  lying  within  the  region  T,  the 
function /,.(a,  z)  tends  uniformly  to  the  value /,.(a^.  z^  and  is 
continuous,  then  we  shall  have 

Lt^^^jf{a,  z)dz=\u^^(a,  z)dz=:\f{aQ,  z)dz. 

This  result,  for  the  case  when  z  and  a  are  real,  has  been 
assumed  in  Art.  354. 

Note  H.    Unicursal  Curves. 

1903.  In  any  case  of  a  rational  integral  function  of  x  and  y, 

say  ^(a;,  y),  in  which  the  real  variables  3^  y  are  connected  by 

a  rational  integral  algebraic  equation  F{x,  y)=0  whose  graph 

is  a  curve  of  deficiency  zero,  and  therefore  unicursal,  both 

X  and  y  are  expressible  as  rational  algebraic  functions  of  a 

dx 
third  variable  t,  as  also  3-,  and  therefore  in  all  such  cases 

the  integration  j^C^;,  y)ix  can  be  effected  with  the  limitation 

mentioned  in  Note  D,  and  the  result  is  partly  rational  and 


%,€. 


-Lt^JtJ* 
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partly  a   logarithmic  transcendent    of  form    TAlogix—a), 
where  A  and  a  are  certain  constants. 

1904.  The  principal  elementary  cases  of  unicursal  curves  are 
(a)  the  conic,    (6)  the  nodal  cubic,    (c)  the  three-node  qnartie. 

(a)  The  equation  of  a  conic  may  be  written  as  ujVi^mit 
where  U|,  Vi,  Wi  are  linear  functions  of  z  and  y.  Putting 
U|=\i^i,  t;i=X~^  and  solving,  we  may  express  both  x  and  jf  as 
rational  algebraic  functions  of  X. 

(6)  The  equation  of  a  nodal  cubic  may  be  written  UiVi=Wp 
where  U| ,  Vi  are  linear  homogeneous  functions  of  x  and  y,  and 
w^  is  homogeneous  and  of  degree  3.  Putting  y=Xx,  we  can 
express  both  x  and  y  as  rational  algebraic  functions  of  X. 

(c)  The  general  equation  of  a  three-node  quartic  may  be 
written  in  homogeneous  coordinates  (say  areals)  as 

ax-^ + by-* +czr*+ 2fyr^z-^ + 2gzr^7r^ + 2Aar»y-» = 0. 

and  therefore,  taking  another  point  a^,  y',  /  connected  with 
35,  y,  z  by  the  relations  «/a^-*=y/y'-*=2;/2j'""*,  we  have 

i.e.  the  three-node  quartic  may  be  regarded  as  the  "inverse' 
of  a  conic,  using  the  term  "  inversion  "  in  the  sense  in  whidi  ft 
is  employed  by  Dr.  Salmon,  H.  PL  Curves,  p.  244. 

Now  a/,  y\  /  being  the  coordinates  of  a  point  on  a  eoiiie» 
which  is  a  unicursal  curve,  may  be  expressed  in  terms  oi  a 
fourth  new  variable  t  as  rational  functions  of  t,  and  tberebn 
X,  y,  z,  the  coordinates  of  a  point  on  the  inverse  three-nodi 
quartic,  can  also  be  expressed  in  the  same  manner.    For  writiBg 

»'  _  y'  _^_  l_ 

where  F=fi-\-f^+f^  and  ^=^  +7-+7-,  we  have 

/i    /i    /i 


X 


y 


z 


1 

0' 


So  that  if  a;'='^,  etc.,  then  x=-r7, 

F  0/i 


etc.     Hence  the ''inverse' 


of  any  unicursal  curve  is  itself  unicursal. 

In  all  such  cases  the  integral  |^(x,  y)dx  will  only  re^ 
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for  its  expression,  rational  integral  algebraic  functions  and 
simple  logarithmic  transcendents. 

The  general  cubic  may  be  written  uvw=z,  where  u,  v,  w,  z 
are  linear  functions  of  x  and  y.     Any  point  upon  it  may  be 

defined  by  the  equations  vw=\z,  tt=r*    If  there  be  no  node, 

the  deficiency  is  unity.  The  curve  is  not  then  unicursal.  But 
if  these  equations  be  solved  for  9  and  y,  we  have  \x  and  \y 

expressed  in  the  form  P+y/Q,  where  P  and  Q  are  rational 
polynomials  in  X  of  degrees  not  higher  than  2  and  4  respectively. 

Hence  in  this  case,  for  the  integration  of  |^(fl?,  y)dx  elliptic 

integrals  will  in  general  be  required.  Similarly,  if  the  deficiency 
of  the  connecting  relation  be  of  higher  degree,  transcendents 
of  a  higher  complexity  than  the  elliptic  integrals  would  in 
general  be  required. 

Note  I.    General  Review. 

1905.  The  functions  of  a  single  variable  x,  with  which  we 
have  been  more  particularly  concerned,  may  be  classed  as 
(I)  Algebraic,  (II)  Transcendental. 

(I)  An  Algebraic  function  is  one  which  may  be  theoretically 
expressed  as  a  root  of  the  equation 

where  n  is  a  positive  integer  and  /q,  fi, .../«  are  polynomials, 
rational  as  regards  x,  but  in  which  the  coefficients  may  be 
either  commensurable  or  incommensurable,  real  or  imaginary, 
but  independent  of  x. 

This  will  include  as  particular  cases, 

(a)  The  general  rational  integral  polynomial. 

(6)  The  rational  algebraic  function,  which  is  the  ratio  of 
two  rational  polynomials. 

(c)  The  general  irrational  species,  in  which  commensurable 
fractional  indices  may  occur  as  powers  of  rational  polynomials 

(II)  Of  Transcendental  functions  we  have  such  as  involve 
an  exponentiation  of  the  variable  or  the  taking  of  a  logarithm. 
And  as  the  variable  may  be  a  complex  quantity,  this  will 
include,  besides  the  elementary  cases  of  e*  or  log  x,  the  trigono- 
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metrical  or  hyperbolic  functions  and  their  inversea  For  ftr 
single  exponentiation  or  the  taking  of  a  logarithm,  the  fnnctioaj 
is  said  to  be  a  transcendent  of  the  first  order,  bat  if  these 
operations  be  repeated  the  function  is  said  to  be  a  trans- 
cendent of  the  second  or  higher  order.  Thus  «^,  log  log  log  x 
are  said  to  be  respectively  of  the  second  and  third  orders 
of  transcendents. 

We  may  also  have  any  arithmetical  combination  of  the  sum, 
difference,  product  or  quotient  of  two  or  more  of  these  groups. 

Such  functions  are  said  to  be  simple  or  elementary 
functions. 

1906.  We  have,  besides  such  functions  as  described  above, 
transcendents  of  a  higher    degree  of  complexity,   such  as 

Soldner's  function  li (a;),  which  is  I  ^ or  I   ;  the  Cosine 

and 'Sine  integrals,  viz.  Ci(a?)sj dx]  Si(fl;)^  I  dx] 

FresneVs  Integrals ;  Eramp's  Integral ;  Spence's  Transcendents, 

X  Oj2  ^jJi  fjr^ 

defined    as   L*»(l±a?)=±y^— 3;j±ks— Tji^teta*    ^^    Elliptic 

Integrals,  or  others  which  have  been  computed  and  tabulated 
for  special  purposea 

1907.  The  problem  of  Integration  with  which  we  have  been 
confronted  is  this :  Supposing  that  we  are  given  the  differential 

equation  ;p=/(a5),  where  /(x)  is  one  or  other  of  the  known 

classes  of  functions,  or  a  combination  of  them,  is  it  possible  for 
us  to  solve  this  equation  so  that  y  can  be  recognised  as  itself 
one  or  other  of  these  classes  of  functions  or  a  combination  of 
them  ?    When  no  such  solution  exists  y  is  a  new  transcendent 

1908.  The  general  discussion  as  to  how  completely  this 
question  can  be  answered  would  occupy  much  more  space  thai] 
we  have  at  disposal.  The  reader  may  be  referred  to  Bertrand 
Cofo.  /fU.,  ch.  v.,  and  to  Cawfc.  Maik.  Tracts,  No.  2  (2nd  ed.),  bj 
Mr.  G.  H.  Hardy. 

But  we  may  remark  that,  in  the  first  place,  if  /(a?)  be  i 
rational  function  of  x,  it  appears  from  Chap.  V.  and  th< 
remarks  in  Note  D  that  the  integral  y  is  in  all  cases  partly 
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rational,  partly  logarithmic;  that  when  the  denominator  is 
factorisable  into  linear  or  quadratic  factors,  the  complete 
integral  can  be  foond.  But  when  the  denominator  is  of  the 
fifth  or  higher  degree  and  unfactorisable,  though  the  rational 
part  can  be  found  by  Hermite's  process,  the  transcendental 
logarithmic  portion  can  only  be  obtained  in  certain  cases. 
But  the  only  barrier  to  complete  integration  in  all  such 
general  cases  is  that  of  the  impossibility  of  solving  the  general 
quintic  or  higher  degree  equation. 

If  f{x)  be  an  irrational  algebraic  function  of  the   form 

7rT~fr^*  where  A,  B,  C,  D  are  rational  polynomials  and  Q  is  a 

polynomial  of  not  more  than  the  fourth  degree,  it  has  been 
seen  that  its  integration  can  always  be  effected,  and  when  the 
'  degree  of  Q  is  not  above  the  second,  only  simple  functions  will 
be  required ;  but  when  Q  is  of  the  third  or  fourth  degree,  the 
integration  will  usually  call  for  the  assistance  of  the  Elliptic 
Integrals. 

It  has  also  been  seen  that  in  all  cases  in  which  ^(x,  y)  is  a 
rational  integral  algebraic  function  of  x  and  y,  and  y  is 
connected  with  x  by  an  equation  whose  graph  is  unicursal, 

the  integration   |0(a;,  y)dx  can  be  effected  in  terms  of  the 

elementary  rational  algebraic  and  logarithmic  functions. 

1909.  In  addition  to  these  facts,  a  theorem  due  to  Abel 
states  that  if  ^  be  an  algebraic  function  of  x,  defined  as  above 
in  (I)  by  the  equation /o(a;)y"+/i(»)y'*-^ +...+/, (»)=0,  then 

\ydx  can   always   be    expressed  as  -BQ+5,y+...+5„_,y"-^ 

where  B^,  Bi, ...  B„_i  are  polynomials  in  x.  And  further,  that 
in  the  case  when  y"=a  rational  function  of  x,  the  integral 

|^^^=^xa  rational  function  of  x.    The  proof  of  the  first  of 

these  theorems  is  somewhat  difficult  and  long.  Reference  for 
them  both  may  be  made  to  the  works  already  cited.     Other 

forms  for  which  l^(£c  is  expressible  by  means  of  algebraic 

functions  and  logarithms  will  be  found  given  by  Bertrand. 
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1910.  It  may  be  noted  that»  siiiee  diflTerentiatioa  of  &  bat- 
tion  involving  irratioiud  algebraic  quantitieB  or  ezponentiak 
cannot  destroy  them,  soch  quantities  cannot  appear  npcn  tlie 
integration  of  a  function  that  does  not  already  contain  them. 
Logarithms  may  appear  upon  the  int^;ration  of  an  algebnie 
function,  bot  always  multiplied  by  mere  eonatanta  and  by  no 
functions  of  z.  Fear  the  <^)eration  of  differmtiation  upon  the 
result  could  not  eliminate  logarithmic  terms  otherwiM 
involved. 

If,  therefore,  the  int^ral  of  an  algebraic  function  be  expRi- 
sible  by  means  of  the  simple  functions  at  all,  it  cannot  oootui 
exponentials,  and  whatever  logarithmic  terms  occur  are  saA 
as  to  appear  in  the  first  d^ree  as  transcendents  of  the  fint 
order  multiplied  by  constants. 

Many  cases  have  been  discussed  of  the  int^ration  |/(x)db, 

in  which  f{x)  has  involved  ezpcmential,  logarithmic,  trigoDO- 
metric  or  hyperbolic  functions,  but  there  is  no  general  rule 
which  would  indicate  the  nature  of  the  result  to  be  expected 
as  there  is  in  the  case  of  rational  algebraic  functicnis,  and  the 
theory  is  far  less  complete.  Reference  may  be  made  to 
Liouville's  "  M^oire"  (Jaur.f.  Math,,  1835). 


PROBLEMS. 


1.  Integrate 


(a*  +  x+l)«'     ^""^  (l+a*  +  x»)«'     ^^^  (TTF+5*? 


2.  Obtain  the  rational  part  of  I 


l-l-2a;-i-6j*4-13a!*-h63c" 
(l+aj  +  a!«)« 


dx. 


3.  Show  that 


pa:g(2a:»-l)(a:*-3z«-f2a;-H)  .  _1,      76       29 
J2     (x»-a:  +  l)V-2x+l)     ^^""2*^13 ""  175' 

4.  Show  that  if  ^^gl^t^dx  be  rational,  o^+a'c-JlT. 
and  find  the  integrsL        ^tUttttU^S^  teak  MmOL  fVaei^  a  E 


PROBLEMS. 
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5.  Discuss  the  convergency   of  the  integrals  (a)  I  log  sin  a;  e^x, 

rsin  X 
dXf  although  convergent,  is  not  absolutely 

vuuYcrgcuu.  [Carslaw.  Fow-ier^B  Series,  p.  103.] 

7.  If  the  function  <l>{x)  be  positive  in  sign,  but  diminishing  in 

00 

Talue  as  x  varies  from  a  to  oo,  then  the  series  ^^^(a  +  x)  is 

i>{x)dx  is  finite  or  infinite, 

0  i»oo 

</>(x)(^x  and  I      4>{x)dx. 

a  Ja— 1 

[Caucht,  Boolk,  F.  Diff.f  p.  126.] 

8.  If  a  >  0,  discuss  the  convergency  of  the  series 

go  1*1 

W  2(a  +  n)»'»'     ^"^  V(a  +  n){log(a  +  n)}"»' 

*  1 

Y  («  +  *^)  log(<*  +  w)  {iog log(a  +  n)}»*'         [Boole. /.c] 

9.  In  the  curve  x*  +  y^  +  ^  ■=  3aay,  show   that  we  may  express 
X  and  y  in  the  form  2z  -  c  +  aA  =  ±  72,  2y  -  c  +  aX  =  :p  /?,  where 

3i?2  =  4A»-9aU2  +  6acA--c»    and    c-a^-^^, 

by  putting  a;  +  y  +  a  =  cA->. 

Hence  show  that  I  F(x^  i/a-^-Px  +  yx^-^  ha?)  dx  can  in  all  cases  be 
reduced  to  an  elliptic  integral.  [Stt  Hardy,  U,  aup.,  p.  50.] 

10.  Prove  that 

j;/(„!)iog4.o. 

f:/("5)-'4-5i:^("i)t- 

11.  lff{x)  be  an  even  function  of  x,  prove  that 

(i)  J^/(*»  +  p)d«  =  £/(a:«+2)(ir; 


[LlOUYILLB.] 


V  w 

(n)  Vf{m2e)Becede^2Vf{coB^e)iiecede, 


[Olaishxr.] 
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12.  If  ^(z)-^(2a-z),  show  that 

ii)j%(x)F(x)dx.\^y(z)[F(x)  +  Fia-z)]<ix; 

tiii)   \    ftaii29\a6c''0de~2{    f<coaffiaec*ed9. 

Jo  Jo  [Qluoii.3 

13.  If  /_-  [  z*/(tiiix)it,  show  that  if  n  be  an  odd  integer, 
(i)  2/,-nrV,  +  !^^L^ir'V,-..,-x"/,  =  0; 

U.  Prore  that  if  *(a)-*(l  -a),  then  will 

(i)  £*(a)logr(«)iz-llogir£  ^{z)<fa-l£*(z)log,in«Ji; 

(ii)  I    ■in«!logr{a:)(ii!--logjr--(W2  -  I); 

Jo  IT  T 

(iii)  f  na*rx\ogr{x)dx='^('2\og2Tr-l). 

15.  Br  the  tmisformation  x-^- — ^ ,  ahovr  Uiat 

'  l+S 

Jo  l-2a!-:c'rT^'8-  [Qu^mmi 

16.  Show  that  the  curve  6  —  <f,  on  unit  sphere  constate  of  M 
loope  each  of  area  ir  ^2;  9  and  <t>  being  colatitude  tuid  aiimtU 
angle. 

17.  Show  that  the  solid  angle  of  the  cone 

«*(3^ + y*)*  - 1*  (ji^  +  y' +■ ;") 
i»r. 

18.  Examine  the  nature  of  the  curve  on  unit  sphere  defined  if 
the  equaljtm  2eiti|^oo«}^-l,  and  show  that  the  solid  angb  if 
tiiis  cone  is  2V3. 


[ fp-«coB ScMffdSdS--  - i {UogpcM^dtd^, 

where  dS,  dS'  are  any  elements  of  two  unclosed  aurfaces  over  which 
the  firat  integral  is  taken,  and  p  the  distance  between  them  which 
makes  angles  6  and  ff  with  the  nomiiile  at  its  extreraities ;  also  ds, 
di  &re  any  two  elements  of  their  bounding  arcs  over  which  the 
second  integral  is  taken,  the  directions  of  these  elements  of  arcs 
being  inclined  at  an  angle  ^.  Give  an  optical  interpretation  of  the 
result.  [Maib.  Trit.,  1886,] 

[See  Arte.  S46,  1783,  and  Herman,  Optia,  Art  167.] 

20.  If  X,  y,  s  be  each  real,  finite  and  determinate  functions  of 
coea,  sin  a  cos  |9  and  sin  a  sin^,  the  locus  of  the  point  x,  y,  z  will  be 
&  closed  surface  containing  a  volume 


sJ.J.  r"  "• 


dadB,     where  x^ar^,  etc 

[Math.  Trit.,  18Ta] 

31.  The  voliune  enclosed  by  a  closed  oval  (synclsatic)  surface  is 

V;  its  area  is  S,  and  /denotes  the  integral  11  (  —  +  —^ij<r  extended 

over  the  surface,  />,,  p,  being  the  principal  radii  of  curvature  at  the 
point  where  dv  is  the  element  of  area.  A  sphere  of  any  diameter 
rolls  on  the  outride  of  the  surface ;  and  for  the  envelope  of  the 
■ptere  the  corresponding  integrals  are  constructed.     Show  that 

is  the  same  for  the  envelope  as  for  the  original  surface. 

22.  Show  that  the  length  of  an  arc  of  a  curve  on  the  sphere 
^+j^+^— r*  may  be  expressed  in  terms  of  the  coordinates  u,  v 
of  a  point  or  a  plane  curve  by  the  tnaafbnnation 

*  — 2_  «  1 

L     ,        ^.       ,  ,  f       yfd^Td^ 

L  by  the  formula  s—  \  t — ;-= — sttt-b. 


LO.  fi.  Uathewb,  Naiwrt,  Feb,  1031.    Art.  oq 
■■  Eii»tirtn'«  Theory  of  BaUllylty".] 
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VOLUME  n. 

CHAPTEB  XXIII. 
Paob  44. 

^  HI. 


"  m^uvdudv 


5.7^  '^  '  JoJ«vr     ^/l»*-4ll* 

7       a.  coe(m+n)a     .gin (m-fn)a    8in(m  — yi)a    Bin (m-Hn)a 
^-   "**    n(m+n)    "*"     n(m-k-nf        n^m-n)   ^  n«(m+ii)   * 


^  '4n 


1  r«  r^«^(a-« 


<i^  <ii7. 


«f 


9.   /=//r  -^  Fifyiir. 


a 


10.  /.Iff^F'^^+i/'   f^'^V'-^^. 

2  Jo  jo  >/?+4?    2J-1J0 


1.   /«  /^+*  fv^ 


/o 


>fiF+*?' 


a 

r's  ra 


\lj^t{^^!f)dtfdx. 


14  /-/,^/,^My)<ir-fyH-/-^   /;^(,.y)d,<fy. 


16.    /-f-V  y(r,e)drde-^f^l        ^/{r,e)drdO. 

Ja    JQ  J4a  JO 


-^  .2oo*-l^ 


Pand  Q,  the  intenections  of  a^-k-y*=tij  J7y=  9  in  the  first  quidn 
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/-s 

17.  /=r  ciyf*d;rF+/'*^""*'rfyf*  dxV. 

18.  I^i^dyf  *"    dxU-^Tdyl  *'"   dxU^l^ddf* 

as.  /=  -<^j j(»m*(+aiah*ri)cl(dr,. 

28.  /— oCOta+aiiih~'cota. 

29.  5=«^://8in  ^^?^^+siii«(9(^+!^)rfW^ 


drl^. 


20.  One. 
22.  Art.  888. 


33.   Art.  902,    Vir  aech  va. 


CHAPTER  XXIV. 

Paob  144. 

r(c+l) 


22.   A^a 


(logc) 


•+!» 


CHAPTEB  XXV. 
Paok  176. 

1-  /— ^Vp'i'i^aV-  ^  ^^'-'*^- 


X  1  ^^^^^►»-M  _  3^»-hrHH-* 


(iii)i-«?^^_t5"V-V  etc 

6.  7rfxa«63c»/1890.  d.   J/aV>/2,    J/(6«+c»)/4. 

7.  i^=fx^{ff(a  +  6  +  c)  +  4(/+^  +  A)>/30. 

8.  J/=7r/ia6c(a'  +  6*+c*)/30,    i=5a(2a«  +  6*  +  c*)/16(a«  +  6»+c*). 
il  =  i/[26»c2  +  c^a*  +  a2&»  +  36*  +  3c*]/7  (a«  +  6»  +  c*). 
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GHAPTBR  XXVI. 

Paob  212. 

4.   ir/2. 

6.  A  Bjstem  of  ditoontinoooB  lines  and  pointa,  the  origin  being  the 

centre  of  the  sjetem, 

(-oo<x<-l),    x=-l,    (-l<x<-JX    «--i    (-i<«<OX 
IT  IT  IT  «■  ^        etc 

y"-4»        y"~i6'       yr        ^"ie'        ^"^ 

6.  The  part  of  the  plane  sa  i  between  jr^  ±x 

which  contains  (1,  0, 1). 
The  part  of  the  plane  fa  - 1  between  yv  ±x 

which  contains  ( —  1,  0^  —  IX 
The  parts  of  the  plane  fa  0  between  y^±x 

which  contain  the  y-axia 
The  portions  of  the  lines  xjl  ^yfl » (f  -  i)/0, 

x/l  styH  -  i)s:(s-  ^)yo,  for  which  x  is  positira 
The  portions  of  the  lines  x/\  ay/1  a(f +i)A>> 

x/l  ^yl(  - 1)»  (f +i)A  ^oi*  which  x  is  negative. 
9.  A  staircase  of  *'  treads  and  risers,"  the  former  consisting  of  lines,  the 
latter  marked  bj  points. 

Pagk  237. 
aO.  (a)  0,  (6)  i,  (c)  00 ,  (<J)  J.  2S.  ?|.  '"T  «•  ^. 

CHAPTEB  XXVIL 
Paos  S89. 
27.  (i)log^^;    (i0(n+4)log(ii-f4)-2(ii+2)log(»+8)4-nlog»: 
(iii)i{(n+6)«log(n+e)-3(n+4)«log(n+4)+3(n+2)«log(n+2)-««log«}. 

CHAPTEB  XXVIII. 
Paok  3(y3. 

^   (^-Hi)(ifel'if^)...n'  1*-   '^^*- 

23.   )8-/3'ay-/;  ay+a/+a')8+)8/aay+a'y+oi8'+i8'y ; 

ay(a  +  i8)aay(a'+)87 

30.  W4.        33.  _^(--L=-^\  67.   Jlog^. 

aVl+a  Wl-a    Vl+a/  4     •'a-6 


ANSWERS  TO  EXAMPLES  AND  PB0BLB1I&  969 

CHAPTER  XXrX. 
Paok  416. 
1.  (i)(ar«+y«)lntan-*f; 

(")  >/(logs/**+y*)«+(tan-*y/4r)«,  tB.ir^^^^j^^\      (ui)  «•,  ylogo. 

(iv)  €«i<«>''?+F'-*tan->y/«  61og-s/3f+p+atan-»y/x. 

(v)  VcoBh'y-co8*jr,  tan~*-T ^; 

(vi)  N/cosh*y-8in*T,  -tan''^(tan4rtaiihy) ; 

4.  (i)  -lit,  2±4n/2;  (ii)  lit,  -2±in^; 
(iii)  -l±i,  -2±iV2;             (iv)  Idbt,  2±i>/2. 

5.  (i)  One  in  each  quadrant ;     (ii)  n  in  each  quadrant ; 

(iii)  One  in  each  quadrant  and  one  on  negative  part  of  jr-axis  ; 
(iv)  and  (v)  n  in  each  quad,  and  one  on  -  **  part  of  x-axis  ; 
(vi)  n  in  each  quad,  and  one  on  each  part  of  y-axis. 

6.  (i)  ±1,  ±2i,  -l±i ;    (ii)  ±i,  ±2i,  6. 

7.  (i)  Cassinian,    (ii)  Two  at.  lines,    (iii)  Rect.  Hjp. 

8.  (X*  -  a*  cos*  c)va*  sine  cos*  c.        9.   p=aV4r*.        11.   A  diameter. 

16.   (ii)  X,=o«"  «  co8=^,     r,  =  a«    •    sin  ^ ; 

(v)  (a)  Concurrent  lines,  Meridians  ;  (6)  Cone,  circles,  Plarallelsof  lat. ; 
(c)  Equi.  spirals,  Rhumb  lines. 

16.  (a,»»-a,»»)(V-6,»»)/n«. 

CHAPTER  XXX. 

Page  479. 

1.   (i)  |(^i-l)^  +  f*,  (ii)  I* -§(«!- !)*•     2.  2irtsina,27ricoea, -TTisino 
3.    2irta,  4irta,  2m,  0.         12.    zjsfiJ^. 

17.  ^  (sin  a  +  sin  5 cosh -g — \/3 cos ^ sinh -g- j  ,  if  a  <  1  ;  Oi   a>\. 

18.  0  if  rt  >  1,  2iri  log  (1  -  a)  -  2ir2  if  a  <  1.         19.    tt,  27r,  2ir. 
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CSAFTER  XXXT. 
Paob  690. 

2L  {i)  j^mBT^iiinku);    (ii) -j^unbr^fj^A;    (iii)  ta«-aiiiii. 
3L  (i)  am  u;    (ii)  - rr Un-'  ( p  etn  «  j  ;    (iii)  -■edr-*(ifr so  «). 

«.  ((**+/)(i-*y)-«»(i+«y)v-*«y(i-«*)(i-y)- 

68.  Paty-(l+ib)r/(l+ix«).    Maltiplier  1/(1+ i^X  Mod  Sx^/(l+i^). 

CHAPTER  XXXn. 
Paob  561. 

IL  r*H«)/(«+l);  logp(u);  d^'^;  W4|J»(«)-/p(i»)-f. 

(Art  1432);  ^^  [log.«*^g^+c].  whe.«  pW-O  ; 

19.  y=ci*(**»«')+«i*(«» -»X 

32.  (i)  gr«+{(Fi^)»+^}«+apWf(«)  +  C; 

(ii)  ^[-f(«-)-i(«+t,)-2«pW.gg>{4oga2-C(.)^^ 

CHAPTEB  XXXIII. 

Paob  508. 

1.   /-1+3A«,  J=A»-X,   H=-144[A(j:*+y*)-(I-3A«)x»^ 
A«(9A«-1)«. 

8.   «-fJ(tt,39,25),  ar=2/(«-l).  10.   «=-3+6/x«. 

12.  Bin'^u,  co8~^i,  1,  tan  It,  for  it  bQ;    tanh'^u,  Bech^^u,  aechu,  unht, 
forit=l. 


14.  -7i=tan-»V*^^^;   -^=L=tanh-»V^^^^  J  («-«i)~*. 

15.  u=j?-»(y',0,36),  y=l+^;    or  ti=;^8ii-»  ^-,^,  niod^ 

^.1-4  +  ^) 

16.  -2*ti-f^»(«.0,TJ^),  r  =  l/42.  \  ^^J"! 
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22.   (i)  2[f(a)-f(u)],    where  «=f>K0,4)  and  f>(a)«a; 

(ii)    -^log62-«*)^j|^.  where  z-p(ti,0,4y,  a=.fri(2,0.4) ; 


26 


(a+t») 
f.)flr(a-u)    2 


(iii)2ii-^log«««^<*)^^^j-|[«ii-a)  +  ,(ii+a)-4ula^ 

whew  *-!+!»(»,  V.  -W).  P(»)-2,P0)=1 

where  v  »f9{«, + («,  -  «,) a',  /,  J} 
27.   W3»Z-amif,  W3=Bo«\^/diiW3;  modv^i/S; 

ory»f>(ft»i-i*)  where  y-*+(^)e;;^  *°d  jf-(12z-7)/(12«+11). 

28.  u^.      \^       Bp-i(>-iz^.^^,  J^Ex^E^A 

V(a4  -  a,)(ai  -  a,)         \  ^Oj-Oj  47-04      ^a,-aj  a^-aj 

(Art.  1339). 

CHAPTER  XXXIV.    Sbctioic  I. 

Paob  e50. 

1.  The  points  are  opp.  extremities  of  a  diam.  of  a  circle,  centre  at  origin 
diam.— a. 


2.  yasinhnor/sinhna. 


6. 


4.  r^sinm^sa"',  where  (n+l)mBn. 


• 

1 

•  • 

11 

•  •  • 

111 

iv 

V 

vi 

Force/tt*= 

y/a» 

a/2y« 

a^Ka^-k-y^Y 

aVf 

yla^ 

a/2y« 

rep. 

att 

rep. 

att 

att 

rep. 

Line 

y-0 

y-flO 

y-0 

y=»oo 

y=»a 

y^a 

•  • 

Vll 

•  •  • 

viu 

■ 
IX 

X 

Force/K*= 

aVf 

l/3aV 

a«6* 

{^+(a«-6«)y«}« 

rep. 

att. 

att. 

rep. 

Line 

y=a 

y=a 

y  =  co 

y-0 
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7. 


1 

ii     : 

111 

iv 

V 

vi 

vii 

▼iii 

Force  oc 

const. 

r 

r« 

r» 

r» 

r-» 

|iJiH-i 

r 

rep. 

1-ep. 

rep. 

rep. 

rep. 

att 

rep.  n  >  - 1 
att.  n  <  - 1 

repu 

i 
Circle         r=0 

! 

r=0 

r=0 

r-0 

r=0 

r«oo 

r-0 
r=aoo 

rs^a 

• 

X 

• 

XI 

•  • 

XII 

Force  oc 

r 

r/(r«+a«)« 

r/(a«+6«-r«)* 

6«     2a     , 
l/(2ci-r)« 

rep.  A  + 
att.  A  -'' 

rep. 

rep. 

rep. 

Circle 

"V? 

r=0 

rsBQO 

r-0 

9.   The  parabola  ll(y-l)+3jr(x+4)a0  satisfies  the  conditions. 

10.  Two  straight  lines  equally  inclined  in  opp.  directions  to  the  x-axis. 

11.  Rect  Hyp. 

12  and  13.  Circular  arc.    Discont  solutions  as  in  Art.  1505  (1). 

14.   A  central  conic.  16.  y»a  sin -j- ,  where  a  is  known. 

19.   Ellipse.    Centre  on  initial  line.    Action  a  inin.     Free  path  under 
att.  radial  force  to  focus. 

22.   A  circle.  25.   A.  catenary. 

28.   A  circle.    Max.  area  for  given  length  [p=A-\-B  cos  (^ + a)]. 

31.   Parabolic  arc  wrapped  on  a  cone.     Focus  at  vertex.     Axis  along  a 
generator. 

CHAPTER  XXXIV.    Section  11. 

Paob  692. 
1.  y»acoshn(j?— 6).     Minimum. 

3.   Taking  e  +**and 
j?o  >  -  a,  (j?,  >  47o>  -  a,  min.X  (xq  >  jFi  >  a,  max.),  (x^  >  -  a  >  x, ,  neither) ; 
Xo  <  -  o^  (xi  <  Xo,  max.X  (x*  < x,  <  --  a,  min.),  (x©  <  -  a  <Xi,  neither). 


CHAPTER  XXXV.    Section  I. 

Page  717. 

1.  If  a  cosine  curve  y^cosx  be  drawn  from  x^O  to  x^ir  and  a  point 
placed  at  the  origin,  the  total  graph  consists  of  this  portion  with 
repetitions  from  w  to  27r,  2ir  to  Sir,  etc 

10.    <f>{.r)  =  2  *■!  n  ^"^ >  where 


a. 


^"=.-iW^-<^*""jt)+''(~*"''5-"™"'"'2)+*»( 


cosnir 


a. 


coAnr 


)} 
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11.   ^(jr)=ilo+£ii,i008  2nir4r/a,+l)^nnn8fiir4r/aj,  where 

^•- (CiOs+c/o,  -  ai)+c,(a,  -  a,)}/a„ 

A^^ — {Cinn  2nirai/a, + e|(8iii  2niras/a, -  sin 2nirai/aj) 

-C|8in2nira|/a3), 
^.  B — {ei(l  -  coe  27iirai/'a3)+C|(ooe  imraifa^  -  ooe  2wnaja^ 

fMT 

+c^(l  -  coe  2nira,/a,)). 
14.   Bepetitions  of  the  portion  of  y  «  ^(ir'  -  .«*)/!  2  which  lieebetweenor »  ±  ir, 

CHAPTER  XXXV.    SsonoH  II. 
Pao«  737. 

^-   ^1'(2?Tl?'^ — IS — 

IT*  *  1 

2.   -g +42;(-iy-jCoenF  (-ir<4?<ir).    A  seriee  of  equal  parabolic  arc& 
^    4K£»,     ,.^       1         .    (2r  +  l)irx     «    2iM5.       1  (2r+l)27rj: 

8  *       1 
^  ""2/0— rTs"o(2'*+l)*;  0  to  IT  inclusive. 

5.  -^2-3(l-coei>ir)8m^— Bin^y  . 

6.  y--^j:  (0to2c-a);    y= -?!^fl.«(2c-d;X    (2c-ato2c). 

-     i;  .      .    nirx       .       (       P    .    4/*  \       nir  .   2P    .    nir      4Z* 

7.  5:^..m-j-.    4,-(-gj^+j^jco.-^+^«n-j -^^. 


P  P     "    1  fir  vtpv 

10.   ^^+"^2^coe-^coe-T-;  repetitions  of  the  part  between  4f«0 

and  x^l. 
13.   If /(*)  changes  to  ^(«)  and/'  (x)  to  4>'{x)  at  or— a, 

^„j-/yW8in^d:r+jr<^(*)8in^ctr, 
2?4B!^^,+?[/(a)coe^-/(0)]  +  f[«(0(-ir-</>(a)coe^^ 

87.   C—  5  tan""*-Y3 — j-  •    Arc  of  a  circle,  centre  at  the  origin,  and  radius 

|ira  syiDnietrically  placed  about  the  initial  line,  and  subtending  an 
•ai^  ir— 2a  at  the  origin  ;  together  with  the  origin  itself. 
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2.   (^^(nuL).. 


CHAPTER  XXXVI. 

Paob  786. 
7.   3aS/2,  5aS/2,  axi8»2a.         8.   Art.  1650(18). 


10.   Edges  So,  26;   (i)  (a>+6S)/3;   (ii)  and  (Hi)  rS+(aS+60/3  forapotm 
dist.  r  from  centre. 


IL   (i)  a ;  (ii)  4a/3. 

13.  (i)  •ides  a,  6,  c,    (a«+6«+c«)/6  ; 
(iii)6a3/5(nid.»a); 

14.  2/a,  3/2a,  asgemL  maj.  ax. 


12.   lOa/7,  a  (axis  2a). 

(ii)  a'/3  (side  »  a)  ; 
(iv)aV2(edge»a). 

36.   17as/16. 

2(^6*+c*-c)/6*,  where  6srad.  of  disc,  c»dist.  between  centra. 

CHAPTER  XXXVIL 
Paob  849. 

IL   1/7.  12.   280/1287. 


27. 


(2i>)!r2«)! 


(Pi-Hyt)KPf»-y»)!  »■  (P«4-yj! 


(Zj)-H)(2p-H2).»(2p-fn-l) 
(2p+?+l)(2l>+?  +  2)...(2|)+g+n-l)* 
28.    128/45irs.  39.   5e>/6. 

CHAPTER  XXXIX. 

Page  931. 

4.  6  +  (7jF+2y+3»)  +  (-^+2*+7y/+8«r+9ji!y)+{iar»-.ar(x«+3f«+i^ 

+ 1  Xxyz. 

15.   If  sin'^  could  be  expressed  in  a  finite  series  of  P%^  it  coald  b( 
expressed  in  a  finite  series  of  cosines. 

19.   Art.  1806. 

CHAPTER  XL. 
Page  962. 

^    l+x  +  x*'  *•       a'a'x«  +  26'j:+c'* 

> 

5.  (a)  conv.        (6)  »  <  1  conv. ;  0  <  n<  1  conv. ;  n  >  0  di7.-*  +  «. 
(c)  conv.        (flO  0  <  n<  1  conv. ;  n  <  0  div. ;  n  >  1  div. 

8.  All  conv.  if  m  >  1,  div.  if  m  :^  1. 
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ZeU  Function  (Jacobi),  1366;  (Weisr- 
strass),  1381 ;   ExpMision,  1418w 
Zeuner,  (i)  p.  64. 
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IDEALTHEORIE 

By  W.  KRUa 

— (Ergeb.  der  Math.)  193S.  159  pp.  SV6x8V6-  OnO>  Pt^- 
<poper  bound)  at  $7.00.  C48]     Clotti.  %BSS 

GROUP  THEORY 

By  A.  KUROSH 

Translated  from  the  second  Russian  edition  and 
with  added  notes  by  Prop.  K.  A.  HnacH. 

A  complete  rewriting  of  the  first,  and  already 
famous,  Kussian  edition. 

Partial  Contents:  Past  one:  The  Elements  of 
Group  Theory.  Chap.  I.  Definition.  II.  Subgroups 
(Systems,  Cyclic  Groups,  Ascending  Seouences  of 
Groups).  III.  Normal  Subgroups.  IV.  Endomor- 
phisms  and  Automorphisms.  Groups  with  Opera- 
tors. V.  Series  of  Subgroups.  Direct  Products. 
Defining  Relations,  etc.  Past  two:  Abelian  Groups. 
VI.  Foundations  of  the  Theory  of  Abelian  Groups 
(Finite  Abelian  Groups,  Rings  of  Endomorphisms, 
Abelian  Groups  with  Operators).  VII.  Primary 
and  Mixed  Aoelian  Groups.  VIII.  Torsion-Free 
Abelian  Groups.  Editor's  Notes.  Bibliography. 

Vol  IL  Part  Three:  Group-Theoretical  Con- 
structions. IX.  Free  Products  and  Free  Groups 
(Free  Products  with  Amalnmated  Subgroup, 
Fully  Invariant  Subgroups),  a.  Finitely  Genera- 
ted Groups.  XI.  Direct  Products.  Lattices  ^Modu- 
lar, Complete  Modular,  etc.).  XII.  Extensions  of 
Groups  (of  Abelian  Groups,  of  Non-commutative 
Groups,  Cohomology  Groups).  Part  Four:  Solv- 
able and  Nilpotent  Groups.  XIII.  Finiteness  Con- 
ditions, Sylow  Subgroups,  etc.  XIV.  Solvable 
Groups  (Solvable  and  Generalized  Solvable  Groups, 
Local  Theorems).  XV.  Nilpotent  Groups  (General- 
ized, Complete,  Locally  Nilpotent  Torsion-Free, 
etc.).  Editor's  Notes.  Bibliography. 

—Vol.  I.  2nd  •d.  1959.  271  pp.  6x9.  [107]  $4.95 
—Vol.  1 1 .  2nd  od.  1 960.  306  pp.  6x9.         [  1 09]  $4.95 

DIFFERENTIAL  AND  INTEGRAL  CALCULUS 

By  E,  LANDAU 

Landau's  sparkling  Einfuhrung  in  English  trans- 
lation. Completely  rigorous,  completely  self- 
contained,  borrowing  not  even  the  fundamental 
theorem  of  algebra  (of  which  it  gives  a  rigorous 
elementary  proof),  it  develops  the  entire  euculus 
including  Fourier  series,  starting  only  with  the 
properties  of  the  number  system.  A  masterpiece  of 
rigor  and  clarity. 

—2nd  cd.  1960.  372  pp.  6x9.  [7«]     $6.00 

ELEMENTARE  ZAHLB4THEORIE 

ByLiANDAU 

to  jaUiM  tA  onee  and  sustained  by  the 

I  with  which  Landau 
..details.'' 
•f  Um  A.M.E. 
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VORLESUNGEN  UBER  ZAHLENTHEORIE 

By  E.  LANDAU 

The  various  aectiona  of  this  important  work 
(Additive,  Analytic,  Geometric,  and  Algebraic 
Number  Theory)  can  be  read  independently  of  one 
another. 

—Vol.  I.  Pt.  2.  •(Additivs  Number  Theory)  xii  +  180  pp.  Vol. 
1 1 .  ( Anoiytical  Number  Theory  end  Geometricol  Number  Theory  I 
viii  -(-  306  pp.  Vol.  III.  (Algebraic  Number  Theory  end  Fermat's 
Lost  Theorem)  viii  +  341  pp.  S  1/4x81/4.  •  ( Vol.  I,  Pt.  1  is  issued 
as  UeMenfary  Nimber  Theecy.)  Originally  publ.  at  $26.40 

[32]     Three  vols,  in  one  $14JM 


ELEAAENTARY  NUMBER  THEORY 

By  E,  LANDAU 

The  present  work  is  a  translation  of  Prof.  Lan- 
dau's famous  EUmentare  ZahUntheorie,  with 
added  exercises  by  Prof.  Paul  T.  Bateman. 

Part  One.  Foundations  of  Number  Theory.  I. 
Divisors.  II.  Prime  Numbers,  Prime  Factoriza- 
tion. III.  G.C.D.  IV.  Number-theoretic  Func- 
tions. V.  Congruences.  VI.  Quadratic  Residues. 
VII.  Pell's  Equation.  Part  Two.  Bran's  Theorem 
and  Dirichlet^i  Theorem.  PAtrr  Three.  Decompo- 
sition into  Two,  Three,  and  Four  Squares.  I. 
Farey  Fractions.  II.  Dec.  into  2  Squares.  III.  Dec. 
into  4  Squares.  IV.  Dec.  into  3  Souares.  Part 
Four.  Class  Numbers  of  Binary  Quadratic  Forms. 
II.  Classes  of  Forms.  III.  Finiteness  of  Class 
Number.  IV.  Primary  Representation  . . .  VI. 
Gaussian  Sums . . .  IX.  Final  Formulas  for  Class 
Number. 

Exercises  for  Parts  One,  Two,  and  Three. 

—1 958.  256  pp.  6x9.  [  1 25]     $4.9S 


EINFUHRUNG  IN  DIE  ELEMENTARE  UND 
ANALYTISCHE  THEORIE  DER 
ALGEBRAISCHE  ZAHLEN  UND  DER  IDEALE 

By  E.  LANDAU 

—2nd  ed.  vii  +  147  pp.  5V^x8.  [62]     $2.9S 


GRUNDLAGEN  DER  ANALYSIS 

By  E.  LANDAU 

The  student  who  wishes  to  study  mathematical 
German  will  find  Landau's  famous  Grundlagen  der 
AncUysis  ideally  suited  to  his  needs. 

Only  a  few  score  of  German  words  will  enable 
him  to  read  the  entire  book  with  only  an  occasional 
glance  at  the  Vocabulary!  [A  Complete  German- 
English  vocabulary,  prepared  with  the  novice 
especially  in  mind,  has  oeen  appended  to  the  book.] 

— ^tA  «A.  \%^.  M"i  W  S%^x8.  [24]     Cloth     $3.50 

U4n      Paper     $1.9S 
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FOUNDATIONS  OF  ANALYSIS 

By  £.  LANDAU 

"Certainly  no  demrer  treatment  of  the  fooBdatioaa 

of  Uie  number  system  can  be  offered One  can 

only  be  thankful  to  the  author  for  this  fnwiammtal 
piece  of  exposition,  which  is  alive  with  his  vitality 
and  genius."— J.  f.  RiU,  Amer.  Maik.  MmOUw- 
—2nd  mA.  1960.  6it9.  1^1 


HANDBUCH  DER  LEHRE  VON  DBt 
VERTEILUNG  DER  PRIAAZAHLB4 

By  £.  lANOAU 

To  Landau's  monumental  work  on  _ 
theory  there  has  been  added,  in  this  editaoB,  two  of 
Landau's  papers  and  an  up-to-date  {aide  to  the 
work:  an  Appendix  by  Prof.  Paul  T.  Watrmaw 
—2nd  •d.  1953.  1.028  pp  SV^xSV^.  [961  Tiro  vol.  «t  $l4.«f 

UEBER  ANALYSIS 

By  £.  LANDAU,  B.  RfEMANN,  and  H.  WEYL 

Weyl- 


MEMOIRES  SUR  LA  THEORIE  DES  SYSTEMES 
DES  EQUATIONS  DIFFERDITiaLES 
LINEAIRES,  Vob.  I,  II,  III 

By  J,  A.  LAPPCU)ANa£VSKi 
Three  volumes  in  one. 

Some  of  the  chaprker  titles  are:  General  theory  of 
functions  of  matrices ;  Analytic  theory  of  matrices; 
Problem  of  Poincai^;  Systems  of  tqoMUotm  m 
neighborhood  of  a  pole;  Analytic  contiBaatMHi;  I»- 
tegnU  equations  and  their  application  to  the  theory 
of  linear  differential  equations;  Ricmaan's  prdb- 
lem:  etc. 

"The  theory  of  [systems  of  linear  difFereiitia] 
equations]  is  treated  with  d^anee  and  generality 
by  the  author,  and  his  contribotions  constttntc  an 
important  addition  to  the  field  of  differratial  eqaa^ 
tions." — Applied  Mechamct  Reviewt, 
—3  volumes  bound  os  one.  689  pp.  SV^jtf  %         (941     ftajt 

TOPOLOGY 

By  S.  LEPSCHETZ 

CONTENTS:  I.  Elementary  Combinati>rial 
Theory  of  Complexes.  II.  Topologi^  Inrariance 
of  Homology  Characters.  III.  Manifolds  ami  thinr 
Duality  Theorems.  IV.  Intersections  of  Charaa 
on  a  Manifold.  V.  Product  Complexes.  VI,  TraiMk 
formations  of  Manifolds,  their  (Coincidences,  ¥ixM 
Points.  VII.  Infinite  Complexes.  VIII.  Applica- 
tions  to  Analytical  and  Algebraic  Varieties, 

— 2nd  ed.    (Corr.   rejH.   o*    1st  «d  »     *  ♦  ^'0  tc    ^  /^^  U 
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ELEMENTS  OF  ALGEBRA 

By  HOWARD  LEVI 

"This  book  is  addressed  to  be^nnninff  students  of 

mathematics The  level  of  the  book,  however,  is 

so  unusually  high,  mathematically  as  well  as  peda- 
gogically,  that  it  merits  the  attention  of  profes- 
sional mathematicians  (as  well  as  of  professional 
pedagog^ues)  interested  in  the  wider  dissemina- 
tion of  their  subject  among  cultured  people  ...  a 
closer  approximation  to  the  right  way  to  teach 
mathematics  to  beginners  than  anything  else  now 
in  existence." — Bulletin  of  the  A.  M,  S. 

—Third  ed.  1960.  xi  +  161  pp.  5%x8.  [1031     $JaS 


LE  CALCUL  DES  RESIDUS 

By  E.  UNDELOF 

Important  applications  in  a  striking  diversity  of 
mathematical  fields :  statistics,  numl^r  theory,  the 
theory  of  Fourier  series,  the  calculus  of  finite 
differences,  mathematical  physicL  and  advanced 
calculus,  as  well  as  function  theory  itself. 

—  151  pp.  5'/2x8i/i.  r34|     $3.25 


THE  THEORY  OF  MATRICES 

By  C.  C.  MacDUPPEE 

"No  mathematical  library  can  afford  to  be  without 
this  hook."— Bulletin  of  the  A,  M.  S, 

—  (Ergeb.  der  Math.)   2nd  edition.    116  pp.  6x9.  Orig.  pubi. 
at  $520.  (281     $2.9S 


MACMAHON,  "Introduction  . . ."  sm  Kloin 

COMBINATORY  ANALYSIS,  Vols.  I  and  II 
By  P.  A.  MACMAHON 

Two  VOLUMES  IN  ONE. 

A  broad  and  extensive  treatise  on  an  important 
branch  of  mathematics. 

—XX  +  300  +  XX  +  340  pp.  5%x8.    [1371    Two  vol$.  in  one. 

$7  .SO 

FORMULAS  AND  THEOREMS  FOR  THE 
FUNCTIONS  OF  MATHEMATICAL  PHYSICS 
By  W.  hAAGNUS  and  P.  OBERHEUINGER 

Gathered  into  a  compact,  handy  and  well-arranged 
reference  work  are  thousands  of  results  on  the 
many  important  functions  needed  by  the  physicist, 
eT\^\T\eeT  Viivd.  «k^^Ued  mathematician. 
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THE  DEVaOPMBO  OF 
MATHEMATICS  IN  CHINA  AND  JAPAN 

By  r.  MHUJM 

A  aebolarir  woik. 

— fiot*t   1913   «>i  +  }4T  ECL  iH-»   Sun**,  -fil 

|1*>I     Pnb.     H.M 

GEOMETRIE  DER  ZAHL£N 
»r  H.  MrNKOwsn 

DIOPHANTISCHE  APPROXIMATIONEN 

By  H.  MINKOWSKI 

"Since  the  kuthor  hma  Kivn  >i  etcntentary,  enter- 
taining, account,  both  in  geometric  and  arithmetic 
lanruagc,  of  sonie  important  orisinal  remltl  aa 
well  aa  the  aalient  feataret  of  a  dasaic  theory,  but 
presented  in  a  novel  manner,  hii  work  ia  deaerrinc 
of  the  attention  of  the  very  widest  circle  of 
raadera." — L.  E.  Diekaon. 

{liBl    UM 


INVERSIVE  GEOMETRY 

»r  f-  MOftiEt  and  F.  V.  MORLEY 
Chapter  Headings:  I.  Operations  of  Elementary 
Geometry.  II.  Atrebra.  III.  The  Euclidean  Group. 
IV.  Inveraiona.  V.  Quadratiea.  VI.  The  Invenive 
Group  of  the  Plane,  vll.  Finite  Inveraive  Groups. 
VIII.  Parabolic,  Hyperbolic,  and  Elliptic  Geom- 
etriei.  IX.  Celeatial  Sphere.  X.  Flow.  XI.  Differ- 
ential Geometry,  XII.  The  Line  and  the  Circle. 
XIII.  ReKular  Pojygona.  XIV.  Motions.  XV.  The 
Trianrle.  XVI.  Invariants  under  Homoloffiea. 
XVII.  Rational  Curves.  XVIII.  Conies.  XIX. 
Cardioid  and  Deltoid.  XX.  Cremona  Transforma- 
tions. XXI.  The  H-Line. 
— «i  +  2T3(,p.  S'AxS'A.  noil     »1.«5 

LEHRBUCH  DER  KOMBINATORIK 

By  E.  NfTTO 

The  standard  work  on  the  fasriiutiw^ 

Combinalory  Analysis. 

_S«om1  ed<l>or>.  v.il  4-  J4e  m>-  ^-B 

VORLESUNGEN  USER 
DIFFEREN2ENRECHNUNG 
By  N.  H.  NORWND 
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FUNCTIONS  OF  REAL  VARIABLES 
FUNCTIONS  OF  A  COMPLEX  VARIABLE 

By  W.  P,  OSGOOD 

Two  VOLUMES  IN  ONE. 

"Well-organized  courses,  systematic,  lucid,  fun- 
dament€Ll,  with  many  brief  sets  of  Appropriate 
exercises,  and  occasional  suggestions  for  more  ex- 
tensive reading.  The  technical  terms  have  been 
kept  to  a  minimum,  and  have  been  dearly  ex- 
plained. The  aim  has  been  to  develop  the  student's 
power  and  to  furnish  him  with  a  suostantial  body 
of  classic  theorems,  whose  proofs  illustrate  the 
methods  and  whose  results  provide  equipment  for 
further  progress." — Bulletin  of  A,M,S 

—676  pp.  5x8.  2  volt,  in  1.  (124)     $4.95 


DIE  LEHRE  VON  DEN  KEHENBRUECHEN 

By  O.  PERRON 

Both  the  Arithmetic  Theory  and  the  Analytic 
Theory  are  treated  fully. 

"An  indispensable  work  . .  .  Perron  remains  the 
best  guide  for  the  novice.  The  style  is  simple  and 
precise  and  presents  no  difficulties." 

— Mathematical  Gazette. 

—2nd  ^d.  536  pp.  51/4x8.  [73]     $5.»5 


IRRATIONALZAHLEN 

By  O.  PERRON 

Methods  of  introducing  irrational  numbers 
(Cauchy,  Bolzano,  Weierstrass,  Dedekind,  Cantor, 
M^ray,  Bachman,  etc.)  Systematic  fractions,  con- 
tinued fractions.  Cantor's  series  and  algorithm,, 
LUroth's  and  EngeVs  series.  Cantor's  products. 
Approximations,  Kronecker  theorem.  Algebraic 
ana  transcendental  numbers  (including  transcen- 
dericy  proofs  for  e  and  n;  lAouvUle  numbers,  etc.) 

— 2nd  sd.  1939.  207  pp.  51/4x81/4.  (47)  Cloth     $3^5 

[1131  Paper     $1.50 

EIGHT-PLACE  TABLES  OF 
TRIGONOMETRIC  FUNCTIONS 

By  J.  PETERS 

With  an  appendix  on  the  computation  to  twenty 
decimal  places. 

—Approx.  950  pp.  8x11.  [154]      In 


SUBHARMONIC  FUNCTIONS 
By  T.  RADO 
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THE  PROBLEM  OF  PLATEAU 

By  7.  RADO 

— (Ergab.  der  Moth.)  1933.  113  pp.  5V6"8-  Orig.  publ.  (in 
paper  bindmg)  at  $5.10.  [8I|     Cloth.  $2.9S 

EINFUHRUNG  IN  DIE  KOAABINATORISCHE 
TOPOLOGIE 

By  K.  REIDEAAEISTER 

Group  Theory  occupies  the  first  half  of  the  book; 
applications  to  Topology,  the  second.  This  well- 
kiiown  book  is  of  interest  both  to  algebraists  and 
topologists. 

—221  pp.  5V4x8y4.  1761     M.SO 

KNOTENTHEORIE 

By  K,  REIDEAAEISTER 

— (Ergeb.  der  Moth.)   1932.  78  pp.  SV^xSV^.        [40]     $2.25 

FOURIER  SERIES 

By  W.  ROGOSINSKI 

Translated  by  H.  Corn.  Designed  for  beginners 
with  no  more  background  than  a  year  of  calculus, 
this  text  covers,  nevertheless,  an  amazing  amount 
of  ground.  It  is  suitable  for  self-study  courses  as 
well  as  classroom  use. 

"The  field  covered  is  extensive  and  the  treatment 
is  thoroughly  modem  in  outlook  ...  An  admirable 
guide  to  the  theory." — Mathematical  Gazette. 

—Second  ed.  1959.  vi  +  176  pp.  4V^x6V^.  [67]     $2^5 

CONIC  SECTIONS 

By  G.  SALMON 

"The  classic  book  on  the  subject,  covering  the  whole 
ground  and  full  of  touches  of  genius.'* 

— Mathematical  Aseociation, 

—6th  ed.  XV +  400  pp.  51/4x81/4-  [99]  Cloth      $3.25 

[98]   Poper     $1.94 

HIGHER  PLANE  CURVES 

By  G.  SALMON 

Chapter  Headings:  I.  Coordinates.  11.  General 
Properties  of  Algebraic  Curves.  III.  Envelopes.  IV. 
Metrical  Properties.  V.  Cubics.  VI.  Quartics.  VII. 
Transcendental  Curves.  VIII.  Transformation  of 
Curves.  IX.  General  Theory  of  Curves. 

—3rd  ed   xix  +  395  pp.  5%fex8.  V\^%\ 
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ANALYTIC  GEOMETRY  OF 
THREE  DIMENSIONS 

By  G.  SALMON 

A  rich  and  detailed  treatrfient  by  the  author  of 
Conic  Seetiona,  Higher  Plane  Curves,  etc. 

—Seventh  edition.  (V.  1).  496  pp.  Sx8.  CI 22]     H.*S 

INTRODUCTION  TO  MODERN  ALGEBRA 
AND  AAATRIX  THEORY 

By  O.  SCHREIER  and  E.  SPERNER 

An  English  translation  of  the  revolutionary  work, 
Einfiihrung  in  die  AncUytisehe  Geometrie  ima 
Algebrct,  Chapter  Headings:  I.  Affine  Space.  Linear 
Equations.  (Vector  Spaces).  II.  Euclidean  Space. 
Theory  of  Determinants.  III.  The  Theory  of  Fields. 
Fundamental  Theorem  of  Algebra.  IV.  Elements 
of  Group  Theory.  V.  Matrices  and  Linear  Trans- 
formations. The  treatment  of  matrices  is  especially 
extensive. 

"Outstanding  .  .  .  good  introduction  .  .  .  well 
suited  for  use  as  a  text . . .  Self-contained  and  each 
topic  is  painstakingly  developed." 

— Mathematics  Teacher. 

— Second  ed.  1959.  viii  +  378  pp.  [801     f*.00 

PROJECTIVE  GEOMETRY  OF  n  DIMENSIONS 
By  O.  SCHREIER  and  E,  SPERNER 

Translated  from  the  German  by  Calvin  A.  Rogers. 

A  textbook  on  the  analytic  projective  geometry 
of  n  dimensions  whose  clarity  and  explicitness  of 
presentation  can  hardly  be  surpassed. 

Suitable  for  a  one-semester  course  on  the  senior 
undergraduate  or  first-year  graduate  level.  The 
background  required  is  minimal:  The  definition 
and  simplest  properties  of  vector  spaces  and  the 
elements  of  matrix  theory.  For  the  reader  lacking 
this  background,  suitable  reference  is.  made  to  the 
Authors'  companion  volume  Introduction  to  Mod- 
em Algebra  and  Matrix  Theory, 

There  are  exercises  at  the  end  of  each  chapter 
to  enable  the  ptudent  to  test  his  mastery  of  the 
material. 

Chapter  Headings:  I.  n-Dimensional  Projective 
Space.  II.  General  Projective  Coordinates.  III. 
Hyperplane  Coordinates.  The  Duality  Principle. 
IV.  The  Cross  Ratio.  V.  Projectivities.  VI.  Linear 
Projectivities  of  P«  onto  Itself.  VII.  Correlations. 
VIII.  Hypersurfaces  of  the  Second  Order.  IX. 
Projective  Classification  of  Hypersurfaces  of  the 
Second  Order.  X.  Projective  Properties  of  Hyper- 
surfaces of  the  Second  Order.  XI.  The  AfRne 
Classification  of  Hypersurfaces  of  the  Second  Or- 
der. Xll.  The  Metric  Classification  of  Hyper- 
E\^Ttace«  o\  \Xv^  '^i^wixv^  Order. 
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PROJECTIVE  METHODS 

IN  PLANE  ANALYTICAL  GEOMETRY 

By  C.  A.  SCOTT 

The  ori^nnal  title  of  the  present  work,  as  it  ap- 
peared in  the  first  and  second  editions,  was  "An 
Introductory  Account  of  Certain  Modern  Ideas  and 
Methods  in  Plane  Analytic  Geometry."  The  title 
has  been  changed  to  the  present  more  concise  and 
more  descriptive  form,  and  the  corrections  indi- 
cated in  the  second  edition  have  been  incorporated 
into  the  text. 

Chapter  Headings:  I.  Point  and  Line  Co- 
ordinates. II.  Infinity.  Transformation  of  Coordi- 
nates. III.  Fig[ures  Determined  by  Four  Elements. 
IV.  The  Principle  of  Duality.  V.  Descriptive  Prop- 
erties of  Curves.  VI.  Metric  Properties  of  Curves; 
Line  at  Infinity.  VII.  Metric  Properties  of  Curves; 
Circular  Points.  VIII.  Unicursal  (Rational) 
Curves.  Tracing  of  Curves.  IX.  Cross-Ratio, 
Homography,  and  Involution.  X.  Projection  and 
Linear  Transformation.  XI.  Theory  of  Corre- 
spondence. XII.  The  Absolute.  XIII.  Invariants 
and  Covariants. 

— Ready,  Sumnwr,  1961.  3rd  •d.  xiv4-288  pp.  5x8. 

(1461     ProtMbly     $1.50 

LEHRBUCH  DER  TOPOLOGIE 

By  H.  SEIPERT  and  W.  THRELFALL 

This  famous  book  is  the  only  modem  work  on  eom^ 
binatorial  topology  addressed  to  the  student  as  well 
as  to  the  specialist.  It  is  almost  indispensable  to 
the  mathematician  who  wishes  to  gain  a  knowledge 
of  this  important  field. 

"The  exposition  proceeds  by  easy  stages  with 
examples  and  illustrations  at  every  tarn.** 

—BulUtin  of  the  A.  M.  5. 

—1934.  360  pp.  SV^xSV^.  Orig.  pubf.  ot  $8XX>.     (311     $4*95 
SHEPPAtO,  "from  D^fermJnont  to  Untor/'  tM  IfMm 

HYPOTHESE  DU  CONTINU 

By  W.  SIERPINSKl 

An  appendix  consisting  of  sixteen  research  iwpers 
now  brings  this  important  work  up  to  date.  This 
represents  an  increase  of  more  than  forty  pereent 
in  the  number  of  pages. 

"One  sees  how  deeply  this  postulate  cuts  through 
all  phases  of  the  foundations  of  mathematics,  how 
intimately  many  fundamental  questions  of  anal- 
ysis and  geometry  are  connected  with  it ...  a  most 
excellent  addition  to  our  mathematical  literature." 

^BulUthi  of  A.  M,  8. 

Second  ed^t too    1 957    xvn  4- 274  pp   5x8       (II7J     %4J99 

SINGH,  "H€>*^-Di1lfMi6bim  f  mkImm/'  im 
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DIOPHANTISCHE  GLEICHUNGEN 

By  r.  SKOLEM 

"Thii  comprehensive  presentation  .  .  .  should  be 
warmly  welcomed.  We  recommend  the  book  most 
heartily." — Acta  Szeged, 

— (Ero«b.  dcr  Math.)  1938.  ix+130  pp.  SV^xSi^.  Cloth. 
Orig.  pubi.  at  $6.50.  (75)     $3.S0 

ALOEBRAISCHE  THEORIE  DER  KOERPER 

By  E.  STEINITZ 

"Epoch-making.** — A.  Hoar,  Aea  Szeged. 

—177  pp.  including  two  appendicM.  SV4X8V4.       [77]     $3^5 

INTERPOLATION 
By  J.  F.  STEFFENSEN 

**A  landmark  in  the  history  of  the  subject. 

"Starting  from  scratch,  the  author  deals  with 
formulae  of  interpolation,  construction  of  tables, 
inverse  interpolation,  summation  of  formulae, 
the  symbolic  calculus,  interpolation  with  several 
variables,  in  a  clear,  elegant  and  rigorous  manner 
. . .  The  student  . . .  will  be  rewarded  by  a  compre- 
hensive view  of  the  whole  field.  ...  A  classic  ac- 
count which  no  serious  student  can  afford  to 
neglect.** — Mathematical  Gazette. 

—1950.  2nd  od.  256  pp.  51/4x81/4.  Orig.  $8.00.       [71  ]     $4.95 

A  HISTORY  OF  THE  AAATHEAAATICAL 
THEORY  OF  PROBABILITY 
By  L  TODHUNTER 

Introduces  the  reader  to  almost  every  process  and 
every  species  of  problem,  which  the  IttertUure  of 
the  subject  can  furnish.  Hundreds  of  problems  are 
solved  m  detail. 

—640  pp.  51/4x8.  Previously  publ.  at  $8.00.  [57]     $4.00 

SET  TOPOLOGY 

By  R,  VAIDYANATHASWAMY 

In  this  text  on  Topology,  the  first  edition  of  which 
was  published  in  India,  the  concept  of  partial  order 
has  been  made  the  unifying  theme. 

Over  500  exercises  for  the  reader  enrich  the  text. 

Chapter  Headings:  I.  Algebra  of  Subsets  of  a 
Set.  II.  Rings  and  Fields  of  Sets.  III.  Algebra  of 
Partial  Order.  IV.  The  Closure  Function.  V.  Neigh- 
borhood Topology.  VI.  Open  and  Closed  Sets.  VII. 
Topological  Maps.  VIII.  The  Derived  Set  in  7i 
Space.  IX.  The  Topological  Product.  X.  Con- 
veTgeiveft   \tv  1IL^\.t\c»\   Sv<^ce.    XI.    Convergence 

TopoVogiV. 
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LECTURES  ON  THE  GENERAL  THEORY  OF 
INTEGRAL  FUNCTIONS 

By  G.  VAURON 

—1923.  xii  4-  208  pp.  51/4x8.  [56]     $3.50 


GRUPPEN  VON  LINEAREN 
TRANSFORAAATIONEN 
By  B.  L.  VAN  DER  WAERDEN 

— (Erg«b.  der  Moth.)   1935.  94  pp.  S!6x8l^.        [45]     $2.S0 


LEHRBUCH  DER  ALGEBRA 

By  H.  WEBER 

The  bible  of  classical  algebra,  still  unsurpassed  for 
its  clarity  and  completeness.  Much  of  the  material 
on  elliptic  functions  is  not  available  elsewhere  in 
connected  form. 

Partial  Contents:  VOL.  I.  Chap.  I.  Rational 
Functions.  II.  Determinants.  III.  Roots  of  Alge- 
braic Equations.  V.  Symmetric  Functions.  V. 
Linear  Transformations.  Invariants.  VI.  Tchim- 
haus  Transformation.  VII.  Reality  of  Roots.  VIII. 
Sturm's  Theorem.  X.  Limits  on  Roots.  X.  Approxi- 
mate Computation  of  Roots.  XI.  Continued  Frac- 
tions. XII.  Roots  of  Unity.  XIII.  Galois  Theory. 
XIV.  Applications  of  Permutation  Group  to 
Equations.  XV.  Cyclic  Equations.  XVI.  Kreistei- 
lung.    XVII.    Algebraic    Solution   of    Equations. 


III. 


XVlII.  Roots  of  Metacyclic  Equations. 

VOL.  II.  Chaps.  I.-V.  Group  Theory.  VI.-X. 
Theory  of  Linear  Groups.  XI.-XVI.  Applications 
of  Group  Theory  (General  Equation  of  Fifth  De- 
gree. The  Group  Gi«  and  Equations  of  Seventh 
Degree  .  .  .).  XVII.-XXIV.  Algebraic  Numbers. 
XXV.  Transcendental  Numbers. 

VOL.  III.  Chap.  I.  Elliptic  Integral.  II.  Theta 
Functions.  III.  Transformation  of  Theta  Functions. 
IV.  Elliptic  Functions.  V.  Modular  Function.  V. 
Multiplication  of  Elliptic  Functions.  Division.  VII. 
Equations  of  Transformation.  VIII.  Groups  of  the 
Transformation  Equations  and  the  Equation  of 
Fifth  Degree . . .  XI.-XVI.  Quadratic  Fields.  XVII. 
Elliptic  Functions  and  Quadratic  Forms.  XVIII. 
Galois  Group  of  Class  Equation.  XIX.  Computa- 
tion of  Class  Invariant .  .  .  XII.  Cayley's  Develop- 
ment of  Modular  Function.  XXIII.  Class  Fields. 
XXIV.-XXVI.  Algebraic  Functions.  XXVII.  Alge- 
braic and  Abelian  Differentials. 

—Ready,  Fall.  '61 .  3rd  ed.  (C.  repr.  of  2nd  cd.) .  2,345  pp.  5x8. 

[144]     Three  vol.  Mt.     ProbabW     %W^ 
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DAS  KONTINUUM, 

und  andere  Monographien 

By  H.  WEYL,  E.  LANDAU,  and  B.  RIEMANN 

Four  volumes  in  one. 

Das  Kontinuum  (Kritische  Untenuchungen 
ueber  die  Grundlagen  der  Analysis),  by  H,  WeyL 
Reprint  of  2nd  edition. 

Mathematische  Analyse  dbs  Raumfroblems, 
by  H.  WeyL 

Darstellung  und  Begruendung  einiger 

NEURER  ERGEBNISSE  DER  FUNKTIONENTHEORIE,  by 

E.  Landau.  Reprint  of  2nd  edition. 

Ueber  die  Hypothesen,  welche  der  Geometrie 
zu  Grunde  uegen,  by  B,  Riemann.  Reprint  of  3rd 
edition,  edited  and  with  comments  by  H.  Weyl. 

—83  +  117  +  120  +  48  pp.  51/4x8.    [1341    Four  vol$.  in  one. 

%€J0O 


THE  THEORY  OF  GROUPS 

By  H.  J.  ZASSENHAUS 

Jn  this  considerably  augmented  second  edition  of 
his  famous  work,  Prof.  Zassenhaus  puts  the  origi- 
nal text  in  a  lattice-theoretical  framework.  This 
has  been  done  by  the  addition  of  new  material  as 
appendixes,  so  tnat  the  book  can  also  continue  to 
be  read  as  before,  on  a  strictly  srfoup-theoretical 
level,  rhe  new  edition  has  sixty  percent  more 
pasres  than  the  old. 

The  number  of  exercises,  also  has  been  grrefttly 
increased. 

"A  wealth  of  material  in  compact  form." 

—BuUetin  of  A.  M.  S. 

—Second  •dition.  1958.  viii  +  265  pp.  6x9.  [53]     %€J0O 
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